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and time-
dependent 
observables



TNS are very useful in the 
quantum many-body context…



works for GS, low energy, thermal equilibrium…
Verstraete, Cirac, PRB 2006 
Hastings J. Stat. Phys 2007

Hastings PRB 2006
Molnar et al. PRB 2015

area laws

high energy eigenstates, quenches… 

volume law

Osborne, PRL 2006
Schuch et al., NJP 2008

Vidmar et al., PRL 2017

applicability for QFT problems

review: MCB, K. Cichy arXiv:1910.00257 
LGT: systematically probed in 1D, progress in 2D

suitable for other QFT problems arXiv:1908.04536,1912.08836 



entanglement growth in non-equilibrium 
scenarios limits the applicability of MPS

fundamental questions: thermalization, ETH…



product state

easy to write as MPS

thermal states

well approximated as MPO

S(t) / t
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<latexit sha1_base64="h0XpenL9gDTlABICsfQUVOjBNBw=">AAACDXicdZDLSgMxFIYzXmu9VV26CVahbsqMeN0VdeGygr1Ap5ZMmrahSWZIzghlmBdw46u4caGIW/fufBvTi6KiPwQO338OOecPIsENuO67MzU9Mzs3n1nILi4tr6zm1tarJow1ZRUailDXA2KY4IpVgINg9UgzIgPBakH/bOjXbpg2PFRXMIhYU5Ku4h1OCVjUym2ftxJfEuhpmUiu0rQAu77hErPrxCci6hEMaSuXd4sHrndy6GG36I6Ev4g3IXk0UbmVe/PbIY0lU0AFMabhuRE0E6KBU8HSrB8bFhHaJ13WsKUikplmMromxTuWtHEn1PYpwCP6fSIh0piBDGzncHHz2xvCv7xGDJ3jZsJVFANTdPxRJxYYQjyMBre5ZhTEwBaEam53xbRHNKFgA8zaED4vxf8X1b2i5xa9y/186XQSRwZtoi1UQB46QiV0gcqogii6RffoET05d86D8+y8jFunnMnMBvoh5/UDHdGcNg==</latexit><latexit sha1_base64="h0XpenL9gDTlABICsfQUVOjBNBw=">AAACDXicdZDLSgMxFIYzXmu9VV26CVahbsqMeN0VdeGygr1Ap5ZMmrahSWZIzghlmBdw46u4caGIW/fufBvTi6KiPwQO338OOecPIsENuO67MzU9Mzs3n1nILi4tr6zm1tarJow1ZRUailDXA2KY4IpVgINg9UgzIgPBakH/bOjXbpg2PFRXMIhYU5Ku4h1OCVjUym2ftxJfEuhpmUiu0rQAu77hErPrxCci6hEMaSuXd4sHrndy6GG36I6Ev4g3IXk0UbmVe/PbIY0lU0AFMabhuRE0E6KBU8HSrB8bFhHaJ13WsKUikplmMromxTuWtHEn1PYpwCP6fSIh0piBDGzncHHz2xvCv7xGDJ3jZsJVFANTdPxRJxYYQjyMBre5ZhTEwBaEam53xbRHNKFgA8zaED4vxf8X1b2i5xa9y/186XQSRwZtoi1UQB46QiV0gcqogii6RffoET05d86D8+y8jFunnMnMBvoh5/UDHdGcNg==</latexit><latexit sha1_base64="h0XpenL9gDTlABICsfQUVOjBNBw=">AAACDXicdZDLSgMxFIYzXmu9VV26CVahbsqMeN0VdeGygr1Ap5ZMmrahSWZIzghlmBdw46u4caGIW/fufBvTi6KiPwQO338OOecPIsENuO67MzU9Mzs3n1nILi4tr6zm1tarJow1ZRUailDXA2KY4IpVgINg9UgzIgPBakH/bOjXbpg2PFRXMIhYU5Ku4h1OCVjUym2ftxJfEuhpmUiu0rQAu77hErPrxCci6hEMaSuXd4sHrndy6GG36I6Ev4g3IXk0UbmVe/PbIY0lU0AFMabhuRE0E6KBU8HSrB8bFhHaJ13WsKUikplmMromxTuWtHEn1PYpwCP6fSIh0piBDGzncHHz2xvCv7xGDJ3jZsJVFANTdPxRJxYYQjyMBre5ZhTEwBaEam53xbRHNKFgA8zaED4vxf8X1b2i5xa9y/186XQSRwZtoi1UQB46QiV0gcqogii6RffoET05d86D8+y8jFunnMnMBvoh5/UDHdGcNg==</latexit><latexit sha1_base64="h0XpenL9gDTlABICsfQUVOjBNBw=">AAACDXicdZDLSgMxFIYzXmu9VV26CVahbsqMeN0VdeGygr1Ap5ZMmrahSWZIzghlmBdw46u4caGIW/fufBvTi6KiPwQO338OOecPIsENuO67MzU9Mzs3n1nILi4tr6zm1tarJow1ZRUailDXA2KY4IpVgINg9UgzIgPBakH/bOjXbpg2PFRXMIhYU5Ku4h1OCVjUym2ftxJfEuhpmUiu0rQAu77hErPrxCci6hEMaSuXd4sHrndy6GG36I6Ev4g3IXk0UbmVe/PbIY0lU0AFMabhuRE0E6KBU8HSrB8bFhHaJ13WsKUikplmMromxTuWtHEn1PYpwCP6fSIh0piBDGzncHHz2xvCv7xGDJ3jZsJVFANTdPxRJxYYQjyMBre5ZhTEwBaEam53xbRHNKFgA8zaED4vxf8X1b2i5xa9y/186XQSRwZtoi1UQB46QiV0gcqogii6RffoET05d86D8+y8jFunnMnMBvoh5/UDHdGcNg==</latexit>

entanglement 
barrier

global quench 
in 1D

tools to get 
dynamical 
properties

some recent progress

TNS challenge: 
getting around this 

limitation

local 
observables

Osborne, PRL 2006
Schuch et al., NJP 2008

Dubai JPhysA 2017
Leviatan et al. 2017
White et al PRB 2018
Surace et al. 2018
Rakovzsky et al 2022



alternative: give up 
description of the full state

1  spectral properties of 
the QMB Hamiltonian

Yang, Iblisdir, Cirac, MCB, PRL124, 100602 (2020)
Papaefstathiou, Robaina, Cirac, MCB, PRD104, 014514 (2021)

Çakan, Cirac, MCB, PRB 103, 115113 (2021)
Lu, MCB, Cirac, PRX Quantum 2, 02032 (2021)

Yang, Cirac, MCB, PRB 106, 024307 (2022)

    light-cone TN for 
non-equilibrium 
evolution of local 

observables
M. Frías-Pérez, MCB, 
arXiv:2201.08402 
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1  spectral properties of 
the QMB Hamiltonian Yang, Iblisdir, Cirac, MCB, PRL124, 100602 (2020)

Papaefstathiou, Robaina, Cirac, MCB, PRD104, 014514 (2021)
Çakan, Cirac, MCB, PRB 103, 115113 (2021)

Lu, MCB, Cirac, PRX Quantum 2, 02032 (2021)
Yang, Cirac, MCB, PRB 106, 024307 (2022)

exploring properties of quantum many-
body systems at finite energy density

generalized 
density of states

can be connected to 
equilibrium and non-

equilibrium properties



g(E;O) =
X

n

�(E � En)hEn|O|Eni
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generalized density of states

O = I
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O = | ih |
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g(E; ) =
X

n

�(E � En)|hEn| i|2

<latexit sha1_base64="p78pMFO/q5dMMnM2SFKaNXMd7RM="></latexit>

unnormalised DOS

local DOS



<latexit sha1_base64="QYtMVCLZn/W1/mkYM0x1N6G854E="></latexit>X

n

�(E � En)hEn|O|Eni = tr
⇣
O �̂(H � E)

⌘

generalized density of states

<latexit sha1_base64="q5x2/XjqNulBykTMTTVL26M34Uk=">AAACGnicbVDJSgNBFOxxjXGLevTSGITkYJiRoB6DEsgxglkgE8KbTidp0rPQ/UYJQ77Di7/ixYMi3sSLf2NnOWhiQUNRVY/Xr7xICo22/W2trK6tb2ymttLbO7t7+5mDw7oOY8V4jYUyVE0PNJci4DUUKHkzUhx8T/KGN7yZ+I17rrQIgzscRbztQz8QPcEAjdTJOO4AMHG7XCKMc5Wzcp66SvQHCEqFD3TqVsedxNWi75tEOd/JZO2CPQVdJs6cZMkc1U7m0+2GLPZ5gEyC1i3HjrCdgELBJB+n3VjzCNgQ+rxlaAA+1+1ketqYnhqlS3uhMi9AOlV/TyTgaz3yPZP0AQd60ZuI/3mtGHtX7UQEUYw8YLNFvVhSDOmkJ9oVijOUI0OAKWH+StkAFDA0baZNCc7iycukfl5wLgrF22K2dD2vI0WOyQnJEYdckhKpkCqpEUYeyTN5JW/Wk/VivVsfs+iKNZ85In9gff0A1WqgwA==</latexit>

�̂(H � E) ! P̂�(E)

E
<latexit sha1_base64="K3L3loLX965eoRdgnieOL5Q8P5Y="></latexit>

DoS

H =
NX

n=1

hi

<latexit sha1_base64="eSlNgpUKP1jzc6jEWyeCS4f+S6c="></latexit>



<latexit sha1_base64="QYtMVCLZn/W1/mkYM0x1N6G854E="></latexit>X

n

�(E � En)hEn|O|Eni = tr
⇣
O �̂(H � E)

⌘

generalized density of states

<latexit sha1_base64="q5x2/XjqNulBykTMTTVL26M34Uk=">AAACGnicbVDJSgNBFOxxjXGLevTSGITkYJiRoB6DEsgxglkgE8KbTidp0rPQ/UYJQ77Di7/ixYMi3sSLf2NnOWhiQUNRVY/Xr7xICo22/W2trK6tb2ymttLbO7t7+5mDw7oOY8V4jYUyVE0PNJci4DUUKHkzUhx8T/KGN7yZ+I17rrQIgzscRbztQz8QPcEAjdTJOO4AMHG7XCKMc5Wzcp66SvQHCEqFD3TqVsedxNWi75tEOd/JZO2CPQVdJs6cZMkc1U7m0+2GLPZ5gEyC1i3HjrCdgELBJB+n3VjzCNgQ+rxlaAA+1+1ketqYnhqlS3uhMi9AOlV/TyTgaz3yPZP0AQd60ZuI/3mtGHtX7UQEUYw8YLNFvVhSDOmkJ9oVijOUI0OAKWH+StkAFDA0baZNCc7iycukfl5wLgrF22K2dD2vI0WOyQnJEYdckhKpkCqpEUYeyTN5JW/Wk/VivVsfs+iKNZ85In9gff0A1WqgwA==</latexit>

�̂(H � E) ! P̂�(E)

E
<latexit sha1_base64="K3L3loLX965eoRdgnieOL5Q8P5Y="></latexit>

DoS

H =
NX

n=1

hi

<latexit sha1_base64="eSlNgpUKP1jzc6jEWyeCS4f+S6c="></latexit>

<latexit sha1_base64="oUvZZgv6uXgOUgT/+u/STnJ/AU0="></latexit>

P̂�(E) / e�
(H�E)2

2�2

<latexit sha1_base64="l8RPBtxfWq6c+Lf+T14huLxW9Ls=">AAAB9HicdVBNSwMxEJ31s9avqkcvwSLUS9mVWvVWFMFjBfsB7VKyadqGJtk1yRbK0t/hxYMiXv0x3vw3pu0KVfTBwOO9GWbmBRFn2rjup7O0vLK6tp7ZyG5ube/s5vb26zqMFaE1EvJQNQOsKWeS1gwznDYjRbEIOG0Ew+up3xhRpVko7804or7Afcl6jGBjJb/aSdqa9QWeFG5OOrm8W3RnQAvkzPUuyx7yUiUPKaqd3Ee7G5JYUGkIx1q3PDcyfoKVYYTTSbYdaxphMsR92rJUYkG1n8yOnqBjq3RRL1S2pEEzdXEiwULrsQhsp8BmoH97U/EvrxWb3oWfMBnFhkoyX9SLOTIhmiaAukxRYvjYEkwUs7ciMsAKE2NzytoQvj9F/5P6adErF0t3pXzlKo0jA4dwBAXw4BwqcAtVqAGBB3iEZ3hxRs6T8+q8zVuXnHTmAH7Aef8CPimRxQ==</latexit>

P�(E)



energy filter

filter as ensemble

diagonal in energy eigenbasis ⇒ microcanonical

E
<latexit sha1_base64="K3L3loLX965eoRdgnieOL5Q8P5Y="></latexit>

DoS

H =
NX

n=1

hi

<latexit sha1_base64="eSlNgpUKP1jzc6jEWyeCS4f+S6c="></latexit>

equivalent to diagonal ensemble of 
a certain pure state

<latexit sha1_base64="i7SQPuHGcZRuL2rU7JaRk39Ut+0="></latexit>

trP�(E) ⇒ DOS

<latexit sha1_base64="zV4NmwEQFsHUmGjBVRuEnwpPlNs="></latexit>

tr (OP�(E))

trP�(E)
⇒ <latexit sha1_base64="Edof98NTkL90fKOZ0zXvqNewX0I=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkpSatVbUQRvVrAf0Iay2W7apZtN2N0IJfQvePGgiFf/kDf/jZs2goo+GHi8N8PMPC/iTGnb/rByS8srq2v59cLG5tb2TnF3r63CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3KZ+p17KhULxZ2eRtQN8EgwnxGsU+mmfHU8KJbsij0HWhCnasiJ7ZzX68jJrBJkaA6K7/1hSOKACk04Vqrn2JF2Eyw1I5zOCv1Y0QiTCR7RnqECB1S5yfzWGToyyhD5oTQlNJqr3ycSHCg1DTzTGWA9Vr+9VPzL68XaP3MTJqJYU0EWi/yYIx2i9HE0ZJISzaeGYCKZuRWRMZaYaBNPwYTw9Sn6n7SrFadeqd3WSo2LLI48HMAhlMGBU2jANTShBQTG8ABP8GwF1qP1Yr0uWnNWNrMPP2C9fQIpD42u</latexit>

O(E)

reached only after long 
time evolution

Lu et al. PRX Q2, 02032 (2021); Yang et al PRB 106, 024307 (2022) 

1



energy filter

E
<latexit sha1_base64="K3L3loLX965eoRdgnieOL5Q8P5Y="></latexit>

DoS

H =
NX

n=1

hi

<latexit sha1_base64="eSlNgpUKP1jzc6jEWyeCS4f+S6c="></latexit>

<latexit sha1_base64="pGct8JVXmmVWwHEMdNcmrjIlzBQ=">AAAB9XicdVBNSwMxEM3Wr1q/qh69BIvgadlo1XorevFYwVqhu5Rsmm1Dk+yaZAtl6e/w4kFBvPpfvPlvTLcrqOiDgcd7M8zMCxPOtPG8D6e0sLi0vFJeraytb2xuVbd3bnWcKkLbJOaxuguxppxJ2jbMcHqXKIpFyGknHF3O/M6YKs1ieWMmCQ0EHkgWMYKNlQJfs4HAvcxvaTbtVWuee+Kh81MPeq6XIycNdIwgKpQaKNDqVd/9fkxSQaUhHGvdRV5iggwrwwin04qfappgMsID2rVUYkF1kOVHT+GBVfowipUtaWCufp/IsNB6IkLbKbAZ6t/eTPzL66YmagQZk0lqqCTzRVHKoYnhLAHYZ4oSwyeWYKKYvRWSIVaYGJtTxYbw9Sn8n3SOXFR3Ebqu15oXRR5lsAf2wSFA4Aw0wRVogTYg4B48gCfw7IydR+fFeZ23lpxiZhf8gPP2Cd84kqM=</latexit>� 

<latexit sha1_base64="vbcS8mMTSQ81S+kHDjt3jg+rTsI=">AAAB9HicdVBNSwMxEM3Wr1q/qh69BIvgaUm0ar0VvXisYG2hu5Rsmm1Ds9klyQpl7d/w4kFBvPpjvPlvTLcrqOiDgcd7M8zMCxLBtUHowyktLC4tr5RXK2vrG5tb1e2dWx2nirI2jUWsugHRTHDJ2oYbwbqJYiQKBOsE48uZ37ljSvNY3phJwvyIDCUPOSXGSt6919LcU0QOBetXa8g9Qfj8FEHkohw5aeBjDHGh1ECBVr/67g1imkZMGiqI1j2MEuNnRBlOBZtWvFSzhNAxGbKepZJETPtZfvMUHlhlAMNY2ZIG5ur3iYxEWk+iwHZGxIz0b28m/uX1UhM2/IzLJDVM0vmiMBXQxHAWABxwxagRE0sIVdzeCumIKEKNjaliQ/j6FP5POkcurrsYX9drzYsijzLYA/vgEGBwBprgCrRAG1CQgAfwBJ6d1Hl0XpzXeWvJKWZ2wQ84b58GwpIm</latexit>

| i

<latexit sha1_base64="xSwAw2m1o9T3qK31VB2+e3NPotU=">AAAB8HicdVBNSwMxEJ31s9avqkcvwSJ4WjZatd6KInisYG2hXUo2TdvQbHZNskJZ+ie8eFAQr/4cb/4b0+0KKvpg4PHeDDPzglhwbTzvw5mbX1hcWi6sFFfX1jc2S1vbtzpKFGUNGolItQKimeCSNQw3grVixUgYCNYMRhdTv3nPlOaRvDHjmPkhGUje55QYK7Uuu2mnrvmkWyp77rGHz0485LlehoxU8RFGOFfKkKPeLb13ehFNQiYNFUTrNvZi46dEGU4FmxQ7iWYxoSMyYG1LJQmZ9tPs3gnat0oP9SNlSxqUqd8nUhJqPQ4D2xkSM9S/van4l9dOTL/qp1zGiWGSzhb1E4FMhKbPox5XjBoxtoRQxe2tiA6JItTYiIo2hK9P0f+keejiiovxdaVcO8/zKMAu7MEBYDiFGlxBHRpAQcADPMGzc+c8Oi/O66x1zslnduAHnLdPyjuQSQ==</latexit>

E 

<latexit sha1_base64="VvC51jhoJWXatsty+LNn+fRomBM=">AAAB9XicdVBNSwMxEJ31s9avqkcvwSLUS9lI/boVRfBYwdpCu5RsNm1Ds9k1yRbK0t/hxYOCePW/ePPfmLYrVNEHA4/3ZpiZ58eCa+O6n87C4tLyympuLb++sbm1XdjZvddRoiir00hEqukTzQSXrG64EawZK0ZCX7CGP7ia+I0hU5pH8s6MYuaFpCd5l1NirOTVOmk7YMKQcen6qFMoumV3CjRHTlx8cYoRzpQiZKh1Ch/tIKJJyKShgmjdwm5svJQow6lg43w70SwmdEB6rGWpJCHTXjo9eowOrRKgbqRsSYOm6vxESkKtR6FvO0Ni+vq3NxH/8lqJ6Z57KZdxYpiks0XdRCAToUkCKOCKUSNGlhCquL0V0T5RhBqbU96G8P0p+p80jsu4Usb4tlKsXmZ55GAfDqAEGM6gCjdQgzpQeIBHeIYXZ+g8Oa/O26x1wclm9uAHnPcvyqqR7g==</latexit>

P�(E)

Lu et al. PRX Q2, 02032 (2021); Yang et al PRB 106, 024307 (2022) 

filtering a state

decrease energy variance ⇒ microcanonical

BUT in general, entanglement of 
filtered state grows

<latexit sha1_base64="feyLwgQ9c4FHc9VX11KeiBlOzxw="></latexit>

S  k1
�

+ log
p
N + k2

MCB, Huse, Cirac, PRB 101, 144305 (2020)

<latexit sha1_base64="WAmvm/URN1TivkJSa3GTPLLd4h4="></latexit>

h |P�(E)| i ⇒ LDOS

<latexit sha1_base64="pjk3zNqrpjTs8skwDjDTdxEP3G8="></latexit>

hP�(E) |O|P�(E) i

2

⇒ <latexit sha1_base64="Edof98NTkL90fKOZ0zXvqNewX0I=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkpSatVbUQRvVrAf0Iay2W7apZtN2N0IJfQvePGgiFf/kDf/jZs2goo+GHi8N8PMPC/iTGnb/rByS8srq2v59cLG5tb2TnF3r63CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3KZ+p17KhULxZ2eRtQN8EgwnxGsU+mmfHU8KJbsij0HWhCnasiJ7ZzX68jJrBJkaA6K7/1hSOKACk04Vqrn2JF2Eyw1I5zOCv1Y0QiTCR7RnqECB1S5yfzWGToyyhD5oTQlNJqr3ycSHCg1DTzTGWA9Vr+9VPzL68XaP3MTJqJYU0EWi/yYIx2i9HE0ZJISzaeGYCKZuRWRMZaYaBNPwYTw9Sn6n7SrFadeqd3WSo2LLI48HMAhlMGBU2jANTShBQTG8ABP8GwF1qP1Yr0uWnNWNrMPP2C9fQIpD42u</latexit>

O(E)



implementing the filter

Gaussian operator ⇒ not local

<latexit sha1_base64="o3DCRCP86PJ/HjMM6xvzcnxsGno="></latexit>

x < ⇡/2cosM (x) ⇡ e�Mx2/2
<latexit sha1_base64="QPgC1AwFgTWHRBgYoLxvObE+4aM="></latexit>

⇒ cosine approximation

±

Æº

E0

F̂±,Æ(E0)

P̂±(E0)

E

Lu et al. PRX Q2, 02032 (2021); Yang et al PRB 106, 024307 (2022) 



peak at m=0
cut the sum M0 = x

p
M

<latexit sha1_base64="X6Ryj4KQj9m5E6rYIh6LizqzsUc="></latexit>

implementing the filter

Gaussian operator ⇒ not local
⇒ cosine approximation

<latexit sha1_base64="5D2/O2aslN8uSvrLDeQAaeyFrow="></latexit>

[cos X ]M =

<latexit sha1_base64="F13YLRvn0KsNN/G3pmQy1GD3ed0="></latexit>

1
2M

M/ 2!

m = ! M/ 2

"
M

M/ 2 ! m

#
ei 2mX

Lu et al. PRX Q2, 02032 (2021); Yang et al PRB 106, 024307 (2022) 



implementing the filter

Gaussian filter ⇒ approximated by series of 
evolutions

nr of terms
<latexit sha1_base64="DqqAF6q875F/pBY2Wdb//6/1kKc="></latexit>

R =
x!
"

largest time
<latexit sha1_base64="6Vah6LXyvvNiNVf1RkgOjDOPQJc="></latexit>

tmax =
2x
!

<latexit sha1_base64="bb8OuB1+Zlnacr494hnyl7eFEGU="></latexit>

! ! N,
"

Nscaling factor

<latexit sha1_base64="n0xwYY7BblfjaK/1XcytYAPjiCo="></latexit>

exp
!
!

(H ! E)2

2! 2

"
"

R#

m = ! R

cm e! i 2mE/ ! ei 2mH/ !

can be run in a quantum simulator 
or simulated with TNS 

Lu et al. PRX Q2, 02032 (2021); Yang et al PRB 106, 024307 (2022) 



implementing the filter
e.g. (broadened) local density of states

<latexit sha1_base64="b/XNaZLxwlua0HcaHS3dVESI5eQ="></latexit>

D ! ,! (E ) = ! ! |P! (E )|! "
<latexit sha1_base64="9dg4a9gi1uP5QdpfsEck0YIoitE="></latexit>

P! (E ) =
R!

m = ! R

cm e! i (H ! E ) t m

<latexit sha1_base64="/6CTmfwHnu0yrNjJbn9vbpKOYw8=">AAAB83icdVDLSgNBEJz1GeMr6tHLYBA8xR2Jr4MQ9OJJohgT2CxhdnY2GTL7YKZXDEs+w4sHBfHqz3jzb5wkK0TRgoaiqpvuLi+RQoNtf1ozs3PzC4uFpeLyyuraemlj807HqWK8wWIZq5ZHNZci4g0QIHkrUZyGnuRNr38x8pv3XGkRR7cwSLgb0m4kAsEoGMm5OXu42m/7XALtlMp2xR4DT5FDm5weEUxypYxy1Dulj7YfszTkETBJtXaInYCbUQWCST4stlPNE8r6tMsdQyMacu1m45OHeNcoPg5iZSoCPFanJzIaaj0IPdMZUujp395I/MtzUghO3ExESQo8YpNFQSoxxHj0P/aF4gzkwBDKlDC3YtajijIwKRVNCN+f4v9J86BCqhVCrqvl2nmeRwFtox20hwg6RjV0ieqogRiK0SN6Ri8WWE/Wq/U2aZ2x8pkt9APW+xdbmJEh</latexit>

R = xN/ !
<latexit sha1_base64="djaIFMehHFdR8NkWama3vY3Yjd4=">AAAB8XicdVBNSwMxEJ31s9avqkcvwSJ4qrulfh2EohdPUsHaSruUbJptQ5PskmSFsvRXePGgIF79N978N6btClX0wcDjvRlm5gUxZ9q47qczN7+wuLScW8mvrq1vbBa2tu90lChC6yTikWoGWFPOJK0bZjhtxopiEXDaCAaXY7/xQJVmkbw1w5j6AvckCxnBxkr3piPOy0gcXncKRbfkToBmyJHrnR17yMuUImSodQof7W5EEkGlIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUokF1X46OXiE9q3SRWGkbEmDJursRIqF1kMR2E6BTV//9sbiX14rMeGpnzIZJ4ZKMl0UJhyZCI2/R12mKDF8aAkmitlbEeljhYmxGeVtCN+fov9Jo1zyKiXPu6kUqxdZHjnYhT04AA9OoApXUIM6EBDwCM/w4ijnyXl13qatc042swM/4Lx/ATwWj9w=</latexit>

tm = 2m/N
<latexit sha1_base64="VZxt0r0GMNlxgjooB/Scm1KpCF8="></latexit>

D ! ," (E ) =
R!

m = ! R

cm a" (tm )ei (E ! E ! ) t m

<latexit sha1_base64="19I2fddrJySMzfUwVxxPGmbvxx8=">AAACEHicdZDNSgMxFIUz/tb6N+rSTbAobiwTrVp3ohuXFawVOrVk0tsamskMSUYo076BG1/FjQsFcevSnW9jOq2gohcCh+/cy809QSy4Np734UxMTk3PzObm8vMLi0vL7srqpY4SxaDKIhGpq4BqEFxC1XAj4CpWQMNAQC3ong792i0ozSN5YXoxNELakbzNGTUWNd0tX1DZEYD9iua4D9fpDj8zzXDQHxFfZXbTLXjFfY8cHXjYK3pZZaJM9ggmY1JA46o03Xe/FbEkBGmYoFrXiRebRkqV4UzAIO8nGmLKurQDdSslDUE30uyeAd60pIXbkbJPGpzR7xMpDbXuhYHtDKm50b+9IfzLqyemXW6kXMaJAclGi9qJwCbCw3BwiytgRvSsoExx+1fMbqiizNgI8zaEr0vx/6K2WySlIiHnpcLxyTiPHFpHG2gbEXSIjtEZqqAqYugOPaAn9OzcO4/Oi/M6ap1wxjNr6Ec5b58djpyH</latexit>

! ! |e! iHt m |! "

Q simulator : prepare state, evolve, measure

improved nr. of terms
<latexit sha1_base64="52mu+yza5DIX9G61GdZbBmXw0Ik=">AAAB/nicdVDJSgNBEO2JW4xbXG5eGoPgaZzWqPEgBL14kijGBJIh9HQ6SZOexe4aMQ7BX/HiQUG8+h3e/Bs7i6CiDwoe71VRVc+LpNDgOB9WamJyanomPZuZm19YXMour1zpMFaMl1koQ1X1qOZSBLwMAiSvRopT35O84nVPBn7lhistwuASehF3fdoOREswCkZqZNcujm4VrutrBclZf7ve5BJoI5tz7D2HHO472LGdIYakQHYJJmMlh8YoNbLv9WbIYp8HwCTVukacCNyEKhBM8n6mHmseUdalbV4zNKA+124yvL6PN43SxK1QmQoAD9XvEwn1te75nun0KXT0b28g/uXVYmgV3EQEUQw8YKNFrVhiCPEgCtwUijOQPUMoU8LcilmHKsrABJYxIXx9iv8nlR2b5G1CzvO54vE4jzRaRxtoCxF0gIroFJVQGTF0hx7QE3q27q1H68V6HbWmrPHMKvoB6+0TAlOVaA==</latexit>

R = xr
!

N/ !
<latexit sha1_base64="xy/tZpAGdvUrQJg9qGZf6xLUr4Q=">AAAB+nicdVBNSwMxEM36WevXqkcvwSJ4qptatR6EohdPUsHaQltKNk3b0GR3TWYLZek/8eJBQbz6S7z5b0y3FVT0wcDjvRlm5vmRFAY878OZm19YXFrOrGRX19Y3Nt2t7TsTxprxKgtlqOs+NVyKgFdBgOT1SHOqfMlr/uBy4teGXBsRBrcwinhL0V4guoJRsFLbdaGtzgvqUDfNvYbketx2c17+2CNnJx728l6KlJTIEcFkpuTQDJW2+97shCxWPAAmqTEN4kXQSqgGwSQfZ5ux4RFlA9rjDUsDqrhpJenlY7xvlQ7uhtpWADhVv08kVBkzUr7tVBT65rc3Ef/yGjF0S61EBFEMPGDTRd1YYgjxJAbcEZozkCNLKNPC3opZn2rKwIaVtSF8fYr/J7VCnhTzhNwUc+WLWR4ZtIv20AEi6BSV0RWqoCpiaIge0BN6dhLn0XlxXqetc85sZgf9gPP2CSKik88=</latexit>

tm = 2m/r
!

N

<latexit sha1_base64="hSa4k2pn90+rXuGaFvwWnRkU7PM=">AAAB/XicdVDLSgNBEJyNrxhfqzl6GQyCp7gTo8aDEPTiMYIxgewSZieTZMjsg5leSVjir3jxoCBe/Q9v/o2Th6CiBQ1FVTfdXX4shQbH+bAyC4tLyyvZ1dza+sbmlr29c6ujRDFeZ5GMVNOnmksR8joIkLwZK04DX/KGP7ic+I07rrSIwhsYxdwLaC8UXcEoGKlt56GdugEdjs9LeHjodrgE2rYLTvHYIWcnDnaKzhRTUiFHBJO5UkBz1Nr2u9uJWBLwEJikWreIE4OXUgWCST7OuYnmMWUD2uMtQ0MacO2l0+PHeN8oHdyNlKkQ8FT9PpHSQOtR4JvOgEJf//Ym4l9eK4FuxUtFGCfAQzZb1E0khghPksAdoTgDOTKEMiXMrZj1qaIMTF45E8LXp/h/0igVSblIyHW5UL2Y55FFu2gPHSCCTlEVXaEaqiOGRugBPaFn6956tF6s11lrxprP5NEPWG+f+3KUzQ==</latexit>

tmax = 2x/ !

Lu et al. PRX Quantum 2, 02032 (2021)



quantum algorithm (1)

for a state      that can be efficiently prepared 
<latexit sha1_base64="4j+9JFlMl/902ITGYvBPHX1SQno="></latexit>

|! !

product states, MPS….

<latexit sha1_base64="Q7yHa88ZHv92Te+Yc5Cf+WUS3rA="></latexit>

aA, ! (t) = ! ! |Ae! iHt |! "

a! (t) = ! ! |e! iHt |! "

if the QC can efficiently measure

<latexit sha1_base64="s7yZfmQov4WAW2Ybe1kkUVirTG8="></latexit>

! ! |P! (E )AP! (E )|! "
! ! |P! (E )2|! "

<latexit sha1_base64="BmxRnsl0b89DCqHCnoqHbzKX76s="></latexit>

T = poly( N, 1/ ! , 1/ ")

can be determined up to error   
in time

<latexit sha1_base64="vgzxXWHT7MevAzTAoi/PSxB7f3s="></latexit>!

microcanonical (generic case)
requires <latexit sha1_base64="HrjiruNkEPOXC/WhWVk/YGot7Vc="></latexit>

! ! 1/ polyN
Lu et al. PRX Quantum 2, 02032 (2021)



quantum algorithm (2)

<latexit sha1_base64="5Rr0t9RwjD+CwXxO2j4Ol4GOUM0="></latexit>

÷A! ,! (E ) =
! ! |P! (E )AP! (E )|! "

! ! |P! (E )2|! "

can compute observables:

potential problem: denominator too small
shown to be large enough in vicinity of 

<latexit sha1_base64="2hOMPztJAg8S40lsVqskU+ibJB0=">AAAB8HicdVDLSgNBEOz1GeMr6tHLYBA8LTMxmngLiuAxgjGBZAmzk9lkyOzDmVkhLPkJLx4UxKuf482/cfIQVLSgoajqprvLT6TQBuMPZ2FxaXllNbeWX9/Y3Nou7Oze6jhVjDdYLGPV8qnmUkS8YYSRvJUoTkNf8qY/vJj4zXuutIijGzNKuBfSfiQCwaixUuuym3XqWoy7hSJ28WmZlAjC7gkm1RKekbPKMSIunqIIc9S7hfdOL2ZpyCPDJNW6TXBivIwqI5jk43wn1TyhbEj7vG1pREOuvWx67xgdWqWHgljZigyaqt8nMhpqPQp92xlSM9C/vYn4l9dOTVD1MhElqeERmy0KUolMjCbPo55QnBk5soQyJeytiA2ooszYiPI2hK9P0f+kWXJJ2SXkulysnc/zyME+HMAREKhADa6gDg1gIOEBnuDZuXMenRfndda64Mxn9uAHnLdP6A+QXg==</latexit>

E!

<latexit sha1_base64="ZThfkxpgo3UxoOzKaWwkIgOH0Ic="></latexit>

A ! (E ) =
tr[ AP! (E )]
tr[ P! (E )]

better convergence

Lu et al. PRX Quantum 2, 02032 (2021)



can be computed using Monte Carlo sampling

computed by quantum simulator

importance sampling (classical)

also for canonical quantities
<latexit sha1_base64="ApUTK1H/YL6b1mDFzLlzoYGp+kk="></latexit>

A ! (! ) =

! E 1

E 0
dE e! " E tr[ P! (E )A]

! E 1

E 0
dE e! " E tr[ P! (E )]

quantum algorithm (2)

Lu et al. PRX Quantum 2, 02032 (2021)
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A ! (E ) =
!

!

! ! |AP! (E )|! "
! ! |P! (E )|! "

! ! |P! (E )|! "
"

! ! ! ! ! |P! (E )|! !"



Ising model, N=100
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hybrid strategy for microcanonical quantities
<latexit sha1_base64="d31P9jHyCQrFZMyIWph8bqYhSmE="></latexit>

M =
1

2N

N!

n =1

(! n,z + 1)

Lu et al. PRX Quantum 2, 02032 (2021)



quantum-inspired classical algorithm: 
simulate evolution with TNS

Yang et al PRB 106, 024307 (2022) 



quantum-inspired classical algorithm: 
simulate evolution with TNS

in 1D with MPS we can reach <latexit sha1_base64="EuNZ7xkCNDvBdPivsuOuVYEfhb0="></latexit>

! ! 1/ logN

Yang et al PRB 106, 024307 (2022) 



classical simulation
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Yang et al PRB 106, 024307 (2022) 



classical simulation

! 1.0 ! 0.5 0.0 0.5 1.0 1.5
E/N

0.0

0.2

0.4

0.6

0.8

m
z

N =20
N =40
N =60
N =80

Thermal

! = 0 .5
"

N

! =
"

N

Thermal

! = 0 .5
"

N

! =
"

N

0.5 1.0

! /
"

N

0.0

0.1
|(

m
z
) !

!
m

th
er

m
al

z
|

non-integrable Ising model

average magnetization
microcanonical properties

also sampling over product 
states and evolve MPS

20 40 60 80
N

0.00

0.02

0.04

|(
m

z
) !

!
m

th
er

m
al

z
|

E/N = 0.72

D = 40
D = 60

Yang et al PRB 106, 024307 (2022) 



more classical simulation of filters



alternative: give up 
description of the full state

1  spectral properties of 
the QMB Hamiltonian

Yang, Iblisdir, Cirac, MCB, PRL124, 100602 (2020)
Papaefstathiou, Robaina, Cirac, MCB, PRD104, 014514 (2021)

Çakan, Cirac, MCB, PRB 103, 115113 (2021)
Lu, MCB, Cirac, PRX Quantum 2, 02032 (2021)

Yang, Cirac, MCB, PRB 106, 024307 (2022)

    light-cone TN for 
non-equilibrium 
evolution of local 

observables
M. Frías-Pérez, MCB, 
arXiv:2201.08402 

2



M. Frías-Pérez, MCB, 
arXiv:2201.08402 

    light-cone TN for 
non-equilibrium 
evolution of local 

observables

2

evolving operators: Heisenberg picture

operator space entanglement

Hartmann et al, PRL 2009

also for mixed states

Prosen Pizorn, PRL 2008

observables as TN to contract

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes et al., NJP 2012
Hastings, Mahajan 2014
Frías-Pérez, MCB 2201.08402

different entanglement quantities



|! (t)!tim
e

space

time-dependent observable as a TN



|! (t)!

! ! (t)|

! ! (t)|O|! (t)"

tim
e

space

time-dependent observable as a TN
TN describe 

observables, not 
states

exact contraction 
not possible

#P complete



different approximate contraction strategies

standard (TEBD, 
tDMRG)

tim
e

space

time-dependent observable as a TN



different approximate contraction strategies

standard (TEBD, 
tDMRG)

tim
e

space
evolved state 

approximated as MPS

time-dependent observable as a TN



different approximate contraction strategies

Heisenberg 
picture

tim
e

space

evolved operator as 
MPO

time-dependent observable as a TN



for infinite systems, transverse folding approach

tim
e

space

time-dependent observable as a TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012

Hastings, Mahajan 2014
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EO (t)
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E (t)

transverse folding approach

for infinite systems, transverse folding approach
MCB, Hastings, Verstraete, Cirac, PRL 2009

Müller-Hermes, Cirac, MCB, NJP 2012
Hastings, Mahajan 2014
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(L (t)|
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|R(t))

transverse folding approach

for infinite systems, transverse folding approach
MCB, Hastings, Verstraete, Cirac, PRL 2009

Müller-Hermes, Cirac, MCB, NJP 2012
Hastings, Mahajan 2014
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transverse folding approach

for infinite systems, transverse folding approach
MCB, Hastings, Verstraete, Cirac, PRL 2009

Müller-Hermes, Cirac, MCB, NJP 2012
Hastings, Mahajan 2014



intuition: model free propagating excitations

transverse folding approach

fo
ld



intuition: model free propagating excitations

transverse folding approach
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closest real case: global quench 
in free fermionic models
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Müller-Hermes, Cirac, MCB, NJP 2012
see also Giudice et al., PRL128, 220401 (2022)

TEMPORAL 
ENTANGLEMENT

recent interest: influence functional
Sonner et al, Ann. Phys 2021

Lerose et al. PRX 2021
Ye, Chan, J. Chem. Phys. 2021



transverse folding + light cone

cancelling local unitaries

Frías-Pérez, MCB, 2201.08402
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|R(t))

transverse folding + light cone =TLCC

cancelling local unitaries

=

gain in efficiency
systematic increment of t

improved convergence with 
Hastings’ truncation

Hastings, Mahajan 2014

Frías-Pérez, MCB, 2201.08402



HIsing = J
N ! 1!

i =1

! [i ]
z ! [i +1]

z + g
N!

i

! [i ]
x + h

N!

i

! [i ]
z

<latexit sha1_base64="+R/PtiFLs5Z+ngwC+27IiM01jG4="></latexit>

<latexit sha1_base64="8wRgYMb/kTqNzYz+Er1doi8U0ik=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBahQilJqVUPQtGLeKpga6ENZbPdtEs3m7i7EUron/DiQRGv/h1v/hu3bQQVfTDweG+GmXlexJnStv1hZRYWl5ZXsqu5tfWNza389k5LhbEktElCHsq2hxXlTNCmZprTdiQpDjxOb73RxdS/vadSsVDc6HFE3QAPBPMZwdpI7eJVaVAaHp718gW7bM+A5sSpGHJkO6e1GnJSqwApGr38e7cfkjigQhOOleo4dqTdBEvNCKeTXDdWNMJkhAe0Y6jAAVVuMrt3gg6M0kd+KE0JjWbq94kEB0qNA890BlgP1W9vKv7ldWLtn7gJE1GsqSDzRX7MkQ7R9HnUZ5ISzceGYCKZuRWRIZaYaBNRzoTw9Sn6n7QqZadWrl5XC/XzNI4s7ME+FMGBY6jDJTSgCQQ4PMATPFt31qP1Yr3OWzNWOrMLP2C9fQJtkI7w</latexit>

(J, g, h) =
<latexit sha1_base64="T5RX/V4B7HOGYABb/WAMvFcqmNw=">AAAB8HicdVDLSgMxFM3UV62vqks3wSJUKEOmtFV3RTcuK9iHtEPJpGkbmmSGJCOUoV/hxoUibv0cd/6NaTuCih64cDjnXu69J4g40wahDyezsrq2vpHdzG1t7+zu5fcPWjqMFaFNEvJQdQKsKWeSNg0znHYiRbEIOG0Hk6u5376nSrNQ3pppRH2BR5INGcHGSndFr4Tcagmd9vMF5KIF4JJ4ZUuqyLuo1aCXWgWQotHPv/cGIYkFlYZwrHXXQ5HxE6wMI5zOcr1Y0wiTCR7RrqUSC6r9ZHHwDJ5YZQCHobIlDVyo3ycSLLSeisB2CmzG+rc3F//yurEZnvsJk1FsqCTLRcOYQxPC+fdwwBQlhk8twUQxeyskY6wwMTajnA3h61P4P2mVXa/mVm4qhfplGkcWHIFjUAQeOAN1cA0aoAkIEOABPIFnRzmPzovzumzNOOnMIfgB5+0T/ZCOmA==</latexit>

(1, 0.5, 0)

quench from 
<latexit sha1_base64="+4hN7kEU5jt/mLdn4A/VdRC9gWs=">AAAB8XicdVDLSgNBEOz1GeMr6tHLYBAEIeyGGPUW9OIxgnlgEsLspDcZMju7zMwKYc1fePGgiFf/xpt/4+QhqGhBQ1HVTXeXHwuujet+OAuLS8srq5m17PrG5tZ2bme3rqNEMayxSESq6VONgkusGW4ENmOFNPQFNvzh5cRv3KHSPJI3ZhRjJ6R9yQPOqLHS7X3zuK2o7Avs5vJuwZ2CzIhXtOTE9c7LZeLNrTzMUe3m3tu9iCUhSsME1brlubHppFQZzgSOs+1EY0zZkPaxZamkIepOOr14TA6t0iNBpGxJQ6bq94mUhlqPQt92htQM9G9vIv7ltRITnHVSLuPEoGSzRUEiiInI5H3S4wqZESNLKFPc3krYgCrKjA0pa0P4+pT8T+rFglculK5L+crFPI4M7MMBHIEHp1CBK6hCDRhIeIAneHa08+i8OK+z1gVnPrMHP+C8fQKIYZDZ</latexit>

|X + !
exact

iTEBD
TLCC

transverse folding + light cone =TLCC

required 
resources

Frías-Pérez, MCB, 2201.08402



HIsing = J
N ! 1!

i =1

! [i ]
z ! [i +1]

z + g
N!

i

! [i ]
x + h

N!

i

! [i ]
z

<latexit sha1_base64="+R/PtiFLs5Z+ngwC+27IiM01jG4="></latexit>

<latexit sha1_base64="8wRgYMb/kTqNzYz+Er1doi8U0ik=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBahQilJqVUPQtGLeKpga6ENZbPdtEs3m7i7EUron/DiQRGv/h1v/hu3bQQVfTDweG+GmXlexJnStv1hZRYWl5ZXsqu5tfWNza389k5LhbEktElCHsq2hxXlTNCmZprTdiQpDjxOb73RxdS/vadSsVDc6HFE3QAPBPMZwdpI7eJVaVAaHp718gW7bM+A5sSpGHJkO6e1GnJSqwApGr38e7cfkjigQhOOleo4dqTdBEvNCKeTXDdWNMJkhAe0Y6jAAVVuMrt3gg6M0kd+KE0JjWbq94kEB0qNA890BlgP1W9vKv7ldWLtn7gJE1GsqSDzRX7MkQ7R9HnUZ5ISzceGYCKZuRWRIZaYaBNRzoTw9Sn6n7QqZadWrl5XC/XzNI4s7ME+FMGBY6jDJTSgCQQ4PMATPFt31qP1Yr3OWzNWOrMLP2C9fQJtkI7w</latexit>

(J, g, h) =
<latexit sha1_base64="dNd7ShvBlyPuyWOIRYxsDskYzvw=">AAAB83icdVDLSgNBEOyNrxhfUY9eBoMQIS47IYl6C3rxGME8IFnC7GSSDJl9MDMrhCW/4cWDIl79GW/+jZNkBRUtaCiquunu8iLBlXacDyuzsrq2vpHdzG1t7+zu5fcPWiqMJWVNGopQdjyimOABa2quBetEkhHfE6ztTa7nfvueScXD4E5PI+b6ZBTwIadEG6lXxKUzbFdLjl097ecLju0sgJYElw2pOviyVkM4tQqQotHPv/cGIY19FmgqiFJd7ETaTYjUnAo2y/VixSJCJ2TEuoYGxGfKTRY3z9CJUQZoGEpTgUYL9ftEQnylpr5nOn2ix+q3Nxf/8rqxHl64CQ+iWLOALhcNY4F0iOYBoAGXjGoxNYRQyc2tiI6JJFSbmHImhK9P0f+kVbZxza7cVgr1qzSOLBzBMRQBwznU4QYa0AQKETzAEzxbsfVovVivy9aMlc4cwg9Yb59NwY9H</latexit>

(1, ! 1.5, 0.5)

transverse folding + light cone =TLCC

quench from 
<latexit sha1_base64="+4hN7kEU5jt/mLdn4A/VdRC9gWs=">AAAB8XicdVDLSgNBEOz1GeMr6tHLYBAEIeyGGPUW9OIxgnlgEsLspDcZMju7zMwKYc1fePGgiFf/xpt/4+QhqGhBQ1HVTXeXHwuujet+OAuLS8srq5m17PrG5tZ2bme3rqNEMayxSESq6VONgkusGW4ENmOFNPQFNvzh5cRv3KHSPJI3ZhRjJ6R9yQPOqLHS7X3zuK2o7Avs5vJuwZ2CzIhXtOTE9c7LZeLNrTzMUe3m3tu9iCUhSsME1brlubHppFQZzgSOs+1EY0zZkPaxZamkIepOOr14TA6t0iNBpGxJQ6bq94mUhlqPQt92htQM9G9vIv7ltRITnHVSLuPEoGSzRUEiiInI5H3S4wqZESNLKFPc3krYgCrKjA0pa0P4+pT8T+rFglculK5L+crFPI4M7MMBHIEHp1CBK6hCDRhIeIAneHa08+i8OK+z1gVnPrMHP+C8fQKIYZDZ</latexit>

|X + !

iTEBD TLCC

Heisenberg

required 
resources

Frías-Pérez, MCB, 2201.08402



computing response functions

Frías-Pérez, MCB, 2201.08402

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="VekqW/ERiBq1b0jVzkKJrgzFlgE=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0VQkJLE0NZd0Y07K7RaaEOYTCc6dPJg5kaoofgrblwo4tb/cOffOGkrqOiBC4dz7uXee/xEcAWm+WHMzM7NLywWlorLK6tr66WNzUsVp5KyNo1FLDs+UUzwiLWBg2CdRDIS+oJd+YPT3L+6ZVLxOGrBMGFuSK4jHnBKQEteabvlZT2fATk89yxd9mgfDrxS2awc16u2U8VmxTRrlm3lxK45Rw62tJKjjKZoeqX3Xj+macgioIIo1bXMBNyMSOBUsFGxlyqWEDog16yraURCptxsfP0I72mlj4NY6ooAj9XvExkJlRqGvu4MCdyo314u/uV1UwjqbsajJAUW0cmiIBUYYpxHgftcMgpiqAmhkutbMb0hklDQgRV1CF+f4v/JpV2xqhXnwik3TqZxFNAO2kX7yEI11EBnqInaiKI79ICe0LNxbzwaL8brpHXGmM5soR8w3j4B5XWUPQ==</latexit>

T! ,O 1 ,O 2 (t)

<latexit sha1_base64="lDHw6KM796eK6P0Jr44gKvOWzyg="></latexit>

C1,2(t, ! , " ) = tr( #! O[" ]
2 (t)O[0]

1 (0))

fo
ld

<latexit sha1_base64="zmXpp3cMmMcZpD29hNN2vYW+9m4=">AAAB9XicdVDLSgMxFM3UV62vqks3wSLUzZAp09ruim5cVrAP6ItMJtOGZjJDklHK0P9w40IRt/6LO//G9CGo6IELh3Pu5d57vJgzpRH6sDJr6xubW9nt3M7u3v5B/vCopaJEEtokEY9kx8OKciZoUzPNaSeWFIcep21vcjX323dUKhaJWz2NaT/EI8ECRrA20qBZ1OeDtOfj0YjK2TBfQDYqVctuCSK7VEY1p2ZIGTm1igsdGy1QACs0hvn3nh+RJKRCE46V6joo1v0US80Ip7NcL1E0xmSCR7RrqMAhVf10cfUMnhnFh0EkTQkNF+r3iRSHSk1Dz3SGWI/Vb28u/uV1Ex1U+ykTcaKpIMtFQcKhjuA8AugzSYnmU0MwkczcCskYS0y0CSpnQvj6FP5PWiXbqdjujVuoX67iyIITcAqKwAEXoA6uQQM0AQESPIAn8GzdW4/Wi/W6bM1Yq5lj8APW2yeAj5KN</latexit>

U(t) 

<latexit sha1_base64="wABYKi2YEwYHiUgzCUIS8iBph6s=">AAAB63icdVBNSwMxEM3Wr1q/qh69BItQL0u21rbeil48VrC10C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7atoKIPBh7vzTAzL4g50wahDye3srq2vpHfLGxt7+zuFfcPOjpKFKFtEvFIdQOsKWeStg0znHZjRbEIOL0LJleZf3dPlWaRvDXTmPoCjyQLGcEmk9plczoolpCLalWv4kHkniOvUUELclE/g56L5iiBJVqD4nt/GJFEUGkIx1r3PBQbP8XKMMLprNBPNI0xmeAR7VkqsaDaT+e3zuCJVYYwjJQtaeBc/T6RYqH1VAS2U2Az1r+9TPzL6yUmbPgpk3FiqCSLRWHCoYlg9jgcMkWJ4VNLMFHM3grJGCtMjI2nYEP4+hT+TzoV16u51ZtqqXm5jCMPjsAxKAMP1EETXIMWaAMCxuABPIFnRziPzovzumjNOcuZQ/ADztsnnnqN/A==</latexit>

U(t)

<latexit sha1_base64="I2soglLQOCWdP6A4Rh8+PUyJYX4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtKu3WTD7kYoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmlqmimGDSSFVO6AaBY+xYbgR2E4U0igQ2ApGt1O/9YRKcxk/mHGCfkQHMQ85o8ZKzS4Kce32yhW36s5AlomXkwrkqPfKX92+ZGmEsWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWBrTCLWfza6dkBOr9Ekola3YkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jcZIajNl8UZgKYiSZvk76XCEzYmwJZYrbWwkbUkWZsQGVbAje4svLpHlW9S6q5/fnldpNHkcRjuAYTsGDS6jBHdShAQwe4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gAC3I7F</latexit>

! = 0
<latexit sha1_base64="HbAzrQmgsoUFNL8Oxrh4v3W0VRA=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCF0siRT0WvfRYwX5AE8tmO2mXbrJhdyOWUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHCmdKO820tLa+srq0XNoqbW9s7u/beflOJVFJoUMGFbAdEAWcxNDTTHNqJBBIFHFrB8Gbitx5AKibiOz1KwI9IP2Yho0QbqWsfwn12hr0ANMG1MfZIkkjx2LVLTtmZAi8SNycllKPetb+8nqBpBLGmnCjVcZ1E+xmRmlEO46KXKkgIHZI+dAyNSQTKz6bnj/GJUXo4FNJUrPFU/T2RkUipURSYzojogZr3JuJ/XifV4ZWfsThJNcR0tihMOdYCT7LAPSaBaj4yhFDJzK2YDogkVJvEiiYEd/7lRdI8L7sX5cptpVS9zuMooCN0jE6Riy5RFdVQHTUQRRl6Rq/ozXqyXqx362PWumTlMwfoD6zPHzHYlQQ=</latexit>

e! ! H !



computing response functions

Frías-Pérez, MCB, 2201.08402

<latexit sha1_base64="lDHw6KM796eK6P0Jr44gKvOWzyg="></latexit>

C1,2(t, ! , " ) = tr( #! O[" ]
2 (t)O[0]

1 (0))

<latexit sha1_base64="VekqW/ERiBq1b0jVzkKJrgzFlgE=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0VQkJLE0NZd0Y07K7RaaEOYTCc6dPJg5kaoofgrblwo4tb/cOffOGkrqOiBC4dz7uXee/xEcAWm+WHMzM7NLywWlorLK6tr66WNzUsVp5KyNo1FLDs+UUzwiLWBg2CdRDIS+oJd+YPT3L+6ZVLxOGrBMGFuSK4jHnBKQEteabvlZT2fATk89yxd9mgfDrxS2awc16u2U8VmxTRrlm3lxK45Rw62tJKjjKZoeqX3Xj+macgioIIo1bXMBNyMSOBUsFGxlyqWEDog16yraURCptxsfP0I72mlj4NY6ooAj9XvExkJlRqGvu4MCdyo314u/uV1UwjqbsajJAUW0cmiIBUYYpxHgftcMgpiqAmhkutbMb0hklDQgRV1CF+f4v/JpV2xqhXnwik3TqZxFNAO2kX7yEI11EBnqInaiKI79ICe0LNxbzwaL8brpHXGmM5soR8w3j4B5XWUPQ==</latexit>

T! ,O 1 ,O 2 (t)

<latexit sha1_base64="+XpfpThBLrgbbfHqddVu2aTMA/s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDS6rtftapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5ZQj78=</latexit>!

double lightcone

<latexit sha1_base64="I2soglLQOCWdP6A4Rh8+PUyJYX4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtKu3WTD7kYoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmlqmimGDSSFVO6AaBY+xYbgR2E4U0igQ2ApGt1O/9YRKcxk/mHGCfkQHMQ85o8ZKzS4Kce32yhW36s5AlomXkwrkqPfKX92+ZGmEsWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWBrTCLWfza6dkBOr9Ekola3YkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jcZIajNl8UZgKYiSZvk76XCEzYmwJZYrbWwkbUkWZsQGVbAje4svLpHlW9S6q5/fnldpNHkcRjuAYTsGDS6jBHdShAQwe4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gAC3I7F</latexit>

! = 0



computing response functions

Frías-Pérez, MCB, 2201.08402

<latexit sha1_base64="lDHw6KM796eK6P0Jr44gKvOWzyg="></latexit>

C1,2(t, ! , " ) = tr( #! O[" ]
2 (t)O[0]

1 (0))

<latexit sha1_base64="R631H3Q154JMSvLkGV9awwoNhhI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBGnrj9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+bnTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCJRuCt/zyKmldVL3Lau2hVqnf5nEU4QRO4Rw8uII63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+6Do8u</latexit>

! = 0

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="sxl9oJQz7TT893A+cHwRwJDYqqA=">AAAB/3icdVBNS8NAEN34bf2KCl68LBZBQUISQ6sHQfTiTYXWCm0Im+3WLt18sDsRSuzBv+LFgyJe/Rve/Ddu2goq+mDg8d4MM/PCVHAFtv1hTExOTc/Mzs2XFhaXllfM1bUrlWSSsjpNRCKvQ6KY4DGrAwfBrlPJSBQK1gh7p4XfuGVS8SSuQT9lfkRuYt7hlICWAnOjFuStkAE5svfOA0eXO9iB3cAs29bhQcX1Kti2bLvquE5B3Kq372FHKwXKaIyLwHxvtROaRSwGKohSTcdOwc+JBE4FG5RamWIpoT1yw5qaxiRiys+H9w/wtlbauJNIXTHgofp9IieRUv0o1J0Rga767RXiX14zg86Bn/M4zYDFdLSokwkMCS7CwG0uGQXR14RQyfWtmHaJJBR0ZCUdwten+H9y5VpOxfIuvfLxyTiOObSJttAOclAVHaMzdIHqiKI79ICe0LNxbzwaL8brqHXCGM+sox8w3j4B4LGUvg==</latexit>

T! =0 ,O 1 ,O 2 (t)

infinite temperature

<latexit sha1_base64="I2soglLQOCWdP6A4Rh8+PUyJYX4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtKu3WTD7kYoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmlqmimGDSSFVO6AaBY+xYbgR2E4U0igQ2ApGt1O/9YRKcxk/mHGCfkQHMQ85o8ZKzS4Kce32yhW36s5AlomXkwrkqPfKX92+ZGmEsWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWBrTCLWfza6dkBOr9Ekola3YkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jcZIajNl8UZgKYiSZvk76XCEzYmwJZYrbWwkbUkWZsQGVbAje4svLpHlW9S6q5/fnldpNHkcRjuAYTsGDS6jBHdShAQwe4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gAC3I7F</latexit>

! = 0
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<latexit sha1_base64="lDHw6KM796eK6P0Jr44gKvOWzyg="></latexit>

C1,2(t, ! , " ) = tr( #! O[" ]
2 (t)O[0]

1 (0))

arbitrary distance

<latexit sha1_base64="Yd5Aj7aOWR/OLibFqDuxf27IHds=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoF6EoBePEcwDkiXMTnqTMbM7y8ysEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8amqZKoYNJoVU7YBqFDzGhuFGYDtRSKNAYCsY3c781hMqzWX8YMYJ+hEdxDzkjBorNbsoxHWlVyy5ZXcOskq8jJQgQ71X/Or2JUsjjA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqUxjVD7k/m1U3JmlT4JpbIVGzJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8Mqf8DhJDcZssShMBTGSzF4nfa6QGTG2hDLF7a2EDamizNiACjYEb/nlVdKslL2LcvW+WqrdZHHk4QRO4Rw8uIQa3EEdGsDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w8F5I7H</latexit>

! = 2
<latexit sha1_base64="b2EqV7Z+vYSTMsPFxMArr1Sx8Tw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBfsBbSib7aRd3WzC7kYoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDt4vJn67SdUmsfy3owT9CM6lDzkjBortXooxFWtX664VXcGsky8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclHqpxoSyRzrErqWSRqj9bHbthJxYZUDCWNmShszU3xMZjbQeR4HtjKgZ6UVvKv7ndVMTXvoZl0lqULL5ojAVxMRk+joZcIXMiLEllClubyVsRBVlxgZUsiF4iy8vk9ZZ1Tuv1u5qlfp1HkcRjuAYTsGDC6jDLTSgCQwe4Ble4c2JnRfn3fmYtxacfOYQ/sD5/AEI7I7J</latexit>

! = 4



<latexit sha1_base64="WroLVvJJESH+tykm2arptK2E9oE="></latexit>

O[i ]
E := J ! z

i ! z
i +1 +

g
2

(! x
i + ! x

i +1 )

+
h
2

(! z
i + ! z

i +1 )
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integrable
<latexit sha1_base64="3u2cndjLoBXDChbAUIkS5bVbm4s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQISy7Eh/HoBePEUyiJEuYncwmQ2Zml5lZISz5Ci8eFPHq53jzb5w8DppY0FBUddPdFSacaeN5305uZXVtfSO/Wdja3tndK+4fNHWcKkIbJOaxegixppxJ2jDMcPqQKIpFyGkrHN5M/NYTVZrF8t6MEhoI3JcsYgQbKz2W/Yrnnle8026x5LneFGiZ+HNSgjnq3eJXpxeTVFBpCMdat30vMUGGlWGE03Ghk2qaYDLEfdq2VGJBdZBNDx6jE6v0UBQrW9Kgqfp7IsNC65EIbafAZqAXvYn4n9dOTXQVZEwmqaGSzBZFKUcmRpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgr/48jJpnrn+hVu9q5Zq1/M48nAEx1AGHy6hBrdQhwYQEPAMr/DmKOfFeXc+Zq05Zz5zCH/gfP4A0y6Oeg==</latexit>

(1, 0.5, 0)

non-integrable
<latexit sha1_base64="5N+s5OPcexScoXeI5GA+q7g7+9w=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahQg2JtOqx6MVjBfsBbSib7aZdutmE3Y1QQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+9mfvuJSsUi8agnMfVCPBQsYARrI/XKbuXCtWsVx66d94slx3bmQKvEzUgJMjT6xa/eICJJSIUmHCvVdZ1YeymWmhFOp4VeomiMyRgPaddQgUOqvHR+8xSdGWWAgkiaEhrN1d8TKQ6VmoS+6QyxHqllbyb+53UTHdx4KRNxoqkgi0VBwpGO0CwANGCSEs0nhmAimbkVkRGWmGgTU8GE4C6/vEpal7Z7ZVcfqqX6bRZHHk7gFMrgwjXU4R4a0AQCMTzDK7xZifVivVsfi9aclc0cwx9Ynz8jX48p</latexit>

(1, ! 1.5, 0.5)



<latexit sha1_base64="WroLVvJJESH+tykm2arptK2E9oE="></latexit>

O[i ]
E := J ! z
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i +1 )
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non-integrable
<latexit sha1_base64="5N+s5OPcexScoXeI5GA+q7g7+9w=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahQg2JtOqx6MVjBfsBbSib7aZdutmE3Y1QQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+9mfvuJSsUi8agnMfVCPBQsYARrI/XKbuXCtWsVx66d94slx3bmQKvEzUgJMjT6xa/eICJJSIUmHCvVdZ1YeymWmhFOp4VeomiMyRgPaddQgUOqvHR+8xSdGWWAgkiaEhrN1d8TKQ6VmoS+6QyxHqllbyb+53UTHdx4KRNxoqkgi0VBwpGO0CwANGCSEs0nhmAimbkVkRGWmGgTU8GE4C6/vEpal7Z7ZVcfqqX6bRZHHk7gFMrgwjXU4R4a0AQCMTzDK7xZifVivVsfi9aclc0cwx9Ynz8jX48p</latexit>

(1, ! 1.5, 0.5)

diffusion 
constant



Quantum: provable efficiency, no sign problem
TNS: alternatives to the most popular algorithms 
for equilibrium and evolution

energy filters & TNS can provide other 
(classical and quantum) tools to get dynamical 

properties

To conclude

quantum/hybrid algorithms
Lu, PRX Quantum 2, 020321 (2021)

Yang, PRB 106, 024307 (2022) 

spectral properties of a 
QMB Hamiltonian

Yang, Iblisdir, Cirac, MCB, PRL124, 100602 (2020)
Papaefstathiou, Robaina, Cirac, MCB, PRD104, 014514 (2021)

Çakan, Cirac, MCB, PRB 103, 115113 (2021)
Yang, Cirac, MCB, PRB 106, 024307 (2022)

    light-cone TN contraction 
for local observables

Frías-Pérez, MCB, 2201.08402


