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BAR-HALO INTERACTION

<latexit sha1_base64="rrXZRKLC7vb8ef/TbLZiYk4jrWU=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRkp6kYounFnBfuAzjBk0kwbmmSGJCOUoTs3/oobF4q49Rfc+Tdm2hG09UDg5Jx7ufeeMGFUacf5shYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vMr99j2RisbiTo8S4nPUFzSiGGkjBfaBd8NJHwVeoii8+PlwpAeSZ8k4sCtO1ZkAzhO3IBVQoBHYn14vxiknQmOGlOq6TqL9DElNMSPjspcqkiA8RH3SNVQgTpSfTe4YwyOj9GAUS/OEhhP1d0eGuFIjHprKfEM16+Xif1431dG5n1GRpJoIPB0UpQzqGOahwB6VBGs2MgRhSc2uEA+QRFib6MomBHf25HnSOqm6p9Xaba1SvyziKIF9cAiOgQvOQB1cgwZoAgwewBN4Aa/Wo/VsvVnv09IFq+jZA39gfXwDFeiZeg==</latexit>

⌦ = ⌦pBar rotates in azimuth with pattern speed

<latexit sha1_base64="D+y7/yiasMqpRSoDMp/Yy+bI0j8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E7GU/gMvHhTx6j/y5r9x0+ag1QcDj/dmmJkXJFIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRdea3Hrg2Ilb3OE64H9GBEqFgFK1091jqlStu1Z2B/CVeTiqQo94rf3b7MUsjrpBJakzHcxP0J1SjYJJPS93U8ISyER3wjqWKRtz4k9mlU3JklT4JY21LIZmpPycmNDJmHAW2M6I4NIteJv7ndVIML/2JUEmKXLH5ojCVBGOSvU36QnOGcmwJZVrYWwkbUk0Z2nCyELzFl/+S5knVO6+e3p5Vald5HEU4gEM4Bg8uoAY3UIcGMAjhCV7g1Rk5z86b8z5vLTj5zD78gvPxDR1ojRg=</latexit>x

<latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y

<latexit sha1_base64="NXwYcXGiuCx2+S29kshCcKG+iWM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21okg1JtlCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rl49XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB95o+u</latexit>'

What happens?
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t=0



WHAT HAPPENS?

Dark matter density response for constant <latexit sha1_base64="rrXZRKLC7vb8ef/TbLZiYk4jrWU=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRkp6kYounFnBfuAzjBk0kwbmmSGJCOUoTs3/oobF4q49Rfc+Tdm2hG09UDg5Jx7ufeeMGFUacf5shYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vMr99j2RisbiTo8S4nPUFzSiGGkjBfaBd8NJHwVeoii8+PlwpAeSZ8k4sCtO1ZkAzhO3IBVQoBHYn14vxiknQmOGlOq6TqL9DElNMSPjspcqkiA8RH3SNVQgTpSfTe4YwyOj9GAUS/OEhhP1d0eGuFIjHprKfEM16+Xif1431dG5n1GRpJoIPB0UpQzqGOahwB6VBGs2MgRhSc2uEA+QRFib6MomBHf25HnSOqm6p9Xaba1SvyziKIF9cAiOgQvOQB1cgwZoAgwewBN4Aa/Wo/VsvVnv09IFq+jZA39gfXwDFeiZeg==</latexit>

⌦ = ⌦p
(Chiba & Schonrich 2022)

t=0



WHAT HAPPENS?

Dark matter density response for constant <latexit sha1_base64="rrXZRKLC7vb8ef/TbLZiYk4jrWU=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRkp6kYounFnBfuAzjBk0kwbmmSGJCOUoTs3/oobF4q49Rfc+Tdm2hG09UDg5Jx7ufeeMGFUacf5shYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vMr99j2RisbiTo8S4nPUFzSiGGkjBfaBd8NJHwVeoii8+PlwpAeSZ8k4sCtO1ZkAzhO3IBVQoBHYn14vxiknQmOGlOq6TqL9DElNMSPjspcqkiA8RH3SNVQgTpSfTe4YwyOj9GAUS/OEhhP1d0eGuFIjHprKfEM16+Xif1431dG5n1GRpJoIPB0UpQzqGOahwB6VBGs2MgRhSc2uEA+QRFib6MomBHf25HnSOqm6p9Xaba1SvyziKIF9cAiOgQvOQB1cgwZoAgwewBN4Aa/Wo/VsvVnv09IFq+jZA39gfXwDFeiZeg==</latexit>

⌦ = ⌦p
(Chiba & Schonrich 2022)

t=0

This produces a backreaction torque on bar: dynamical friction
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BAR-HALO INTERACTION

Dark matter particle motion 
is governed by 

<latexit sha1_base64="1heoESTJiUc1LVDdn5vGoi1n0c0="></latexit>

H =
v2

2
+ �0(x) + ��(x, t)

<latexit sha1_base64="a33S0NqYo02L6E8KullkyjeQ6Ao="></latexit>

�� = �b(r) sin
2 # cos[2('� ⌦pt)]

<latexit sha1_base64="Y4jEeHg99EtqwCc+9WMgWlXYQ5c=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIYpmRom6EogvdCBXsAzrDkEkzbWiSGZKMUIb5ADf+ihsXirj1A9z5N2baLrT1QOBwzrnk3hPEjCpt299WYWFxaXmluFpaW9/Y3Cpv77RUlEhMmjhikewESBFGBWlqqhnpxJIgHjDSDoZXud9+IFLRSNzrUUw8jvqChhQjbSS/XHEbA+rb8AIeu6FEOL2+zVLpuxzpgeSpyo5kZlJ21R4DzhNnSipgioZf/nJ7EU44ERozpFTXsWPtpUhqihnJSm6iSIzwEPVJ11CBOFFeOj4mgwdG6cEwkuYJDcfq74kUcaVGPDDJfEk16+Xif1430eG5l1IRJ5oIPPkoTBjUEcybgT0qCdZsZAjCkppdIR4g04k2/ZVMCc7syfOkdVJ1Tqu1u1qlfjmtowj2wD44BA44A3VwAxqgCTB4BM/gFbxZT9aL9W59TKIFazqzC/7A+vwBAI+bAg==</latexit>

�0 = � GM

rs + r

<latexit sha1_base64="D+y7/yiasMqpRSoDMp/Yy+bI0j8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E7GU/gMvHhTx6j/y5r9x0+ag1QcDj/dmmJkXJFIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRdea3Hrg2Ilb3OE64H9GBEqFgFK1091jqlStu1Z2B/CVeTiqQo94rf3b7MUsjrpBJakzHcxP0J1SjYJJPS93U8ISyER3wjqWKRtz4k9mlU3JklT4JY21LIZmpPycmNDJmHAW2M6I4NIteJv7ndVIML/2JUEmKXLH5ojCVBGOSvU36QnOGcmwJZVrYWwkbUk0Z2nCyELzFl/+S5knVO6+e3p5Vald5HEU4gEM4Bg8uoAY3UIcGMAjhCV7g1Rk5z86b8z5vLTj5zD78gvPxDR1ojRg=</latexit>x

<latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y

<latexit sha1_base64="NXwYcXGiuCx2+S29kshCcKG+iWM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21okg1JtlCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rl49XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB95o+u</latexit>'

<latexit sha1_base64="jcEVSdYVV7JgyDCPogyzWbI/5RM=">AAACInicbVDLSgMxFM34rPVVdekmWAquykwpPnZFNy4r2Ac0pWQymWlo5kFyRyhDv8WNv+LGhaKuBD/GtJ1FbT2QcDjnXJJ73EQKDbb9ba2tb2xubRd2irt7+weHpaPjto5TxXiLxTJWXZdqLkXEWyBA8m6iOA1dyTvu6Hbqdx650iKOHmCc8H5Ig0j4glEw0qB0TVwRBMREABNfUZYRj0ugmDSHYpJN74E9wYspLUJcI5VBqWxX7RnwKnFyUkY5moPSJ/FiloY8Aiap1j3HTqCfUQWCST4pklTzhLIRDXjP0IiGXPez2YoTXDGKh/1YmRMBnqmLExkNtR6HrkmGFIZ62ZuK/3m9FPyrfiaiJAUesflDfioxxHjaF/aE4gzk2BDKlDB/xWxITVFgWi2aEpzllVdJu1Z1Lqr1+3q5cZPXUUCn6AydIwddoga6Q03UQgw9oRf0ht6tZ+vV+rC+5tE1K585QX9g/fwC8Kij4Q==</latexit>����
��

�0

���� ⇠ 2%

Halo potential:

Bar potential:



UNPERTURBED DARK MATTER ORBITS

Unperturbed dark matter 
particle motion is governed by 

<latexit sha1_base64="1heoESTJiUc1LVDdn5vGoi1n0c0="></latexit>

H =
v2

2
+ �0(x) + ��(x, t)
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�0 = � GM

rs + r

Halo potential:



UNPERTURBED DARK MATTER ORBITS

Unperturbed dark matter 
particle motion is governed by 

<latexit sha1_base64="1heoESTJiUc1LVDdn5vGoi1n0c0="></latexit>

H =
v2

2
+ �0(x) + ��(x, t)
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�0 = � GM

rs + r

Halo potential:

All orbits in spherical potentials look like this



UNPERTURBED DARK MATTER ORBITS

Unperturbed dark matter 
particle motion is governed by 

<latexit sha1_base64="1heoESTJiUc1LVDdn5vGoi1n0c0="></latexit>

H =
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�0 = � GM

rs + r

Halo potential:

rp ra

Azimuthal circulation + radial oscillation 
between pericentre and apocentre
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Unperturbed dark matter 
particle motion is governed by 
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Azimuthal circulation + radial oscillation 
between pericentre and apocentre



UNPERTURBED DARK MATTER ORBITS

Unperturbed dark matter 
particle motion is governed by 

<latexit sha1_base64="1heoESTJiUc1LVDdn5vGoi1n0c0="></latexit>

H =
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+ �0(x) + ��(x, t)

<latexit sha1_base64="Y4jEeHg99EtqwCc+9WMgWlXYQ5c=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIYpmRom6EogvdCBXsAzrDkEkzbWiSGZKMUIb5ADf+ihsXirj1A9z5N2baLrT1QOBwzrnk3hPEjCpt299WYWFxaXmluFpaW9/Y3Cpv77RUlEhMmjhikewESBFGBWlqqhnpxJIgHjDSDoZXud9+IFLRSNzrUUw8jvqChhQjbSS/XHEbA+rb8AIeu6FEOL2+zVLpuxzpgeSpyo5kZlJ21R4DzhNnSipgioZf/nJ7EU44ERozpFTXsWPtpUhqihnJSm6iSIzwEPVJ11CBOFFeOj4mgwdG6cEwkuYJDcfq74kUcaVGPDDJfEk16+Xif1430eG5l1IRJ5oIPPkoTBjUEcybgT0qCdZsZAjCkppdIR4g04k2/ZVMCc7syfOkdVJ1Tqu1u1qlfjmtowj2wD44BA44A3VwAxqgCTB4BM/gFbxZT9aL9W59TKIFazqzC/7A+vwBAI+bAg==</latexit>

�0 = � GM

rs + r

Halo potential:

Azimuthal circulation + radial oscillation 
between pericentre and apocentre



UNPERTURBED DARK MATTER ORBITS

Unperturbed dark matter 
particle motion is governed by 

<latexit sha1_base64="1heoESTJiUc1LVDdn5vGoi1n0c0="></latexit>

H =
v2

2
+ �0(x) + ��(x, t)

<latexit sha1_base64="Y4jEeHg99EtqwCc+9WMgWlXYQ5c=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIYpmRom6EogvdCBXsAzrDkEkzbWiSGZKMUIb5ADf+ihsXirj1A9z5N2baLrT1QOBwzrnk3hPEjCpt299WYWFxaXmluFpaW9/Y3Cpv77RUlEhMmjhikewESBFGBWlqqhnpxJIgHjDSDoZXud9+IFLRSNzrUUw8jvqChhQjbSS/XHEbA+rb8AIeu6FEOL2+zVLpuxzpgeSpyo5kZlJ21R4DzhNnSipgioZf/nJ7EU44ERozpFTXsWPtpUhqihnJSm6iSIzwEPVJ11CBOFFeOj4mgwdG6cEwkuYJDcfq74kUcaVGPDDJfEk16+Xif1430eG5l1IRJ5oIPPkoTBjUEcybgT0qCdZsZAjCkppdIR4g04k2/ZVMCc7syfOkdVJ1Tqu1u1qlfjmtowj2wD44BA44A3VwAxqgCTB4BM/gFbxZT9aL9W59TKIFazqzC/7A+vwBAI+bAg==</latexit>

�0 = � GM

rs + r

Halo potential:

All orbits in spherical potentials look like this



ANGLE-ACTION COORDINATES

Change of variables:

Such that 
<latexit sha1_base64="1heoESTJiUc1LVDdn5vGoi1n0c0="></latexit>

H =
v2

2
+ �0(x) + ��(x, t)only depends on 



ANGLE-ACTION COORDINATES

For spherical systems, 

Radial action

rp ra

Angular momentum



ANGLE-ACTION COORDINATES

For spherical systems, 

Radial action

rp ra

Angular momentumAction  tells you which orbit 
you are on; 

Angle  tells you where you 
are on that orbit.

J

θ



ANGLE-ACTION COORDINATES

For spherical systems, 

Radial action

rp ra

Angular momentum

Action  tells you which orbit 
you are on; 

Angle  tells you where you 
are on that orbit.

J

θ



BAR-HALO INTERACTION

<latexit sha1_base64="rrXZRKLC7vb8ef/TbLZiYk4jrWU=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRkp6kYounFnBfuAzjBk0kwbmmSGJCOUoTs3/oobF4q49Rfc+Tdm2hG09UDg5Jx7ufeeMGFUacf5shYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vMr99j2RisbiTo8S4nPUFzSiGGkjBfaBd8NJHwVeoii8+PlwpAeSZ8k4sCtO1ZkAzhO3IBVQoBHYn14vxiknQmOGlOq6TqL9DElNMSPjspcqkiA8RH3SNVQgTpSfTe4YwyOj9GAUS/OEhhP1d0eGuFIjHprKfEM16+Xif1431dG5n1GRpJoIPB0UpQzqGOahwB6VBGs2MgRhSc2uEA+QRFib6MomBHf25HnSOqm6p9Xaba1SvyziKIF9cAiOgQvOQB1cgwZoAgwewBN4Aa/Wo/VsvVnv09IFq+jZA39gfXwDFeiZeg==</latexit>

⌦ = ⌦pBar rotates in azimuth with pattern speed

Dark matter particles have actions
& corresponding orbital frequencies

<latexit sha1_base64="Qligt186+toiDQcq1LCBSncJ/vk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJVNSNUHQjxUUF+4A2hMl00g6dTMLMRKihbvwVNy4UcetfuPNvnLRZaOthBg7n3Mu993gRo1JZ1reRm5tfWFzKLxdWVtfWN8zNrYYMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0vcFV6jfviZA05HdqGBEnQD1OfYqR0pJr7nQCpPqen1RHF6WqKw7hjX7uw4FrFq2yNQacJXZGiiBDzTW/Ot0QxwHhCjMkZdu2IuUkSCiKGRkVOrEkEcID1CNtTTkKiHSS8QUjuK+VLvRDoT9XcKz+7khQIOUw8HRluq+c9lLxP68dK//cSSiPYkU4ngzyYwZVCNM4YJcKghUbaoKwoHpXiPtIIKx0aAUdgj198ixpHJXt0/Lx7UmxcpnFkQe7YA+UgA3OQAVcgxqoAwwewTN4BW/Gk/FivBsfk9KckfVsgz8wPn8AI3OVZQ==</latexit>

J = (Jr, L, Lz)

<latexit sha1_base64="D+y7/yiasMqpRSoDMp/Yy+bI0j8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E7GU/gMvHhTx6j/y5r9x0+ag1QcDj/dmmJkXJFIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRdea3Hrg2Ilb3OE64H9GBEqFgFK1091jqlStu1Z2B/CVeTiqQo94rf3b7MUsjrpBJakzHcxP0J1SjYJJPS93U8ISyER3wjqWKRtz4k9mlU3JklT4JY21LIZmpPycmNDJmHAW2M6I4NIteJv7ndVIML/2JUEmKXLH5ojCVBGOSvU36QnOGcmwJZVrYWwkbUk0Z2nCyELzFl/+S5knVO6+e3p5Vald5HEU4gEM4Bg8uoAY3UIcGMAjhCV7g1Rk5z86b8z5vLTj5zD78gvPxDR1ojRg=</latexit>x

<latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y

<latexit sha1_base64="NXwYcXGiuCx2+S29kshCcKG+iWM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21okg1JtlCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rl49XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB95o+u</latexit>'

<latexit sha1_base64="PH+8Dy+icEEkyV/rLh8dQpy9mJ0=">AAACIXicbZBNS8MwGMdTX+d8q3r0EhzCBBmtiu4iDL14c4J7gbWUNEu3sCQtSToYZV/Fi1/FiwdFdhO/jO1WUDcfCPzyf56H5P/3I0aVtqxPY2l5ZXVtvbBR3Nza3tk19/abKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmD26zfGhKpaCge9SgiLkc9QQOKkU4lz6w6HOm+HyTOPSc9NL4uz8CTpzAnJ1L05zJEMurTk6JnlqyKNS24CHYOJZBX3TMnTjfEMSdCY4aU6thWpN0ESU0xI+OiEysSITxAPdJJUSBOlJtMHY7hcap0YRDK9AgNp+rvjQRxpUbcTyczP2q+l4n/9TqxDqpuQkUUayLw7KEgZlCHMIsLdqkkWLNRCghLmv4V4j6SCOs01CwEe97yIjTPKvZl5fzholS7yeMogENwBMrABlegBu5AHTQABk/gBbyBd+PZeDU+jMlsdMnIdw7AnzK+vgFu+6MK</latexit>

⌦ = (⌦r,⌦ ,⌦')



BAR-HALO INTERACTION

Dark matter particle motion 
is governed by 

<latexit sha1_base64="1heoESTJiUc1LVDdn5vGoi1n0c0="></latexit>

H =
v2

2
+ �0(x) + ��(x, t)

<latexit sha1_base64="a33S0NqYo02L6E8KullkyjeQ6Ao="></latexit>

�� = �b(r) sin
2 # cos[2('� ⌦pt)]

<latexit sha1_base64="Y4jEeHg99EtqwCc+9WMgWlXYQ5c=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIYpmRom6EogvdCBXsAzrDkEkzbWiSGZKMUIb5ADf+ihsXirj1A9z5N2baLrT1QOBwzrnk3hPEjCpt299WYWFxaXmluFpaW9/Y3Cpv77RUlEhMmjhikewESBFGBWlqqhnpxJIgHjDSDoZXud9+IFLRSNzrUUw8jvqChhQjbSS/XHEbA+rb8AIeu6FEOL2+zVLpuxzpgeSpyo5kZlJ21R4DzhNnSipgioZf/nJ7EU44ERozpFTXsWPtpUhqihnJSm6iSIzwEPVJ11CBOFFeOj4mgwdG6cEwkuYJDcfq74kUcaVGPDDJfEk16+Xif1430eG5l1IRJ5oIPPkoTBjUEcybgT0qCdZsZAjCkppdIR4g04k2/ZVMCc7syfOkdVJ1Tqu1u1qlfjmtowj2wD44BA44A3VwAxqgCTB4BM/gFbxZT9aL9W59TKIFazqzC/7A+vwBAI+bAg==</latexit>

�0 = � GM

rs + r

<latexit sha1_base64="D+y7/yiasMqpRSoDMp/Yy+bI0j8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E7GU/gMvHhTx6j/y5r9x0+ag1QcDj/dmmJkXJFIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRdea3Hrg2Ilb3OE64H9GBEqFgFK1091jqlStu1Z2B/CVeTiqQo94rf3b7MUsjrpBJakzHcxP0J1SjYJJPS93U8ISyER3wjqWKRtz4k9mlU3JklT4JY21LIZmpPycmNDJmHAW2M6I4NIteJv7ndVIML/2JUEmKXLH5ojCVBGOSvU36QnOGcmwJZVrYWwkbUk0Z2nCyELzFl/+S5knVO6+e3p5Vald5HEU4gEM4Bg8uoAY3UIcGMAjhCV7g1Rk5z86b8z5vLTj5zD78gvPxDR1ojRg=</latexit>x

<latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y

<latexit sha1_base64="NXwYcXGiuCx2+S29kshCcKG+iWM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21okg1JtlCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rl49XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB95o+u</latexit>'

<latexit sha1_base64="jcEVSdYVV7JgyDCPogyzWbI/5RM=">AAACInicbVDLSgMxFM34rPVVdekmWAquykwpPnZFNy4r2Ac0pWQymWlo5kFyRyhDv8WNv+LGhaKuBD/GtJ1FbT2QcDjnXJJ73EQKDbb9ba2tb2xubRd2irt7+weHpaPjto5TxXiLxTJWXZdqLkXEWyBA8m6iOA1dyTvu6Hbqdx650iKOHmCc8H5Ig0j4glEw0qB0TVwRBMREABNfUZYRj0ugmDSHYpJN74E9wYspLUJcI5VBqWxX7RnwKnFyUkY5moPSJ/FiloY8Aiap1j3HTqCfUQWCST4pklTzhLIRDXjP0IiGXPez2YoTXDGKh/1YmRMBnqmLExkNtR6HrkmGFIZ62ZuK/3m9FPyrfiaiJAUesflDfioxxHjaF/aE4gzk2BDKlDB/xWxITVFgWi2aEpzllVdJu1Z1Lqr1+3q5cZPXUUCn6AydIwddoga6Q03UQgw9oRf0ht6tZ+vV+rC+5tE1K585QX9g/fwC8Kij4Q==</latexit>����
��

�0

���� ⇠ 2%

Halo potential:

Bar potential:



BAR-HALO INTERACTION

Dark matter particle motion 
is governed by 

<latexit sha1_base64="D+y7/yiasMqpRSoDMp/Yy+bI0j8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E7GU/gMvHhTx6j/y5r9x0+ag1QcDj/dmmJkXJFIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRdea3Hrg2Ilb3OE64H9GBEqFgFK1091jqlStu1Z2B/CVeTiqQo94rf3b7MUsjrpBJakzHcxP0J1SjYJJPS93U8ISyER3wjqWKRtz4k9mlU3JklT4JY21LIZmpPycmNDJmHAW2M6I4NIteJv7ndVIML/2JUEmKXLH5ojCVBGOSvU36QnOGcmwJZVrYWwkbUk0Z2nCyELzFl/+S5knVO6+e3p5Vald5HEU4gEM4Bg8uoAY3UIcGMAjhCV7g1Rk5z86b8z5vLTj5zD78gvPxDR1ojRg=</latexit>x

<latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y

<latexit sha1_base64="NXwYcXGiuCx2+S29kshCcKG+iWM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21okg1JtlCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rl49XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB95o+u</latexit>'

<latexit sha1_base64="jcEVSdYVV7JgyDCPogyzWbI/5RM=">AAACInicbVDLSgMxFM34rPVVdekmWAquykwpPnZFNy4r2Ac0pWQymWlo5kFyRyhDv8WNv+LGhaKuBD/GtJ1FbT2QcDjnXJJ73EQKDbb9ba2tb2xubRd2irt7+weHpaPjto5TxXiLxTJWXZdqLkXEWyBA8m6iOA1dyTvu6Hbqdx650iKOHmCc8H5Ig0j4glEw0qB0TVwRBMREABNfUZYRj0ugmDSHYpJN74E9wYspLUJcI5VBqWxX7RnwKnFyUkY5moPSJ/FiloY8Aiap1j3HTqCfUQWCST4pklTzhLIRDXjP0IiGXPez2YoTXDGKh/1YmRMBnqmLExkNtR6HrkmGFIZ62ZuK/3m9FPyrfiaiJAUesflDfioxxHjaF/aE4gzk2BDKlDB/xWxITVFgWi2aEpzllVdJu1Z1Lqr1+3q5cZPXUUCn6AydIwddoga6Q03UQgw9oRf0ht6tZ+vV+rC+5tE1K585QX9g/fwC8Kij4Q==</latexit>����
��

�0

���� ⇠ 2%

Bar perturbation

Unperturbed halo 
Hamiltonian



WHAT IS THE FRICTIONAL TORQUE?

<latexit sha1_base64="qczbeEP3NgzUVi5iKSU6rE/1B2k="></latexit>

dLz

dt
= �@��

@✓'

Torque on one halo particle:

Total torque on bar:

Challenge is to compute the perturbed 



WHAT IS THE FRICTIONAL TORQUE?

<latexit sha1_base64="qczbeEP3NgzUVi5iKSU6rE/1B2k="></latexit>

dLz

dt
= �@��

@✓'

Torque on one halo particle:

Total torque on bar:

Challenge is to compute the perturbed 
<latexit sha1_base64="7HUR845fc0nM/qnfE93T5YRSoaQ=">AAACIHicbVDLSsNAFL3xWesr6tLNYBEEpSQq1o1QdNNlBfuAppTJdNIOnTyYmQgl5FPc+CtuXCiiO/0aJ21AbT1w4XDuvdx7jhtxJpVlfRoLi0vLK6uFteL6xubWtrmz25RhLAhtkJCHou1iSTkLaEMxxWk7EhT7Lqctd3ST9Vv3VEgWBndqHNGujwcB8xjBSks9s+J4ApPEibBQDHPkpT9cpegYOQnyTpDjYzUkmCe11EnRFbJ6ZskqWxOgeWLnpAQ56j3zw+mHJPZpoAjHUnZsK1LdJDtFOE2LTixphMkID2hH0wD7VHaTicEUHWqlj7xQ6AoUmqi/NxLsSzn2XT2ZPSpne5n4X68TK++ym7AgihUNyPSQF2vrIcrSQn0mKFF8rAkmgulfERlinZjSmRZ1CPas5XnSPC3bF+Wz2/NS9TqPowD7cABHYEMFqlCDOjSAwAM8wQu8Go/Gs/FmvE9HF4x8Zw/+wPj6Bnpqon0=</latexit>

@f

@t
+ {f,H} = 0



LINEAR THEORY (LBK72)

Result:

This is (a) finite, (b) negative, and (c) resonant

Time-asymptotic LBK torque:

Compute perturbed DF using linearized 
Vlasov equation:



LINEAR THEORY (LBK72)

Result:

And (d) redolent of Landau damping

Time-asymptotic LBK torque:

Compute perturbed DF using linearized 
Vlasov equation:



Dark matter particle motion 
is governed by 

<latexit sha1_base64="1heoESTJiUc1LVDdn5vGoi1n0c0="></latexit>

H =
v2

2
+ �0(x) + ��(x, t)

<latexit sha1_base64="D+y7/yiasMqpRSoDMp/Yy+bI0j8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E7GU/gMvHhTx6j/y5r9x0+ag1QcDj/dmmJkXJFIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRdea3Hrg2Ilb3OE64H9GBEqFgFK1091jqlStu1Z2B/CVeTiqQo94rf3b7MUsjrpBJakzHcxP0J1SjYJJPS93U8ISyER3wjqWKRtz4k9mlU3JklT4JY21LIZmpPycmNDJmHAW2M6I4NIteJv7ndVIML/2JUEmKXLH5ojCVBGOSvU36QnOGcmwJZVrYWwkbUk0Z2nCyELzFl/+S5knVO6+e3p5Vald5HEU4gEM4Bg8uoAY3UIcGMAjhCV7g1Rk5z86b8z5vLTj5zD78gvPxDR1ojRg=</latexit>x

<latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y

<latexit sha1_base64="NXwYcXGiuCx2+S29kshCcKG+iWM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21okg1JtlCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rl49XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB95o+u</latexit>'

NONLINEAR THEORY (TW84)

Key point: if you are 
sufficiently close to 

resonance, the bar is not a 
linear perturbation!

(so LBK predicts its own demise)

<latexit sha1_base64="5QExYJ83yEwdlm46TuxbTIk2vHE=">AAACJnicbVDLSsNAFJ3UV62vqks3g0VwVRIVdVMounFVK9gHNCFMppN26EwSZiaFEvI1bvwVNy4qIu78FCdtBG09MHDmnHu59x4vYlQq0/w0Ciura+sbxc3S1vbO7l55/6Atw1hg0sIhC0XXQ5IwGpCWooqRbiQI4h4jHW90m/mdMRGShsGjmkTE4WgQUJ9ipLTklms2R2ro+UkjtXE/VPDnb99zMkAprMGGa4+RiIYUzjV3ViJ4EqVuuWJWzRngMrFyUgE5mm55avdDHHMSKMyQlD3LjJSTIKEoZiQt2bEkEcIjNCA9TQPEiXSS2ZkpPNFKH/qh0C9QcKb+7kgQl3LCPV2ZbSgXvUz8z+vFyr92EhpEsSIBng/yYwZVCLPMYJ8KghWbaIKwoHpXiIdIIKx0siUdgrV48jJpn1Wty+r5w0WlfpPHUQRH4BicAgtcgTq4A03QAhg8gRcwBW/Gs/FqvBsf89KCkfccgj8wvr4Blwmmew==</latexit>

N ·⌦ = N'⌦p



Dark matter particle motion 
is governed by 

<latexit sha1_base64="1heoESTJiUc1LVDdn5vGoi1n0c0="></latexit>

H =
v2

2
+ �0(x) + ��(x, t)

<latexit sha1_base64="D+y7/yiasMqpRSoDMp/Yy+bI0j8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E7GU/gMvHhTx6j/y5r9x0+ag1QcDj/dmmJkXJFIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRdea3Hrg2Ilb3OE64H9GBEqFgFK1091jqlStu1Z2B/CVeTiqQo94rf3b7MUsjrpBJakzHcxP0J1SjYJJPS93U8ISyER3wjqWKRtz4k9mlU3JklT4JY21LIZmpPycmNDJmHAW2M6I4NIteJv7ndVIML/2JUEmKXLH5ojCVBGOSvU36QnOGcmwJZVrYWwkbUk0Z2nCyELzFl/+S5knVO6+e3p5Vald5HEU4gEM4Bg8uoAY3UIcGMAjhCV7g1Rk5z86b8z5vLTj5zD78gvPxDR1ojRg=</latexit>x

<latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y

<latexit sha1_base64="NXwYcXGiuCx2+S29kshCcKG+iWM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21okg1JtlCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rl49XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB95o+u</latexit>'

NONLINEAR THEORY (TW84)

Key point: if you are 
sufficiently close to 

resonance, the bar is not a 
linear perturbation!

(so LBK predicts its own demise)

<latexit sha1_base64="5QExYJ83yEwdlm46TuxbTIk2vHE=">AAACJnicbVDLSsNAFJ3UV62vqks3g0VwVRIVdVMounFVK9gHNCFMppN26EwSZiaFEvI1bvwVNy4qIu78FCdtBG09MHDmnHu59x4vYlQq0/w0Ciura+sbxc3S1vbO7l55/6Atw1hg0sIhC0XXQ5IwGpCWooqRbiQI4h4jHW90m/mdMRGShsGjmkTE4WgQUJ9ipLTklms2R2ro+UkjtXE/VPDnb99zMkAprMGGa4+RiIYUzjV3ViJ4EqVuuWJWzRngMrFyUgE5mm55avdDHHMSKMyQlD3LjJSTIKEoZiQt2bEkEcIjNCA9TQPEiXSS2ZkpPNFKH/qh0C9QcKb+7kgQl3LCPV2ZbSgXvUz8z+vFyr92EhpEsSIBng/yYwZVCLPMYJ8KghWbaIKwoHpXiIdIIKx0siUdgrV48jJpn1Wty+r5w0WlfpPHUQRH4BicAgtcgTq4A03QAhg8gRcwBW/Gs/FqvBsf89KCkfccgj8wvr4Blwmmew==</latexit>

N ·⌦ = N'⌦p O’Neill (1965) 
Mazitov (1965)



SLOW-FAST VARIABLES

Key idea: in the vicinity of each resonance, replace one 
of your angle variables with the slow angle

The corresponding slow action is

Then particle motion can be described in slow angle-
action space using the Hamiltonian



SLOW-FAST VARIABLES

Example: corotation resonance.  Slow angle is

The corresponding slow action is

<latexit sha1_base64="zOwpkQrDiNT0KW49G1qK9wMkLmg="></latexit>

✓s = ✓s(0) + 2[⌦' � ⌦p]t

<latexit sha1_base64="xbrwRHfi8J9EhXgwxeBnpv8z1Dc=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzpTRd0IRTciLirYB7TDkEnTNjTJDElGaIfir7hxoYhb/8Odf2OmnYW2HggczrmXe3KCiFGlHefbyi0sLi2v5FcLa+sbm1v29k5dhbHEpIZDFspmgBRhVJCappqRZiQJ4gEjjWBwnfqNRyIVDcWDHkbE46gnaJdipI3k23u3fpsj3Zc8UWN4Ce/80XHZt4tOyZkAzhM3I0WQoerbX+1OiGNOhMYMKdVynUh7CZKaYkbGhXasSITwAPVIy1CBOFFeMkk/hodG6cBuKM0TGk7U3xsJ4koNeWAm06Rq1kvF/7xWrLsXXkJFFGsi8PRQN2ZQhzCtAnaoJFizoSEIS2qyQtxHEmFtCiuYEtzZL8+TernknpVO7k+LlausjjzYBwfgCLjgHFTADaiCGsBgBJ7BK3iznqwX6936mI7mrGxnF/yB9fkDR9aUdw==</latexit>

Js = Lz/2

(Chiba & Schonrich 2022)



SLOW-FAST VARIABLES

Illustration of linear vs nonlinear theory 
from Chiba & Schonrich (2022)

Test-particle simulation Linear theory Nonlinear theory



from Chiba & Schonrich (2022)
Test-particle simulation Linear theory Nonlinear theory



PHASE-MIXING
in slow angle-action phase space

in physical space



Phase mixing leads to a symmetric density distribution 
surrounding the bar, and hence no torque

NONLINEAR THEORY (TW84)



Phase mixing leads to a symmetric density distribution 
surrounding the bar, and hence no torque

NONLINEAR THEORY (TW84)



DIFFUSION?

<latexit sha1_base64="pk38WOnDeyHgpXlhTyi7go4cdlk=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0UQlJKoqAhCsZsuK9gHNKFMpjPt0MmDmYlQQv7Fjb/ixoVS3LjwX5y0AbX1wIXDufdy7zlexJlUlvVpFJaWV1bXiuuljc2t7R1zd68lw1hg0sQhD0XHQ5JwFpCmYoqTTiQI8j1O2t6olvXbj0RIFgYPahwR10eDgFGGkdJSz7xxqEA4cSIkFEMc0vSHqxSeQCeB9BQ6PlJDjHhST50U3sJal7o9s2xVrCngIrFzUgY5Gj1z4vRDHPskUJgjKbu2FSk3ya5hTtKSE0sSITxCA9LVNEA+kW4y9ZjCI630IQ2FrkDBqfp7I0G+lGPf05PZr3K+l4n/9bqxotduwoIoViTAs0M01u5DmAUG+0wQrPhYE4QF079CPEQ6NKVjLekQ7HnLi6R1VrEvK+f3F+XqXR5HERyAQ3AMbHAFqqAOGqAJMHgCL+ANvBvPxqsxMT5mowUj39kHf2B8fQP1YKPM</latexit>

@f

@t
+ {f,H} = C[f ]

<latexit sha1_base64="7HUR845fc0nM/qnfE93T5YRSoaQ=">AAACIHicbVDLSsNAFL3xWesr6tLNYBEEpSQq1o1QdNNlBfuAppTJdNIOnTyYmQgl5FPc+CtuXCiiO/0aJ21AbT1w4XDuvdx7jhtxJpVlfRoLi0vLK6uFteL6xubWtrmz25RhLAhtkJCHou1iSTkLaEMxxWk7EhT7Lqctd3ST9Vv3VEgWBndqHNGujwcB8xjBSks9s+J4ApPEibBQDHPkpT9cpegYOQnyTpDjYzUkmCe11EnRFbJ6ZskqWxOgeWLnpAQ56j3zw+mHJPZpoAjHUnZsK1LdJDtFOE2LTixphMkID2hH0wD7VHaTicEUHWqlj7xQ6AoUmqi/NxLsSzn2XT2ZPSpne5n4X68TK++ym7AgihUNyPSQF2vrIcrSQn0mKFF8rAkmgulfERlinZjSmRZ1CPas5XnSPC3bF+Wz2/NS9TqPowD7cABHYEMFqlCDOjSAwAM8wQu8Go/Gs/FmvE9HF4x8Zw/+wPj6Bnpqon0=</latexit>

@f

@t
+ {f,H} = 0

Both LBK and TW84 were solving a collisionless problem:

In reality, there always exists some collisionality/diffusion 
(e.g. due to substructure, molecular clouds, …):



DIFFUSION?

<latexit sha1_base64="pk38WOnDeyHgpXlhTyi7go4cdlk=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0UQlJKoqAhCsZsuK9gHNKFMpjPt0MmDmYlQQv7Fjb/ixoVS3LjwX5y0AbX1wIXDufdy7zlexJlUlvVpFJaWV1bXiuuljc2t7R1zd68lw1hg0sQhD0XHQ5JwFpCmYoqTTiQI8j1O2t6olvXbj0RIFgYPahwR10eDgFGGkdJSz7xxqEA4cSIkFEMc0vSHqxSeQCeB9BQ6PlJDjHhST50U3sJal7o9s2xVrCngIrFzUgY5Gj1z4vRDHPskUJgjKbu2FSk3ya5hTtKSE0sSITxCA9LVNEA+kW4y9ZjCI630IQ2FrkDBqfp7I0G+lGPf05PZr3K+l4n/9bqxotduwoIoViTAs0M01u5DmAUG+0wQrPhYE4QF079CPEQ6NKVjLekQ7HnLi6R1VrEvK+f3F+XqXR5HERyAQ3AMbHAFqqAOGqAJMHgCL+ANvBvPxqsxMT5mowUj39kHf2B8fQP1YKPM</latexit>

@f

@t
+ {f,H} = C[f ]

<latexit sha1_base64="7HUR845fc0nM/qnfE93T5YRSoaQ=">AAACIHicbVDLSsNAFL3xWesr6tLNYBEEpSQq1o1QdNNlBfuAppTJdNIOnTyYmQgl5FPc+CtuXCiiO/0aJ21AbT1w4XDuvdx7jhtxJpVlfRoLi0vLK6uFteL6xubWtrmz25RhLAhtkJCHou1iSTkLaEMxxWk7EhT7Lqctd3ST9Vv3VEgWBndqHNGujwcB8xjBSks9s+J4ApPEibBQDHPkpT9cpegYOQnyTpDjYzUkmCe11EnRFbJ6ZskqWxOgeWLnpAQ56j3zw+mHJPZpoAjHUnZsK1LdJDtFOE2LTixphMkID2hH0wD7VHaTicEUHWqlj7xQ6AoUmqi/NxLsSzn2XT2ZPSpne5n4X68TK++ym7AgihUNyPSQF2vrIcrSQn0mKFF8rAkmgulfERlinZjSmRZ1CPas5XnSPC3bF+Wz2/NS9TqPowD7cABHYEMFqlCDOjSAwAM8wQu8Go/Gs/FmvE9HF4x8Zw/+wPj6Bnpqon0=</latexit>

@f

@t
+ {f,H} = 0

Both LBK and TW84 were solving a collisionless problem:

In reality, there always exists some collisionality/diffusion 
(e.g. due to substructure, molecular clouds, …):

Q. How does diffusion affect these delicate resonant 
phenomena?



DIFFUSION?
<latexit sha1_base64="pk38WOnDeyHgpXlhTyi7go4cdlk=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0UQlJKoqAhCsZsuK9gHNKFMpjPt0MmDmYlQQv7Fjb/ixoVS3LjwX5y0AbX1wIXDufdy7zlexJlUlvVpFJaWV1bXiuuljc2t7R1zd68lw1hg0sQhD0XHQ5JwFpCmYoqTTiQI8j1O2t6olvXbj0RIFgYPahwR10eDgFGGkdJSz7xxqEA4cSIkFEMc0vSHqxSeQCeB9BQ6PlJDjHhST50U3sJal7o9s2xVrCngIrFzUgY5Gj1z4vRDHPskUJgjKbu2FSk3ya5hTtKSE0sSITxCA9LVNEA+kW4y9ZjCI630IQ2FrkDBqfp7I0G+lGPf05PZr3K+l4n/9bqxotduwoIoViTAs0M01u5DmAUG+0wQrPhYE4QF079CPEQ6NKVjLekQ7HnLi6R1VrEvK+f3F+XqXR5HERyAQ3AMbHAFqqAOGqAJMHgCL+ANvBvPxqsxMT5mowUj39kHf2B8fQP1YKPM</latexit>

@f

@t
+ {f,H} = C[f ]

<latexit sha1_base64="4Pgj+aXzrLiynPumwATymy6onus="></latexit>

@f

@⌧
+ j

@f

@�
� sin�

@f

@j
= �

@2f

@j2

non-
dimensionalize 
the slow angle-

action 
variables

<latexit sha1_base64="4Pgj+aXzrLiynPumwATymy6onus="></latexit>

@f

@⌧
+ j

@f

@�
� sin�

@f

@j
= �

@2f

@j2

<latexit sha1_base64="4Pgj+aXzrLiynPumwATymy6onus="></latexit>

@f

@⌧
+ j

@f

@�
� sin�

@f

@j
= �

@2f

@j2

<latexit sha1_base64="LM5dNfVIPDL+QCQl+qqxrzRfNsw=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS1GNQDx4jmAUyIfR0apImPYvdNYEwzI948Ve8eFDEgxfxb+wsB0180PD6vSqq6nmxFBpt+9vKrayurW/kNwtb2zu7e8X9g4aOEsWhziMZqZbHNEgRQh0FSmjFCljgSWh6w+uJ3xyB0iIK73EcQydg/VD4gjM0UrdYcW9AIqMuPCRiRF1fMZ5i1w0YDlSQSuFl2a9/T/h+lnWLJbtsT0GXiTMnJTJHrVv8dHsRTwIIkUumdduxY+ykTKHgErKCm2iIGR+yPrQNDVkAupNOr8voiVF61I+UeSHSqfq7I2WB1uPAM5WTLfWiNxH/89oJ+pedVIRxghDy2SA/kRQjOomK9oQCjnJsCONKmF0pHzATEJpACyYEZ/HkZdI4Kzvn5cpdpVS9mseRJ0fkmJwSh1yQKrklNVInnDySZ/JK3qwn68V6tz5mpTlr3nNI/sD6+gEmVaPg</latexit>

� ⌘ tlib
tdi↵

Then, 

where 





<latexit sha1_base64="xCbJpq5oV+UZQdLtJrjRbXUiJjo=">AAAB63icbVDLSgNBEOz1GeMr6lGRwSB4CrsK6jHoxWMC5gHJEmYns8mQmdllZlYIS45evXhQxKv/kO/w5jf4E84mOWhiQUNR1U13VxBzpo3rfjlLyyura+u5jfzm1vbObmFvv66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLjN/MYDVZpF8t4MY+oL3JMsZASbTGrHfdYpFN2SOwFaJN6MFMtH4+r34/G40il8trsRSQSVhnCsdctzY+OnWBlGOB3l24mmMSYD3KMtSyUWVPvp5NYROrVKF4WRsiUNmqi/J1IstB6KwHYKbPp63svE/7xWYsJrP2UyTgyVZLooTDgyEcoeR12mKDF8aAkmitlbEeljhYmx8eRtCN78y4ukfl7yLksXVZvGDUyRg0M4gTPw4ArKcAcVqAGBPjzBC7w6wnl23pz3aeuSM5s5gD9wPn4AAyOR7g==</latexit>

�

<latexit sha1_base64="GAC85JGr7wCHXR763l+P4c58ZPs=">AAAB63icbVDLSgNBEOz1mcRX1KOXwSB4MewqqMegF48RzAOTJcxOZpMhs7PDzKwYlvyCFw8+8OrZf/Hm1+hskoMmFjQUVd10dwWSM21c98tZWFxaXlnN5Qtr6xubW8XtnbqOE0VojcQ8Vs0Aa8qZoDXDDKdNqSiOAk4bweAy8xt3VGkWixszlNSPcE+wkBFsMumoLVmnWHLL7hhonnhTUqrk5cvtx/13tVP8bHdjkkRUGMKx1i3PlcZPsTKMcDoqtBNNJSYD3KMtSwWOqPbT8a0jdGCVLgpjZUsYNFZ/T6Q40noYBbYzwqavZ71M/M9rJSY891MmZGKoIJNFYcKRiVH2OOoyRYnhQ0swUczeikgfK0yMjadgQ/BmX54n9eOyd1o+ubZpXMAEOdiDfTgED86gAldQhRoQ6MMDPMGzEzmPzqvzNmldcKYzu/AHzvsP2y+R2g==</latexit>�⇡ <latexit sha1_base64="s9uDzf76jUqslWd1/YS3M7Qv+xg=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmFNSNWHTjsqK9QDuUTJppQzOZkGSEMvQR3LhQxKW+i3s34tuYXhba+kPg4//PIeecUHKmjed9O7mFxaXllfyqu7a+sblV2N6p6SRVhFZJwhPVCLGmnAlaNcxw2pCK4jjktB72r0Z5/Z4qzRJxZwaSBjHuChYxgo21bluStQtFr+SNhebBn0Lx4sM9l29fbqVd+Gx1EpLGVBjCsdZN35MmyLAyjHA6dFupphKTPu7SpkWBY6qDbDzqEB1Yp4OiRNknDBq7vzsyHGs9iENbGWPT07PZyPwva6YmOgsyJmRqqCCTj6KUI5Og0d6owxQlhg8sYKKYnRWRHlaYGHsd1x7Bn115HmpHJf+kdHzjFcuXMFEe9mAfDsGHUyjDNVSgCgS68ABP8Oxw59F5cV4npTln2rMLf+S8/wCx4JES</latexit>⇡
<latexit sha1_base64="Std6jmV6CorWVynfUU3Q7rUUNUM=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmFXQW3EoI1lBHOBZAmzk7PJmNnZZWZWCCFPYGOh2Ao+jL2N+DZOLoUm/jDw8f/nMOecMBVcG8/7dnJLyyura/l1d2Nza3un4O7WdJIphlWWiEQ1QqpRcIlVw43ARqqQxqHAeti/Huf1B1SaJ/LODFIMYtqVPOKMGmvdeu1C0St5E5FF8GdQvPxwL9L3L7fSLny2OgnLYpSGCap10/dSEwypMpwJHLmtTGNKWZ92sWlR0hh1MJwMOiKH1umQKFH2SUMm7u+OIY21HsShrYyp6en5bGz+lzUzE50HQy7TzKBk04+iTBCTkPHWpMMVMiMGFihT3M5KWI8qyoy9jWuP4M+vvAi145J/Wjoplq9gqjzswwEcgQ9nUIYbqEAVGCA8wjO8OPfOk/M6Lcw5s449+CPn7QdlEo7T</latexit>

0

<latexit sha1_base64="xCbJpq5oV+UZQdLtJrjRbXUiJjo=">AAAB63icbVDLSgNBEOz1GeMr6lGRwSB4CrsK6jHoxWMC5gHJEmYns8mQmdllZlYIS45evXhQxKv/kO/w5jf4E84mOWhiQUNR1U13VxBzpo3rfjlLyyura+u5jfzm1vbObmFvv66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLjN/MYDVZpF8t4MY+oL3JMsZASbTGrHfdYpFN2SOwFaJN6MFMtH4+r34/G40il8trsRSQSVhnCsdctzY+OnWBlGOB3l24mmMSYD3KMtSyUWVPvp5NYROrVKF4WRsiUNmqi/J1IstB6KwHYKbPp63svE/7xWYsJrP2UyTgyVZLooTDgyEcoeR12mKDF8aAkmitlbEeljhYmx8eRtCN78y4ukfl7yLksXVZvGDUyRg0M4gTPw4ArKcAcVqAGBPjzBC7w6wnl23pz3aeuSM5s5gD9wPn4AAyOR7g==</latexit>

�

<latexit sha1_base64="xCbJpq5oV+UZQdLtJrjRbXUiJjo=">AAAB63icbVDLSgNBEOz1GeMr6lGRwSB4CrsK6jHoxWMC5gHJEmYns8mQmdllZlYIS45evXhQxKv/kO/w5jf4E84mOWhiQUNR1U13VxBzpo3rfjlLyyura+u5jfzm1vbObmFvv66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLjN/MYDVZpF8t4MY+oL3JMsZASbTGrHfdYpFN2SOwFaJN6MFMtH4+r34/G40il8trsRSQSVhnCsdctzY+OnWBlGOB3l24mmMSYD3KMtSyUWVPvp5NYROrVKF4WRsiUNmqi/J1IstB6KwHYKbPp63svE/7xWYsJrP2UyTgyVZLooTDgyEcoeR12mKDF8aAkmitlbEeljhYmx8eRtCN78y4ukfl7yLksXVZvGDUyRg0M4gTPw4ArKcAcVqAGBPjzBC7w6wnl23pz3aeuSM5s5gD9wPn4AAyOR7g==</latexit>

�

<latexit sha1_base64="GAC85JGr7wCHXR763l+P4c58ZPs=">AAAB63icbVDLSgNBEOz1mcRX1KOXwSB4MewqqMegF48RzAOTJcxOZpMhs7PDzKwYlvyCFw8+8OrZf/Hm1+hskoMmFjQUVd10dwWSM21c98tZWFxaXlnN5Qtr6xubW8XtnbqOE0VojcQ8Vs0Aa8qZoDXDDKdNqSiOAk4bweAy8xt3VGkWixszlNSPcE+wkBFsMumoLVmnWHLL7hhonnhTUqrk5cvtx/13tVP8bHdjkkRUGMKx1i3PlcZPsTKMcDoqtBNNJSYD3KMtSwWOqPbT8a0jdGCVLgpjZUsYNFZ/T6Q40noYBbYzwqavZ71M/M9rJSY891MmZGKoIJNFYcKRiVH2OOoyRYnhQ0swUczeikgfK0yMjadgQ/BmX54n9eOyd1o+ubZpXMAEOdiDfTgED86gAldQhRoQ6MMDPMGzEzmPzqvzNmldcKYzu/AHzvsP2y+R2g==</latexit>�⇡ <latexit sha1_base64="s9uDzf76jUqslWd1/YS3M7Qv+xg=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmFNSNWHTjsqK9QDuUTJppQzOZkGSEMvQR3LhQxKW+i3s34tuYXhba+kPg4//PIeecUHKmjed9O7mFxaXllfyqu7a+sblV2N6p6SRVhFZJwhPVCLGmnAlaNcxw2pCK4jjktB72r0Z5/Z4qzRJxZwaSBjHuChYxgo21bluStQtFr+SNhebBn0Lx4sM9l29fbqVd+Gx1EpLGVBjCsdZN35MmyLAyjHA6dFupphKTPu7SpkWBY6qDbDzqEB1Yp4OiRNknDBq7vzsyHGs9iENbGWPT07PZyPwva6YmOgsyJmRqqCCTj6KUI5Og0d6owxQlhg8sYKKYnRWRHlaYGHsd1x7Bn115HmpHJf+kdHzjFcuXMFEe9mAfDsGHUyjDNVSgCgS68ABP8Oxw59F5cV4npTln2rMLf+S8/wCx4JES</latexit>⇡
<latexit sha1_base64="Std6jmV6CorWVynfUU3Q7rUUNUM=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmFXQW3EoI1lBHOBZAmzk7PJmNnZZWZWCCFPYGOh2Ao+jL2N+DZOLoUm/jDw8f/nMOecMBVcG8/7dnJLyyura/l1d2Nza3un4O7WdJIphlWWiEQ1QqpRcIlVw43ARqqQxqHAeti/Huf1B1SaJ/LODFIMYtqVPOKMGmvdeu1C0St5E5FF8GdQvPxwL9L3L7fSLny2OgnLYpSGCap10/dSEwypMpwJHLmtTGNKWZ92sWlR0hh1MJwMOiKH1umQKFH2SUMm7u+OIY21HsShrYyp6en5bGz+lzUzE50HQy7TzKBk04+iTBCTkPHWpMMVMiMGFihT3M5KWI8qyoy9jWuP4M+vvAi145J/Wjoplq9gqjzswwEcgQ9nUIYbqEAVGCA8wjO8OPfOk/M6Lcw5s449+CPn7QdlEo7T</latexit>

0

Δ = 0.001 Δ = 0.1

Δ = 1 Δ = 10

FINAL DISTRIBUTION FUNCTION



WHAT IS THE FRICTIONAL TORQUE?

<latexit sha1_base64="qczbeEP3NgzUVi5iKSU6rE/1B2k="></latexit>

dLz

dt
= �@��

@✓'

Torque on one halo particle:

Total torque on bar = - total torque on halo:

Compute from
<latexit sha1_base64="4Pgj+aXzrLiynPumwATymy6onus="></latexit>

@f

@⌧
+ j

@f

@�
� sin�

@f

@j
= �

@2f

@j2



(Chiba & Schonrich 2022)

in physical space

PHASE MIXING



HOW DOES TORQUE DEPEND ON DIFFUSION?
Δ = 0.001 Δ = 0.1



Δ = 0.001 Δ = 0.1

TIME-ASYMPTOTIC TORQUE



LITERATURE ON 
WAVE-PARTICLE INTERACTIONS

Plasma kinetics / Galactic dynamics


