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m accretion luminosity via
turbulent viscosity

= weak magnetic fields
destabilise shear flow
MRI, Balbus & Hawley (1991)

m robust linear instability —
problem solved ...

Hawley (2000)

m ... twenty-five years later, saturation mechanism remains enigmatic

m attempts  ? linear theory ? parasitic instabilities
? direct simulations  ? mean-field dynamo
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complementary route: study evolution of embedded poloidal flux
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OB+B =Vx[(u+u)x(B+B) +nV>B+B

Reynold’s averaging rules:

idempotence:

symmetric perturbations:

summation:
mixed product:

mean-field induction equation

OB =Vx(uxB)+VxE+nV’B

f=r

=0
f+eg=f+g
fxg =fxg =0

with turbulent EMF £ = u/ x B’ subsuming small-scale effects



mean-field induction equation:
OB =Vx(axB)+VxE+nV>B

with turbulent EMF £ = u’ x B’ subsuming small-scale effects

aim: find an evolution equation for the mean EMF
E(z,t) =W (z,t) xB/(z,1) = W(z,1) f 00-B'(z,7)dT + ...

compute magnetic field fluctuations:

AB+B) = Vx[O@+u)xB+B)]+9V>B+B)
o 8B = Vx[axB+uxB|+7nV>B
OB = Vx[uxB +u'xB —u'xB +u' xB—-1nVxB]

third-order moments appear when substituted into £(z, ¢)

ad-hoc parametrisation & = a;;B; — j; €ju0iBi



parametrise turbulent EMF as a functional of u, B, ()

& = ayB; + npdkB; = ayB; — 7l eudiBy

Interpretation of parameters for B = B(z):

B ar —7; 0 _ TN]R 51 0 3
&= Yz Q¢ 0 B - _52 77¢ 0 VxB
0 0 o 0 0 7

diagonal elements of a give dynamo-effect
vertical turbulent pumping is contained in =,

diagonals of 7 give turbulent diffusivity
off-diagonals — Q2 x J effect, Radler (1969)
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the test-field approach

= Determine dynamo parameters from DNS:

= inversion of tensor equation & = aBj + niOiB;
= non-trivial for B, ~ By

Test-field method (Schrinner et al., 2005, 2007):
invert above equation for well behaved
defined of test-field allows to solve for diffusivity
comes at the price of solving a induction equation for the
fluctuations belonging to each (constant) test-field 3,:
OB,y = Vx [uxB) +u' xB,)
—u’ X BE”) + ll/ X B(,,) o r/V X Bf,,) ]

underlying DNS can be HD ( case)
will depend on actual field for MHD-runs
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Determine dynamo parameters from DNS:
inversion of tensor equation & = ayB; + 1 OB,
non-trivial for B, ~ B,

Test-field method (Schrinner et al., 2005, 2007):
invert above equation for well behaved test-fields
defined gradient of test-field allows to solve for diffusivity
comes at the price of solving a passive induction equation for the
fluctuations belonging to each (constant) test-field 5(,):
6tBEV> = V x [ ux BEV) =+ ll/ X BEV)
—u’ X Bzu) +u' x B(V) —nV x le,) ]

underlying DNS can be HD (kinematic case)
quenching will depend on actual field for MHD-runs
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onic test fields as diagnostic
= Choice of test-fields:
= wave number k; = /L., new: k-dependent
= harmonic test-field perturbations Brandenburg (2005)

Boy = cos(kiz) X,
By = cos(kiz)y,
solve

g/’ = (&,,‘/’B, o ’l],’,/\(‘)/\g, via
Qij o cos(ki
kimij3 o

z) sin(kiz)
—sin(k;z)

5(2-2)
L,'
) cos(kiz) > ( 5(2/ b >
with £)(z,1) = u’ x B, computed from the evolved
TF fluctuations By, (x,y,z,

 (x,y,2,1), and with u’(x, y, z, 1) from DNS

B(l) = sin(klz) }A(,
8(3) = sin(klz) )A’ .

“quasi”-kinematic — formally valid for MRI (but concerns remain about
dynamically relevant background turbulence / small-scale dynamo)
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Choice of test-fields:

wave number k; = w/L,, new: k-dependent
harmonic test-field perturbations Brandenburg (2005)

B(O) = COS(klz) X, B(l) = sin(klz) X,
By =cos(kiz)y, B =sin(kiz)y.

solve gi = Oé,j[;’j = nij-kakl?f via

Qi _ cos(kiz) sin(kiz) gi(z,;z)
ki ) \ —sin(kiz) cos(kiz) g1
with ) (z,1) = w’ x B, computed from the evolved

TF fluctuations By, (x, y, z, 1), and with u’(x, y, z,r) from DNS

“quasi’-kinematic — formally valid for MRI (but concerns remain about
dynamically relevant background turbulence / small-scale dynamo)



m = idea: build simple model based on diagnostics
works splendidly well for interstellar turbulence . ..

2 [kpe]
2 [kpe]

im u\atii
0

1.
t[Gyr]

1.5 0.0 0.5 Q 1.5

1.
t[Gyr]
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Dynamical quenching (new notation: a = A’, b=B', ...)
non-linear effects in the EMF

OE =ux (Ob) + (Ou) X b
— a=ak+om=—37x{w-u)+im(j-b)/p

magnetic helicity evolution
0 (A-B)=+2(E-B)—2n{(J-B)
di(a-b)=-2(E-B)—2n(j-b)

time evolution for effective a effect

a(B?) — (J-B ux =
B =~k (HL=ng R fiwes . acox )

Blackman (2014)

using ax = const., (€ -B) = (aB-B) —(nJ-B) and (a-b) ~k > (j b)

Blackman & Field (2000) Vishniac & Cho (2001) Blackman & Brandenburg (2002)
Vishniac & Shapovalov (2014) Squire & Bhattacharjee (2015a/b)



Stationary-state, dynamical quenching
general form (da/dt = 0):

ag + anm(]-B/ng) + fluxes
1 + Rm (B2) /B2

eq

a =

catastrophic quenching (7 = 0, no fluxes):

a = —K
~ 1+ Rm (B%)/B%

fully helical large-scale field ((7 - B) = knB?):

_ak+m km Rm(Ez)/ng
&= T irrm@E, i 770
Compared to the kinematic value ax ~ ki,
« is quenched by the scale-separation ratio km /.



pumping, 7, [kms™'] dynamo, ey, [kms™']

diffusion, mgy [kpe kms™']

=20

o N s o ®

kinematic
= quenched

=1 0] 1

()

0 1
galoctic height z [kpc]

Quenching scenarios:
(a) classic: flow quenching
due to Lorentz force
(b) catastrophic: helicity
conservation inhibits growth
(c) similar to scenario (b)
but alleviated by small-scale
helicity removal

Test possible realisations:
quenching sets-in . ..
(@) ... at B~ B
(b) ... at B~ B,g/Rm
(C) ...atB~ Beq l()/L()

Gressel, Bendre & Elstner (2013), MNRAS 429, 967



quenching quadratic in 8 = B/B,
magnetic Reynolds number, Rm = us(k;n) ~! ~ 75-125
scale separation ratio, ly/Ly ~ 0.1kpc/1 kpc = 10

5F 3 8F
~ A
L 4E E E ok
£ o
= 3F 3 £
s =,
s 24T
S 2F 3 &
§ 5
St ) E g2 )
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Ob.n L L —— Ok L L L
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Gressel, Bendre & Elstner (2013), MNRAS 429, 967



z [H]

o ». reproduces decently

e T ' qualitative features:

: asymmetry in Bz and B,
intermittent parity, chaotic
features (Rm dependent)

» . : frequency doubling in helicity
= (phase shift)

; quantitative agreement
difficult due to sensitive
parameter dependencies

z [H]

z [H]

-3 \
t [2n/0] 40 50 60 70

Gressel (2010), MNRAS 405, 41



m reproduces decently
qualitative features:
asymmetry in Bz and By
intermittent parity, chaotic
features (Rm dependent)
frequency doubling in helicity
(phase shift)
m quantitative agreement
difficult due to sensitive
parameter dependencies

t [2n/0] 155 160 165 170 175 180

Cressel (2010), MNRAS 405, 41
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non-isothermal simulations

Finite thermal conductivity

Parameter studies as a fruitful test-bed?
Non-locality of mean-field effects

effects of turbulent convection vs. thermal conduction
dynamo boosted by overturning convection Bodo et al. (2013a/b), Hirose (2014)
butterfly “locked” during convective epoch Coleman et al. (2017)
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overview of results

Table 1
Summary of simulation results.
q BWE Tee" T TR P e s o ah” e i
Bpsool  [103po] [10-3po] 2071 Q1 [HQ] [102HQ] [10-2HQ] [10~2H2Q] [10-2H2Q]
03 006 0.01:+000 024:010 367 481 0147 0.10£003 0106  -0.002 0.091 0.019
0.6 006 0.07+003 113x037 162 252 0091 0.26+£008 038  -0.011 0.581 0.090
09 006 023£009 212+070 93 126 0067 041+012 0673  -0.036 0972 0.155
12 006 076+026 447£135 59 95 0046 0.68£0.15 0936  —0.059 1478 0314
L5 000 149+046 588+1.63 39 75 0039 086+0.14 1048  -0.014 1.530 0556
18 006 4.16+102 11.75+288 28 59 0027 131£006 1200 - 1513 1232
1L5% 000 114£037 499:170 44 68 0016 084x001 0867  -0015 1233 0337
L5 001 149+044 588+155 39 73 0039 0.69+003 1031 -0.017 1.541 0533
L5 002 1.38£039 548+135 40 71 0038 0.67£003 1107  -0.020 1.587 0.494
15 004 158£055 626+201 40 72 0036 072£002 1023  -0003 1544 0586
L5 008 170£053 675£199 40 70 0035 076£002 1100  -0014 1614 0.603
15 016 220£057 881+200 40 64 0030 090003 1149 - 1.833 0.703
L5 032 3.57+096 12.78+273 36 59 0018 120£001 0950 - 2475 0.682
15 064 559£300 1506617 27 - 0012 132£003 0655 - 4425 0436
L5 128 532949 1274£11.33 24 — 0019 LI1£004  0.604 - 4231 0.550

Notes: Here, the shear rate is defined as ¢ = -dInQ/d Inr, that s, ¢ = 1.5 for Keplerian rotation. The net-vertical field, B, is given in units that are multiples
of the field strength resulting in 2 midplane plasma parameter, B¢ = 800. The Reynolds and Maxwell stresses are computed as correlations of fluctuating
quantities. The cycle period, Pey., of the dynamo butterfly diagram is obtained as described in the text. The correlation time, 7, refers to the classic estimate
of the turbulent diffusivity (cf. Fig. 5). In the chosen units, urms is equivalent of a turbulent Mach number. Dynamo coefficients labeled ‘peak” (‘buoy’)
cortespond to open squares (triangles) in Fig. 3. The same holds for the turbulent diffusivity, which is plotted in Fig. 4, accordingly. The run marked with the
asterisk (*) is a double-resolution reference run with 64/ H grids, indicating that results are generally converged at the 20-40% level.
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Gressel & Pessah (2015), ApdJ 810, 59

new test-field results for
weaker shear of g = 1.2

pronounced negative « effect
near midplane

Brandenburg (1998),

Rudiger & Pipin (2000)

as previously: off-diagonal
tensor elements both positive
(dominant azimuthal fields)
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Finite thermal conductivity

net-vertical field dependence
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non-local formulation with &, 7 being convolution kernels

&0 = [ a0 Bla= ) — e ¢) 5 0Bl — O &
this translates to the Fourier amplitudes a(k;), 77(k,) being factors
é(kz) = dij(kz) l:;j(kz) - ﬁlj(kz) ik, izl gl(kz)

convolution kernels can be characterized by Lorentzians,
(7)) Mo

k) = ————— | ilk,) = ———— .
R e A E
convolution kernels in real space are decaying exponentials,

a(¢) = Fexp(-KVc), () = Texp(=k” [¢]),
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summary of results

m |. Mean-field Dynamo in stratified MRI
= test-field diagnostics are a useful tool
= butterfly can be reproduced by a simple toy model
= precise origin of dynamo effect still unidentified

Il. Effect of the convective state of the disc
inefficient thermal conduction leads to a convective state
overturning motions drastically affect the dynamo
may explain classical S-curve disc instability models

[ll. Shear-rate dependence of the dynamo
dynamo cycle period well explained as function of shear-rate
promising non-local formulation (may explain “wrong” propagation)
established the scale-separation ratio of the MRI dynamo
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Mean-field Dynamo in stratified MRI
test-field diagnostics are a useful tool
butterfly can be reproduced by a simple toy model
precise origin of dynamo effect still unidentified

. Effect of the convective state of the disc

inefficient thermal conduction leads to a convective state
overturning motions drastically affect the dynamo
may explain classical S-curve disc instability models
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Il. Effect of the convective state of the disc

inefficient thermal conduction leads to a convective state
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may explain classical S-curve disc instability models

lll.  Shear-rate dependence of the dynamo

dynamo cycle period well explained as function of shear-rate
promising non-local formulation (may explain “wrong” propagation)
established the scale-separation ratio of the MRI dynamo
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