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Warm dark 

matter halo with 

refinement and  


quadratic elements


Analogous to first 
cold dark matter halos  



Cosmological N-body simulations

• All modern cosmological simulation codes only differ in how they 
accelerate the computation of the sum over all particles to obtain the 
net force


• End result are simply the positions and velocities of all particles


• Softening of forces (add  epsilon^2 in denominator) avoids 
singularities. 


• Limit N goes to infinity must give correct answer, right? 


• Plummer softening
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Density information everywhere in space

9








































































































































































































































































































































































All microphysical phase space information available
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can probe

fine-grained

phase space


structure.







Cosmic 
Velocity  
Fields
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N-body Quadrilaterals + refinement Quadrilaterals

Linear tets + refinement Linear tets

Clear accuracy gains with higher order interpolation schemes. 

Shown here in the test case of a cube evolving in a static potential.

Second order interpolation is clearly advantageous.

125=5x5x5 points initially in cube

N-body 2e6 particle reference



Lagrangian Tessellation: What’s it good for? 
Not complete list:

• Analyzing N-body sims, 
including web classification, 
velocity dispersion, profiles, 
resolution study  
(Abel, Hahn, Kaehler 2012) 

• DM visualization 
(Kaehler, Hahn, Abel 2012) 

• Better Numerical Methods 
(Hahn, Abel & Kaehler 2013, 
Hahn, Angulo & Abel 2014, 
Angulo and Hahn 2016, 
Sousbie & Colombi 2016) 

• Finally reliable WDM mass 
functions below the cutoff 
scale Angulo, Hahn, Abel 2013 

• Gravitational Lensing 
predictions, Angulo, Chen, 
Hilbert & Abel 2014 

• Cosmic Velocity fields, Hahn, 
Angulo, Abel 2014 

• The SIC method for Plasma 
simulations (Vlasov/Poisson) 
(Kates-Harbeck, Totorica, 
Zrake & Abel 2016, 
JCompPhys) 

• Exact overlap integrals of 
Polyhedra 
(Powell & Abel 2015 
JCompPhys) 

• Adaptively refined phase-
space, Hahn & Angulo 2016 

• ColDICE: A parallel Vlasov-
Poisson solver using moving 
adaptive simplicial 
tessellation, Sousby & 
Colombi 2016 

• Void profiles, Wojtak, Powell, 
Abel 2016  MNRAS 

• Stücker, Busch, & White 2017: 
Median density of the 
Universe 

• East, Wojtak, Abel compare 
numerical GR and Newtonian 
cosmology 2017 

• Powell & Abel 2018, Beam 
Tracing for radiation transport 

• Banerjee, et al: Noiseless 
Cosmological Neutrino 
simulations, 2018 

• Totorica, et. al. Weibel 
instabilities, shocks, particle 
acceleration in PIC 
simulations 2018 

• “Nonthermal electron and ion 
acceleration by magnetic 
reconnection in large laser-
driven plasmas”  
Totorica, Hoshino, Abel, Fiuza 
2020 

• Powell et al DM annihilation, 
• Totorica & Abel: Vlasov-

Maxwell (2023)


