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Operator dynamics

• For a quantum wave function, it can be expanded into a linear combination of basis 
in the Hilbert space,


• For a quantum operator, it can be treated as a wave function living in an operator 
Hilbert space.


• Under unitary time evolution, it can be expanded as


• The evolution of            determines the operator dynamics.

Ô(t) =
X
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↵j(t)B̂j
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is a set of operator basis satisfying{B̂j}
<latexit sha1_base64="ffK7pNLNc7sOKh5M0chV6jRMVlI=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tF8FQSEfRY6sVjBfsBTQib7bZdu9mE3Y1QQi7+FS8eFPHqz/Dmv3HT5qCtDwYe780wMy9MOFPacb6tldW19Y3NylZ1e2d3b98+OOyoOJWEtknMY9kLsaKcCdrWTHPaSyTFUchpN5zcFH73kUrFYnGvpwn1IzwSbMgI1kYK7GMv88ZYZ16E9ZhgnjXzPHjw8sCuOXVnBrRM3JLUoEQrsL+8QUzSiApNOFaq7zqJ9jMsNSOc5lUvVTTBZIJHtG+owBFVfjZ7IEdnRhmgYSxNCY1m6u+JDEdKTaPQdBZ3qkWvEP/z+qkeXvsZE0mqqSDzRcOUIx2jIg00YJISzaeGYCKZuRWRMZaYaJNZ1YTgLr68TDoXddepu3eXtUazjKMCJ3AK5+DCFTTgFlrQBgI5PMMrvFlP1ov1bn3MW1escuYI/sD6/AGb8JcL</latexit><latexit sha1_base64="ffK7pNLNc7sOKh5M0chV6jRMVlI=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tF8FQSEfRY6sVjBfsBTQib7bZdu9mE3Y1QQi7+FS8eFPHqz/Dmv3HT5qCtDwYe780wMy9MOFPacb6tldW19Y3NylZ1e2d3b98+OOyoOJWEtknMY9kLsaKcCdrWTHPaSyTFUchpN5zcFH73kUrFYnGvpwn1IzwSbMgI1kYK7GMv88ZYZ16E9ZhgnjXzPHjw8sCuOXVnBrRM3JLUoEQrsL+8QUzSiApNOFaq7zqJ9jMsNSOc5lUvVTTBZIJHtG+owBFVfjZ7IEdnRhmgYSxNCY1m6u+JDEdKTaPQdBZ3qkWvEP/z+qkeXvsZE0mqqSDzRcOUIx2jIg00YJISzaeGYCKZuRWRMZaYaJNZ1YTgLr68TDoXddepu3eXtUazjKMCJ3AK5+DCFTTgFlrQBgI5PMMrvFlP1ov1bn3MW1escuYI/sD6/AGb8JcL</latexit><latexit sha1_base64="ffK7pNLNc7sOKh5M0chV6jRMVlI=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tF8FQSEfRY6sVjBfsBTQib7bZdu9mE3Y1QQi7+FS8eFPHqz/Dmv3HT5qCtDwYe780wMy9MOFPacb6tldW19Y3NylZ1e2d3b98+OOyoOJWEtknMY9kLsaKcCdrWTHPaSyTFUchpN5zcFH73kUrFYnGvpwn1IzwSbMgI1kYK7GMv88ZYZ16E9ZhgnjXzPHjw8sCuOXVnBrRM3JLUoEQrsL+8QUzSiApNOFaq7zqJ9jMsNSOc5lUvVTTBZIJHtG+owBFVfjZ7IEdnRhmgYSxNCY1m6u+JDEdKTaPQdBZ3qkWvEP/z+qkeXvsZE0mqqSDzRcOUIx2jIg00YJISzaeGYCKZuRWRMZaYaJNZ1YTgLr68TDoXddepu3eXtUazjKMCJ3AK5+DCFTTgFlrQBgI5PMMrvFlP1ov1bn3MW1escuYI/sD6/AGb8JcL</latexit><latexit sha1_base64="ffK7pNLNc7sOKh5M0chV6jRMVlI=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tF8FQSEfRY6sVjBfsBTQib7bZdu9mE3Y1QQi7+FS8eFPHqz/Dmv3HT5qCtDwYe780wMy9MOFPacb6tldW19Y3NylZ1e2d3b98+OOyoOJWEtknMY9kLsaKcCdrWTHPaSyTFUchpN5zcFH73kUrFYnGvpwn1IzwSbMgI1kYK7GMv88ZYZ16E9ZhgnjXzPHjw8sCuOXVnBrRM3JLUoEQrsL+8QUzSiApNOFaq7zqJ9jMsNSOc5lUvVTTBZIJHtG+owBFVfjZ7IEdnRhmgYSxNCY1m6u+JDEdKTaPQdBZ3qkWvEP/z+qkeXvsZE0mqqSDzRcOUIx2jIg00YJISzaeGYCKZuRWRMZaYaJNZ1YTgLr68TDoXddepu3eXtUazjKMCJ3AK5+DCFTTgFlrQBgI5PMMrvFlP1ov1bn3MW1escuYI/sD6/AGb8JcL</latexit>

TrB̂†
i B̂j = �ij

<latexit sha1_base64="0WeNt+DcWkjgBTM5fhGUD4klDJE=">AAACKXicbVDJSgNBEO2JW4xb1KOXwSB4CjMi6EUI8eIxQjbIxKGmp5N00rPQXSOGYX7Hi7/iRUFRr/6IneWgiQ8KHu9VUVXPiwVXaFmfRm5ldW19I79Z2Nre2d0r7h80VZRIyho0EpFse6CY4CFrIEfB2rFkEHiCtbzR9cRv3TOpeBTWcRyzbgD9kPc4BdSSW6w4gRc9pHWZOQPA1AkABxREWs0yl985PvSX9eGV4zOB4KZ8mLnFklW2pjCXiT0nJTJHzS2+On5Ek4CFSAUo1bGtGLspSORUsKzgJIrFQEfQZx1NQwiY6qbTTzPzRCu+2YukrhDNqfp7IoVAqXHg6c7JxWrRm4j/eZ0Ee5fdlIdxgiyks0W9RJgYmZPYTJ9LRlGMNQEqub7VpAOQQFGHW9Ah2IsvL5PmWdm2yvbtealSnceRJ0fkmJwSm1yQCrkhNdIglDySZ/JG3o0n48X4ML5mrTljPnNI/sD4/gGWUqlB</latexit><latexit sha1_base64="0WeNt+DcWkjgBTM5fhGUD4klDJE=">AAACKXicbVDJSgNBEO2JW4xb1KOXwSB4CjMi6EUI8eIxQjbIxKGmp5N00rPQXSOGYX7Hi7/iRUFRr/6IneWgiQ8KHu9VUVXPiwVXaFmfRm5ldW19I79Z2Nre2d0r7h80VZRIyho0EpFse6CY4CFrIEfB2rFkEHiCtbzR9cRv3TOpeBTWcRyzbgD9kPc4BdSSW6w4gRc9pHWZOQPA1AkABxREWs0yl985PvSX9eGV4zOB4KZ8mLnFklW2pjCXiT0nJTJHzS2+On5Ek4CFSAUo1bGtGLspSORUsKzgJIrFQEfQZx1NQwiY6qbTTzPzRCu+2YukrhDNqfp7IoVAqXHg6c7JxWrRm4j/eZ0Ee5fdlIdxgiyks0W9RJgYmZPYTJ9LRlGMNQEqub7VpAOQQFGHW9Ah2IsvL5PmWdm2yvbtealSnceRJ0fkmJwSm1yQCrkhNdIglDySZ/JG3o0n48X4ML5mrTljPnNI/sD4/gGWUqlB</latexit><latexit sha1_base64="0WeNt+DcWkjgBTM5fhGUD4klDJE=">AAACKXicbVDJSgNBEO2JW4xb1KOXwSB4CjMi6EUI8eIxQjbIxKGmp5N00rPQXSOGYX7Hi7/iRUFRr/6IneWgiQ8KHu9VUVXPiwVXaFmfRm5ldW19I79Z2Nre2d0r7h80VZRIyho0EpFse6CY4CFrIEfB2rFkEHiCtbzR9cRv3TOpeBTWcRyzbgD9kPc4BdSSW6w4gRc9pHWZOQPA1AkABxREWs0yl985PvSX9eGV4zOB4KZ8mLnFklW2pjCXiT0nJTJHzS2+On5Ek4CFSAUo1bGtGLspSORUsKzgJIrFQEfQZx1NQwiY6qbTTzPzRCu+2YukrhDNqfp7IoVAqXHg6c7JxWrRm4j/eZ0Ee5fdlIdxgiyks0W9RJgYmZPYTJ9LRlGMNQEqub7VpAOQQFGHW9Ah2IsvL5PmWdm2yvbtealSnceRJ0fkmJwSm1yQCrkhNdIglDySZ/JG3o0n48X4ML5mrTljPnNI/sD4/gGWUqlB</latexit><latexit sha1_base64="0WeNt+DcWkjgBTM5fhGUD4klDJE=">AAACKXicbVDJSgNBEO2JW4xb1KOXwSB4CjMi6EUI8eIxQjbIxKGmp5N00rPQXSOGYX7Hi7/iRUFRr/6IneWgiQ8KHu9VUVXPiwVXaFmfRm5ldW19I79Z2Nre2d0r7h80VZRIyho0EpFse6CY4CFrIEfB2rFkEHiCtbzR9cRv3TOpeBTWcRyzbgD9kPc4BdSSW6w4gRc9pHWZOQPA1AkABxREWs0yl985PvSX9eGV4zOB4KZ8mLnFklW2pjCXiT0nJTJHzS2+On5Ek4CFSAUo1bGtGLspSORUsKzgJIrFQEfQZx1NQwiY6qbTTzPzRCu+2YukrhDNqfp7IoVAqXHg6c7JxWrRm4j/eZ0Ee5fdlIdxgiyks0W9RJgYmZPYTJ9LRlGMNQEqub7VpAOQQFGHW9Ah2IsvL5PmWdm2yvbtealSnceRJ0fkmJwSm1yQCrkhNdIglDySZ/JG3o0n48X4ML5mrTljPnNI/sD4/gGWUqlB</latexit>

| i =
X

n

cn|ni
<latexit sha1_base64="/+hZb79Y/tDogydqyFJF0MakCT4=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2AJoTNdtIu3WzC7kYoaa9e/CtePCji1X/gzX/jts1BWx8MPN6bYWZemHKmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqSSTFJo04YnshEQBZwKammkOnVQCiUMO7XB4M/XbDyAVS8S9HqXgx6QvWMQo0UYKbDz2UsU8SUSfw5WnsjgQmAZiLAotsKtOzZkBLxO3IFVUoBHYX14voVkMQlNOlOq6Tqr9nEjNKIdJxcsUpIQOSR+6hgoSg/Lz2ScTfGKUHo4SaUpoPFN/T+QkVmoUh6YzJnqgFr2p+J/XzXR06edMpJkGQeeLooxjneBpLLjHJFDNR4YQKpm5FdMBkYRqE17FhOAuvrxMWmc116m5d+fV+nURRxkdoWN0ilx0geroFjVQE1H0iJ7RK3qznqwX6936mLeWrGLmEP2B9fkDRU2arg==</latexit><latexit sha1_base64="/+hZb79Y/tDogydqyFJF0MakCT4=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2AJoTNdtIu3WzC7kYoaa9e/CtePCji1X/gzX/jts1BWx8MPN6bYWZemHKmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqSSTFJo04YnshEQBZwKammkOnVQCiUMO7XB4M/XbDyAVS8S9HqXgx6QvWMQo0UYKbDz2UsU8SUSfw5WnsjgQmAZiLAotsKtOzZkBLxO3IFVUoBHYX14voVkMQlNOlOq6Tqr9nEjNKIdJxcsUpIQOSR+6hgoSg/Lz2ScTfGKUHo4SaUpoPFN/T+QkVmoUh6YzJnqgFr2p+J/XzXR06edMpJkGQeeLooxjneBpLLjHJFDNR4YQKpm5FdMBkYRqE17FhOAuvrxMWmc116m5d+fV+nURRxkdoWN0ilx0geroFjVQE1H0iJ7RK3qznqwX6936mLeWrGLmEP2B9fkDRU2arg==</latexit><latexit sha1_base64="/+hZb79Y/tDogydqyFJF0MakCT4=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2AJoTNdtIu3WzC7kYoaa9e/CtePCji1X/gzX/jts1BWx8MPN6bYWZemHKmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqSSTFJo04YnshEQBZwKammkOnVQCiUMO7XB4M/XbDyAVS8S9HqXgx6QvWMQo0UYKbDz2UsU8SUSfw5WnsjgQmAZiLAotsKtOzZkBLxO3IFVUoBHYX14voVkMQlNOlOq6Tqr9nEjNKIdJxcsUpIQOSR+6hgoSg/Lz2ScTfGKUHo4SaUpoPFN/T+QkVmoUh6YzJnqgFr2p+J/XzXR06edMpJkGQeeLooxjneBpLLjHJFDNR4YQKpm5FdMBkYRqE17FhOAuvrxMWmc116m5d+fV+nURRxkdoWN0ilx0geroFjVQE1H0iJ7RK3qznqwX6936mLeWrGLmEP2B9fkDRU2arg==</latexit><latexit sha1_base64="/+hZb79Y/tDogydqyFJF0MakCT4=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2AJoTNdtIu3WzC7kYoaa9e/CtePCji1X/gzX/jts1BWx8MPN6bYWZemHKmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqSSTFJo04YnshEQBZwKammkOnVQCiUMO7XB4M/XbDyAVS8S9HqXgx6QvWMQo0UYKbDz2UsU8SUSfw5WnsjgQmAZiLAotsKtOzZkBLxO3IFVUoBHYX14voVkMQlNOlOq6Tqr9nEjNKIdJxcsUpIQOSR+6hgoSg/Lz2ScTfGKUHo4SaUpoPFN/T+QkVmoUh6YzJnqgFr2p+J/XzXR06edMpJkGQeeLooxjneBpLLjHJFDNR4YQKpm5FdMBkYRqE17FhOAuvrxMWmc116m5d+fV+nURRxkdoWN0ilx0geroFjVQE1H0iJ7RK3qznqwX6936mLeWrGLmEP2B9fkDRU2arg==</latexit>
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Chaotic operator dynamics
• In a chaotic system, under unitary time evolution, a simple 

operator becomes increasingly complicated. 


• The quantum information encoded in this operator is 
delocalized and this phenomenon is called scrambling.


• It is impossible to keep track of 


• The universal features

The development of random matrix physics

The emergent hydrodynamics

↵j(t)
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The operator length distributionFIG. 1. The schematic of length distribution function f(l, t) of Ô1(x, t). The shape of f(l, t) can

be measured by the square of commutator between Ô1(x, t) and Ô2(y).

is generally a superposition in this Pauli string basis

Ô(x, t) =
X

j

↵j(t)B̂j. (2.1)

where the coe�cients |↵j(t)|2 as probability are normalized to 1:
P

j ↵j(t)2 = 1. The length

distribution inside Ô(x, t) is given by the probability of length-l basis operator at time t

f(l, t) =
X

j

|↵j(t)|2�(length (B̂j) = l) (2.2)

The zeroth order solution f(l, t) = �(l � vBt) neglects the possible dispersion of the

wavepacket as it moves with group velocity vB.

Although exact solutions are generally not available, recently random unitary circuits

provide simple tractable examples of the distribution function f(l, t)18,19,42,43. The underly-

ing rule is that the end of each basis will perform an independent biased random walk under

the evolution of the random gate. Therefore in operator Ô(x, t), an ensemble of such basis

will lead to a di↵usive broadening of f(l, t). To avoid the issue of the bilateral growth, we

put the initial operator on the left boundary of the chain, and then the length is equal to

the location of the operator’s right end point. For the random circuit, f(l, t) is a moving

Gaussian with its width scales as
p
t18,19. This di↵usive wave front picture is further nu-

merically verified in some chaotic spin-1/2 chain model19. Notably, such description is not

restricted to the spatially local interactions. When the interaction range is increased, the

wave front can be less localized. For example, a power law decay interaction gives a moving

wavepacket with the front having a near-exponential shape44.

5

The length distribution 

length l = 6
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�̂z
<latexit sha1_base64="p0V197uIlzV1SBS/aDnYZtMOuA8=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkATy2S7aZduNmF3ItTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7IRguheJNFCh5J9Uc4lDydji6mfrtR66NSNQ9jlMexDBQIhIM0Eq+PwT0jRjE8PDUq1TdmjsDXSZeQaqkQKNX+fL7CctirpBJMKbruSkGOWgUTPJJ2c8MT4GNYMC7liqIuQny2c0TemqVPo0SbUshnam/J3KIjRnHoe2MAYdm0ZuK/3ndDKOrIBcqzZArNl8UZZJiQqcB0L7QnKEcWwJMC3srZUPQwNDGVLYheIsvL5PWec1za97dRbV+XcRRIsfkhJwRj1ySOrklDdIkjKTkmbySNydzXpx352PeuuIUM0fkD5zPH0HlkdA=</latexit><latexit sha1_base64="p0V197uIlzV1SBS/aDnYZtMOuA8=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkATy2S7aZduNmF3ItTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7IRguheJNFCh5J9Uc4lDydji6mfrtR66NSNQ9jlMexDBQIhIM0Eq+PwT0jRjE8PDUq1TdmjsDXSZeQaqkQKNX+fL7CctirpBJMKbruSkGOWgUTPJJ2c8MT4GNYMC7liqIuQny2c0TemqVPo0SbUshnam/J3KIjRnHoe2MAYdm0ZuK/3ndDKOrIBcqzZArNl8UZZJiQqcB0L7QnKEcWwJMC3srZUPQwNDGVLYheIsvL5PWec1za97dRbV+XcRRIsfkhJwRj1ySOrklDdIkjKTkmbySNydzXpx352PeuuIUM0fkD5zPH0HlkdA=</latexit><latexit sha1_base64="p0V197uIlzV1SBS/aDnYZtMOuA8=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkATy2S7aZduNmF3ItTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7IRguheJNFCh5J9Uc4lDydji6mfrtR66NSNQ9jlMexDBQIhIM0Eq+PwT0jRjE8PDUq1TdmjsDXSZeQaqkQKNX+fL7CctirpBJMKbruSkGOWgUTPJJ2c8MT4GNYMC7liqIuQny2c0TemqVPo0SbUshnam/J3KIjRnHoe2MAYdm0ZuK/3ndDKOrIBcqzZArNl8UZZJiQqcB0L7QnKEcWwJMC3srZUPQwNDGVLYheIsvL5PWec1za97dRbV+XcRRIsfkhJwRj1ySOrklDdIkjKTkmbySNydzXpx352PeuuIUM0fkD5zPH0HlkdA=</latexit><latexit sha1_base64="p0V197uIlzV1SBS/aDnYZtMOuA8=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkATy2S7aZduNmF3ItTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7IRguheJNFCh5J9Uc4lDydji6mfrtR66NSNQ9jlMexDBQIhIM0Eq+PwT0jRjE8PDUq1TdmjsDXSZeQaqkQKNX+fL7CctirpBJMKbruSkGOWgUTPJJ2c8MT4GNYMC7liqIuQny2c0TemqVPo0SbUshnam/J3KIjRnHoe2MAYdm0ZuK/3ndDKOrIBcqzZArNl8UZZJiQqcB0L7QnKEcWwJMC3srZUPQwNDGVLYheIsvL5PWec1za97dRbV+XcRRIsfkhJwRj1ySOrklDdIkjKTkmbySNydzXpx352PeuuIUM0fkD5zPH0HlkdA=</latexit>

Î2
<latexit sha1_base64="pGWbY4m6iFyEzwyFHUwm/mmJ3V8=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQIuiy60V0F+4AmhMl02g6dTMLMjVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DMnTATX4Djf1tr6xubWdmWnuru3f3BoH9W6Ok4VZR0ai1j1Q6KZ4JJ1gINg/UQxEoWC9cLpTeH3HpnSPJYPMEuYH5Gx5CNOCRgpsGvehEDmRQQmYZjd5XnQDOy603DmwKvELUkdlWgH9pc3jGkaMQlUEK0HrpOAnxEFnAqWV71Us4TQKRmzgaGSREz72Tx7js+MMsSjWJknAc/V3xsZibSeRaGZLELqZa8Q//MGKYyu/IzLJAUm6eLQKBUYYlwUgYdcMQpiZgihipusmE6IIhRMXVVTgrv85VXSbTZcp+HeX9Rb12UdFXSCTtE5ctElaqFb1EYdRNETekav6M3KrRfr3fpYjK5Z5c4x+gPr8wc7+ZSM</latexit><latexit sha1_base64="pGWbY4m6iFyEzwyFHUwm/mmJ3V8=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQIuiy60V0F+4AmhMl02g6dTMLMjVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DMnTATX4Djf1tr6xubWdmWnuru3f3BoH9W6Ok4VZR0ai1j1Q6KZ4JJ1gINg/UQxEoWC9cLpTeH3HpnSPJYPMEuYH5Gx5CNOCRgpsGvehEDmRQQmYZjd5XnQDOy603DmwKvELUkdlWgH9pc3jGkaMQlUEK0HrpOAnxEFnAqWV71Us4TQKRmzgaGSREz72Tx7js+MMsSjWJknAc/V3xsZibSeRaGZLELqZa8Q//MGKYyu/IzLJAUm6eLQKBUYYlwUgYdcMQpiZgihipusmE6IIhRMXVVTgrv85VXSbTZcp+HeX9Rb12UdFXSCTtE5ctElaqFb1EYdRNETekav6M3KrRfr3fpYjK5Z5c4x+gPr8wc7+ZSM</latexit><latexit sha1_base64="pGWbY4m6iFyEzwyFHUwm/mmJ3V8=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQIuiy60V0F+4AmhMl02g6dTMLMjVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DMnTATX4Djf1tr6xubWdmWnuru3f3BoH9W6Ok4VZR0ai1j1Q6KZ4JJ1gINg/UQxEoWC9cLpTeH3HpnSPJYPMEuYH5Gx5CNOCRgpsGvehEDmRQQmYZjd5XnQDOy603DmwKvELUkdlWgH9pc3jGkaMQlUEK0HrpOAnxEFnAqWV71Us4TQKRmzgaGSREz72Tx7js+MMsSjWJknAc/V3xsZibSeRaGZLELqZa8Q//MGKYyu/IzLJAUm6eLQKBUYYlwUgYdcMQpiZgihipusmE6IIhRMXVVTgrv85VXSbTZcp+HeX9Rb12UdFXSCTtE5ctElaqFb1EYdRNETekav6M3KrRfr3fpYjK5Z5c4x+gPr8wc7+ZSM</latexit><latexit sha1_base64="pGWbY4m6iFyEzwyFHUwm/mmJ3V8=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQIuiy60V0F+4AmhMl02g6dTMLMjVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DMnTATX4Djf1tr6xubWdmWnuru3f3BoH9W6Ok4VZR0ai1j1Q6KZ4JJ1gINg/UQxEoWC9cLpTeH3HpnSPJYPMEuYH5Gx5CNOCRgpsGvehEDmRQQmYZjd5XnQDOy603DmwKvELUkdlWgH9pc3jGkaMQlUEK0HrpOAnxEFnAqWV71Us4TQKRmzgaGSREz72Tx7js+MMsSjWJknAc/V3xsZibSeRaGZLELqZa8Q//MGKYyu/IzLJAUm6eLQKBUYYlwUgYdcMQpiZgihipusmE6IIhRMXVVTgrv85VXSbTZcp+HeX9Rb12UdFXSCTtE5ctElaqFb1EYdRNETekav6M3KrRfr3fpYjK5Z5c4x+gPr8wc7+ZSM</latexit>

1

2
<latexit sha1_base64="3Lt9aNVFsd9wyQlQAZEW9yEqh2U=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66TTqnlv3Hq5qzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/OUCRMw==</latexit><latexit sha1_base64="3Lt9aNVFsd9wyQlQAZEW9yEqh2U=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66TTqnlv3Hq5qzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/OUCRMw==</latexit><latexit sha1_base64="3Lt9aNVFsd9wyQlQAZEW9yEqh2U=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66TTqnlv3Hq5qzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/OUCRMw==</latexit><latexit sha1_base64="3Lt9aNVFsd9wyQlQAZEW9yEqh2U=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66TTqnlv3Hq5qzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/OUCRMw==</latexit>

+
1

2
<latexit sha1_base64="B9Oj8ao/amRZuIUW88akZ1E2ZRg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKhEJRtFK/qUfacpyb5rXp/1K1a25c5BV4hWkCgWa/cqXP0hYFnOFTFJjep6bYpBTjYJJPi37meEpZWM65D1LFY25CfL5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG6CXKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1GbAtqYyjYEb/nlVdKu1zy35j1cVRu3RRwlOIUzuAAPrqEB99CEFjBI4Rle4c3JnBfn3flYtK45xcwJ/IHz+QOhPZFo</latexit><latexit sha1_base64="B9Oj8ao/amRZuIUW88akZ1E2ZRg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKhEJRtFK/qUfacpyb5rXp/1K1a25c5BV4hWkCgWa/cqXP0hYFnOFTFJjep6bYpBTjYJJPi37meEpZWM65D1LFY25CfL5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG6CXKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1GbAtqYyjYEb/nlVdKu1zy35j1cVRu3RRwlOIUzuAAPrqEB99CEFjBI4Rle4c3JnBfn3flYtK45xcwJ/IHz+QOhPZFo</latexit><latexit sha1_base64="B9Oj8ao/amRZuIUW88akZ1E2ZRg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKhEJRtFK/qUfacpyb5rXp/1K1a25c5BV4hWkCgWa/cqXP0hYFnOFTFJjep6bYpBTjYJJPi37meEpZWM65D1LFY25CfL5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG6CXKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1GbAtqYyjYEb/nlVdKu1zy35j1cVRu3RRwlOIUzuAAPrqEB99CEFjBI4Rle4c3JnBfn3flYtK45xcwJ/IHz+QOhPZFo</latexit><latexit sha1_base64="B9Oj8ao/amRZuIUW88akZ1E2ZRg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKhEJRtFK/qUfacpyb5rXp/1K1a25c5BV4hWkCgWa/cqXP0hYFnOFTFJjep6bYpBTjYJJPi37meEpZWM65D1LFY25CfL5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG6CXKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1GbAtqYyjYEb/nlVdKu1zy35j1cVRu3RRwlOIUzuAAPrqEB99CEFjBI4Rle4c3JnBfn3flYtK45xcwJ/IHz+QOhPZFo</latexit>

+
1

2
<latexit sha1_base64="B9Oj8ao/amRZuIUW88akZ1E2ZRg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKhEJRtFK/qUfacpyb5rXp/1K1a25c5BV4hWkCgWa/cqXP0hYFnOFTFJjep6bYpBTjYJJPi37meEpZWM65D1LFY25CfL5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG6CXKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1GbAtqYyjYEb/nlVdKu1zy35j1cVRu3RRwlOIUzuAAPrqEB99CEFjBI4Rle4c3JnBfn3flYtK45xcwJ/IHz+QOhPZFo</latexit><latexit sha1_base64="B9Oj8ao/amRZuIUW88akZ1E2ZRg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKhEJRtFK/qUfacpyb5rXp/1K1a25c5BV4hWkCgWa/cqXP0hYFnOFTFJjep6bYpBTjYJJPi37meEpZWM65D1LFY25CfL5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG6CXKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1GbAtqYyjYEb/nlVdKu1zy35j1cVRu3RRwlOIUzuAAPrqEB99CEFjBI4Rle4c3JnBfn3flYtK45xcwJ/IHz+QOhPZFo</latexit><latexit sha1_base64="B9Oj8ao/amRZuIUW88akZ1E2ZRg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKhEJRtFK/qUfacpyb5rXp/1K1a25c5BV4hWkCgWa/cqXP0hYFnOFTFJjep6bYpBTjYJJPi37meEpZWM65D1LFY25CfL5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG6CXKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1GbAtqYyjYEb/nlVdKu1zy35j1cVRu3RRwlOIUzuAAPrqEB99CEFjBI4Rle4c3JnBfn3flYtK45xcwJ/IHz+QOhPZFo</latexit><latexit sha1_base64="B9Oj8ao/amRZuIUW88akZ1E2ZRg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKhEJRtFK/qUfacpyb5rXp/1K1a25c5BV4hWkCgWa/cqXP0hYFnOFTFJjep6bYpBTjYJJPi37meEpZWM65D1LFY25CfL5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG6CXKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1GbAtqYyjYEb/nlVdKu1zy35j1cVRu3RRwlOIUzuAAPrqEB99CEFjBI4Rle4c3JnBfn3flYtK45xcwJ/IHz+QOhPZFo</latexit>

+
1

2
<latexit sha1_base64="B9Oj8ao/amRZuIUW88akZ1E2ZRg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKhEJRtFK/qUfacpyb5rXp/1K1a25c5BV4hWkCgWa/cqXP0hYFnOFTFJjep6bYpBTjYJJPi37meEpZWM65D1LFY25CfL5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG6CXKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1GbAtqYyjYEb/nlVdKu1zy35j1cVRu3RRwlOIUzuAAPrqEB99CEFjBI4Rle4c3JnBfn3flYtK45xcwJ/IHz+QOhPZFo</latexit><latexit sha1_base64="B9Oj8ao/amRZuIUW88akZ1E2ZRg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKhEJRtFK/qUfacpyb5rXp/1K1a25c5BV4hWkCgWa/cqXP0hYFnOFTFJjep6bYpBTjYJJPi37meEpZWM65D1LFY25CfL5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG6CXKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1GbAtqYyjYEb/nlVdKu1zy35j1cVRu3RRwlOIUzuAAPrqEB99CEFjBI4Rle4c3JnBfn3flYtK45xcwJ/IHz+QOhPZFo</latexit><latexit sha1_base64="B9Oj8ao/amRZuIUW88akZ1E2ZRg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKhEJRtFK/qUfacpyb5rXp/1K1a25c5BV4hWkCgWa/cqXP0hYFnOFTFJjep6bYpBTjYJJPi37meEpZWM65D1LFY25CfL5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG6CXKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1GbAtqYyjYEb/nlVdKu1zy35j1cVRu3RRwlOIUzuAAPrqEB99CEFjBI4Rle4c3JnBfn3flYtK45xcwJ/IHz+QOhPZFo</latexit><latexit sha1_base64="B9Oj8ao/amRZuIUW88akZ1E2ZRg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKhEJRtFK/qUfacpyb5rXp/1K1a25c5BV4hWkCgWa/cqXP0hYFnOFTFJjep6bYpBTjYJJPi37meEpZWM65D1LFY25CfL5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG6CXKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1GbAtqYyjYEb/nlVdKu1zy35j1cVRu3RRwlOIUzuAAPrqEB99CEFjBI4Rle4c3JnBfn3flYtK45xcwJ/IHz+QOhPZFo</latexit>

2
<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

4
<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit><latexit sha1_base64="ntM2nJNqqkFdIzXRO2Lr9nOLg/g=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Fj04rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBMWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrztgyjCqdwBhfgwzU04R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABTTi44=</latexit>

6
<latexit sha1_base64="c/V62lZH12dMcD11xE/mcz5cx5U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgjGMug==</latexit><latexit sha1_base64="c/V62lZH12dMcD11xE/mcz5cx5U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgjGMug==</latexit><latexit sha1_base64="c/V62lZH12dMcD11xE/mcz5cx5U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgjGMug==</latexit><latexit sha1_base64="c/V62lZH12dMcD11xE/mcz5cx5U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgjGMug==</latexit>

l
<latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit>

f(l)
<latexit sha1_base64="tcAFgLCoWD2WSl/FCrLltw21q38=">AAAB63icbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXopq4GFSqXt2bA68SvyBVKNAcVL76w5imkilLBTGm53uJDTKiLaeCzcr91LCE0AkZsZ6jikhmgmx+6wyfO2WIo1i7UhbP1d8TGZHGTGXoOiWxY7Ps5eJ/Xi+10U2QcZWklim6WBSlAtsY54/jIdeMWjF1hFDN3a2Yjokm1Lp4yi4Ef/nlVdK+rPte3X+4qjZuizhKcApnUAMfrqEB99CEFlAYwzO8whuS6AW9o49F6xoqZk7gD9DnD1ojjcU=</latexit><latexit sha1_base64="tcAFgLCoWD2WSl/FCrLltw21q38=">AAAB63icbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXopq4GFSqXt2bA68SvyBVKNAcVL76w5imkilLBTGm53uJDTKiLaeCzcr91LCE0AkZsZ6jikhmgmx+6wyfO2WIo1i7UhbP1d8TGZHGTGXoOiWxY7Ps5eJ/Xi+10U2QcZWklim6WBSlAtsY54/jIdeMWjF1hFDN3a2Yjokm1Lp4yi4Ef/nlVdK+rPte3X+4qjZuizhKcApnUAMfrqEB99CEFlAYwzO8whuS6AW9o49F6xoqZk7gD9DnD1ojjcU=</latexit><latexit sha1_base64="tcAFgLCoWD2WSl/FCrLltw21q38=">AAAB63icbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXopq4GFSqXt2bA68SvyBVKNAcVL76w5imkilLBTGm53uJDTKiLaeCzcr91LCE0AkZsZ6jikhmgmx+6wyfO2WIo1i7UhbP1d8TGZHGTGXoOiWxY7Ps5eJ/Xi+10U2QcZWklim6WBSlAtsY54/jIdeMWjF1hFDN3a2Yjokm1Lp4yi4Ef/nlVdK+rPte3X+4qjZuizhKcApnUAMfrqEB99CEFlAYwzO8whuS6AW9o49F6xoqZk7gD9DnD1ojjcU=</latexit><latexit sha1_base64="tcAFgLCoWD2WSl/FCrLltw21q38=">AAAB63icbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXopq4GFSqXt2bA68SvyBVKNAcVL76w5imkilLBTGm53uJDTKiLaeCzcr91LCE0AkZsZ6jikhmgmx+6wyfO2WIo1i7UhbP1d8TGZHGTGXoOiWxY7Ps5eJ/Xi+10U2QcZWklim6WBSlAtsY54/jIdeMWjF1hFDN3a2Yjokm1Lp4yi4Ef/nlVdK+rPte3X+4qjZuizhKcApnUAMfrqEB99CEFlAYwzO8whuS6AW9o49F6xoqZk7gD9DnD1ojjcU=</latexit>

The length of the Pauli string basis operator

Useful in systems with local interaction



• For spin-1/2 chain, a natural basis operator is the Pauli string 
operator


• Under unitary time evolution, a local operator               will become 
increasingly non-local and is a complicated superposition of the 
basis operators


• It is reasonable to assume the coefficients         are uniformly 
distributed among the Pauli string operators with the same length


• The zeroth order solution                         neglects the possible 
dispersion as it moves with group velocity

Operator dynamics in spin-1/2 chain with local interaction

Ô(x, t = 0)
<latexit sha1_base64="OT4wfwAVMjhnd9yrqJKlgB3KP4A=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAiSNgVQS9C0Is3I5gHJGuYncwmQ2YfzPSqYcl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3ebEUGm3721pYXFpeWc2t5dc3Nre2Czu7dR0livEai2Skmh7VXIqQ11Cg5M1YcRp4kje8wdXYbzxwpUUU3uEw5m5Ae6HwBaNopPt2n2J6Myo9HeOFfdQpFO2yPQGZJ05GipCh2il8tbsRSwIeIpNU65Zjx+imVKFgko/y7UTzmLIB7fGWoSENuHbTydUjcmiULvEjZSpEMlF/T6Q00HoYeKYzoNjXs95Y/M9rJeifu6kI4wR5yKaL/EQSjMg4AtIVijOUQ0MoU8LcSlifKsrQBJU3ITizL8+T+knZscvO7WmxcpnFkYN9OIASOHAGFbiGKtSAgYJneIU369F6sd6tj2nrgpXN7MEfWJ8/V1uRvA==</latexit><latexit sha1_base64="OT4wfwAVMjhnd9yrqJKlgB3KP4A=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAiSNgVQS9C0Is3I5gHJGuYncwmQ2YfzPSqYcl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3ebEUGm3721pYXFpeWc2t5dc3Nre2Czu7dR0livEai2Skmh7VXIqQ11Cg5M1YcRp4kje8wdXYbzxwpUUU3uEw5m5Ae6HwBaNopPt2n2J6Myo9HeOFfdQpFO2yPQGZJ05GipCh2il8tbsRSwIeIpNU65Zjx+imVKFgko/y7UTzmLIB7fGWoSENuHbTydUjcmiULvEjZSpEMlF/T6Q00HoYeKYzoNjXs95Y/M9rJeifu6kI4wR5yKaL/EQSjMg4AtIVijOUQ0MoU8LcSlifKsrQBJU3ITizL8+T+knZscvO7WmxcpnFkYN9OIASOHAGFbiGKtSAgYJneIU369F6sd6tj2nrgpXN7MEfWJ8/V1uRvA==</latexit><latexit sha1_base64="OT4wfwAVMjhnd9yrqJKlgB3KP4A=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAiSNgVQS9C0Is3I5gHJGuYncwmQ2YfzPSqYcl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3ebEUGm3721pYXFpeWc2t5dc3Nre2Czu7dR0livEai2Skmh7VXIqQ11Cg5M1YcRp4kje8wdXYbzxwpUUU3uEw5m5Ae6HwBaNopPt2n2J6Myo9HeOFfdQpFO2yPQGZJ05GipCh2il8tbsRSwIeIpNU65Zjx+imVKFgko/y7UTzmLIB7fGWoSENuHbTydUjcmiULvEjZSpEMlF/T6Q00HoYeKYzoNjXs95Y/M9rJeifu6kI4wR5yKaL/EQSjMg4AtIVijOUQ0MoU8LcSlifKsrQBJU3ITizL8+T+knZscvO7WmxcpnFkYN9OIASOHAGFbiGKtSAgYJneIU369F6sd6tj2nrgpXN7MEfWJ8/V1uRvA==</latexit><latexit sha1_base64="OT4wfwAVMjhnd9yrqJKlgB3KP4A=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAiSNgVQS9C0Is3I5gHJGuYncwmQ2YfzPSqYcl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3ebEUGm3721pYXFpeWc2t5dc3Nre2Czu7dR0livEai2Skmh7VXIqQ11Cg5M1YcRp4kje8wdXYbzxwpUUU3uEw5m5Ae6HwBaNopPt2n2J6Myo9HeOFfdQpFO2yPQGZJ05GipCh2il8tbsRSwIeIpNU65Zjx+imVKFgko/y7UTzmLIB7fGWoSENuHbTydUjcmiULvEjZSpEMlF/T6Q00HoYeKYzoNjXs95Y/M9rJeifu6kI4wR5yKaL/EQSjMg4AtIVijOUQ0MoU8LcSlifKsrQBJU3ITizL8+T+knZscvO7WmxcpnFkYN9OIASOHAGFbiGKtSAgYJneIU369F6sd6tj2nrgpXN7MEfWJ8/V1uRvA==</latexit>

f(l, t) = �(l � vBt)
<latexit sha1_base64="RKXhfgLNok30r2oet/6CDk7rcjw=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBSEDDrgh6EUK8eIxgHpAsy+zsbDJk9sFMbyDEHPwVLx4U8epvePNvnCR70MSChqKqm+4uLxFcgWV9G7mV1bX1jfxmYWt7Z3fP3D9oqjiVlDVoLGLZ9ohigkesARwEayeSkdATrOUNbqd+a8ik4nH0AKOEOSHpRTzglICWXPMoKIkzKN90fSaAlMT50K1hKLtm0apYM+BlYmekiDLUXfOr68c0DVkEVBClOraVgDMmEjgVbFLopoolhA5Ij3U0jUjIlDOe3T/Bp1rxcRBLXRHgmfp7YkxCpUahpztDAn216E3F/7xOCsG1M+ZRkgKL6HxRkAoMMZ6GgX0uGQUx0oRQyfWtmPaJJBR0ZAUdgr348jJpXlRsq2LfXxartSyOPDpGJ6iEbHSFqugO1VEDUfSIntErejOejBfj3fiYt+aMbOYQ/YHx+QOQ4ZSC</latexit><latexit sha1_base64="RKXhfgLNok30r2oet/6CDk7rcjw=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBSEDDrgh6EUK8eIxgHpAsy+zsbDJk9sFMbyDEHPwVLx4U8epvePNvnCR70MSChqKqm+4uLxFcgWV9G7mV1bX1jfxmYWt7Z3fP3D9oqjiVlDVoLGLZ9ohigkesARwEayeSkdATrOUNbqd+a8ik4nH0AKOEOSHpRTzglICWXPMoKIkzKN90fSaAlMT50K1hKLtm0apYM+BlYmekiDLUXfOr68c0DVkEVBClOraVgDMmEjgVbFLopoolhA5Ij3U0jUjIlDOe3T/Bp1rxcRBLXRHgmfp7YkxCpUahpztDAn216E3F/7xOCsG1M+ZRkgKL6HxRkAoMMZ6GgX0uGQUx0oRQyfWtmPaJJBR0ZAUdgr348jJpXlRsq2LfXxartSyOPDpGJ6iEbHSFqugO1VEDUfSIntErejOejBfj3fiYt+aMbOYQ/YHx+QOQ4ZSC</latexit><latexit sha1_base64="RKXhfgLNok30r2oet/6CDk7rcjw=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBSEDDrgh6EUK8eIxgHpAsy+zsbDJk9sFMbyDEHPwVLx4U8epvePNvnCR70MSChqKqm+4uLxFcgWV9G7mV1bX1jfxmYWt7Z3fP3D9oqjiVlDVoLGLZ9ohigkesARwEayeSkdATrOUNbqd+a8ik4nH0AKOEOSHpRTzglICWXPMoKIkzKN90fSaAlMT50K1hKLtm0apYM+BlYmekiDLUXfOr68c0DVkEVBClOraVgDMmEjgVbFLopoolhA5Ij3U0jUjIlDOe3T/Bp1rxcRBLXRHgmfp7YkxCpUahpztDAn216E3F/7xOCsG1M+ZRkgKL6HxRkAoMMZ6GgX0uGQUx0oRQyfWtmPaJJBR0ZAUdgr348jJpXlRsq2LfXxartSyOPDpGJ6iEbHSFqugO1VEDUfSIntErejOejBfj3fiYt+aMbOYQ/YHx+QOQ4ZSC</latexit><latexit sha1_base64="RKXhfgLNok30r2oet/6CDk7rcjw=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBSEDDrgh6EUK8eIxgHpAsy+zsbDJk9sFMbyDEHPwVLx4U8epvePNvnCR70MSChqKqm+4uLxFcgWV9G7mV1bX1jfxmYWt7Z3fP3D9oqjiVlDVoLGLZ9ohigkesARwEayeSkdATrOUNbqd+a8ik4nH0AKOEOSHpRTzglICWXPMoKIkzKN90fSaAlMT50K1hKLtm0apYM+BlYmekiDLUXfOr68c0DVkEVBClOraVgDMmEjgVbFLopoolhA5Ij3U0jUjIlDOe3T/Bp1rxcRBLXRHgmfp7YkxCpUahpztDAn216E3F/7xOCsG1M+ZRkgKL6HxRkAoMMZ6GgX0uGQUx0oRQyfWtmPaJJBR0ZAUdgr348jJpXlRsq2LfXxartSyOPDpGJ6iEbHSFqugO1VEDUfSIntErejOejBfj3fiYt+aMbOYQ/YHx+QOQ4ZSC</latexit>

vB
<latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit><latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit><latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit><latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit>

l
<latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit>

f(l, t)
<latexit sha1_base64="wWfhHOqN1LiStJqOk+SPnnvgXOk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKzbAiz/GsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaV5UPbfq3V+Wazd5HAU4hhOogAdXUIM7qEMDGDzCM7zCmxM7L8678zFvXXHymSP4A+fzB5lIjnk=</latexit><latexit sha1_base64="wWfhHOqN1LiStJqOk+SPnnvgXOk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKzbAiz/GsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaV5UPbfq3V+Wazd5HAU4hhOogAdXUIM7qEMDGDzCM7zCmxM7L8678zFvXXHymSP4A+fzB5lIjnk=</latexit><latexit sha1_base64="wWfhHOqN1LiStJqOk+SPnnvgXOk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKzbAiz/GsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaV5UPbfq3V+Wazd5HAU4hhOogAdXUIM7qEMDGDzCM7zCmxM7L8678zFvXXHymSP4A+fzB5lIjnk=</latexit><latexit sha1_base64="wWfhHOqN1LiStJqOk+SPnnvgXOk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKzbAiz/GsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaV5UPbfq3V+Wazd5HAU4hhOogAdXUIM7qEMDGDzCM7zCmxM7L8678zFvXXHymSP4A+fzB5lIjnk=</latexit>

vB
<latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit><latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit><latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit><latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit>

↵j(t)
<latexit sha1_base64="cqN4xvN5IXt3QeW8N8Uw4YBkI7c=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbtq1m03YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVuj0qkxHtP1bxvF+uuDV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn85Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4nA6E5QzmxhDIt7K2EjaimDG1KJRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAExjE8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP68IkNg=</latexit><latexit sha1_base64="cqN4xvN5IXt3QeW8N8Uw4YBkI7c=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbtq1m03YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVuj0qkxHtP1bxvF+uuDV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn85Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4nA6E5QzmxhDIt7K2EjaimDG1KJRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAExjE8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP68IkNg=</latexit><latexit sha1_base64="cqN4xvN5IXt3QeW8N8Uw4YBkI7c=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbtq1m03YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVuj0qkxHtP1bxvF+uuDV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn85Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4nA6E5QzmxhDIt7K2EjaimDG1KJRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAExjE8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP68IkNg=</latexit><latexit sha1_base64="cqN4xvN5IXt3QeW8N8Uw4YBkI7c=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbtq1m03YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVuj0qkxHtP1bxvF+uuDV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn85Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4nA6E5QzmxhDIt7K2EjaimDG1KJRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAExjE8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP68IkNg=</latexit>



The hydrodynamics of operator front

Nahum, Vijay and Haah, 2017

Keyserlingk, Rakovszky, Pollmann, Sondhi, 2017 

(1) The mean length grows linearly with the time 

(2) Diffusive wavefront (biased random walk)

(3) OTOC is measuring the area of the wavefront

The Haar random circuit provides a simple 
solution of the distribution function 

Talk by Vijay in the conference: Dynamics in quantum circuit

f(l, t)
<latexit sha1_base64="wWfhHOqN1LiStJqOk+SPnnvgXOk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKzbAiz/GsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaV5UPbfq3V+Wazd5HAU4hhOogAdXUIM7qEMDGDzCM7zCmxM7L8678zFvXXHymSP4A+fzB5lIjnk=</latexit><latexit sha1_base64="wWfhHOqN1LiStJqOk+SPnnvgXOk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKzbAiz/GsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaV5UPbfq3V+Wazd5HAU4hhOogAdXUIM7qEMDGDzCM7zCmxM7L8678zFvXXHymSP4A+fzB5lIjnk=</latexit><latexit sha1_base64="wWfhHOqN1LiStJqOk+SPnnvgXOk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKzbAiz/GsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaV5UPbfq3V+Wazd5HAU4hhOogAdXUIM7qEMDGDzCM7zCmxM7L8678zFvXXHymSP4A+fzB5lIjnk=</latexit><latexit sha1_base64="wWfhHOqN1LiStJqOk+SPnnvgXOk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKzbAiz/GsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaV5UPbfq3V+Wazd5HAU4hhOogAdXUIM7qEMDGDzCM7zCmxM7L8678zFvXXHymSP4A+fzB5lIjnk=</latexit>

A moving Gaussian packet

h
<latexit sha1_base64="spoOAsgxOsKQK86DrtwNwgg6d7g=">AAAB83icbVBNSwMxFHypX7V+VT16CRbBU9kVQY9FLx4r2FroLiWbZtvQbLIkWaEs/RtePCji1T/jzX9jtt2Dtg4Ehpk3vJeJUsGN9bxvVFlb39jcqm7Xdnb39g/qh0ddozJNWYcqoXQvIoYJLlnHcitYL9WMJJFgj9HktvAfn5g2XMkHO01ZmJCR5DGnxDopCJQzi2w+ng3qDa/pzYFXiV+SBpRoD+pfwVDRLGHSUkGM6fteasOcaMupYLNakBmWEjohI9Z3VJKEmTCf3zzDZ04Z4lhp96TFc/V3IieJMdMkcpMJsWOz7BXif14/s/F1mHOZZpZJulgUZwJbhYsC8JBrRq2YOkKo5u5WTMdEE2pdTTVXgr/85VXSvWj6XtO/v2y0bso6qnACp3AOPlxBC+6gDR2gkMIzvMIbytALekcfi9EKKjPH8Afo8wenKpIS</latexit><latexit sha1_base64="spoOAsgxOsKQK86DrtwNwgg6d7g=">AAAB83icbVBNSwMxFHypX7V+VT16CRbBU9kVQY9FLx4r2FroLiWbZtvQbLIkWaEs/RtePCji1T/jzX9jtt2Dtg4Ehpk3vJeJUsGN9bxvVFlb39jcqm7Xdnb39g/qh0ddozJNWYcqoXQvIoYJLlnHcitYL9WMJJFgj9HktvAfn5g2XMkHO01ZmJCR5DGnxDopCJQzi2w+ng3qDa/pzYFXiV+SBpRoD+pfwVDRLGHSUkGM6fteasOcaMupYLNakBmWEjohI9Z3VJKEmTCf3zzDZ04Z4lhp96TFc/V3IieJMdMkcpMJsWOz7BXif14/s/F1mHOZZpZJulgUZwJbhYsC8JBrRq2YOkKo5u5WTMdEE2pdTTVXgr/85VXSvWj6XtO/v2y0bso6qnACp3AOPlxBC+6gDR2gkMIzvMIbytALekcfi9EKKjPH8Afo8wenKpIS</latexit><latexit sha1_base64="spoOAsgxOsKQK86DrtwNwgg6d7g=">AAAB83icbVBNSwMxFHypX7V+VT16CRbBU9kVQY9FLx4r2FroLiWbZtvQbLIkWaEs/RtePCji1T/jzX9jtt2Dtg4Ehpk3vJeJUsGN9bxvVFlb39jcqm7Xdnb39g/qh0ddozJNWYcqoXQvIoYJLlnHcitYL9WMJJFgj9HktvAfn5g2XMkHO01ZmJCR5DGnxDopCJQzi2w+ng3qDa/pzYFXiV+SBpRoD+pfwVDRLGHSUkGM6fteasOcaMupYLNakBmWEjohI9Z3VJKEmTCf3zzDZ04Z4lhp96TFc/V3IieJMdMkcpMJsWOz7BXif14/s/F1mHOZZpZJulgUZwJbhYsC8JBrRq2YOkKo5u5WTMdEE2pdTTVXgr/85VXSvWj6XtO/v2y0bso6qnACp3AOPlxBC+6gDR2gkMIzvMIbytALekcfi9EKKjPH8Afo8wenKpIS</latexit><latexit sha1_base64="spoOAsgxOsKQK86DrtwNwgg6d7g=">AAAB83icbVBNSwMxFHypX7V+VT16CRbBU9kVQY9FLx4r2FroLiWbZtvQbLIkWaEs/RtePCji1T/jzX9jtt2Dtg4Ehpk3vJeJUsGN9bxvVFlb39jcqm7Xdnb39g/qh0ddozJNWYcqoXQvIoYJLlnHcitYL9WMJJFgj9HktvAfn5g2XMkHO01ZmJCR5DGnxDopCJQzi2w+ng3qDa/pzYFXiV+SBpRoD+pfwVDRLGHSUkGM6fteasOcaMupYLNakBmWEjohI9Z3VJKEmTCf3zzDZ04Z4lhp96TFc/V3IieJMdMkcpMJsWOz7BXif14/s/F1mHOZZpZJulgUZwJbhYsC8JBrRq2YOkKo5u5WTMdEE2pdTTVXgr/85VXSvWj6XtO/v2y0bso6qnACp3AOPlxBC+6gDR2gkMIzvMIbytALekcfi9EKKjPH8Afo8wenKpIS</latexit>

r
<latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit>



Fast scrambler

• Sachdev-Ye-Kitaev (SYK) model


• Two-local qubit model

HSYK4 =
NX

i,j,k,l=1

Jijkl
4!

�i�j�k�l
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Jijkl = 0, J2
ijkl =

3!J2

N3
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(1) SYK model can be analytically solved in the large N limit

(2) Extensive T=0 residual entropy

(3)  Maximally chaotic & saturate the chaos bound at low temperature

We assume the interaction strengths of these 2-local terms are of the same order. As an

example, consider the following Hamiltonian composed of N 1
2 -spins

51,

H =
1p
9N

X

1i<jN

3X

a,b=1

↵a,b,(i,j)�
a
i �

b
j (3.1)

where the interaction strength ↵a,b,(i,j) are independent random variables with zero mean

and unit variance.

Similar to the previous model, we study the operator scrambling of an initially simple

operator Ô(t = 0) = �̂a
i under the unitary time evolution. At any time, the evolved operator

Ô(t) can be expanded in the Pauli string basis as in Eq. (2.1) with the coe�cients satisfying

the normalization constraint
P

j ↵j(t)2 = 1. For each Pauli string operator B̂j, we define

the height of this operator to be the number of Pauli operators �̂(x,y,z) in this string. This

naturally leads to the height probability distribution

P (h, t) =
X

j

↵j(t)
2�(height of B̂j = h) (3.2)

subjected to normalization
PN

h=1 P (h, t) = 1.

We make the following assumptions on the height distribution:

1. The distribution P (h, t) is concentrated on a particular value h(t) at time t in the

large N limit, i.e., the operator has a typical height h(t) 2 [0, N ].

2. The coe�cients ↵j are uniformly distributed among the sector of the Pauli strings

with the same height h.

With the first assumption, scrambling time can be defined as the period after which the

typical height reaches an appreciable fraction of the maximal height N . Hence inverting the

typical height function h(t) gives the scrambling time. We now estimate the typical height

h(t) from the operator dynamics. An operator of height h(t) is generated from the height 1

operator at the beginning by increasing its height successively to 2, 3 until finally reaching

h(t). The total time required is the sum of the transition times in each step that increases

the height by 1. An important observation is that the transition time is not a constant

but depends on the number of interaction terms that extends the operator. This can be

understood from the short time evolution of Pauli string operator B̂ with height l,

B̂(t) ⇠ B̂(0) + i[Ĥ, B̂(0)]t (3.3)

8

Scrambling time scales as log N

Sachdev and Ye, 1993, Kitaev, 2015, Maldacena, Shenker and Stanford 2016

Sekino and Susskind, 2008, Maldacena, Shenker and Stanford 2016



The height of the operator
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typical height function h(t) gives the scrambling time. We now estimate the typical height

h(t) from the operator dynamics. An operator of height h(t) is generated from the height 1

operator at the beginning by increasing its height successively to 2, 3 until finally reaching

h(t). The total time required is the sum of the transition times in each step that increases
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height h=6

(1) The number of terms which changes the height (does 
not commute with B) from h to h+1 is 6h(N-h)

(2) The transition time from h to h+1 is inversely proportional 
to the number of terms and scales as 1/h when h<<N

Thanks to the 2-body nature of the interaction, only the terms non-commutative with B̂

can increase its height by 1 . The number of those terms is

N (l ! l + 1) = l ⇥ 2⇥ 3⇥ (N � l). (3.4)

The transition time should be inversely proportional to the number of terms. Hence if the

transition time from l = 1 ! l = 2 is �t, then the transition time from l ! l + 1 is

�t
N (1 ! 2)

N (l ! l + 1)
= �t

N � 1

l(N � l)
(3.5)

Therefore the time to reach a typical height h is about

t =
hX

l=1

�t
N � 1

l(N � l)
⇡ �t log

h(N � 1)

N � h
(3.6)

which in turn determines the height function

h(t) =
Ne

t

�t

N + e
t

�t � 1
. (3.7)

At early time, when e
t

�t ⌧ N , h(t) has an exponential increase in Eq. (3.7). As a conse-

quence, the scrambling time will scale as �t logN , which is much shorter than the linear

scrambling time for the model with (spatially) local interaction.

As a side note, the di↵erential equation satisfied by h(t) is the logistic di↵erential equation

dh

d(t/�t)
= h(1� h

N
) (3.8)

describing the population growth, whose solution – the logistic function – has many ap-

plications in di↵erent areas52. In the population growth model, the right hand side has a

factor h denoting the fertility proportional to the current population and (1� h
N ) factor as

a result of the limited resources consumable from the environment. In the context of the

operator scrambling, the right hand side means that the number of interactions participating

in extending the operators is maximized at half of the system’s height limit.

Next we consider the square of the commutator C(t) = �h[�̂i(t), �̂i]2i which is propor-

tional to the weight of those operators that are non-commutative with V . At time t, the

typical height is h(t), and there are 3h
�
N
h

�
such operators. Among them, there are 3h�1

�
N�1
h�1

�

operators with height h(t) that also occupy the site of V . According our second assumption,

the weight are uniformly distributed. So C(t) will be proportional to the ratio

C(t) /
�

N�1
h(t)�1

�
�

N
h(t)

� =
h(t)

N
. (3.9)
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The mean height satisfies the logistic differential equation and is linearly proportional to OTOC

XC, Zhou, 2018

2

sults of height distribution evolved from a simple oper-
ator and power law initial conditions. We conclude in
Sec. V. The appendices contain calculation details of the
squared commutator and the master equation.

II. OPERATOR DYNAMICS

A quantum wavefunction can be expanded into a linear
combination of bases in the Hilbert space

 (t) =
X

i

ci i, (2)

where the coe�cient squared |ci|2 is interpreted as the
probability of collapsing to the basis state  i in a mea-
surement. Likewise, quantum operators also live in an
operator Hilbert space. It is equipped with the Hilbert-
Schmidt inner product

hO1, O2i = tr(O†
1O2)

tr(I) (3)

and therefore can have an orthonormal operator basis Bj ,
such that any operator can be expanded as

O(t) =
X

j

↵j(t)Bj . (4)

We interpret |↵j(t)|2 as the probability of the basis Bj .
Their evolution determines the operator dynamics.

We introduce the concept of height for the purpose of
studying the spatial extent of the operators. We take a
particular set of basis consisting only of tensor products
of single site operators (generalized Pauli matrices) �µ =
Xµ1Zµ2 where µ1, µ2 2 Zq and µ 2 Zq2 . X and Z are
q⇥q matrices satisfying ZX = e2⇡i/qXZ and Zq = Xq =
1. The height of each basis is the number of non-identity
single site operators. Since |↵2

j (t)| is the weight of basis
Bj , the height of a generic operator is the weighted sum

f(h, t) =
X

height(Bj)=h

|↵j(t)|2. (5)

We define a N + 1 component unit normalized vector f ,
whose kth component fk is f(h = k, t). In the continuum
limit f(h, t) is the height probability density.

The squared commutator of two initially simple oper-
ators O(0) and V is defined as

C(t) = � 1

N tr([V (t),W ]2). (6)

In the Brownian quantum circuit model, we takeW = �µ

at site 0, and the initial operator V (0) to be evenly
distributed into each height space (e.g. taking V (0) =
Pq2�1

↵i=1

PN
i=1 �

↵i
i for initial distribution fk(t = 0) = �k1).

This simplification is reasonable because chaotic evolu-
tion will quickly mix the basis if it is not equally dis-
tributed in the first place. With this definition, we can
show that (App. A)

C(t) =
hh(t)i
N

, (7)

namely the squared commutator is proportional to the
mean height. Therefore the operator scrambling is en-
coded in the height distribution.

III. OPERATOR DYNAMICS OF BROWNIAN
QUANTUM CIRCUIT

A. Brownian Quantum Circuit

Brownian motion is a continuous random walk. In
a time interval �t, the displacement of the walker is a
Gaussian random variable with variance proportional to
�t. A Brownian quantum circuit can generate continu-
ous random unitary evolution[13]. The evolution oper-
ator U(t) performs a random walk on the manifold of
the unitary group. The direction of the displacement is
specified by the Hamiltonian.
In this paper, we study the Brownian quantum circuit

in Ref. 13 that contains only (up to) two-body interac-
tions. More concretely, in a time interval �t, the evolu-
tion is governed by the Hamiltonian

Hs = J
X

i<j

q2�1X

µi,µj=0

�µi

i ⌦ �
µj

j �Bs
i,j,µi,µj

(8)

where �µi

i are the generalized Pauli matrices on site i and
�0
i = I. The strength Bs

i,j,µi,µj
of the spin-spin interac-

tions over sites i and j is a Gaussian random variable
with variance proportional to �t. The continuum limit
of the evolution

e�iHs�te�iHs�1�t · · · (9)

defines the Brownian quantum circuit. The “infinitesimal
Hamiltonian” dG(t) of an infinitesimal evolution

U(t+ dt) = exp(�idG(t))U(t) (10)

is a standard Brownian motion in the space of two-body
interactions

dG(t) = J
X

i<j

q2�1X

µi,µj=0

�µi

i ⌦ �
µj

j dBs
i,j,µi,µj

(t) (11)

We will compute all quantities averaged over these Brow-
nian motions.
In the following, we use the normalization (di↵erent

from Ref. 13)

J =

r
2

q4N
(12)

where N is the total number of sites.

The short time evolution h to h+1:

�t
N (1 ! 2)

N (h ! h+ 1)
= �t

(N � 1)

h(N � h)
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Assume that the operator has a typical 
height with no fluctuation

The height distribution is a weighted sum
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sults of height distribution evolved from a simple oper-
ator and power law initial conditions. We conclude in
Sec. V. The appendices contain calculation details of the
squared commutator and the master equation.

II. OPERATOR DYNAMICS

A quantum wavefunction can be expanded into a linear
combination of bases in the Hilbert space

 (t) =
X

i

ci i, (2)

where the coe�cient squared |ci|2 is interpreted as the
probability of collapsing to the basis state  i in a mea-
surement. Likewise, quantum operators also live in an
operator Hilbert space. It is equipped with the Hilbert-
Schmidt inner product

hO1, O2i = tr(O†
1O2)

tr(I) (3)

and therefore can have an orthonormal operator basis Bj ,
such that any operator can be expanded as

O(t) =
X

j

↵j(t)Bj . (4)

We interpret |↵j(t)|2 as the probability of the basis Bj .
Their evolution determines the operator dynamics.

We introduce the concept of height for the purpose of
studying the spatial extent of the operators. We take a
particular set of basis consisting only of tensor products
of single site operators (generalized Pauli matrices) �µ =
Xµ1Zµ2 where µ1, µ2 2 Zq and µ 2 Zq2 . X and Z are
q⇥q matrices satisfying ZX = e2⇡i/qXZ and Zq = Xq =
1. The height of each basis is the number of non-identity
single site operators. Since |↵2

j (t)| is the weight of basis
Bj , the height of a generic operator is the weighted sum

f(h, t) =
X

height(Bj)=h

|↵j(t)|2. (5)

We define a N + 1 component unit normalized vector f ,
whose kth component fk is f(h = k, t). In the continuum
limit f(h, t) is the height probability density.

The squared commutator of two initially simple oper-
ators O(0) and V is defined as

C(t) = � 1

N tr([V (t),W ]2). (6)

In the Brownian quantum circuit model, we takeW = �µ

at site 0, and the initial operator V (0) to be evenly
distributed into each height space (e.g. taking V (0) =
Pq2�1

↵i=1

PN
i=1 �

↵i
i for initial distribution fk(t = 0) = �k1).

This simplification is reasonable because chaotic evolu-
tion will quickly mix the basis if it is not equally dis-
tributed in the first place. With this definition, we can
show that (App. A)

C(t) =
hh(t)i
N

, (7)

namely the squared commutator is proportional to the
mean height. Therefore the operator scrambling is en-
coded in the height distribution.

III. OPERATOR DYNAMICS OF BROWNIAN
QUANTUM CIRCUIT

A. Brownian Quantum Circuit

Brownian motion is a continuous random walk. In
a time interval �t, the displacement of the walker is a
Gaussian random variable with variance proportional to
�t. A Brownian quantum circuit can generate continu-
ous random unitary evolution[13]. The evolution oper-
ator U(t) performs a random walk on the manifold of
the unitary group. The direction of the displacement is
specified by the Hamiltonian.
In this paper, we study the Brownian quantum circuit

in Ref. 13 that contains only (up to) two-body interac-
tions. More concretely, in a time interval �t, the evolu-
tion is governed by the Hamiltonian

Hs = J
X

i<j

q2�1X

µi,µj=0

�µi

i ⌦ �
µj

j �Bs
i,j,µi,µj

(8)

where �µi

i are the generalized Pauli matrices on site i and
�0
i = I. The strength Bs

i,j,µi,µj
of the spin-spin interac-

tions over sites i and j is a Gaussian random variable
with variance proportional to �t. The continuum limit
of the evolution

e�iHs�te�iHs�1�t · · · (9)

defines the Brownian quantum circuit. The “infinitesimal
Hamiltonian” dG(t) of an infinitesimal evolution

U(t+ dt) = exp(�idG(t))U(t) (10)

is a standard Brownian motion in the space of two-body
interactions

dG(t) = J
X

i<j

q2�1X

µi,µj=0

�µi

i ⌦ �
µj

j dBs
i,j,µi,µj

(t) (11)

We will compute all quantities averaged over these Brow-
nian motions.
In the following, we use the normalization (di↵erent

from Ref. 13)

J =

r
2

q4N
(12)

where N is the total number of sites.
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B. Master Equation of the Height Distribution

The master equation of the height distribution fk(t) is

df(t)

dt
= Af f(t), (13)

where Af is a tri-diagonal matrix with entries

(Af )k,k =
4

n
k
⇥� (n� k) +

1

q2
(n� 2k + 1)

⇤

(Af )k�1,k =
4

n

k(k � 1)

q2

(Af )k+1,k =
4

n
k(n� k)

⇥
1� 1

q2
⇤
.

(14)

The equation is derived by adopting and developing
the Itô calculus techniques from Ref. 13, see details in
App. B. It has recently been derived as a special case
of the Brownian cluster model in Ref. 21 by a di↵erent
approach.

The evolution matrix Af has zero column sum and
preserves the total probability. Its surprisingly simple
tri-diagonal structure is a consequence of purely two-
body interactions in the Hamiltonian: the interaction
terms can only change the height by one in an infinites-
imal step. Thus the evolution of the height is local,
despite the highly non-local quantum evolution. The
height growth rate, as we will see in Sec. IVA is much
faster than the biased di↵usion of the 1d chain with local
interactions[15, 16, 21]. To decrease the height by one,
the interaction terms should commute with the operator
in the Heisenberg evolution. The chance is 1

q2 which is

consistent with the 1
q2 term in the upper diagonal ele-

ment of Af . This analysis is essentially the same as the
case of a random unitary gate[15, 16].

The height probability has two linearly independent
stationary solutions. The first one is solely the identity
operator

f0 = 1 fk = 0 k � 1 (15)

as the identity is invariant under unitary evolution. In
fact the probability of identity and non-identity opera-
tors are separately conserved. The non-identity sector
containing those operators of none-zero height will be
driven to

f0 = 0 fk =

�
n
k

�
(q2 � 1)k

q2n � 1
k � 1 (16)

This solution can be interpreted as the ratio of the height
k operators with respect to the all. Therefore, the ulti-
mate fate of the non-identity sector is an equal weight
superposition of all non-identity operators, i.e.,a maxi-
mally random operator. The average height saturates
to

hsat = hhi = n(q2 � 1)q2n�2

q2n � 1
' n(1� 1

q2
). (17)

C. General Solutions of the Master Equation

We solve the master equation analytically for any ini-
tial conditions. To express the result, we define

�q = 4(1� 1

q2
) (18)

where �q will be shown to be the Lyapunov exponent,
see Sec. IVA.
At early time, or largeN limit at fixed time, the master

equation simplifies to

dfk(t)

dt
= ��qkfk + �q(k � 1)fk�1. (19)

In the Sachdev-Ye-Kitaev (SYK) model[5, 7], a simi-
lar equation for the same quantity was proposed (called
P (sk, t))[22], which was (partly) motivated from a classi-
cal bacteria infection problem. Here we write the solution
in terms of its generating function

1X

k=0

fk(t)z
k =

✓
ze��qt

1� z(1� e��qt)

◆k0

fk0(t = 0). (20)

All the moments can thus be computed, see Sec. IVA.
However, this only works for early time with distributions
localized at small height, i.e.,hhi ⌧ N .
To understand the physics beyond early time, we take

the continuum limit of the master equation and get

@tf(h, t) = � 4

N
@h[h(hsat � h)f ] (21)

The flux of the probability density vanishes at h = 0
and h = hsat, making the total probability conserved1.
Multiplying the equation by h and integrate, we see that
the mean height obeys

@thhi = 4

N
(hsat � hhi)hhi � 4

N
(hh2i � hhi2). (22)

The way of writing this equation suggests that if the fluc-
tuation of the height is much smaller than N , the mean
height evolves according to the logistic equation. The
solution can be written as

hh(t)i = y(hh(0)i, t) (23)

where y(h, t) is the logistic function

y(h, t) =
hsathe�qt

hsat + h(e�qt � 1)
. (24)

1 Strictly speaking, this discrete equation allows to generate oper-
ators higher than hsat. However, those exceptions are exponen-
tially small (even for small N) as can be seen from the steady
state distribution.

The height distribution f(h, t) is determined by the master equation:
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ment of Af . This analysis is essentially the same as the
case of a random unitary gate[15, 16].

The height probability has two linearly independent
stationary solutions. The first one is solely the identity
operator

f0 = 1 fk = 0 k � 1 (15)

as the identity is invariant under unitary evolution. In
fact the probability of identity and non-identity opera-
tors are separately conserved. The non-identity sector
containing those operators of none-zero height will be
driven to

f0 = 0 fk =

�
n
k

�
(q2 � 1)k

q2n � 1
k � 1 (16)

This solution can be interpreted as the ratio of the height
k operators with respect to the all. Therefore, the ulti-
mate fate of the non-identity sector is an equal weight
superposition of all non-identity operators, i.e.,a maxi-
mally random operator. The average height saturates
to

hsat = hhi = n(q2 � 1)q2n�2

q2n � 1
' n(1� 1

q2
). (17)

C. General Solutions of the Master Equation

We solve the master equation analytically for any ini-
tial conditions. To express the result, we define

�q = 4(1� 1

q2
) (18)

where �q will be shown to be the Lyapunov exponent,
see Sec. IVA.
At early time, or largeN limit at fixed time, the master

equation simplifies to

dfk(t)

dt
= ��qkfk + �q(k � 1)fk�1. (19)

In the Sachdev-Ye-Kitaev (SYK) model[5, 7], a simi-
lar equation for the same quantity was proposed (called
P (sk, t))[22], which was (partly) motivated from a classi-
cal bacteria infection problem. Here we write the solution
in terms of its generating function

1X

k=0

fk(t)z
k =

✓
ze��qt

1� z(1� e��qt)

◆k0

fk0(t = 0). (20)

All the moments can thus be computed, see Sec. IVA.
However, this only works for early time with distributions
localized at small height, i.e.,hhi ⌧ N .
To understand the physics beyond early time, we take

the continuum limit of the master equation and get

@tf(h, t) = � 4

N
@h[h(hsat � h)f ] (21)

The flux of the probability density vanishes at h = 0
and h = hsat, making the total probability conserved1.
Multiplying the equation by h and integrate, we see that
the mean height obeys

@thhi = 4

N
(hsat � hhi)hhi � 4

N
(hh2i � hhi2). (22)

The way of writing this equation suggests that if the fluc-
tuation of the height is much smaller than N , the mean
height evolves according to the logistic equation. The
solution can be written as

hh(t)i = y(hh(0)i, t) (23)

where y(h, t) is the logistic function

y(h, t) =
hsathe�qt

hsat + h(e�qt � 1)
. (24)

1 Strictly speaking, this discrete equation allows to generate oper-
ators higher than hsat. However, those exceptions are exponen-
tially small (even for small N) as can be seen from the steady
state distribution.

Similar equation was found in 
SYK model in some limit

Roberts, Stanford and Streicher, 2018
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B. Master Equation of the Height Distribution

The master equation of the height distribution fk(t) is

df(t)

dt
= Af f(t), (13)

where Af is a tri-diagonal matrix with entries

(Af )k,k =
4

n
k
⇥� (n� k) +

1

q2
(n� 2k + 1)

⇤

(Af )k�1,k =
4

n

k(k � 1)

q2

(Af )k+1,k =
4

n
k(n� k)

⇥
1� 1

q2
⇤
.

(14)

The equation is derived by adopting and developing
the Itô calculus techniques from Ref. 13, see details in
App. B. It has recently been derived as a special case
of the Brownian cluster model in Ref. 21 by a di↵erent
approach.

The evolution matrix Af has zero column sum and
preserves the total probability. Its surprisingly simple
tri-diagonal structure is a consequence of purely two-
body interactions in the Hamiltonian: the interaction
terms can only change the height by one in an infinites-
imal step. Thus the evolution of the height is local,
despite the highly non-local quantum evolution. The
height growth rate, as we will see in Sec. IVA is much
faster than the biased di↵usion of the 1d chain with local
interactions[15, 16, 21]. To decrease the height by one,
the interaction terms should commute with the operator
in the Heisenberg evolution. The chance is 1

q2 which is

consistent with the 1
q2 term in the upper diagonal ele-

ment of Af . This analysis is essentially the same as the
case of a random unitary gate[15, 16].
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operator
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tors are separately conserved. The non-identity sector
containing those operators of none-zero height will be
driven to
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This solution can be interpreted as the ratio of the height
k operators with respect to the all. Therefore, the ulti-
mate fate of the non-identity sector is an equal weight
superposition of all non-identity operators, i.e.,a maxi-
mally random operator. The average height saturates
to

hsat = hhi = n(q2 � 1)q2n�2

q2n � 1
' n(1� 1

q2
). (17)

C. General Solutions of the Master Equation

We solve the master equation analytically for any ini-
tial conditions. To express the result, we define

�q = 4(1� 1

q2
) (18)

where �q will be shown to be the Lyapunov exponent,
see Sec. IVA.
At early time, or largeN limit at fixed time, the master

equation simplifies to

dfk(t)

dt
= ��qkfk + �q(k � 1)fk�1. (19)

In the Sachdev-Ye-Kitaev (SYK) model[5, 7], a simi-
lar equation for the same quantity was proposed (called
P (sk, t))[22], which was (partly) motivated from a classi-
cal bacteria infection problem. Here we write the solution
in terms of its generating function

1X
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fk(t)z
k =

✓
ze��qt

1� z(1� e��qt)

◆k0

fk0(t = 0). (20)

All the moments can thus be computed, see Sec. IVA.
However, this only works for early time with distributions
localized at small height, i.e.,hhi ⌧ N .
To understand the physics beyond early time, we take

the continuum limit of the master equation and get

@tf(h, t) = � 4

N
@h[h(hsat � h)f ] (21)

The flux of the probability density vanishes at h = 0
and h = hsat, making the total probability conserved1.
Multiplying the equation by h and integrate, we see that
the mean height obeys

@thhi = 4

N
(hsat � hhi)hhi � 4

N
(hh2i � hhi2). (22)

The way of writing this equation suggests that if the fluc-
tuation of the height is much smaller than N , the mean
height evolves according to the logistic equation. The
solution can be written as

hh(t)i = y(hh(0)i, t) (23)

where y(h, t) is the logistic function

y(h, t) =
hsathe�qt

hsat + h(e�qt � 1)
. (24)

1 Strictly speaking, this discrete equation allows to generate oper-
ators higher than hsat. However, those exceptions are exponen-
tially small (even for small N) as can be seen from the steady
state distribution.

In the continuum limit, 
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tial conditions. To express the result, we define
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All the moments can thus be computed, see Sec. IVA.
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The flux of the probability density vanishes at h = 0
and h = hsat, making the total probability conserved1.
Multiplying the equation by h and integrate, we see that
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state distribution.
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This was derived in a heuristic way in Ref. 23, under the
assumption of vanishing fluctuation and essentially q =
1 limit (the operator will never be shortened). In brief,
a two body interaction term that increases the height of
a basis by one must have one spin inside the basis and
one spin outside. Hence the rate must be proportional to
(N �hhi)hhi. However, the height fluctuation can not be
neglected and it reduces the growth rate at intermediate
time, see Sec. IVA and Fig. 1a.

The general solution can be obtained by the method
of characteristics. It is conveniently expressed as

f(h, t) =f(y�1(h, t = 0), t = 0)
dy�1(h, t)

dh
(25)

whose moments are

hhl(t)i =
Z N

0
f(h, t)hldh =

Z N

0
f(h, 0)[y(h, t)]ldh.

(26)

IV. SCRAMBLING AND DYNAMICS OF THE
HEIGHT DISTRIBUTION

A. Evolving from a Simple Operator

In this section, we study the height distribution
evolved from a simple operator, which is localized at one
site. It can be modeled by a delta distribution for the
discrete master equation or an exponentially localized
distribution e�h in the continuum limit. As the evolu-
tion goes on, the mean height increases to an appreciable
fraction of the maximal height in a very short period of
time and then slows down on the way to the steady state
distribution.

We obtain an approximate solution2 by Eq. (26)

hh(t)i = hsat(1� sesEi[�s]) (27)

where Ei[s] is the standard exponential integral function
and s is a parameter

s = hsat exp(��qt) (28)

that separates the evolution into three di↵erent time
regimes.

Early time: s ⇠ hsat. This is the regime where the
average height has not felt the existence of the saturation
height (or N). By using the discrete solution in Eq. (20),
the initial condition fk(t = 0) = �k1 gives

fk(t) = e��qt[1� e��qt](k�1) (29)

2 Relative di↵erence < 0.1% compared to the numerical data of
N = 104

(a) (b)

(c) (d)

FIG. 1: The height distribution and mean height evolved from
simple operator localized at h = 1. (a) Comparison of the mean
height with logistic function and analytic solution in Eq. (27).

The large fluctuation in the intermediate time makes the
dynamics slower than the logistic function. (b) Early time: the

profile looks like a collapsing sand pile. It is exponentially
decreasing in space and the exponent is exponentially decreasing

in time. Inset: numerically measured exponent is linearly
proportional to t on the semi-log scale with the slope

�2 = �2.96 ' �3 the same as ��q at q = 2. (c) Late time: the
height distribution is exponentially decaying to the steady state of
a random operator. Inset: The numerical verification of Eq. (32).
(d) Intermediate time: the height distribution has appreciable

value over almost the whole range of height. The height
fluctuation is of order N .

The distribution profile looks like a collapsing sandpile
whose surface (the probability) is exponentially decreas-
ing in space. As time goes on, the surface rapidly be-
comes flatter as the exponent log(1� e��qt) ' e��qt also
exponentially decays with time. These have been numer-
ically confirmed in Fig. 1b.
The average height is growing exponentially with the

same exponent

hh(t)i = @z

1X

k=0

zkfk(t)
���
z=1

= e�qthh(t = 0)i (30)

regardless of the initial condition (as long as hhi/N ⇠ 0).
Hence the squared commutator

C(t) =
e�qt

N
hh(t = 0)i (31)

has exactly the same behaviors of many chaotic large-
N models [1, 5–9]. This is an alternative way to show
the scrambling time ⇠ logN and justifies to call �q the
Lyapunov exponent. The scaling can also be obtained by
the large s expansion of Eq. (27), which gives the same
hhi ⇠ hsat

1
s = e�qt.

hh(t)i = e�qthh(t = 0)i
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B. Master Equation of the Height Distribution

The master equation of the height distribution fk(t) is

df(t)

dt
= Af f(t), (13)

where Af is a tri-diagonal matrix with entries

(Af )k,k =
4

n
k
⇥� (n� k) +

1

q2
(n� 2k + 1)

⇤

(Af )k�1,k =
4

n

k(k � 1)

q2

(Af )k+1,k =
4

n
k(n� k)

⇥
1� 1

q2
⇤
.

(14)

The equation is derived by adopting and developing
the Itô calculus techniques from Ref. 13, see details in
App. B. It has recently been derived as a special case
of the Brownian cluster model in Ref. 21 by a di↵erent
approach.

The evolution matrix Af has zero column sum and
preserves the total probability. Its surprisingly simple
tri-diagonal structure is a consequence of purely two-
body interactions in the Hamiltonian: the interaction
terms can only change the height by one in an infinites-
imal step. Thus the evolution of the height is local,
despite the highly non-local quantum evolution. The
height growth rate, as we will see in Sec. IVA is much
faster than the biased di↵usion of the 1d chain with local
interactions[15, 16, 21]. To decrease the height by one,
the interaction terms should commute with the operator
in the Heisenberg evolution. The chance is 1

q2 which is

consistent with the 1
q2 term in the upper diagonal ele-

ment of Af . This analysis is essentially the same as the
case of a random unitary gate[15, 16].

The height probability has two linearly independent
stationary solutions. The first one is solely the identity
operator

f0 = 1 fk = 0 k � 1 (15)

as the identity is invariant under unitary evolution. In
fact the probability of identity and non-identity opera-
tors are separately conserved. The non-identity sector
containing those operators of none-zero height will be
driven to

f0 = 0 fk =

�
n
k

�
(q2 � 1)k

q2n � 1
k � 1 (16)

This solution can be interpreted as the ratio of the height
k operators with respect to the all. Therefore, the ulti-
mate fate of the non-identity sector is an equal weight
superposition of all non-identity operators, i.e.,a maxi-
mally random operator. The average height saturates
to

hsat = hhi = n(q2 � 1)q2n�2

q2n � 1
' n(1� 1

q2
). (17)

C. General Solutions of the Master Equation

We solve the master equation analytically for any ini-
tial conditions. To express the result, we define

�q = 4(1� 1

q2
) (18)

where �q will be shown to be the Lyapunov exponent,
see Sec. IVA.
At early time, or largeN limit at fixed time, the master

equation simplifies to

dfk(t)

dt
= ��qkfk + �q(k � 1)fk�1. (19)

In the Sachdev-Ye-Kitaev (SYK) model[5, 7], a simi-
lar equation for the same quantity was proposed (called
P (sk, t))[22], which was (partly) motivated from a classi-
cal bacteria infection problem. Here we write the solution
in terms of its generating function

1X

k=0

fk(t)z
k =

✓
ze��qt

1� z(1� e��qt)

◆k0

fk0(t = 0). (20)

All the moments can thus be computed, see Sec. IVA.
However, this only works for early time with distributions
localized at small height, i.e.,hhi ⌧ N .
To understand the physics beyond early time, we take

the continuum limit of the master equation and get

@tf(h, t) = � 4

N
@h[h(hsat � h)f ] (21)

The flux of the probability density vanishes at h = 0
and h = hsat, making the total probability conserved1.
Multiplying the equation by h and integrate, we see that
the mean height obeys

@thhi = 4

N
(hsat � hhi)hhi � 4

N
(hh2i � hhi2). (22)

The way of writing this equation suggests that if the fluc-
tuation of the height is much smaller than N , the mean
height evolves according to the logistic equation. The
solution can be written as

hh(t)i = y(hh(0)i, t) (23)

where y(h, t) is the logistic function

y(h, t) =
hsathe�qt

hsat + h(e�qt � 1)
. (24)

1 Strictly speaking, this discrete equation allows to generate oper-
ators higher than hsat. However, those exceptions are exponen-
tially small (even for small N) as can be seen from the steady
state distribution.

Early time behavior Comparison with logistic function

The distribution function looks like a 
collapsing sandpile whose surface is 
exponential decreasing in space.

Zhou and XC, 2018



Local interaction All-to-all interaction

(1) The length distribution (end point distribution) is a 
moving Gaussian packet with a constant velocity.


(2) OTOC is measuring the area of the wavefront/ 
the mean height at each site.

(1) The height distribution is determined by a 
master equation and can be explained by the 
collapsing sandpile picture.


(2) OTOC is measuring the mean height of the 
operator.

Two pictures of operator dynamics



• The emergent light cone behavior


• The OTOC (mean height) dynamics

Operator dynamics in long range interaction systems



Brownian circuit with power law interaction
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sults of height distribution evolved from a simple oper-
ator and power law initial conditions. We conclude in
Sec. V. The appendices contain calculation details of the
squared commutator and the master equation.

II. OPERATOR DYNAMICS

A quantum wavefunction can be expanded into a linear
combination of bases in the Hilbert space

 (t) =
X

i

ci i, (2)

where the coe�cient squared |ci|2 is interpreted as the
probability of collapsing to the basis state  i in a mea-
surement. Likewise, quantum operators also live in an
operator Hilbert space. It is equipped with the Hilbert-
Schmidt inner product

hO1, O2i = tr(O†
1O2)

tr(I) (3)

and therefore can have an orthonormal operator basis Bj ,
such that any operator can be expanded as

O(t) =
X

j

↵j(t)Bj . (4)

We interpret |↵j(t)|2 as the probability of the basis Bj .
Their evolution determines the operator dynamics.

We introduce the concept of height for the purpose of
studying the spatial extent of the operators. We take a
particular set of basis consisting only of tensor products
of single site operators (generalized Pauli matrices) �µ =
Xµ1Zµ2 where µ1, µ2 2 Zq and µ 2 Zq2 . X and Z are
q⇥q matrices satisfying ZX = e2⇡i/qXZ and Zq = Xq =
1. The height of each basis is the number of non-identity
single site operators. Since |↵2

j (t)| is the weight of basis
Bj , the height of a generic operator is the weighted sum

f(h, t) =
X

height(Bj)=h

|↵j(t)|2. (5)

We define a N + 1 component unit normalized vector f ,
whose kth component fk is f(h = k, t). In the continuum
limit f(h, t) is the height probability density.

The squared commutator of two initially simple oper-
ators O(0) and V is defined as

C(t) = � 1

N tr([V (t),W ]2). (6)

In the Brownian quantum circuit model, we takeW = �µ

at site 0, and the initial operator V (0) to be evenly
distributed into each height space (e.g. taking V (0) =
Pq2�1

↵i=1

PN
i=1 �

↵i
i for initial distribution fk(t = 0) = �k1).

This simplification is reasonable because chaotic evolu-
tion will quickly mix the basis if it is not equally dis-
tributed in the first place. With this definition, we can
show that (App. A)

C(t) =
hh(t)i
N

, (7)

namely the squared commutator is proportional to the
mean height. Therefore the operator scrambling is en-
coded in the height distribution.

III. OPERATOR DYNAMICS OF BROWNIAN
QUANTUM CIRCUIT

A. Brownian Quantum Circuit

Brownian motion is a continuous random walk. In
a time interval �t, the displacement of the walker is a
Gaussian random variable with variance proportional to
�t. A Brownian quantum circuit can generate continu-
ous random unitary evolution[13]. The evolution oper-
ator U(t) performs a random walk on the manifold of
the unitary group. The direction of the displacement is
specified by the Hamiltonian.
In this paper, we study the Brownian quantum circuit

in Ref. 13 that contains only (up to) two-body interac-
tions. More concretely, in a time interval �t, the evolu-
tion is governed by the Hamiltonian

Hs = J
X

i<j

q2�1X

µi,µj=0

�µi

i ⌦ �
µj

j �Bs
i,j,µi,µj

(8)

where �µi

i are the generalized Pauli matrices on site i and
�0
i = I. The strength Bs

i,j,µi,µj
of the spin-spin interac-

tions over sites i and j is a Gaussian random variable
with variance proportional to �t. The continuum limit
of the evolution

e�iHs�te�iHs�1�t · · · (9)

defines the Brownian quantum circuit. The “infinitesimal
Hamiltonian” dG(t) of an infinitesimal evolution

U(t+ dt) = exp(�idG(t))U(t) (10)

is a standard Brownian motion in the space of two-body
interactions

dG(t) = J
X

i<j

q2�1X

µi,µj=0

�µi

i ⌦ �
µj

j dBs
i,j,µi,µj

(t) (11)

We will compute all quantities averaged over these Brow-
nian motions.
In the following, we use the normalization (di↵erent

from Ref. 13)

J =

r
2

q4N
(12)

where N is the total number of sites.

degrees of freedom. The model contains only the couplings between spins from di↵erent

sites (dots). To be concrete, let �µ(i, n) be the Pauli sigma matrix of nth spin at dot i, and

the Hamiltonian is

H =
X

i 6=j

NX

n,m=1

3X

µ,⌫=0

Jµ⌫(i, j,m, n, t)�µ(i,m)�⌫(j, n). (2.2)

where the coupling constant J is proportional to a power function of the distance 1
|i�j|↵ .

In order to make the model tractable, we take the coupling to be the Brownian motion.

Dividing the evolution into short periods of �t intervals, the coupling at the s-th interval is

approximately

Jµ⌫(i, j,m, n, t = s�t) = �Bs
i,j,m,n(t)

g

|i � j|↵ , g =

r
1

8
(2.3)

where �Bs
i,j,m,n(t) are independent Gaussian random numbers with variance proportional

to �t. The complete time evolution is generated in the continuum limit of

e�iHs�te�iHs�1�t · · · (2.4)

This type of models is called the Brownian quantum circuit. The time evolution is a random

walk on the unitary group in the direction of allowed couplings. The statistical average of

the operator spreading is analytically tractable and many of the variants12,17,21,22 have been

used to study the dynamics of quantum chaos.

In the one dimensional model we consider, the operator dynamics is fully determined by

the operator height distribution function f(h), i.e.,

f(h, t) =
X

height(Bµ)=h

|↵µ(t)|2 (2.5)

where height h is a L-component vector. The height of a Pauli basis Bµ on each site is

the number of non-identity operators therein. The distribution groups all the probability

contributions whose corresponding basis has height h. The height distribution is important

since it contains all the necessary information of operator growth and the mean height is

equal to OTOC12,17,23. In our previous paper17, we studied a Brownian quantum dot of N

5

J ⇠ 1

|i� j|↵
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The complete unitary time evolution is generated in the continuum limit of 

The statistical average of the operator 
spreading is analytical tractable

Lashkari, Stanford, Hastings, Osborne and Patrick Hayden, 2011

Xu and Swingle, 2018, Zhou and XC, 2018

degrees of freedom. The model contains only the couplings between spins from di↵erent

sites (dots). To be concrete, let �µ(i, n) be the Pauli sigma matrix of nth spin at dot i, and

the Hamiltonian is

H =
X

i 6=j

NX

n,m=1

3X

µ,⌫=0

Jµ⌫(i, j,m, n, t)�µ(i,m)�⌫(j, n). (2.2)

where the coupling constant J is proportional to a power function of the distance 1
|i�j|↵ .

In order to make the model tractable, we take the coupling to be the Brownian motion.

Dividing the evolution into short periods of �t intervals, the coupling at the s-th interval is

approximately

Jµ⌫(i, j,m, n, t = s�t) = �Bs
i,j,m,n(t)

g

|i � j|↵ , g =

r
1

8
(2.3)

where �Bs
i,j,m,n(t) are independent Gaussian random numbers with variance proportional

to �t. The complete time evolution is generated in the continuum limit of

e�iHs�te�iHs�1�t · · · (2.4)

This type of models is called the Brownian quantum circuit. The time evolution is a random

walk on the unitary group in the direction of allowed couplings. The statistical average of

the operator spreading is analytically tractable and many of the variants12,17,21,22 have been

used to study the dynamics of quantum chaos.

In the one dimensional model we consider, the operator dynamics is fully determined by

the operator height distribution function f(h), i.e.,

f(h, t) =
X

height(Bµ)=h

|↵µ(t)|2 (2.5)

where height h is a L-component vector. The height of a Pauli basis Bµ on each site is

the number of non-identity operators therein. The distribution groups all the probability

contributions whose corresponding basis has height h. The height distribution is important

since it contains all the necessary information of operator growth and the mean height is

equal to OTOC12,17,23. In our previous paper17, we studied a Brownian quantum dot of N
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The operator height distribution where h is a L-component vector

The joint distribution f(h) is governed by this master equation:

Operator dynamics Classical stochastic problem Classical simulation

Three parameters:

N, L and α

qubits with all-to-all interaction and we derived the master equation of f(h) with h 2 [0, N ]

as the height on a single dot. Following a similar method, we can show that the evolution of

the joint distribution f(h) in a one dimensional model is governed by the master equation

@f(h, t)

@t
=

X

j 6=i

3Dijhjf(h � ei, t) +
X

j 6=i

Dijhjf(h+ ei, t)

�
(

X

j 6=i

3Dijhj(N � hi) +
X

j 6=i

Dijhjhi

)
f(h, t)

(2.6)

where the coe�cient Dij is 1
|i�j|↵ . If we take Dij to be short-range interaction, the above

equation is similar to the one derived in Ref. 12. Once we know f(h), we can compute the

average height hj at each site and obtain the spatial and temporal profile of OTOC. For

instance, if we take Ô1(t = 0) as a simple operator at dot i and Ô2 at dot j, the average

height hj is equal to OTOC C(x = |j � i|, t) defined in Eq. (1.1).

We first deal with the case of N = 1, representing spin chain with small onsite Hilbert

space dimensions. The height at each dot can only take 0 or 1 and therefore the model is a

nonequilibrium kinetic Ising model24. The master equation becomes,

@f(h, t)

@t
=

X

j 6=i

3Dijhi+jf(h � ei, t) +
X

j 6=i

Dijhi+jf(h+ ei, t)

� {3Dijhi+j(1 � hi) +Dijhi+jhi} f(h, t)
(2.7)

This equation describes the Markov process shown in Fig. 2. The interaction induces a

transition rate of height change: the dot j with height hj = 1 will increase the height hi

from 0 to 1 with rate 3Dij while decrease its height from 1 to 0 with rate Dij. The spin

here on each site has Hilbert space dimension 2. This can be directly generalized to a q

dimensional Zq rotor and we expect the rate becomes 4(1� 1
q2
)Dij and

4
q2
Dij. In the q ! 1

limit, the rate of flipping down is zero.

The master equation in Eq.(2.7) has two simple limits that have been studied by previous

literatures.

When ↵ = 0, the interaction is equally weighted between any pair of quantum dots.

Therefore we can view this as an e↵ective single quantum dot with L spins. Because all

dots are identical, the full distribution only depends on the total height
P

i hi (which is the

height of the e↵ective single dot). The OTOC has an initial exponential growth and can be

6



• Local interaction


• All-to-all interaction


• Non-local power law interaction
1 1 0 1 1 1 0 0 0

1 1 0 1 1 0 0 0 0

1 1 0 1 1 1 1 0 0

Dij

3Dij

j i

before after rate(q = 2) rate(q = 1)

Dij 0

3Dij 4Dij

The update rule in the N=1 case and the connection with kinetic Ising model

Dij 6= 0 only when i = j ± 1
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(1) The end point is performing biased random walk

(2) The wavefront interpolates between the left h=1 and the 
right h=0 domains

(3) The physics is the same as Haar random circuit

1 0 0 0 0 0Initial condition

Final steady state 1 1 1 1 1 1
(q = 1)
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Dij ⇠
1

|i� j|↵
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Talk by Garrahan in the program: Kinetically Constrained Models

One spin facilitated Fredrickson-Andersen model



1 1 1 1 1 10 0 0 0 0 1 0 0 0

(1) The growth of the h=1 domain (2) The non-local flipping process
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(1) The growth of the h=1 domain (2) The non-local flipping process



The formation of effective light cone



Light cone and butterfly velocity
t ⇠ x

⇠
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vB = x/tLC
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Local interaction

Power law interaction        can be (1) a constant, (2) grows 
algebraically or (3) grows exponentially in time
vB

<latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit><latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit><latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit><latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit>

       is a constant and is bounded 
by Lieb-Robinson velocity
vB

<latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit><latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit><latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit><latexit sha1_base64="EwEdNH5LFxXy4Dm7A6X9aUYe6bI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/3i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uw1s/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbSuqp5b9R6uK7V6HkcRzuAcLsGDG6jBPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAiaI2v</latexit>

Hastings and Koma, 2006, Foss-Feig, Gong, Clark and Gorshkov, 2015

1 2 4
↵

<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

Talk by Gorshkov in the program: Information Propagation and Entanglement Generation with Long-Range Interactions

log power law linear



Emergent linear light cone and locality

Data collapse of mean height End point distribution

h(x, t) ! h

✓
x� vBt

g(t)

◆

<latexit sha1_base64="hhLLChHnPfIsVqjvJDsAUd+WU/Q=">AAACFnicbZDLSsNAFIYnXmu9VV26GSxCC7YkIuiy1I3LCvYCTQiT6aQZOrkwc1JaQp/Cja/ixoUibsWdb+P0stDWHwZ+/nMOZ87nJYIrMM1vY219Y3NrO7eT393bPzgsHB23VJxKypo0FrHseEQxwSPWBA6CdRLJSOgJ1vYGt9N6e8ik4nH0AOOEOSHpR9znlICO3EIlKI0uoGxDjANbMB9K2PYlodmoMnTrMMn6JShPsC15P4CyWyiaVXMmvGqshSmihRpu4cvuxTQNWQRUEKW6lpmAkxEJnAo2ydupYgmhA9JnXW0jEjLlZLOzJvhcJz3sx1K/CPAs/T2RkVCpcejpzpBAoJZr0/C/WjcF/8bJeJSkwCI6X+SnAmsIU0a4xyWjIMbaECq5/iumAdFUQJPMawjW8smrpnVZtcyqdX9VrNUXOHLoFJ2hErLQNaqhO9RATUTRI3pGr+jNeDJejHfjY966ZixmTtAfGZ8/iaOeWw==</latexit><latexit sha1_base64="hhLLChHnPfIsVqjvJDsAUd+WU/Q=">AAACFnicbZDLSsNAFIYnXmu9VV26GSxCC7YkIuiy1I3LCvYCTQiT6aQZOrkwc1JaQp/Cja/ixoUibsWdb+P0stDWHwZ+/nMOZ87nJYIrMM1vY219Y3NrO7eT393bPzgsHB23VJxKypo0FrHseEQxwSPWBA6CdRLJSOgJ1vYGt9N6e8ik4nH0AOOEOSHpR9znlICO3EIlKI0uoGxDjANbMB9K2PYlodmoMnTrMMn6JShPsC15P4CyWyiaVXMmvGqshSmihRpu4cvuxTQNWQRUEKW6lpmAkxEJnAo2ydupYgmhA9JnXW0jEjLlZLOzJvhcJz3sx1K/CPAs/T2RkVCpcejpzpBAoJZr0/C/WjcF/8bJeJSkwCI6X+SnAmsIU0a4xyWjIMbaECq5/iumAdFUQJPMawjW8smrpnVZtcyqdX9VrNUXOHLoFJ2hErLQNaqhO9RATUTRI3pGr+jNeDJejHfjY966ZixmTtAfGZ8/iaOeWw==</latexit><latexit sha1_base64="hhLLChHnPfIsVqjvJDsAUd+WU/Q=">AAACFnicbZDLSsNAFIYnXmu9VV26GSxCC7YkIuiy1I3LCvYCTQiT6aQZOrkwc1JaQp/Cja/ixoUibsWdb+P0stDWHwZ+/nMOZ87nJYIrMM1vY219Y3NrO7eT393bPzgsHB23VJxKypo0FrHseEQxwSPWBA6CdRLJSOgJ1vYGt9N6e8ik4nH0AOOEOSHpR9znlICO3EIlKI0uoGxDjANbMB9K2PYlodmoMnTrMMn6JShPsC15P4CyWyiaVXMmvGqshSmihRpu4cvuxTQNWQRUEKW6lpmAkxEJnAo2ydupYgmhA9JnXW0jEjLlZLOzJvhcJz3sx1K/CPAs/T2RkVCpcejpzpBAoJZr0/C/WjcF/8bJeJSkwCI6X+SnAmsIU0a4xyWjIMbaECq5/iumAdFUQJPMawjW8smrpnVZtcyqdX9VrNUXOHLoFJ2hErLQNaqhO9RATUTRI3pGr+jNeDJejHfjY966ZixmTtAfGZ8/iaOeWw==</latexit><latexit sha1_base64="hhLLChHnPfIsVqjvJDsAUd+WU/Q=">AAACFnicbZDLSsNAFIYnXmu9VV26GSxCC7YkIuiy1I3LCvYCTQiT6aQZOrkwc1JaQp/Cja/ixoUibsWdb+P0stDWHwZ+/nMOZ87nJYIrMM1vY219Y3NrO7eT393bPzgsHB23VJxKypo0FrHseEQxwSPWBA6CdRLJSOgJ1vYGt9N6e8ik4nH0AOOEOSHpR9znlICO3EIlKI0uoGxDjANbMB9K2PYlodmoMnTrMMn6JShPsC15P4CyWyiaVXMmvGqshSmihRpu4cvuxTQNWQRUEKW6lpmAkxEJnAo2ydupYgmhA9JnXW0jEjLlZLOzJvhcJz3sx1K/CPAs/T2RkVCpcejpzpBAoJZr0/C/WjcF/8bJeJSkwCI6X+SnAmsIU0a4xyWjIMbaECq5/iumAdFUQJPMawjW8smrpnVZtcyqdX9VrNUXOHLoFJ2hErLQNaqhO9RATUTRI3pGr+jNeDJejHfjY966ZixmTtAfGZ8/iaOeWw==</latexit>

scaling argument



Non-Gaussian tail

XC, Zhou and Xu, 2017

The end point distribution cannot be directly 
connected to mean height when     is small↵

<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>



g(t) ⇠ tb with b > 0.5
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Power law in both directions



Large N limit with local interaction

Operator dynamics in two directions: 

(1) the local onsite Hilbert space

(2) the spatial direction

Logistic differential equation Spatial diffusion Fisher-KPP equation
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(1) Stable traveling wave solution & no dispersion

(2) Crossover to the diffusive wavefront picture at finite N.

This is done by Xu and Swingle, where they also used 
Brownian circuit technique Xu and Swingle, 2018

Similar to SYK chain
Gu, Qi and Stanford, 2016

XC and Zhou, 2018



Large N limit with power-law interaction

@h(x, t)
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The power law kernel D(x, y) =
1

|x� y|↵
<latexit sha1_base64="QDy0aH8CCGdVLSdrGscZoBRfvCM=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUsigm6Eoi5cVrAPaGKZTCd26GQSZibSkGblxl9x40IRt36DO//G6WOhrQcuHM65l3vv8SJGpbKsbyM3N7+wuJRfLqysrq1vmJtbdRnGApMaDlkomh6ShFFOaooqRpqRICjwGGl4vcuh33ggQtKQ36okIm6A7jn1KUZKS21z96rUP0wOzh1fIJzaWTroHyWDOwexqIuytlm0ytYIcJbYE1IEE1Tb5pfTCXEcEK4wQ1K2bCtSboqEopiRrODEkkQI99A9aWnKUUCkm47eyOC+VjrQD4UuruBI/T2RokDKJPB0Z4BUV057Q/E/rxUr/8xNKY9iRTgeL/JjBlUIh5nADhUEK5ZogrCg+laIu0gHonRyBR2CPf3yLKkfl22rbN+cFCsXkzjyYAfsgRKwwSmogGtQBTWAwSN4Bq/gzXgyXox342PcmjMmM9vgD4zPH7xumKs=</latexit><latexit sha1_base64="QDy0aH8CCGdVLSdrGscZoBRfvCM=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUsigm6Eoi5cVrAPaGKZTCd26GQSZibSkGblxl9x40IRt36DO//G6WOhrQcuHM65l3vv8SJGpbKsbyM3N7+wuJRfLqysrq1vmJtbdRnGApMaDlkomh6ShFFOaooqRpqRICjwGGl4vcuh33ggQtKQ36okIm6A7jn1KUZKS21z96rUP0wOzh1fIJzaWTroHyWDOwexqIuytlm0ytYIcJbYE1IEE1Tb5pfTCXEcEK4wQ1K2bCtSboqEopiRrODEkkQI99A9aWnKUUCkm47eyOC+VjrQD4UuruBI/T2RokDKJPB0Z4BUV057Q/E/rxUr/8xNKY9iRTgeL/JjBlUIh5nADhUEK5ZogrCg+laIu0gHonRyBR2CPf3yLKkfl22rbN+cFCsXkzjyYAfsgRKwwSmogGtQBTWAwSN4Bq/gzXgyXox342PcmjMmM9vgD4zPH7xumKs=</latexit><latexit sha1_base64="QDy0aH8CCGdVLSdrGscZoBRfvCM=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUsigm6Eoi5cVrAPaGKZTCd26GQSZibSkGblxl9x40IRt36DO//G6WOhrQcuHM65l3vv8SJGpbKsbyM3N7+wuJRfLqysrq1vmJtbdRnGApMaDlkomh6ShFFOaooqRpqRICjwGGl4vcuh33ggQtKQ36okIm6A7jn1KUZKS21z96rUP0wOzh1fIJzaWTroHyWDOwexqIuytlm0ytYIcJbYE1IEE1Tb5pfTCXEcEK4wQ1K2bCtSboqEopiRrODEkkQI99A9aWnKUUCkm47eyOC+VjrQD4UuruBI/T2RokDKJPB0Z4BUV057Q/E/rxUr/8xNKY9iRTgeL/JjBlUIh5nADhUEK5ZogrCg+laIu0gHonRyBR2CPf3yLKkfl22rbN+cFCsXkzjyYAfsgRKwwSmogGtQBTWAwSN4Bq/gzXgyXox342PcmjMmM9vgD4zPH7xumKs=</latexit><latexit sha1_base64="QDy0aH8CCGdVLSdrGscZoBRfvCM=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUsigm6Eoi5cVrAPaGKZTCd26GQSZibSkGblxl9x40IRt36DO//G6WOhrQcuHM65l3vv8SJGpbKsbyM3N7+wuJRfLqysrq1vmJtbdRnGApMaDlkomh6ShFFOaooqRpqRICjwGGl4vcuh33ggQtKQ36okIm6A7jn1KUZKS21z96rUP0wOzh1fIJzaWTroHyWDOwexqIuytlm0ytYIcJbYE1IEE1Tb5pfTCXEcEK4wQ1K2bCtSboqEopiRrODEkkQI99A9aWnKUUCkm47eyOC+VjrQD4UuruBI/T2RokDKJPB0Z4BUV057Q/E/rxUr/8xNKY9iRTgeL/JjBlUIh5nADhUEK5ZogrCg+laIu0gHonRyBR2CPf3yLKkfl22rbN+cFCsXkzjyYAfsgRKwwSmogGtQBTWAwSN4Bq/gzXgyXox342PcmjMmM9vgD4zPH7xumKs=</latexit>

Three observations:

(1) The log light cone scales as

(2) The butterfly velocity in the linear light cone regime is independent of        

(3) The transition from linear to log light cone occurs at the intersection  

↵
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x ⇠ ↵ log x

<latexit sha1_base64="nvFnjBuspDSOvLCQaPwoUWxT/fs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIoMeiF48V7Ac0oWy2m3bpbjbsbqQl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Mj97ja1jJThLaI5FJ1I6wpZwltGWY47aaKYhFx2onGd3O/80SVZjJ5NNOUhgIPExYzgo2V+m51EmgmUIB5OsIBl0M06bs1r+4tgNaJX5AaFGj23a9gIEkmaGIIx1r3fC81YY6VYYTTWSXINE0xGeMh7VmaYEF1mC9un6FzqwxQLJWtxKCF+nsix0LrqYhsp8BmpFe9ufif18tMfBPmLEkzQxOyXBRnHBmJ5kGgAVOUGD61BBPF7K2IjLDCxNi4KjYEf/XlddK+rPte3X+4qjVuizjKcApncAE+XEMD7qEJLSAwgWd4hTdn5rw4787HsrXkFDMn8AfO5w+zUZQ0</latexit><latexit sha1_base64="nvFnjBuspDSOvLCQaPwoUWxT/fs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIoMeiF48V7Ac0oWy2m3bpbjbsbqQl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Mj97ja1jJThLaI5FJ1I6wpZwltGWY47aaKYhFx2onGd3O/80SVZjJ5NNOUhgIPExYzgo2V+m51EmgmUIB5OsIBl0M06bs1r+4tgNaJX5AaFGj23a9gIEkmaGIIx1r3fC81YY6VYYTTWSXINE0xGeMh7VmaYEF1mC9un6FzqwxQLJWtxKCF+nsix0LrqYhsp8BmpFe9ufif18tMfBPmLEkzQxOyXBRnHBmJ5kGgAVOUGD61BBPF7K2IjLDCxNi4KjYEf/XlddK+rPte3X+4qjVuizjKcApncAE+XEMD7qEJLSAwgWd4hTdn5rw4787HsrXkFDMn8AfO5w+zUZQ0</latexit><latexit sha1_base64="nvFnjBuspDSOvLCQaPwoUWxT/fs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIoMeiF48V7Ac0oWy2m3bpbjbsbqQl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Mj97ja1jJThLaI5FJ1I6wpZwltGWY47aaKYhFx2onGd3O/80SVZjJ5NNOUhgIPExYzgo2V+m51EmgmUIB5OsIBl0M06bs1r+4tgNaJX5AaFGj23a9gIEkmaGIIx1r3fC81YY6VYYTTWSXINE0xGeMh7VmaYEF1mC9un6FzqwxQLJWtxKCF+nsix0LrqYhsp8BmpFe9ufif18tMfBPmLEkzQxOyXBRnHBmJ5kGgAVOUGD61BBPF7K2IjLDCxNi4KjYEf/XlddK+rPte3X+4qjVuizjKcApncAE+XEMD7qEJLSAwgWd4hTdn5rw4787HsrXkFDMn8AfO5w+zUZQ0</latexit><latexit sha1_base64="nvFnjBuspDSOvLCQaPwoUWxT/fs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIoMeiF48V7Ac0oWy2m3bpbjbsbqQl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Mj97ja1jJThLaI5FJ1I6wpZwltGWY47aaKYhFx2onGd3O/80SVZjJ5NNOUhgIPExYzgo2V+m51EmgmUIB5OsIBl0M06bs1r+4tgNaJX5AaFGj23a9gIEkmaGIIx1r3fC81YY6VYYTTWSXINE0xGeMh7VmaYEF1mC9un6FzqwxQLJWtxKCF+nsix0LrqYhsp8BmpFe9ufif18tMfBPmLEkzQxOyXBRnHBmJ5kGgAVOUGD61BBPF7K2IjLDCxNi4KjYEf/XlddK+rPte3X+4qjVuizjKcApncAE+XEMD7qEJLSAwgWd4hTdn5rw4787HsrXkFDMn8AfO5w+zUZQ0</latexit>

tLC ⇠ ↵ log x

<latexit sha1_base64="iWufikOIQf2Es7OXOS9ivgVKlR8=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsAq7ImgZTGNhEcE8ILsss5NJMmQey8ysGJZt/BUbC0Vs/Qw7/8ZJsoUmHrhwOOde7r0nThjVxvO+ndLK6tr6RnmzsrW9s7vn7h+0tUwVJi0smVTdGGnCqCAtQw0j3UQRxGNGOvG4MfU7D0RpKsW9mSQk5Ggo6IBiZKwUuUcmym4beaAphwFiyQgFTA7hY+RWvZo3A1wmfkGqoEAzcr+CvsQpJ8JghrTu+V5iwgwpQzEjeSVINUkQHqMh6VkqECc6zGYP5PDUKn04kMqWMHCm/p7IENd6wmPbyZEZ6UVvKv7n9VIzuAozKpLUEIHniwYpg0bCaRqwTxXBhk0sQVhReyvEI6QQNjazig3BX3x5mbTPa75X8+8uqvXrIo4yOAYn4Az44BLUwQ1oghbAIAfP4BW8OU/Oi/PufMxbS04xcwj+wPn8AW3wlkg=</latexit><latexit sha1_base64="iWufikOIQf2Es7OXOS9ivgVKlR8=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsAq7ImgZTGNhEcE8ILsss5NJMmQey8ysGJZt/BUbC0Vs/Qw7/8ZJsoUmHrhwOOde7r0nThjVxvO+ndLK6tr6RnmzsrW9s7vn7h+0tUwVJi0smVTdGGnCqCAtQw0j3UQRxGNGOvG4MfU7D0RpKsW9mSQk5Ggo6IBiZKwUuUcmym4beaAphwFiyQgFTA7hY+RWvZo3A1wmfkGqoEAzcr+CvsQpJ8JghrTu+V5iwgwpQzEjeSVINUkQHqMh6VkqECc6zGYP5PDUKn04kMqWMHCm/p7IENd6wmPbyZEZ6UVvKv7n9VIzuAozKpLUEIHniwYpg0bCaRqwTxXBhk0sQVhReyvEI6QQNjazig3BX3x5mbTPa75X8+8uqvXrIo4yOAYn4Az44BLUwQ1oghbAIAfP4BW8OU/Oi/PufMxbS04xcwj+wPn8AW3wlkg=</latexit><latexit sha1_base64="iWufikOIQf2Es7OXOS9ivgVKlR8=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsAq7ImgZTGNhEcE8ILsss5NJMmQey8ysGJZt/BUbC0Vs/Qw7/8ZJsoUmHrhwOOde7r0nThjVxvO+ndLK6tr6RnmzsrW9s7vn7h+0tUwVJi0smVTdGGnCqCAtQw0j3UQRxGNGOvG4MfU7D0RpKsW9mSQk5Ggo6IBiZKwUuUcmym4beaAphwFiyQgFTA7hY+RWvZo3A1wmfkGqoEAzcr+CvsQpJ8JghrTu+V5iwgwpQzEjeSVINUkQHqMh6VkqECc6zGYP5PDUKn04kMqWMHCm/p7IENd6wmPbyZEZ6UVvKv7n9VIzuAozKpLUEIHniwYpg0bCaRqwTxXBhk0sQVhReyvEI6QQNjazig3BX3x5mbTPa75X8+8uqvXrIo4yOAYn4Az44BLUwQ1oghbAIAfP4BW8OU/Oi/PufMxbS04xcwj+wPn8AW3wlkg=</latexit><latexit sha1_base64="iWufikOIQf2Es7OXOS9ivgVKlR8=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsAq7ImgZTGNhEcE8ILsss5NJMmQey8ysGJZt/BUbC0Vs/Qw7/8ZJsoUmHrhwOOde7r0nThjVxvO+ndLK6tr6RnmzsrW9s7vn7h+0tUwVJi0smVTdGGnCqCAtQw0j3UQRxGNGOvG4MfU7D0RpKsW9mSQk5Ggo6IBiZKwUuUcmym4beaAphwFiyQgFTA7hY+RWvZo3A1wmfkGqoEAzcr+CvsQpJ8JghrTu+V5iwgwpQzEjeSVINUkQHqMh6VkqECc6zGYP5PDUKn04kMqWMHCm/p7IENd6wmPbyZEZ6UVvKv7n9VIzuAozKpLUEIHniwYpg0bCaRqwTxXBhk0sQVhReyvEI6QQNjazig3BX3x5mbTPa75X8+8uqvXrIo4yOAYn4Az44BLUwQ1oghbAIAfP4BW8OU/Oi/PufMxbS04xcwj+wPn8AW3wlkg=</latexit>



Data collapse

h(x, t) ⇠ e

�t

x

c
<latexit sha1_base64="pVYweMhHemhKQ67OYr8b+6uOGWk=">AAACGHicbVDLSgMxFM3UV62vUZdugkWoIHVGBF0W3bisYB/QaUsmzbTBzIPkjrQM8xlu/BU3LhRx251/Y6adhbYeCBzOuSfJPW4kuALL+jYKK6tr6xvFzdLW9s7unrl/0FRhLClr0FCEsu0SxQQPWAM4CNaOJCO+K1jLfbzN/NYTk4qHwQNMItb1yTDgHqcEtNQ3z51Q21k6GVXGZ3CaOor72PEkoQnrJY7Qdw0IhjRNxj2a9s2yVbVmwMvEzkkZ5aj3zakzCGnsswCoIEp1bCuCbkIkcCpYWnJixSJCH8mQdTQNiM9UN5ktluITrQywF0p9AsAz9XciIb5SE9/Vkz6BkVr0MvE/rxODd91NeBDFwAI6f8iLBYYQZy3hAZeMgphoQqjk+q+YjojuBHSXJV2CvbjyMmleVG2rat9flms3eR1FdISOUQXZ6ArV0B2qowai6Bm9onf0YbwYb8an8TUfLRh55hD9gTH9Af0doPw=</latexit><latexit sha1_base64="pVYweMhHemhKQ67OYr8b+6uOGWk=">AAACGHicbVDLSgMxFM3UV62vUZdugkWoIHVGBF0W3bisYB/QaUsmzbTBzIPkjrQM8xlu/BU3LhRx251/Y6adhbYeCBzOuSfJPW4kuALL+jYKK6tr6xvFzdLW9s7unrl/0FRhLClr0FCEsu0SxQQPWAM4CNaOJCO+K1jLfbzN/NYTk4qHwQNMItb1yTDgHqcEtNQ3z51Q21k6GVXGZ3CaOor72PEkoQnrJY7Qdw0IhjRNxj2a9s2yVbVmwMvEzkkZ5aj3zakzCGnsswCoIEp1bCuCbkIkcCpYWnJixSJCH8mQdTQNiM9UN5ktluITrQywF0p9AsAz9XciIb5SE9/Vkz6BkVr0MvE/rxODd91NeBDFwAI6f8iLBYYQZy3hAZeMgphoQqjk+q+YjojuBHSXJV2CvbjyMmleVG2rat9flms3eR1FdISOUQXZ6ArV0B2qowai6Bm9onf0YbwYb8an8TUfLRh55hD9gTH9Af0doPw=</latexit><latexit sha1_base64="pVYweMhHemhKQ67OYr8b+6uOGWk=">AAACGHicbVDLSgMxFM3UV62vUZdugkWoIHVGBF0W3bisYB/QaUsmzbTBzIPkjrQM8xlu/BU3LhRx251/Y6adhbYeCBzOuSfJPW4kuALL+jYKK6tr6xvFzdLW9s7unrl/0FRhLClr0FCEsu0SxQQPWAM4CNaOJCO+K1jLfbzN/NYTk4qHwQNMItb1yTDgHqcEtNQ3z51Q21k6GVXGZ3CaOor72PEkoQnrJY7Qdw0IhjRNxj2a9s2yVbVmwMvEzkkZ5aj3zakzCGnsswCoIEp1bCuCbkIkcCpYWnJixSJCH8mQdTQNiM9UN5ktluITrQywF0p9AsAz9XciIb5SE9/Vkz6BkVr0MvE/rxODd91NeBDFwAI6f8iLBYYQZy3hAZeMgphoQqjk+q+YjojuBHSXJV2CvbjyMmleVG2rat9flms3eR1FdISOUQXZ6ArV0B2qowai6Bm9onf0YbwYb8an8TUfLRh55hD9gTH9Af0doPw=</latexit><latexit sha1_base64="pVYweMhHemhKQ67OYr8b+6uOGWk=">AAACGHicbVDLSgMxFM3UV62vUZdugkWoIHVGBF0W3bisYB/QaUsmzbTBzIPkjrQM8xlu/BU3LhRx251/Y6adhbYeCBzOuSfJPW4kuALL+jYKK6tr6xvFzdLW9s7unrl/0FRhLClr0FCEsu0SxQQPWAM4CNaOJCO+K1jLfbzN/NYTk4qHwQNMItb1yTDgHqcEtNQ3z51Q21k6GVXGZ3CaOor72PEkoQnrJY7Qdw0IhjRNxj2a9s2yVbVmwMvEzkkZ5aj3zakzCGnsswCoIEp1bCuCbkIkcCpYWnJixSJCH8mQdTQNiM9UN5ktluITrQywF0p9AsAz9XciIb5SE9/Vkz6BkVr0MvE/rxODd91NeBDFwAI6f8iLBYYQZy3hAZeMgphoQqjk+q+YjojuBHSXJV2CvbjyMmleVG2rat9flms3eR1FdISOUQXZ6ArV0B2qowai6Bm9onf0YbwYb8an8TUfLRh55hD9gTH9Af0doPw=</latexit>



N = 1
<latexit sha1_base64="oS44nxCAkS0niVD/lKZ6XB8Rs3A=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuwiSGti6EohtXUsE+oA1lMp20QyeTODMRSuhPuHGhiFt/x51/46StoKIHLhzOuZd77wkSzpRG6MNaWl5ZXVsvbBQ3t7Z3dkt7+y0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB+PL3G/fU6lYLG71JKF+hIeChYxgbaTO9XmPiVBP+qUyss9qFderQGQjVHVcJydu1Tv1oGOUHGWwQKNfeu8NYpJGVGjCsVJdByXaz7DUjHA6LfZSRRNMxnhIu4YKHFHlZ7N7p/DYKAMYxtKU0HCmfp/IcKTUJApMZ4T1SP32cvEvr5vqsOZnTCSppoLMF4UphzqG+fNwwCQlmk8MwUQycyskIywx0Saiognh61P4P2m5toNs58Yr1y8WcRTAITgCJ8ABVVAHV6ABmoAADh7AE3i27qxH68V6nbcuWYuZA/AD1tsnQnaQHQ==</latexit><latexit sha1_base64="oS44nxCAkS0niVD/lKZ6XB8Rs3A=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuwiSGti6EohtXUsE+oA1lMp20QyeTODMRSuhPuHGhiFt/x51/46StoKIHLhzOuZd77wkSzpRG6MNaWl5ZXVsvbBQ3t7Z3dkt7+y0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB+PL3G/fU6lYLG71JKF+hIeChYxgbaTO9XmPiVBP+qUyss9qFderQGQjVHVcJydu1Tv1oGOUHGWwQKNfeu8NYpJGVGjCsVJdByXaz7DUjHA6LfZSRRNMxnhIu4YKHFHlZ7N7p/DYKAMYxtKU0HCmfp/IcKTUJApMZ4T1SP32cvEvr5vqsOZnTCSppoLMF4UphzqG+fNwwCQlmk8MwUQycyskIywx0Saiognh61P4P2m5toNs58Yr1y8WcRTAITgCJ8ABVVAHV6ABmoAADh7AE3i27qxH68V6nbcuWYuZA/AD1tsnQnaQHQ==</latexit><latexit sha1_base64="oS44nxCAkS0niVD/lKZ6XB8Rs3A=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuwiSGti6EohtXUsE+oA1lMp20QyeTODMRSuhPuHGhiFt/x51/46StoKIHLhzOuZd77wkSzpRG6MNaWl5ZXVsvbBQ3t7Z3dkt7+y0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB+PL3G/fU6lYLG71JKF+hIeChYxgbaTO9XmPiVBP+qUyss9qFderQGQjVHVcJydu1Tv1oGOUHGWwQKNfeu8NYpJGVGjCsVJdByXaz7DUjHA6LfZSRRNMxnhIu4YKHFHlZ7N7p/DYKAMYxtKU0HCmfp/IcKTUJApMZ4T1SP32cvEvr5vqsOZnTCSppoLMF4UphzqG+fNwwCQlmk8MwUQycyskIywx0Saiognh61P4P2m5toNs58Yr1y8WcRTAITgCJ8ABVVAHV6ABmoAADh7AE3i27qxH68V6nbcuWYuZA/AD1tsnQnaQHQ==</latexit><latexit sha1_base64="oS44nxCAkS0niVD/lKZ6XB8Rs3A=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuwiSGti6EohtXUsE+oA1lMp20QyeTODMRSuhPuHGhiFt/x51/46StoKIHLhzOuZd77wkSzpRG6MNaWl5ZXVsvbBQ3t7Z3dkt7+y0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB+PL3G/fU6lYLG71JKF+hIeChYxgbaTO9XmPiVBP+qUyss9qFderQGQjVHVcJydu1Tv1oGOUHGWwQKNfeu8NYpJGVGjCsVJdByXaz7DUjHA6LfZSRRNMxnhIu4YKHFHlZ7N7p/DYKAMYxtKU0HCmfp/IcKTUJApMZ4T1SP32cvEvr5vqsOZnTCSppoLMF4UphzqG+fNwwCQlmk8MwUQycyskIywx0Saiognh61P4P2m5toNs58Yr1y8WcRTAITgCJ8ABVVAHV6ABmoAADh7AE3i27qxH68V6nbcuWYuZA/AD1tsnQnaQHQ==</latexit>

↵
<latexit sha1_base64="je4dReKwjaxvBbv6BnwmACgTRKs=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR294KevBYwX5Au5Rsmm1js9klyQql9D948aCIV/+PN/+N2baCij4YeLw3w8y8IJHCWIw/vJXVtfWNzdxWfntnd2+/cHDYMnGqGW+yWMa6E1DDpVC8aYWVvJNoTqNA8nYwvsz89j3XRsTq1k4S7kd0qEQoGLVOavWoTEa0XyjiEsaYEIIyQioX2JFarVomVUQyy6EISzT6hffeIGZpxJVlkhrTJTix/pRqK5jks3wvNTyhbEyHvOuoohE3/nR+7QydOmWAwli7UhbN1e8TUxoZM4kC1xlROzK/vUz8y+umNqz6U6GS1HLFFovCVCIbo+x1NBCaMysnjlCmhbsVsRHVlFkXUN6F8PUp+p+0yiWCS+TmvFi/WsaRg2M4gTMgUIE6XEMDmsDgDh7gCZ692Hv0XrzXReuKt5w5gh/w3j4B2RGPUA==</latexit><latexit sha1_base64="je4dReKwjaxvBbv6BnwmACgTRKs=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR294KevBYwX5Au5Rsmm1js9klyQql9D948aCIV/+PN/+N2baCij4YeLw3w8y8IJHCWIw/vJXVtfWNzdxWfntnd2+/cHDYMnGqGW+yWMa6E1DDpVC8aYWVvJNoTqNA8nYwvsz89j3XRsTq1k4S7kd0qEQoGLVOavWoTEa0XyjiEsaYEIIyQioX2JFarVomVUQyy6EISzT6hffeIGZpxJVlkhrTJTix/pRqK5jks3wvNTyhbEyHvOuoohE3/nR+7QydOmWAwli7UhbN1e8TUxoZM4kC1xlROzK/vUz8y+umNqz6U6GS1HLFFovCVCIbo+x1NBCaMysnjlCmhbsVsRHVlFkXUN6F8PUp+p+0yiWCS+TmvFi/WsaRg2M4gTMgUIE6XEMDmsDgDh7gCZ692Hv0XrzXReuKt5w5gh/w3j4B2RGPUA==</latexit><latexit sha1_base64="je4dReKwjaxvBbv6BnwmACgTRKs=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR294KevBYwX5Au5Rsmm1js9klyQql9D948aCIV/+PN/+N2baCij4YeLw3w8y8IJHCWIw/vJXVtfWNzdxWfntnd2+/cHDYMnGqGW+yWMa6E1DDpVC8aYWVvJNoTqNA8nYwvsz89j3XRsTq1k4S7kd0qEQoGLVOavWoTEa0XyjiEsaYEIIyQioX2JFarVomVUQyy6EISzT6hffeIGZpxJVlkhrTJTix/pRqK5jks3wvNTyhbEyHvOuoohE3/nR+7QydOmWAwli7UhbN1e8TUxoZM4kC1xlROzK/vUz8y+umNqz6U6GS1HLFFovCVCIbo+x1NBCaMysnjlCmhbsVsRHVlFkXUN6F8PUp+p+0yiWCS+TmvFi/WsaRg2M4gTMgUIE6XEMDmsDgDh7gCZ692Hv0XrzXReuKt5w5gh/w3j4B2RGPUA==</latexit><latexit sha1_base64="je4dReKwjaxvBbv6BnwmACgTRKs=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR294KevBYwX5Au5Rsmm1js9klyQql9D948aCIV/+PN/+N2baCij4YeLw3w8y8IJHCWIw/vJXVtfWNzdxWfntnd2+/cHDYMnGqGW+yWMa6E1DDpVC8aYWVvJNoTqNA8nYwvsz89j3XRsTq1k4S7kd0qEQoGLVOavWoTEa0XyjiEsaYEIIyQioX2JFarVomVUQyy6EISzT6hffeIGZpxJVlkhrTJTix/pRqK5jks3wvNTyhbEyHvOuoohE3/nR+7QydOmWAwli7UhbN1e8TUxoZM4kC1xlROzK/vUz8y+umNqz6U6GS1HLFFovCVCIbo+x1NBCaMysnjlCmhbsVsRHVlFkXUN6F8PUp+p+0yiWCS+TmvFi/WsaRg2M4gTMgUIE6XEMDmsDgDh7gCZ692Hv0XrzXReuKt5w5gh/w3j4B2RGPUA==</latexit>

↵
<latexit sha1_base64="je4dReKwjaxvBbv6BnwmACgTRKs=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR294KevBYwX5Au5Rsmm1js9klyQql9D948aCIV/+PN/+N2baCij4YeLw3w8y8IJHCWIw/vJXVtfWNzdxWfntnd2+/cHDYMnGqGW+yWMa6E1DDpVC8aYWVvJNoTqNA8nYwvsz89j3XRsTq1k4S7kd0qEQoGLVOavWoTEa0XyjiEsaYEIIyQioX2JFarVomVUQyy6EISzT6hffeIGZpxJVlkhrTJTix/pRqK5jks3wvNTyhbEyHvOuoohE3/nR+7QydOmWAwli7UhbN1e8TUxoZM4kC1xlROzK/vUz8y+umNqz6U6GS1HLFFovCVCIbo+x1NBCaMysnjlCmhbsVsRHVlFkXUN6F8PUp+p+0yiWCS+TmvFi/WsaRg2M4gTMgUIE6XEMDmsDgDh7gCZ692Hv0XrzXReuKt5w5gh/w3j4B2RGPUA==</latexit><latexit sha1_base64="je4dReKwjaxvBbv6BnwmACgTRKs=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR294KevBYwX5Au5Rsmm1js9klyQql9D948aCIV/+PN/+N2baCij4YeLw3w8y8IJHCWIw/vJXVtfWNzdxWfntnd2+/cHDYMnGqGW+yWMa6E1DDpVC8aYWVvJNoTqNA8nYwvsz89j3XRsTq1k4S7kd0qEQoGLVOavWoTEa0XyjiEsaYEIIyQioX2JFarVomVUQyy6EISzT6hffeIGZpxJVlkhrTJTix/pRqK5jks3wvNTyhbEyHvOuoohE3/nR+7QydOmWAwli7UhbN1e8TUxoZM4kC1xlROzK/vUz8y+umNqz6U6GS1HLFFovCVCIbo+x1NBCaMysnjlCmhbsVsRHVlFkXUN6F8PUp+p+0yiWCS+TmvFi/WsaRg2M4gTMgUIE6XEMDmsDgDh7gCZ692Hv0XrzXReuKt5w5gh/w3j4B2RGPUA==</latexit><latexit sha1_base64="je4dReKwjaxvBbv6BnwmACgTRKs=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR294KevBYwX5Au5Rsmm1js9klyQql9D948aCIV/+PN/+N2baCij4YeLw3w8y8IJHCWIw/vJXVtfWNzdxWfntnd2+/cHDYMnGqGW+yWMa6E1DDpVC8aYWVvJNoTqNA8nYwvsz89j3XRsTq1k4S7kd0qEQoGLVOavWoTEa0XyjiEsaYEIIyQioX2JFarVomVUQyy6EISzT6hffeIGZpxJVlkhrTJTix/pRqK5jks3wvNTyhbEyHvOuoohE3/nR+7QydOmWAwli7UhbN1e8TUxoZM4kC1xlROzK/vUz8y+umNqz6U6GS1HLFFovCVCIbo+x1NBCaMysnjlCmhbsVsRHVlFkXUN6F8PUp+p+0yiWCS+TmvFi/WsaRg2M4gTMgUIE6XEMDmsDgDh7gCZ692Hv0XrzXReuKt5w5gh/w3j4B2RGPUA==</latexit><latexit sha1_base64="je4dReKwjaxvBbv6BnwmACgTRKs=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR294KevBYwX5Au5Rsmm1js9klyQql9D948aCIV/+PN/+N2baCij4YeLw3w8y8IJHCWIw/vJXVtfWNzdxWfntnd2+/cHDYMnGqGW+yWMa6E1DDpVC8aYWVvJNoTqNA8nYwvsz89j3XRsTq1k4S7kd0qEQoGLVOavWoTEa0XyjiEsaYEIIyQioX2JFarVomVUQyy6EISzT6hffeIGZpxJVlkhrTJTix/pRqK5jks3wvNTyhbEyHvOuoohE3/nR+7QydOmWAwli7UhbN1e8TUxoZM4kC1xlROzK/vUz8y+umNqz6U6GS1HLFFovCVCIbo+x1NBCaMysnjlCmhbsVsRHVlFkXUN6F8PUp+p+0yiWCS+TmvFi/WsaRg2M4gTMgUIE6XEMDmsDgDh7gCZ692Hv0XrzXReuKt5w5gh/w3j4B2RGPUA==</latexit>

1
<latexit sha1_base64="kaHKv6aRnTJ8EZNdaMykm9hoaV8=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMcktoAePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFgKbQj5cHJr6xubW/ntws7u3v5B8fCoo6NEcWjzSEaq5zENUoTQNsJI6MUKWOBJ6HrTq8zv3oPSIgpvzSwGN2DjUPiCM2OlFh0WS6RMCKGU4ozQ6iWxpF6vVWgN08yyKKEVmsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/5qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VTKlJRp66LUuF7FkUcn6BSdI4qqqIFuUBO1EUeAHtATenbunEfnxXldtuac1cwx+gHn7RPILYzt</latexit><latexit sha1_base64="kaHKv6aRnTJ8EZNdaMykm9hoaV8=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMcktoAePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFgKbQj5cHJr6xubW/ntws7u3v5B8fCoo6NEcWjzSEaq5zENUoTQNsJI6MUKWOBJ6HrTq8zv3oPSIgpvzSwGN2DjUPiCM2OlFh0WS6RMCKGU4ozQ6iWxpF6vVWgN08yyKKEVmsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/5qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VTKlJRp66LUuF7FkUcn6BSdI4qqqIFuUBO1EUeAHtATenbunEfnxXldtuac1cwx+gHn7RPILYzt</latexit><latexit sha1_base64="kaHKv6aRnTJ8EZNdaMykm9hoaV8=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMcktoAePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFgKbQj5cHJr6xubW/ntws7u3v5B8fCoo6NEcWjzSEaq5zENUoTQNsJI6MUKWOBJ6HrTq8zv3oPSIgpvzSwGN2DjUPiCM2OlFh0WS6RMCKGU4ozQ6iWxpF6vVWgN08yyKKEVmsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/5qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VTKlJRp66LUuF7FkUcn6BSdI4qqqIFuUBO1EUeAHtATenbunEfnxXldtuac1cwx+gHn7RPILYzt</latexit><latexit sha1_base64="kaHKv6aRnTJ8EZNdaMykm9hoaV8=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMcktoAePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFgKbQj5cHJr6xubW/ntws7u3v5B8fCoo6NEcWjzSEaq5zENUoTQNsJI6MUKWOBJ6HrTq8zv3oPSIgpvzSwGN2DjUPiCM2OlFh0WS6RMCKGU4ozQ6iWxpF6vVWgN08yyKKEVmsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/5qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VTKlJRp66LUuF7FkUcn6BSdI4qqqIFuUBO1EUeAHtATenbunEfnxXldtuac1cwx+gHn7RPILYzt</latexit>

2
<latexit sha1_base64="iPgH7nIBB6/b+ig44eLrBme5rjk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMcktoAePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFgKbQj5cHJr6xubW/ntws7u3v5B8fCoo6NEcWjzSEaq5zENUoTQNsJI6MUKWOBJ6HrTq8zv3oPSIgpvzSwGN2DjUPiCM2OlVmVYLJEyIYRSijNCq5fEknq9VqE1TDPLooRWaA6L74NRxJMAQsMl07pPSWzclCkjuIR5YZBoiBmfsjH0LQ1ZANpNF4fO8ZlVRtiPlK3Q4IX6fSJlgdazwLOdATMT/dvLxL+8fmL8mpuKME4MhHy5yE8kNhHOvsYjoYAbObOEcSXsrZhPmGLc2GwKNoSvT/H/pFMpU1KmrYtS43oVRx6doFN0jiiqoga6QU3URhwBekBP6Nm5cx6dF+d12ZpzVjPH6Aect0/JsYzu</latexit><latexit sha1_base64="iPgH7nIBB6/b+ig44eLrBme5rjk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMcktoAePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFgKbQj5cHJr6xubW/ntws7u3v5B8fCoo6NEcWjzSEaq5zENUoTQNsJI6MUKWOBJ6HrTq8zv3oPSIgpvzSwGN2DjUPiCM2OlVmVYLJEyIYRSijNCq5fEknq9VqE1TDPLooRWaA6L74NRxJMAQsMl07pPSWzclCkjuIR5YZBoiBmfsjH0LQ1ZANpNF4fO8ZlVRtiPlK3Q4IX6fSJlgdazwLOdATMT/dvLxL+8fmL8mpuKME4MhHy5yE8kNhHOvsYjoYAbObOEcSXsrZhPmGLc2GwKNoSvT/H/pFMpU1KmrYtS43oVRx6doFN0jiiqoga6QU3URhwBekBP6Nm5cx6dF+d12ZpzVjPH6Aect0/JsYzu</latexit><latexit sha1_base64="iPgH7nIBB6/b+ig44eLrBme5rjk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMcktoAePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFgKbQj5cHJr6xubW/ntws7u3v5B8fCoo6NEcWjzSEaq5zENUoTQNsJI6MUKWOBJ6HrTq8zv3oPSIgpvzSwGN2DjUPiCM2OlVmVYLJEyIYRSijNCq5fEknq9VqE1TDPLooRWaA6L74NRxJMAQsMl07pPSWzclCkjuIR5YZBoiBmfsjH0LQ1ZANpNF4fO8ZlVRtiPlK3Q4IX6fSJlgdazwLOdATMT/dvLxL+8fmL8mpuKME4MhHy5yE8kNhHOvsYjoYAbObOEcSXsrZhPmGLc2GwKNoSvT/H/pFMpU1KmrYtS43oVRx6doFN0jiiqoga6QU3URhwBekBP6Nm5cx6dF+d12ZpzVjPH6Aect0/JsYzu</latexit><latexit sha1_base64="iPgH7nIBB6/b+ig44eLrBme5rjk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMcktoAePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFgKbQj5cHJr6xubW/ntws7u3v5B8fCoo6NEcWjzSEaq5zENUoTQNsJI6MUKWOBJ6HrTq8zv3oPSIgpvzSwGN2DjUPiCM2OlVmVYLJEyIYRSijNCq5fEknq9VqE1TDPLooRWaA6L74NRxJMAQsMl07pPSWzclCkjuIR5YZBoiBmfsjH0LQ1ZANpNF4fO8ZlVRtiPlK3Q4IX6fSJlgdazwLOdATMT/dvLxL+8fmL8mpuKME4MhHy5yE8kNhHOvsYjoYAbObOEcSXsrZhPmGLc2GwKNoSvT/H/pFMpU1KmrYtS43oVRx6doFN0jiiqoga6QU3URhwBekBP6Nm5cx6dF+d12ZpzVjPH6Aect0/JsYzu</latexit> 4

<latexit sha1_base64="9wHySp+XosHZxt/yHBfHUV4b24U=">AAAB6HicdVBNS0JBFL3Pvsy+rJZthiRoJTMiqTuhFi0V0gR9yLxxnk7O+2BmXiAPf0GbFkW07Se16980Tw0q6sCFwzn3cu89XiyFNhh/OLm19Y3Nrfx2YWd3b/+geHjU1VGiGO+wSEaq51HNpQh5xwgjeS9WnAae5Lfe9DLzb++50iIKb8ws5m5Ax6HwBaPGSu3qsFjCZYwxIQRlhNQusCWNRr1C6ohklkUJVmgNi++DUcSSgIeGSap1n+DYuClVRjDJ54VBonlM2ZSOed/SkAZcu+ni0Dk6s8oI+ZGyFRq0UL9PpDTQehZ4tjOgZqJ/e5n4l9dPjF93UxHGieEhWy7yE4lMhLKv0UgozoycWUKZEvZWxCZUUWZsNgUbwten6H/SrZQJLpN2tdS8WsWRhxM4hXMgUIMmXEMLOsCAwwM8wbNz5zw6L87rsjXnrGaO4Qect0/MuYzw</latexit><latexit sha1_base64="zYmKYLXRJGI9TNTUwYQmIwaX41M=">AAAB5HicdVBNSwMxEM36WetX9eolWARPJSli21tBDx4r2A9ol5JNZ9vYbHZJskJZ+gu8eFC8+pu8+W/MthVU9MHA470ZZuYFiRTGEvLhra1vbG5tF3aKu3v7B4el4lHHxKnm0OaxjHUvYAakUNC2wkroJRpYFEjoBtOr3O8+gDYiVnd2loAfsbESoeDMOun2YlgqkwohhFKKc0Jrl8SRRqNepXVMc8uhjFZoDUvvg1HM0wiU5ZIZ06cksX7GtBVcwrw4SA0kjE/ZGPqOKhaB8bPFoXN85pQRDmPtSlm8UL9PZCwyZhYFrjNidmJ+e7n4l9dPbVj3M6GS1ILiy0VhKrGNcf41HgkN3MqZI4xr4W7FfMI049ZlU3QhfH2K/yedaoWSCi03r1dhFNAJOkXniKIaaqIb1EJtxBGgR/SMXrx778l7XTaueauJY/QD3tsnYYeLxg==</latexit><latexit sha1_base64="zYmKYLXRJGI9TNTUwYQmIwaX41M=">AAAB5HicdVBNSwMxEM36WetX9eolWARPJSli21tBDx4r2A9ol5JNZ9vYbHZJskJZ+gu8eFC8+pu8+W/MthVU9MHA470ZZuYFiRTGEvLhra1vbG5tF3aKu3v7B4el4lHHxKnm0OaxjHUvYAakUNC2wkroJRpYFEjoBtOr3O8+gDYiVnd2loAfsbESoeDMOun2YlgqkwohhFKKc0Jrl8SRRqNepXVMc8uhjFZoDUvvg1HM0wiU5ZIZ06cksX7GtBVcwrw4SA0kjE/ZGPqOKhaB8bPFoXN85pQRDmPtSlm8UL9PZCwyZhYFrjNidmJ+e7n4l9dPbVj3M6GS1ILiy0VhKrGNcf41HgkN3MqZI4xr4W7FfMI049ZlU3QhfH2K/yedaoWSCi03r1dhFNAJOkXniKIaaqIb1EJtxBGgR/SMXrx778l7XTaueauJY/QD3tsnYYeLxg==</latexit><latexit sha1_base64="zYmKYLXRJGI9TNTUwYQmIwaX41M=">AAAB5HicdVBNSwMxEM36WetX9eolWARPJSli21tBDx4r2A9ol5JNZ9vYbHZJskJZ+gu8eFC8+pu8+W/MthVU9MHA470ZZuYFiRTGEvLhra1vbG5tF3aKu3v7B4el4lHHxKnm0OaxjHUvYAakUNC2wkroJRpYFEjoBtOr3O8+gDYiVnd2loAfsbESoeDMOun2YlgqkwohhFKKc0Jrl8SRRqNepXVMc8uhjFZoDUvvg1HM0wiU5ZIZ06cksX7GtBVcwrw4SA0kjE/ZGPqOKhaB8bPFoXN85pQRDmPtSlm8UL9PZCwyZhYFrjNidmJ+e7n4l9dPbVj3M6GS1ILiy0VhKrGNcf41HgkN3MqZI4xr4W7FfMI049ZlU3QhfH2K/yedaoWSCi03r1dhFNAJOkXniKIaaqIb1EJtxBGgR/SMXrx778l7XTaueauJY/QD3tsnYYeLxg==</latexit>

1
<latexit sha1_base64="kaHKv6aRnTJ8EZNdaMykm9hoaV8=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMcktoAePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFgKbQj5cHJr6xubW/ntws7u3v5B8fCoo6NEcWjzSEaq5zENUoTQNsJI6MUKWOBJ6HrTq8zv3oPSIgpvzSwGN2DjUPiCM2OlFh0WS6RMCKGU4ozQ6iWxpF6vVWgN08yyKKEVmsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/5qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VTKlJRp66LUuF7FkUcn6BSdI4qqqIFuUBO1EUeAHtATenbunEfnxXldtuac1cwx+gHn7RPILYzt</latexit><latexit sha1_base64="kaHKv6aRnTJ8EZNdaMykm9hoaV8=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMcktoAePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFgKbQj5cHJr6xubW/ntws7u3v5B8fCoo6NEcWjzSEaq5zENUoTQNsJI6MUKWOBJ6HrTq8zv3oPSIgpvzSwGN2DjUPiCM2OlFh0WS6RMCKGU4ozQ6iWxpF6vVWgN08yyKKEVmsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/5qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VTKlJRp66LUuF7FkUcn6BSdI4qqqIFuUBO1EUeAHtATenbunEfnxXldtuac1cwx+gHn7RPILYzt</latexit><latexit sha1_base64="kaHKv6aRnTJ8EZNdaMykm9hoaV8=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMcktoAePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFgKbQj5cHJr6xubW/ntws7u3v5B8fCoo6NEcWjzSEaq5zENUoTQNsJI6MUKWOBJ6HrTq8zv3oPSIgpvzSwGN2DjUPiCM2OlFh0WS6RMCKGU4ozQ6iWxpF6vVWgN08yyKKEVmsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/5qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VTKlJRp66LUuF7FkUcn6BSdI4qqqIFuUBO1EUeAHtATenbunEfnxXldtuac1cwx+gHn7RPILYzt</latexit><latexit sha1_base64="kaHKv6aRnTJ8EZNdaMykm9hoaV8=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMcktoAePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFgKbQj5cHJr6xubW/ntws7u3v5B8fCoo6NEcWjzSEaq5zENUoTQNsJI6MUKWOBJ6HrTq8zv3oPSIgpvzSwGN2DjUPiCM2OlFh0WS6RMCKGU4ozQ6iWxpF6vVWgN08yyKKEVmsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/5qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VTKlJRp66LUuF7FkUcn6BSdI4qqqIFuUBO1EUeAHtATenbunEfnxXldtuac1cwx+gHn7RPILYzt</latexit>

log power law linear

log
linear ! log

<latexit sha1_base64="fvGR0qLyl7LyY9j6suAQyDAkVmk=">AAACAnicbVBLSwMxGMzWV62vVU/iJVgET2VXBD0W9OCxgn1AdynZNNuG5rEkWaEsixf/ihcPinj1V3jz35ht96CtA4HJfN+QzEQJo9p43rdTWVldW9+obta2tnd299z9g46WqcKkjSWTqhchTRgVpG2oYaSXKIJ4xEg3mlwX8+4DUZpKcW+mCQk5GgkaU4yMlQbuURYoDgs3UnlgJJzf5SgfuHWv4c0Al4lfkjoo0Rq4X8FQ4pQTYTBDWvd9LzFhhpShmJG8FqSaJAhP0Ij0LRWIEx1mswg5PLXKEMZS2SMMnKm/HRniWk95ZDc5MmO9OCvE/2b91MRXYUZFkhoi8PyhOGXQRi36gEOqCDZsagnCitq/QjxGCmFjW6vZEvzFyMukc97wvYZ/d1Fv3pR1VMExOAFnwAeXoAluQQu0AQaP4Bm8gjfnyXlx3p2P+WrFKT2H4A+czx9h0Jdp</latexit><latexit sha1_base64="fvGR0qLyl7LyY9j6suAQyDAkVmk=">AAACAnicbVBLSwMxGMzWV62vVU/iJVgET2VXBD0W9OCxgn1AdynZNNuG5rEkWaEsixf/ihcPinj1V3jz35ht96CtA4HJfN+QzEQJo9p43rdTWVldW9+obta2tnd299z9g46WqcKkjSWTqhchTRgVpG2oYaSXKIJ4xEg3mlwX8+4DUZpKcW+mCQk5GgkaU4yMlQbuURYoDgs3UnlgJJzf5SgfuHWv4c0Al4lfkjoo0Rq4X8FQ4pQTYTBDWvd9LzFhhpShmJG8FqSaJAhP0Ij0LRWIEx1mswg5PLXKEMZS2SMMnKm/HRniWk95ZDc5MmO9OCvE/2b91MRXYUZFkhoi8PyhOGXQRi36gEOqCDZsagnCitq/QjxGCmFjW6vZEvzFyMukc97wvYZ/d1Fv3pR1VMExOAFnwAeXoAluQQu0AQaP4Bm8gjfnyXlx3p2P+WrFKT2H4A+czx9h0Jdp</latexit><latexit sha1_base64="fvGR0qLyl7LyY9j6suAQyDAkVmk=">AAACAnicbVBLSwMxGMzWV62vVU/iJVgET2VXBD0W9OCxgn1AdynZNNuG5rEkWaEsixf/ihcPinj1V3jz35ht96CtA4HJfN+QzEQJo9p43rdTWVldW9+obta2tnd299z9g46WqcKkjSWTqhchTRgVpG2oYaSXKIJ4xEg3mlwX8+4DUZpKcW+mCQk5GgkaU4yMlQbuURYoDgs3UnlgJJzf5SgfuHWv4c0Al4lfkjoo0Rq4X8FQ4pQTYTBDWvd9LzFhhpShmJG8FqSaJAhP0Ij0LRWIEx1mswg5PLXKEMZS2SMMnKm/HRniWk95ZDc5MmO9OCvE/2b91MRXYUZFkhoi8PyhOGXQRi36gEOqCDZsagnCitq/QjxGCmFjW6vZEvzFyMukc97wvYZ/d1Fv3pR1VMExOAFnwAeXoAluQQu0AQaP4Bm8gjfnyXlx3p2P+WrFKT2H4A+czx9h0Jdp</latexit><latexit sha1_base64="fvGR0qLyl7LyY9j6suAQyDAkVmk=">AAACAnicbVBLSwMxGMzWV62vVU/iJVgET2VXBD0W9OCxgn1AdynZNNuG5rEkWaEsixf/ihcPinj1V3jz35ht96CtA4HJfN+QzEQJo9p43rdTWVldW9+obta2tnd299z9g46WqcKkjSWTqhchTRgVpG2oYaSXKIJ4xEg3mlwX8+4DUZpKcW+mCQk5GgkaU4yMlQbuURYoDgs3UnlgJJzf5SgfuHWv4c0Al4lfkjoo0Rq4X8FQ4pQTYTBDWvd9LzFhhpShmJG8FqSaJAhP0Ij0LRWIEx1mswg5PLXKEMZS2SMMnKm/HRniWk95ZDc5MmO9OCvE/2b91MRXYUZFkhoi8PyhOGXQRi36gEOqCDZsagnCitq/QjxGCmFjW6vZEvzFyMukc97wvYZ/d1Fv3pR1VMExOAFnwAeXoAluQQu0AQaP4Bm8gjfnyXlx3p2P+WrFKT2H4A+czx9h0Jdp</latexit>

C(
x� vBtp

t

)
<latexit sha1_base64="0SuawD9WHSyeswjjZOPvpvJcwKU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQF5ZEBF2WduOygn1AE8JkOmmHTh7O3BRLCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+/xYs4kmOa3VlhZXVvfKG6WtrZ3dvf0/YO2jBJBaItEPBJdD0vKWUhbwIDTbiwoDjxOO96oMfU7Yyoki8I7mMTUCfAgZD4jGJTk6keNiu0LTNKH87Fbhyy15b2AFLLszNXLZtWcwVgmVk7KKEfT1b/sfkSSgIZAOJayZ5kxOCkWwAinWclOJI0xGeEB7Ska4oBKJ539kBmnSukbfiRUhWDM1N8TKQ6knASe6gwwDOWiNxX/83oJ+NdOysI4ARqS+SI/4QZExjQQo88EJcAnimAimLrVIEOsIgEVW0mFYC2+vEzaF1XLrFq3l+VaPY+jiI7RCaogC12hGrpBTdRCBD2iZ/SK3rQn7UV71z7mrQUtnzlEf6B9/gBG2Jft</latexit><latexit sha1_base64="0SuawD9WHSyeswjjZOPvpvJcwKU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQF5ZEBF2WduOygn1AE8JkOmmHTh7O3BRLCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+/xYs4kmOa3VlhZXVvfKG6WtrZ3dvf0/YO2jBJBaItEPBJdD0vKWUhbwIDTbiwoDjxOO96oMfU7Yyoki8I7mMTUCfAgZD4jGJTk6keNiu0LTNKH87Fbhyy15b2AFLLszNXLZtWcwVgmVk7KKEfT1b/sfkSSgIZAOJayZ5kxOCkWwAinWclOJI0xGeEB7Ska4oBKJ539kBmnSukbfiRUhWDM1N8TKQ6knASe6gwwDOWiNxX/83oJ+NdOysI4ARqS+SI/4QZExjQQo88EJcAnimAimLrVIEOsIgEVW0mFYC2+vEzaF1XLrFq3l+VaPY+jiI7RCaogC12hGrpBTdRCBD2iZ/SK3rQn7UV71z7mrQUtnzlEf6B9/gBG2Jft</latexit><latexit sha1_base64="0SuawD9WHSyeswjjZOPvpvJcwKU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQF5ZEBF2WduOygn1AE8JkOmmHTh7O3BRLCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+/xYs4kmOa3VlhZXVvfKG6WtrZ3dvf0/YO2jBJBaItEPBJdD0vKWUhbwIDTbiwoDjxOO96oMfU7Yyoki8I7mMTUCfAgZD4jGJTk6keNiu0LTNKH87Fbhyy15b2AFLLszNXLZtWcwVgmVk7KKEfT1b/sfkSSgIZAOJayZ5kxOCkWwAinWclOJI0xGeEB7Ska4oBKJ539kBmnSukbfiRUhWDM1N8TKQ6knASe6gwwDOWiNxX/83oJ+NdOysI4ARqS+SI/4QZExjQQo88EJcAnimAimLrVIEOsIgEVW0mFYC2+vEzaF1XLrFq3l+VaPY+jiI7RCaogC12hGrpBTdRCBD2iZ/SK3rQn7UV71z7mrQUtnzlEf6B9/gBG2Jft</latexit><latexit sha1_base64="0SuawD9WHSyeswjjZOPvpvJcwKU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQF5ZEBF2WduOygn1AE8JkOmmHTh7O3BRLCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+/xYs4kmOa3VlhZXVvfKG6WtrZ3dvf0/YO2jBJBaItEPBJdD0vKWUhbwIDTbiwoDjxOO96oMfU7Yyoki8I7mMTUCfAgZD4jGJTk6keNiu0LTNKH87Fbhyy15b2AFLLszNXLZtWcwVgmVk7KKEfT1b/sfkSSgIZAOJayZ5kxOCkWwAinWclOJI0xGeEB7Ska4oBKJ539kBmnSukbfiRUhWDM1N8TKQ6knASe6gwwDOWiNxX/83oJ+NdOysI4ARqS+SI/4QZExjQQo88EJcAnimAimLrVIEOsIgEVW0mFYC2+vEzaF1XLrFq3l+VaPY+jiI7RCaogC12hGrpBTdRCBD2iZ/SK3rQn7UV71z7mrQUtnzlEf6B9/gBG2Jft</latexit>

C(x, t) ⇠ e

�t
<latexit sha1_base64="5fWWs35Ih/mPTdllavkODBhOjsA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNBlsRuXFewDmlgmk0k7dPJg5kYsoW78FTcuFHHrX7jzb5y2WWjrgYHDOfdw5x4vEVyBZX0bhaXlldW14nppY3Nre8fc3WupOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Q3rE799z6TicXQLo4S5IelHPOCUgJZ65kG98nAKJ47iIWZ3mSN01CcYxj2zbFWtKfAisXNSRjkaPfPL8WOahiwCKohSXdtKwM2IBE4FG5ecVLGE0CHps66mEQmZcrPpBWN8rBUfB7HULwI8VX8nMhIqNQo9PRkSGKh5byL+53VTCC7djEdJCiyis0VBKjDEeFIH9rlkFMRIE0Il13/FdEAkoaBLK+kS7PmTF0nrrGpbVfvmvFy7yusookN0hCrIRheohq5RAzURRY/oGb2iN+PJeDHejY/ZaMHIM/voD4zPHzYIlhg=</latexit><latexit sha1_base64="5fWWs35Ih/mPTdllavkODBhOjsA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNBlsRuXFewDmlgmk0k7dPJg5kYsoW78FTcuFHHrX7jzb5y2WWjrgYHDOfdw5x4vEVyBZX0bhaXlldW14nppY3Nre8fc3WupOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Q3rE799z6TicXQLo4S5IelHPOCUgJZ65kG98nAKJ47iIWZ3mSN01CcYxj2zbFWtKfAisXNSRjkaPfPL8WOahiwCKohSXdtKwM2IBE4FG5ecVLGE0CHps66mEQmZcrPpBWN8rBUfB7HULwI8VX8nMhIqNQo9PRkSGKh5byL+53VTCC7djEdJCiyis0VBKjDEeFIH9rlkFMRIE0Il13/FdEAkoaBLK+kS7PmTF0nrrGpbVfvmvFy7yusookN0hCrIRheohq5RAzURRY/oGb2iN+PJeDHejY/ZaMHIM/voD4zPHzYIlhg=</latexit><latexit sha1_base64="5fWWs35Ih/mPTdllavkODBhOjsA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNBlsRuXFewDmlgmk0k7dPJg5kYsoW78FTcuFHHrX7jzb5y2WWjrgYHDOfdw5x4vEVyBZX0bhaXlldW14nppY3Nre8fc3WupOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Q3rE799z6TicXQLo4S5IelHPOCUgJZ65kG98nAKJ47iIWZ3mSN01CcYxj2zbFWtKfAisXNSRjkaPfPL8WOahiwCKohSXdtKwM2IBE4FG5ecVLGE0CHps66mEQmZcrPpBWN8rBUfB7HULwI8VX8nMhIqNQo9PRkSGKh5byL+53VTCC7djEdJCiyis0VBKjDEeFIH9rlkFMRIE0Il13/FdEAkoaBLK+kS7PmTF0nrrGpbVfvmvFy7yusookN0hCrIRheohq5RAzURRY/oGb2iN+PJeDHejY/ZaMHIM/voD4zPHzYIlhg=</latexit><latexit sha1_base64="5fWWs35Ih/mPTdllavkODBhOjsA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNBlsRuXFewDmlgmk0k7dPJg5kYsoW78FTcuFHHrX7jzb5y2WWjrgYHDOfdw5x4vEVyBZX0bhaXlldW14nppY3Nre8fc3WupOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Q3rE799z6TicXQLo4S5IelHPOCUgJZ65kG98nAKJ47iIWZ3mSN01CcYxj2zbFWtKfAisXNSRjkaPfPL8WOahiwCKohSXdtKwM2IBE4FG5ecVLGE0CHps66mEQmZcrPpBWN8rBUfB7HULwI8VX8nMhIqNQo9PRkSGKh5byL+53VTCC7djEdJCiyis0VBKjDEeFIH9rlkFMRIE0Il13/FdEAkoaBLK+kS7PmTF0nrrGpbVfvmvFy7yusookN0hCrIRheohq5RAzURRY/oGb2iN+PJeDHejY/ZaMHIM/voD4zPHzYIlhg=</latexit>

C(
x� vBt

t

b
)

<latexit sha1_base64="Roa/b9k6ZOEeKkpHuOp2W5l4PT4=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AI9WBJRNBjaS8eK9gPaGPYbDft0s0m7E6KJQT8K148KOLV3+HNf+O2zUGrDwYe780wM8+POVNg219GYWV1bX2juFna2t7Z3TP3D9oqSiShLRLxSHZ9rChngraAAafdWFIc+px2/HFj5ncmVCoWiTuYxtQN8VCwgBEMWvLMo0alH0hM0ofziVeHLIV7PzvzzLJdteew/hInJ2WUo+mZn/1BRJKQCiAcK9Vz7BjcFEtghNOs1E8UjTEZ4yHtaSpwSJWbzs/PrFOtDKwgkroEWHP150SKQ6Wmoa87QwwjtezNxP+8XgLBtZsyESdABVksChJuQWTNsrAGTFICfKoJJpLpWy0ywjoN0ImVdAjO8st/Sfui6thV5/ayXKvncRTRMTpBFeSgK1RDN6iJWoigFD2hF/RqPBrPxpvxvmgtGPnMIfoF4+MbyJ2VXQ==</latexit><latexit sha1_base64="Roa/b9k6ZOEeKkpHuOp2W5l4PT4=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AI9WBJRNBjaS8eK9gPaGPYbDft0s0m7E6KJQT8K148KOLV3+HNf+O2zUGrDwYe780wM8+POVNg219GYWV1bX2juFna2t7Z3TP3D9oqSiShLRLxSHZ9rChngraAAafdWFIc+px2/HFj5ncmVCoWiTuYxtQN8VCwgBEMWvLMo0alH0hM0ofziVeHLIV7PzvzzLJdteew/hInJ2WUo+mZn/1BRJKQCiAcK9Vz7BjcFEtghNOs1E8UjTEZ4yHtaSpwSJWbzs/PrFOtDKwgkroEWHP150SKQ6Wmoa87QwwjtezNxP+8XgLBtZsyESdABVksChJuQWTNsrAGTFICfKoJJpLpWy0ywjoN0ImVdAjO8st/Sfui6thV5/ayXKvncRTRMTpBFeSgK1RDN6iJWoigFD2hF/RqPBrPxpvxvmgtGPnMIfoF4+MbyJ2VXQ==</latexit><latexit sha1_base64="Roa/b9k6ZOEeKkpHuOp2W5l4PT4=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AI9WBJRNBjaS8eK9gPaGPYbDft0s0m7E6KJQT8K148KOLV3+HNf+O2zUGrDwYe780wM8+POVNg219GYWV1bX2juFna2t7Z3TP3D9oqSiShLRLxSHZ9rChngraAAafdWFIc+px2/HFj5ncmVCoWiTuYxtQN8VCwgBEMWvLMo0alH0hM0ofziVeHLIV7PzvzzLJdteew/hInJ2WUo+mZn/1BRJKQCiAcK9Vz7BjcFEtghNOs1E8UjTEZ4yHtaSpwSJWbzs/PrFOtDKwgkroEWHP150SKQ6Wmoa87QwwjtezNxP+8XgLBtZsyESdABVksChJuQWTNsrAGTFICfKoJJpLpWy0ywjoN0ImVdAjO8st/Sfui6thV5/ayXKvncRTRMTpBFeSgK1RDN6iJWoigFD2hF/RqPBrPxpvxvmgtGPnMIfoF4+MbyJ2VXQ==</latexit><latexit sha1_base64="Roa/b9k6ZOEeKkpHuOp2W5l4PT4=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AI9WBJRNBjaS8eK9gPaGPYbDft0s0m7E6KJQT8K148KOLV3+HNf+O2zUGrDwYe780wM8+POVNg219GYWV1bX2juFna2t7Z3TP3D9oqSiShLRLxSHZ9rChngraAAafdWFIc+px2/HFj5ncmVCoWiTuYxtQN8VCwgBEMWvLMo0alH0hM0ofziVeHLIV7PzvzzLJdteew/hInJ2WUo+mZn/1BRJKQCiAcK9Vz7BjcFEtghNOs1E8UjTEZ4yHtaSpwSJWbzs/PrFOtDKwgkroEWHP150SKQ6Wmoa87QwwjtezNxP+8XgLBtZsyESdABVksChJuQWTNsrAGTFICfKoJJpLpWy0ywjoN0ImVdAjO8st/Sfui6thV5/ayXKvncRTRMTpBFeSgK1RDN6iJWoigFD2hF/RqPBrPxpvxvmgtGPnMIfoF4+MbyJ2VXQ==</latexit>

C(x, t) ⇠ e

�t
<latexit sha1_base64="5fWWs35Ih/mPTdllavkODBhOjsA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNBlsRuXFewDmlgmk0k7dPJg5kYsoW78FTcuFHHrX7jzb5y2WWjrgYHDOfdw5x4vEVyBZX0bhaXlldW14nppY3Nre8fc3WupOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Q3rE799z6TicXQLo4S5IelHPOCUgJZ65kG98nAKJ47iIWZ3mSN01CcYxj2zbFWtKfAisXNSRjkaPfPL8WOahiwCKohSXdtKwM2IBE4FG5ecVLGE0CHps66mEQmZcrPpBWN8rBUfB7HULwI8VX8nMhIqNQo9PRkSGKh5byL+53VTCC7djEdJCiyis0VBKjDEeFIH9rlkFMRIE0Il13/FdEAkoaBLK+kS7PmTF0nrrGpbVfvmvFy7yusookN0hCrIRheohq5RAzURRY/oGb2iN+PJeDHejY/ZaMHIM/voD4zPHzYIlhg=</latexit><latexit sha1_base64="5fWWs35Ih/mPTdllavkODBhOjsA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNBlsRuXFewDmlgmk0k7dPJg5kYsoW78FTcuFHHrX7jzb5y2WWjrgYHDOfdw5x4vEVyBZX0bhaXlldW14nppY3Nre8fc3WupOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Q3rE799z6TicXQLo4S5IelHPOCUgJZ65kG98nAKJ47iIWZ3mSN01CcYxj2zbFWtKfAisXNSRjkaPfPL8WOahiwCKohSXdtKwM2IBE4FG5ecVLGE0CHps66mEQmZcrPpBWN8rBUfB7HULwI8VX8nMhIqNQo9PRkSGKh5byL+53VTCC7djEdJCiyis0VBKjDEeFIH9rlkFMRIE0Il13/FdEAkoaBLK+kS7PmTF0nrrGpbVfvmvFy7yusookN0hCrIRheohq5RAzURRY/oGb2iN+PJeDHejY/ZaMHIM/voD4zPHzYIlhg=</latexit><latexit sha1_base64="5fWWs35Ih/mPTdllavkODBhOjsA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNBlsRuXFewDmlgmk0k7dPJg5kYsoW78FTcuFHHrX7jzb5y2WWjrgYHDOfdw5x4vEVyBZX0bhaXlldW14nppY3Nre8fc3WupOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Q3rE799z6TicXQLo4S5IelHPOCUgJZ65kG98nAKJ47iIWZ3mSN01CcYxj2zbFWtKfAisXNSRjkaPfPL8WOahiwCKohSXdtKwM2IBE4FG5ecVLGE0CHps66mEQmZcrPpBWN8rBUfB7HULwI8VX8nMhIqNQo9PRkSGKh5byL+53VTCC7djEdJCiyis0VBKjDEeFIH9rlkFMRIE0Il13/FdEAkoaBLK+kS7PmTF0nrrGpbVfvmvFy7yusookN0hCrIRheohq5RAzURRY/oGb2iN+PJeDHejY/ZaMHIM/voD4zPHzYIlhg=</latexit><latexit sha1_base64="5fWWs35Ih/mPTdllavkODBhOjsA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNBlsRuXFewDmlgmk0k7dPJg5kYsoW78FTcuFHHrX7jzb5y2WWjrgYHDOfdw5x4vEVyBZX0bhaXlldW14nppY3Nre8fc3WupOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Q3rE799z6TicXQLo4S5IelHPOCUgJZ65kG98nAKJ47iIWZ3mSN01CcYxj2zbFWtKfAisXNSRjkaPfPL8WOahiwCKohSXdtKwM2IBE4FG5ecVLGE0CHps66mEQmZcrPpBWN8rBUfB7HULwI8VX8nMhIqNQo9PRkSGKh5byL+53VTCC7djEdJCiyis0VBKjDEeFIH9rlkFMRIE0Il13/FdEAkoaBLK+kS7PmTF0nrrGpbVfvmvFy7yusookN0hCrIRheohq5RAzURRY/oGb2iN+PJeDHejY/ZaMHIM/voD4zPHzYIlhg=</latexit>

e

�t

x

c
<latexit sha1_base64="FiMu2cNLppsAQWo1drpqRGeq934=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUlE0GXRjcsK9gFNWiaTSTt0MgkzE7GE4MZfceNCEbd+hTv/xuljoa0HBg7n3MOde4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aZKMklogyQ8ke0AK8qZoA3NNKftVFIcB5y2guH12G/dU6lYIu70KKV+jPuCRYxgbaSefehFEpOcdnOPm1SIkS6K/KFLip5dcarOBGiRuDNSgRnqPfvLCxOSxVRowrFSHddJtZ9jqRnhtCh7maIpJkPcpx1DBY6p8vPJCQU6MUqIokSaJzSaqL8TOY6VGsWBmYyxHqh5byz+53UyHV36ORNppqkg00VRxpFO0LgPFDJJieYjQzCRzPwVkQE2nWjTWtmU4M6fvEiaZ1XXqbq355Xa1ayOEhzBMZyCCxdQgxuoQwMIPMIzvMKb9WS9WO/Wx3R0yZplDuAPrM8fBnaX0g==</latexit><latexit sha1_base64="FiMu2cNLppsAQWo1drpqRGeq934=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUlE0GXRjcsK9gFNWiaTSTt0MgkzE7GE4MZfceNCEbd+hTv/xuljoa0HBg7n3MOde4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aZKMklogyQ8ke0AK8qZoA3NNKftVFIcB5y2guH12G/dU6lYIu70KKV+jPuCRYxgbaSefehFEpOcdnOPm1SIkS6K/KFLip5dcarOBGiRuDNSgRnqPfvLCxOSxVRowrFSHddJtZ9jqRnhtCh7maIpJkPcpx1DBY6p8vPJCQU6MUqIokSaJzSaqL8TOY6VGsWBmYyxHqh5byz+53UyHV36ORNppqkg00VRxpFO0LgPFDJJieYjQzCRzPwVkQE2nWjTWtmU4M6fvEiaZ1XXqbq355Xa1ayOEhzBMZyCCxdQgxuoQwMIPMIzvMKb9WS9WO/Wx3R0yZplDuAPrM8fBnaX0g==</latexit><latexit sha1_base64="FiMu2cNLppsAQWo1drpqRGeq934=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUlE0GXRjcsK9gFNWiaTSTt0MgkzE7GE4MZfceNCEbd+hTv/xuljoa0HBg7n3MOde4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aZKMklogyQ8ke0AK8qZoA3NNKftVFIcB5y2guH12G/dU6lYIu70KKV+jPuCRYxgbaSefehFEpOcdnOPm1SIkS6K/KFLip5dcarOBGiRuDNSgRnqPfvLCxOSxVRowrFSHddJtZ9jqRnhtCh7maIpJkPcpx1DBY6p8vPJCQU6MUqIokSaJzSaqL8TOY6VGsWBmYyxHqh5byz+53UyHV36ORNppqkg00VRxpFO0LgPFDJJieYjQzCRzPwVkQE2nWjTWtmU4M6fvEiaZ1XXqbq355Xa1ayOEhzBMZyCCxdQgxuoQwMIPMIzvMKb9WS9WO/Wx3R0yZplDuAPrM8fBnaX0g==</latexit><latexit sha1_base64="FiMu2cNLppsAQWo1drpqRGeq934=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUlE0GXRjcsK9gFNWiaTSTt0MgkzE7GE4MZfceNCEbd+hTv/xuljoa0HBg7n3MOde4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aZKMklogyQ8ke0AK8qZoA3NNKftVFIcB5y2guH12G/dU6lYIu70KKV+jPuCRYxgbaSefehFEpOcdnOPm1SIkS6K/KFLip5dcarOBGiRuDNSgRnqPfvLCxOSxVRowrFSHddJtZ9jqRnhtCh7maIpJkPcpx1DBY6p8vPJCQU6MUqIokSaJzSaqL8TOY6VGsWBmYyxHqh5byz+53UyHV36ORNppqkg00VRxpFO0LgPFDJJieYjQzCRzPwVkQE2nWjTWtmU4M6fvEiaZ1XXqbq355Xa1ayOEhzBMZyCCxdQgxuoQwMIPMIzvMKb9WS9WO/Wx3R0yZplDuAPrM8fBnaX0g==</latexit>

✓
t

b

x

◆c

<latexit sha1_base64="LDdavzP4aFgzy9toark/stiR2XQ=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyURQY9FLx4r2A9o0rLZbtqlm03YnYgl9OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlpeWV1bL2wUN7e2d3btvf2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWB4PfGb90xpHss7GCXMj0hf8pBTAkbq2keeYCGUvVARmkEnGGcPY0/x/gBOO7Rrl5yKMwVeJG5OSihHrWt/eb2YphGTQAXRuu06CfgZUcCpYOOil2qWEDokfdY2VJKIaT+bfjHGJ0bp4TBWpiTgqfp7IiOR1qMoMJ0RgYGe9ybif147hfDSz7hMUmCSzhaFqcAQ40kkuMcVoyBGhhCquLkV0wExgYAJrmhCcOdfXiSNs4rrVNzb81L1Ko+jgA7RMSojF12gKrpBNVRHFD2iZ/SK3qwn68V6tz5mrUtWPnOA/sD6/AEPHJjq</latexit><latexit sha1_base64="LDdavzP4aFgzy9toark/stiR2XQ=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyURQY9FLx4r2A9o0rLZbtqlm03YnYgl9OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlpeWV1bL2wUN7e2d3btvf2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWB4PfGb90xpHss7GCXMj0hf8pBTAkbq2keeYCGUvVARmkEnGGcPY0/x/gBOO7Rrl5yKMwVeJG5OSihHrWt/eb2YphGTQAXRuu06CfgZUcCpYOOil2qWEDokfdY2VJKIaT+bfjHGJ0bp4TBWpiTgqfp7IiOR1qMoMJ0RgYGe9ybif147hfDSz7hMUmCSzhaFqcAQ40kkuMcVoyBGhhCquLkV0wExgYAJrmhCcOdfXiSNs4rrVNzb81L1Ko+jgA7RMSojF12gKrpBNVRHFD2iZ/SK3qwn68V6tz5mrUtWPnOA/sD6/AEPHJjq</latexit><latexit sha1_base64="LDdavzP4aFgzy9toark/stiR2XQ=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyURQY9FLx4r2A9o0rLZbtqlm03YnYgl9OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlpeWV1bL2wUN7e2d3btvf2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWB4PfGb90xpHss7GCXMj0hf8pBTAkbq2keeYCGUvVARmkEnGGcPY0/x/gBOO7Rrl5yKMwVeJG5OSihHrWt/eb2YphGTQAXRuu06CfgZUcCpYOOil2qWEDokfdY2VJKIaT+bfjHGJ0bp4TBWpiTgqfp7IiOR1qMoMJ0RgYGe9ybif147hfDSz7hMUmCSzhaFqcAQ40kkuMcVoyBGhhCquLkV0wExgYAJrmhCcOdfXiSNs4rrVNzb81L1Ko+jgA7RMSojF12gKrpBNVRHFD2iZ/SK3qwn68V6tz5mrUtWPnOA/sD6/AEPHJjq</latexit><latexit sha1_base64="LDdavzP4aFgzy9toark/stiR2XQ=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyURQY9FLx4r2A9o0rLZbtqlm03YnYgl9OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuYFieAaHOfbWlpeWV1bL2wUN7e2d3btvf2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWB4PfGb90xpHss7GCXMj0hf8pBTAkbq2keeYCGUvVARmkEnGGcPY0/x/gBOO7Rrl5yKMwVeJG5OSihHrWt/eb2YphGTQAXRuu06CfgZUcCpYOOil2qWEDokfdY2VJKIaT+bfjHGJ0bp4TBWpiTgqfp7IiOR1qMoMJ0RgYGe9ybif147hfDSz7hMUmCSzhaFqcAQ40kkuMcVoyBGhhCquLkV0wExgYAJrmhCcOdfXiSNs4rrVNzb81L1Ko+jgA7RMSojF12gKrpBNVRHFD2iZ/SK3qwn68V6tz5mrUtWPnOA/sD6/AEPHJjq</latexit>

e

�t

x

c
<latexit sha1_base64="FiMu2cNLppsAQWo1drpqRGeq934=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUlE0GXRjcsK9gFNWiaTSTt0MgkzE7GE4MZfceNCEbd+hTv/xuljoa0HBg7n3MOde4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aZKMklogyQ8ke0AK8qZoA3NNKftVFIcB5y2guH12G/dU6lYIu70KKV+jPuCRYxgbaSefehFEpOcdnOPm1SIkS6K/KFLip5dcarOBGiRuDNSgRnqPfvLCxOSxVRowrFSHddJtZ9jqRnhtCh7maIpJkPcpx1DBY6p8vPJCQU6MUqIokSaJzSaqL8TOY6VGsWBmYyxHqh5byz+53UyHV36ORNppqkg00VRxpFO0LgPFDJJieYjQzCRzPwVkQE2nWjTWtmU4M6fvEiaZ1XXqbq355Xa1ayOEhzBMZyCCxdQgxuoQwMIPMIzvMKb9WS9WO/Wx3R0yZplDuAPrM8fBnaX0g==</latexit><latexit sha1_base64="FiMu2cNLppsAQWo1drpqRGeq934=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUlE0GXRjcsK9gFNWiaTSTt0MgkzE7GE4MZfceNCEbd+hTv/xuljoa0HBg7n3MOde4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aZKMklogyQ8ke0AK8qZoA3NNKftVFIcB5y2guH12G/dU6lYIu70KKV+jPuCRYxgbaSefehFEpOcdnOPm1SIkS6K/KFLip5dcarOBGiRuDNSgRnqPfvLCxOSxVRowrFSHddJtZ9jqRnhtCh7maIpJkPcpx1DBY6p8vPJCQU6MUqIokSaJzSaqL8TOY6VGsWBmYyxHqh5byz+53UyHV36ORNppqkg00VRxpFO0LgPFDJJieYjQzCRzPwVkQE2nWjTWtmU4M6fvEiaZ1XXqbq355Xa1ayOEhzBMZyCCxdQgxuoQwMIPMIzvMKb9WS9WO/Wx3R0yZplDuAPrM8fBnaX0g==</latexit><latexit sha1_base64="FiMu2cNLppsAQWo1drpqRGeq934=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUlE0GXRjcsK9gFNWiaTSTt0MgkzE7GE4MZfceNCEbd+hTv/xuljoa0HBg7n3MOde4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aZKMklogyQ8ke0AK8qZoA3NNKftVFIcB5y2guH12G/dU6lYIu70KKV+jPuCRYxgbaSefehFEpOcdnOPm1SIkS6K/KFLip5dcarOBGiRuDNSgRnqPfvLCxOSxVRowrFSHddJtZ9jqRnhtCh7maIpJkPcpx1DBY6p8vPJCQU6MUqIokSaJzSaqL8TOY6VGsWBmYyxHqh5byz+53UyHV36ORNppqkg00VRxpFO0LgPFDJJieYjQzCRzPwVkQE2nWjTWtmU4M6fvEiaZ1XXqbq355Xa1ayOEhzBMZyCCxdQgxuoQwMIPMIzvMKb9WS9WO/Wx3R0yZplDuAPrM8fBnaX0g==</latexit><latexit sha1_base64="FiMu2cNLppsAQWo1drpqRGeq934=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUlE0GXRjcsK9gFNWiaTSTt0MgkzE7GE4MZfceNCEbd+hTv/xuljoa0HBg7n3MOde4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aZKMklogyQ8ke0AK8qZoA3NNKftVFIcB5y2guH12G/dU6lYIu70KKV+jPuCRYxgbaSefehFEpOcdnOPm1SIkS6K/KFLip5dcarOBGiRuDNSgRnqPfvLCxOSxVRowrFSHddJtZ9jqRnhtCh7maIpJkPcpx1DBY6p8vPJCQU6MUqIokSaJzSaqL8TOY6VGsWBmYyxHqh5byz+53UyHV36ORNppqkg00VRxpFO0LgPFDJJieYjQzCRzPwVkQE2nWjTWtmU4M6fvEiaZ1XXqbq355Xa1ayOEhzBMZyCCxdQgxuoQwMIPMIzvMKb9WS9WO/Wx3R0yZplDuAPrM8fBnaX0g==</latexit>

C(x� vBt) ! C(x, t) ⇠ e

�t

x

c
<latexit sha1_base64="6pbf40FYPLnPel+Mqr+fX1w/+KM=">AAACGXicbVDLSgMxFM3UV62vUZdugkWooGVGBF2WduOygn1Apy2ZNNOGZh4kd0rLML/hxl9x40IRl7ryb0wfC209EDg5596b3ONGgiuwrG8js7a+sbmV3c7t7O7tH5iHR3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13GFl6jdGTCoeBg8wiVjbJ/2Ae5wS0FLXtCqF8eWoW4ZzB0KsLxeaKe47niQ0YZ3EEXpYj2BI02TcoWnXzFtFawa8SuwFyaMFql3z0+mFNPZZAFQQpVq2FUE7IRI4FSzNObFiEaFD0mctTQPiM9VOZpul+EwrPeyFUp8A8Ez93ZEQX6mJ7+pKn8BALXtT8T+vFYN32054EMXAAjp/yIsF1iFMY8I9LhkFMdGEUMn1XzEdEJ0J6DBzOgR7eeVVUr8q2lbRvr/Ol8qLOLLoBJ2iArLRDSqhO1RFNUTRI3pGr+jNeDJejHfjY16aMRY9x+gPjK8fteegLA==</latexit><latexit sha1_base64="6pbf40FYPLnPel+Mqr+fX1w/+KM=">AAACGXicbVDLSgMxFM3UV62vUZdugkWooGVGBF2WduOygn1Apy2ZNNOGZh4kd0rLML/hxl9x40IRl7ryb0wfC209EDg5596b3ONGgiuwrG8js7a+sbmV3c7t7O7tH5iHR3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13GFl6jdGTCoeBg8wiVjbJ/2Ae5wS0FLXtCqF8eWoW4ZzB0KsLxeaKe47niQ0YZ3EEXpYj2BI02TcoWnXzFtFawa8SuwFyaMFql3z0+mFNPZZAFQQpVq2FUE7IRI4FSzNObFiEaFD0mctTQPiM9VOZpul+EwrPeyFUp8A8Ez93ZEQX6mJ7+pKn8BALXtT8T+vFYN32054EMXAAjp/yIsF1iFMY8I9LhkFMdGEUMn1XzEdEJ0J6DBzOgR7eeVVUr8q2lbRvr/Ol8qLOLLoBJ2iArLRDSqhO1RFNUTRI3pGr+jNeDJejHfjY16aMRY9x+gPjK8fteegLA==</latexit><latexit sha1_base64="6pbf40FYPLnPel+Mqr+fX1w/+KM=">AAACGXicbVDLSgMxFM3UV62vUZdugkWooGVGBF2WduOygn1Apy2ZNNOGZh4kd0rLML/hxl9x40IRl7ryb0wfC209EDg5596b3ONGgiuwrG8js7a+sbmV3c7t7O7tH5iHR3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13GFl6jdGTCoeBg8wiVjbJ/2Ae5wS0FLXtCqF8eWoW4ZzB0KsLxeaKe47niQ0YZ3EEXpYj2BI02TcoWnXzFtFawa8SuwFyaMFql3z0+mFNPZZAFQQpVq2FUE7IRI4FSzNObFiEaFD0mctTQPiM9VOZpul+EwrPeyFUp8A8Ez93ZEQX6mJ7+pKn8BALXtT8T+vFYN32054EMXAAjp/yIsF1iFMY8I9LhkFMdGEUMn1XzEdEJ0J6DBzOgR7eeVVUr8q2lbRvr/Ol8qLOLLoBJ2iArLRDSqhO1RFNUTRI3pGr+jNeDJejHfjY16aMRY9x+gPjK8fteegLA==</latexit><latexit sha1_base64="6pbf40FYPLnPel+Mqr+fX1w/+KM=">AAACGXicbVDLSgMxFM3UV62vUZdugkWooGVGBF2WduOygn1Apy2ZNNOGZh4kd0rLML/hxl9x40IRl7ryb0wfC209EDg5596b3ONGgiuwrG8js7a+sbmV3c7t7O7tH5iHR3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13GFl6jdGTCoeBg8wiVjbJ/2Ae5wS0FLXtCqF8eWoW4ZzB0KsLxeaKe47niQ0YZ3EEXpYj2BI02TcoWnXzFtFawa8SuwFyaMFql3z0+mFNPZZAFQQpVq2FUE7IRI4FSzNObFiEaFD0mctTQPiM9VOZpul+EwrPeyFUp8A8Ez93ZEQX6mJ7+pKn8BALXtT8T+vFYN32054EMXAAjp/yIsF1iFMY8I9LhkFMdGEUMn1XzEdEJ0J6DBzOgR7eeVVUr8q2lbRvr/Ol8qLOLLoBJ2iArLRDSqhO1RFNUTRI3pGr+jNeDJejHfjY16aMRY9x+gPjK8fteegLA==</latexit>

⇡ 3
<latexit sha1_base64="z71vJ2Kd4E4faRIYAXR5lamy12I=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXJali211BFy4r2Ie0Q8mkmTY0mQlJRixDv8KNC0Xc+jnu/BszbQUVPXDhcM693HtPoAQ3FqEPb2l5ZXVtPbeR39za3tkt7O23TJxoypo0FrHuBMQwwSPWtNwK1lGaERkI1g7GF5nfvmPa8Di6sRPFfEmGEQ85JdZJtz2ilI7v4Wm/UEQlhBDGGGYEV86RI7VatYyrEGeWQxEs0OgX3nuDmCaSRZYKYkwXI2X9lGjLqWDTfC8xTBE6JkPWdTQikhk/nR08hcdOGcAw1q4iC2fq94mUSGMmMnCdktiR+e1l4l9eN7Fh1U95pBLLIjpfFCYC2hhm38MB14xaMXGEUM3drZCOiCbUuozyLoSvT+H/pFUuYVTC12fF+uUijhw4BEfgBGBQAXVwBRqgCSiQ4AE8gWdPe4/ei/c6b13yFjMH4Ae8t0+uu5BV</latexit><latexit sha1_base64="z71vJ2Kd4E4faRIYAXR5lamy12I=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXJali211BFy4r2Ie0Q8mkmTY0mQlJRixDv8KNC0Xc+jnu/BszbQUVPXDhcM693HtPoAQ3FqEPb2l5ZXVtPbeR39za3tkt7O23TJxoypo0FrHuBMQwwSPWtNwK1lGaERkI1g7GF5nfvmPa8Di6sRPFfEmGEQ85JdZJtz2ilI7v4Wm/UEQlhBDGGGYEV86RI7VatYyrEGeWQxEs0OgX3nuDmCaSRZYKYkwXI2X9lGjLqWDTfC8xTBE6JkPWdTQikhk/nR08hcdOGcAw1q4iC2fq94mUSGMmMnCdktiR+e1l4l9eN7Fh1U95pBLLIjpfFCYC2hhm38MB14xaMXGEUM3drZCOiCbUuozyLoSvT+H/pFUuYVTC12fF+uUijhw4BEfgBGBQAXVwBRqgCSiQ4AE8gWdPe4/ei/c6b13yFjMH4Ae8t0+uu5BV</latexit><latexit sha1_base64="z71vJ2Kd4E4faRIYAXR5lamy12I=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXJali211BFy4r2Ie0Q8mkmTY0mQlJRixDv8KNC0Xc+jnu/BszbQUVPXDhcM693HtPoAQ3FqEPb2l5ZXVtPbeR39za3tkt7O23TJxoypo0FrHuBMQwwSPWtNwK1lGaERkI1g7GF5nfvmPa8Di6sRPFfEmGEQ85JdZJtz2ilI7v4Wm/UEQlhBDGGGYEV86RI7VatYyrEGeWQxEs0OgX3nuDmCaSRZYKYkwXI2X9lGjLqWDTfC8xTBE6JkPWdTQikhk/nR08hcdOGcAw1q4iC2fq94mUSGMmMnCdktiR+e1l4l9eN7Fh1U95pBLLIjpfFCYC2hhm38MB14xaMXGEUM3drZCOiCbUuozyLoSvT+H/pFUuYVTC12fF+uUijhw4BEfgBGBQAXVwBRqgCSiQ4AE8gWdPe4/ei/c6b13yFjMH4Ae8t0+uu5BV</latexit><latexit sha1_base64="z71vJ2Kd4E4faRIYAXR5lamy12I=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXJali211BFy4r2Ie0Q8mkmTY0mQlJRixDv8KNC0Xc+jnu/BszbQUVPXDhcM693HtPoAQ3FqEPb2l5ZXVtPbeR39za3tkt7O23TJxoypo0FrHuBMQwwSPWtNwK1lGaERkI1g7GF5nfvmPa8Di6sRPFfEmGEQ85JdZJtz2ilI7v4Wm/UEQlhBDGGGYEV86RI7VatYyrEGeWQxEs0OgX3nuDmCaSRZYKYkwXI2X9lGjLqWDTfC8xTBE6JkPWdTQikhk/nR08hcdOGcAw1q4iC2fq94mUSGMmMnCdktiR+e1l4l9eN7Fh1U95pBLLIjpfFCYC2hhm38MB14xaMXGEUM3drZCOiCbUuozyLoSvT+H/pFUuYVTC12fF+uUijhw4BEfgBGBQAXVwBRqgCSiQ4AE8gWdPe4/ei/c6b13yFjMH4Ae8t0+uu5BV</latexit>

N = 1
<latexit sha1_base64="rc/KGSdk+7eXX+Iuv8P8t1++icY=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGti6Egi5cSUX7gDaUyXTSDp1MwsxEKKGf4MaFIm79Inf+jZO2gooeuHA4517uvSdIOFPacT6speWV1bX1wkZxc2t7Z7e0t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC+yP32PZWKxeJOTxLqR3goWMgI1ka6vT5H/VLZsc9qFderQMd2nCpyUU7cqnfqQWSUHGWwQKNfeu8NYpJGVGjCsVJd5CTaz7DUjHA6LfZSRRNMxnhIu4YKHFHlZ7NTp/DYKAMYxtKU0HCmfp/IcKTUJApMZ4T1SP32cvEvr5vqsOZnTCSppoLMF4UphzqG+d9wwCQlmk8MwUQycyskIywx0Sadognh61P4P2m5NnJsdOOV65eLOArgEByBE4BAFdTBFWiAJiBgCB7AE3i2uPVovViv89YlazFzAH7AevsE+KSNmA==</latexit><latexit sha1_base64="rc/KGSdk+7eXX+Iuv8P8t1++icY=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGti6Egi5cSUX7gDaUyXTSDp1MwsxEKKGf4MaFIm79Inf+jZO2gooeuHA4517uvSdIOFPacT6speWV1bX1wkZxc2t7Z7e0t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC+yP32PZWKxeJOTxLqR3goWMgI1ka6vT5H/VLZsc9qFderQMd2nCpyUU7cqnfqQWSUHGWwQKNfeu8NYpJGVGjCsVJd5CTaz7DUjHA6LfZSRRNMxnhIu4YKHFHlZ7NTp/DYKAMYxtKU0HCmfp/IcKTUJApMZ4T1SP32cvEvr5vqsOZnTCSppoLMF4UphzqG+d9wwCQlmk8MwUQycyskIywx0Sadognh61P4P2m5NnJsdOOV65eLOArgEByBE4BAFdTBFWiAJiBgCB7AE3i2uPVovViv89YlazFzAH7AevsE+KSNmA==</latexit><latexit sha1_base64="rc/KGSdk+7eXX+Iuv8P8t1++icY=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGti6Egi5cSUX7gDaUyXTSDp1MwsxEKKGf4MaFIm79Inf+jZO2gooeuHA4517uvSdIOFPacT6speWV1bX1wkZxc2t7Z7e0t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC+yP32PZWKxeJOTxLqR3goWMgI1ka6vT5H/VLZsc9qFderQMd2nCpyUU7cqnfqQWSUHGWwQKNfeu8NYpJGVGjCsVJd5CTaz7DUjHA6LfZSRRNMxnhIu4YKHFHlZ7NTp/DYKAMYxtKU0HCmfp/IcKTUJApMZ4T1SP32cvEvr5vqsOZnTCSppoLMF4UphzqG+d9wwCQlmk8MwUQycyskIywx0Sadognh61P4P2m5NnJsdOOV65eLOArgEByBE4BAFdTBFWiAJiBgCB7AE3i2uPVovViv89YlazFzAH7AevsE+KSNmA==</latexit><latexit sha1_base64="rc/KGSdk+7eXX+Iuv8P8t1++icY=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGti6Egi5cSUX7gDaUyXTSDp1MwsxEKKGf4MaFIm79Inf+jZO2gooeuHA4517uvSdIOFPacT6speWV1bX1wkZxc2t7Z7e0t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC+yP32PZWKxeJOTxLqR3goWMgI1ka6vT5H/VLZsc9qFderQMd2nCpyUU7cqnfqQWSUHGWwQKNfeu8NYpJGVGjCsVJd5CTaz7DUjHA6LfZSRRNMxnhIu4YKHFHlZ7NTp/DYKAMYxtKU0HCmfp/IcKTUJApMZ4T1SP32cvEvr5vqsOZnTCSppoLMF4UphzqG+d9wwCQlmk8MwUQycyskIywx0Sadognh61P4P2m5NnJsdOOV65eLOArgEByBE4BAFdTBFWiAJiBgCB7AE3i2uPVovViv89YlazFzAH7AevsE+KSNmA==</latexit>

Possible future directions:

(1) The regime 

(2) 1/N correction

(3) Entanglement dynamics after quench

(4) Applying this Brownian circuit technique to other interacting systems

(5) Operator dynamics at finite temperature

Summary and Outlook

2 < ↵ < 3
<latexit sha1_base64="XuSg69HsmEIAPesFyXNInzksCho=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioEWKoI1lBPOByRHmNnvJkr29Y3dPCCH/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVFHWoLGIVTtAzQSXrGG4EaydKIZRIFgrGN3O/NYTU5rH8sGME+ZHOJA85BSNlR4r1S6KZIjVi16x5JbdOcgq8TJSggz1XvGr249pGjFpqECtO56bGH+CynAq2LTQTTVLkI5wwDqWSoyY9ifzi6fkzCp9EsbKljRkrv6emGCk9TgKbGeEZqiXvZn4n9dJTXjtT7hMUsMkXSwKU0FMTGbvkz5XjBoxtgSp4vZWQoeokBobUsGG4C2/vEqalbLnlr37y1LtJosjDydwCufgwRXU4A7q0AAKEp7hFd4c7bw4787HojXnZDPH8AfO5w92+ZAd</latexit><latexit sha1_base64="XuSg69HsmEIAPesFyXNInzksCho=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioEWKoI1lBPOByRHmNnvJkr29Y3dPCCH/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVFHWoLGIVTtAzQSXrGG4EaydKIZRIFgrGN3O/NYTU5rH8sGME+ZHOJA85BSNlR4r1S6KZIjVi16x5JbdOcgq8TJSggz1XvGr249pGjFpqECtO56bGH+CynAq2LTQTTVLkI5wwDqWSoyY9ifzi6fkzCp9EsbKljRkrv6emGCk9TgKbGeEZqiXvZn4n9dJTXjtT7hMUsMkXSwKU0FMTGbvkz5XjBoxtgSp4vZWQoeokBobUsGG4C2/vEqalbLnlr37y1LtJosjDydwCufgwRXU4A7q0AAKEp7hFd4c7bw4787HojXnZDPH8AfO5w92+ZAd</latexit><latexit sha1_base64="XuSg69HsmEIAPesFyXNInzksCho=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioEWKoI1lBPOByRHmNnvJkr29Y3dPCCH/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVFHWoLGIVTtAzQSXrGG4EaydKIZRIFgrGN3O/NYTU5rH8sGME+ZHOJA85BSNlR4r1S6KZIjVi16x5JbdOcgq8TJSggz1XvGr249pGjFpqECtO56bGH+CynAq2LTQTTVLkI5wwDqWSoyY9ifzi6fkzCp9EsbKljRkrv6emGCk9TgKbGeEZqiXvZn4n9dJTXjtT7hMUsMkXSwKU0FMTGbvkz5XjBoxtgSp4vZWQoeokBobUsGG4C2/vEqalbLnlr37y1LtJosjDydwCufgwRXU4A7q0AAKEp7hFd4c7bw4787HojXnZDPH8AfO5w92+ZAd</latexit><latexit sha1_base64="XuSg69HsmEIAPesFyXNInzksCho=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioEWKoI1lBPOByRHmNnvJkr29Y3dPCCH/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVFHWoLGIVTtAzQSXrGG4EaydKIZRIFgrGN3O/NYTU5rH8sGME+ZHOJA85BSNlR4r1S6KZIjVi16x5JbdOcgq8TJSggz1XvGr249pGjFpqECtO56bGH+CynAq2LTQTTVLkI5wwDqWSoyY9ifzi6fkzCp9EsbKljRkrv6emGCk9TgKbGeEZqiXvZn4n9dJTXjtT7hMUsMkXSwKU0FMTGbvkz5XjBoxtgSp4vZWQoeokBobUsGG4C2/vEqalbLnlr37y1LtJosjDydwCufgwRXU4A7q0AAKEp7hFd4c7bw4787HojXnZDPH8AfO5w92+ZAd</latexit>

Operator dynamics Classical stochastic problem
Brownian circuit approach

Power law interaction systems


