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goal

 Develop an unbiased, scalable numerical simulation 
procedure (QMC) that is able to measure entanglement 
entropy in a variety of D≥2 lattice models

S1(ρA) = −Tr(ρA ln ρA)
A `B
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von Neumann

ρA = TrB |ψ��ψ|



goal

 Develop an unbiased, scalable numerical simulation 
procedure (QMC) that is able to measure entanglement 
entropy in a variety of D≥2 lattice models

S1(ρA) = −Tr(ρA ln ρA)
A `B

�

Punchline: you can calculate a variant, called Renyi EE, in both 
finite-T (SSE) and T=0 (VB basis) quantum Monte Carlo:

von Neumann

ρA = TrB |ψ��ψ|

• Simulations do not have access to the wavefunction

•The “sign problem” inhibits the simulation of frustrated spins or fermions
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Area Law and Corrections

• Universal quantities at quantum critical points

• Identification of topological spin liquids
Levin and Wen, Phys. Rev. Lett. 96, 110405 (2006)
Kitaev and Preskill Phys. Rev. Lett. 96, 110404 (2006)S1 = a� + γtopo
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Renyi Entropies

S1(ρA) = −Tr(ρA ln ρA)

S2(ρA) = − ln
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Sn ≥ Sm when n < m

Properties
• Lower bound

• Expected to possess the same universal properties as vN entropy

H. Casini and M. Huerta, Nucl. Phys. B 764, 183 (2007)
M. A. Metlitski, et.al, Phys.Rev. B 80, 115122 (2009)

Flammia, Hamma, Huges, Wen, Phys. Rev. Lett. 103, 
261601 (2009)
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• Spin and Boson models

• Scales as N and β



Replica Trick

where                   is the partition function of the systems having special 
topology - the n-sheeted Riemann surface.

A AB B

2β

Z[A,n, T ]

Z[A, 2, T ] Z[A, 3, T ]

3β
β

Calabrese and Cardy, J. Stat. Mech. 0406, P002 (2004).
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Thermodynamic Integration

S2 = − lnTr(ρ2
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Thermodynamic Integration
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• Coincides with the entanglement entropy at zero temperature

• Will give area-law scaling at finite-temperature

• Measures the total amount of correlation between two systems

Mutual Information

In(A :B) = 2Sn(A) = 2Sn(B)T = 0

T

I 2
(A

:B
)1
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ln

Z(nβ)
Z(β)n

In(A :B) = Sn(A) + Sn(B)− Sn(A ∪B)

Swingle, arXiv:1010.4038
Wolf et al. PRL 100, 070502 (2008)
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Finite-Size Scaling 2
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Source of Crossing?

T2
Tc

I2/L

I2(A :B) = Lf(T ) + Lκk((T − Tc)νL) + g(T ) + ...

I2(A :B) = Lf(T ) + g(T ) + ...

0 < κ < 1

dominates

crossing determined by some unknown 
universal properties?

Lκ g(T )
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Kagome Bose-Hubbard Spin Liquid

Spin-Liquid Phase in a Spin-1/2 Quantum Magnet on the Kagome Lattice

Phys. Rev. Lett. 97, 207204 (2006)
S. V. Isakov, Yong Baek Kim, and A. Paramekanti

L. Balents, M. P. A. Fisher, and S. M. Girvin, 
Phys. Rev. B 65, 224412 (2002).



Kagome Bose-Hubbard Spin Liquid

Spin-Liquid Phase in a Spin-1/2 Quantum Magnet on the Kagome Lattice

Phys. Rev. Lett. 97, 207204 (2006)
S. V. Isakov, Yong Baek Kim, and A. Paramekanti

L. Balents, M. P. A. Fisher, and S. M. Girvin, 
Phys. Rev. B 65, 224412 (2002).



Topological Entanglement Entropy



Topological Entanglement Entropy

Entanglement and topological entropy of the toric code at finite temperature
Claudio Castelnovo and Claudio Chamon, PRB 76, 184442  2007

Bp =
�

i∈p

σz
i As =

�

j∈s

σx
j

finite-size systems retain a 
statistical contribution to the 
topological EE



 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1  10

S t
1/T

L=8 Jz=8

Topological Entanglement Entropy

V > Vc

S
to

p
o
2
(A

)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.5  1  1.5  2  2.5  3  3.5  4

S t

1/T

L=8 Jz=8
L=16 Jz=8

S
to

p
o
2
(A

)



Outline

• Renyi Entanglement Entropy as a resource in 
Condensed Matter Physics

• Finite-Temperature QMC and Mutual Information

•Topological entanglement entropy in a quantum 
Spin Liquid

• T=0 projector QMC in the Valence Bond Basis



(i, j) =
1√
2
(| ↑i↓j� − | ↓i↑j�)

Pauling, Anderson, Liang, Sandvik, Beach
Sandvik, Phys. Rev. Lett. 95, 207203 (2005)

Valence Bond Basis
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SWAP operator
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SWAP operator

|α�|β�

|α�|β�
“ancillary”

“real”

Two non-interacting copies

|Ψ0 ⊗Ψ0�
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SWAP operator
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VB Basis QMC

�Ψ0 ⊗ Ψ0|SwapA|Ψ0 ⊗ Ψ0� = Tr(ρ2
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Notes:

• Best suited for calculating EE scaling in groundstate 
wavefunctions

•More work needed on improving statistics/scalability:
-combining Renyi with VB QMC loop moves 
-using multicanonical histogram sampling 

• More replicas enable the calculation of higher-n Renyi 
entropies

• SU(2) or SU(N) models only



Néel State: Area Law
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conclusions

• Quantum Monte Carlo simulations can calculate 
Renyi entanglement entropy in general many-body 
Hamiltonians   (spins, bosons, T=0 and T>0)

• QMC simulations have confirmed leading-order 
area law behaviour in the Néel state.

• We can access topological entanglement entropy 
in spin liquid phases

• Next: universal subleading corrections at T=0 QCP

• This effort is only 1 year old: expect rapid 
advances in scaling and efficiency.

Sn = a� + cn log(�)

|α�|β�


