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Why Dynamical Mean Field Theory?

(Photoemission data from Fujimori et al., 1992)

Mott insulating phases: not
accessible in one-particle
picture

Correlated metals: Coex-
istence of quasi-particle
bands with Hubbard bands
NB: several energy scales!
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What’s a mean field theory?
Example of the Ising Model:

H = −J
∑

ij

Szi S
z
j (1)

Mean field theory: map onto single-spin problem in
an effective field

H = −µBBeffS
z
o (2)

with a self-consistency condition restoring
translational invariance
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What’s a mean field theory?
Two ingredients:
1. Reference system: single site (or cluster of sites) in
an effective mean field

2. Self-consistency condition relating the effective
problem to the original one
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... adynamicalmean field theory?
Two ingredients:
1. Reference system: single site (or cluster of sites) in
an effective mean field

• Mean field can beenergy-dependent
(→ dynamical)

• Reference system can beinteracting
2. Self-consistency condition relating the effective
problem to the original one
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From basic concepts ...
• DMFT – basic ideas (example: Hubbard model)
• “LDA+DMFT”
• Different implementations
• What can we calculate?

... to real materials ...
• transition metals and their oxides
• f-electron materials
• iron oxypnictides

... and back (?)
• Current challenges and perspectives
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The Hubbard model

H = −
D

2

∑

<ij>σ

(

c
†
iσcjσ + c

†
jσciσ

)

+ U
∑

i

ni↑ni↓

(Hubbard, 1963)
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Dynamical mean field theory ...
... maps the lattice problem

onto a single-site (Anderson impurity) problem

with a self-consistency condition
(for a review see Georges et al., Rev. Mod. Phys. 1996)
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Effective dynamics ...
... for single-siteproblem

Seff = −

∫ β

0

dτ

∫ β

0

dτ ′
∑

σ

c†σ(τ)G
−1
0 (τ − τ ′)cσ(τ

′)

+ U

∫ β

0

dτn↑n↓

with the dynamical mean fieldG−1
0 (τ − τ ′)

G0(τ − τ ′)
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DMFT (contd.)
Green’s function:

Gimpurity(τ) = −〈T̂ c(τ)c†(0)〉

Self-energy (k-independent):

Σimpurity(ω) = G−1
0 (ω) −G−1

impurity(ω)

DMFT assumption :

Σimpurity = Σlattice

Gimpurity = Glattice
local

→ Self-consistency condition forG−1
0
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The DMFT self-consistency cycle
Anderson impurity model solver

G−1
0 Gimp(τ) = −〈T̂ c(τ)c†(0)〉

G0 =
(

Σ +G−1
imp

)−1
Σ = G−1

0 −G−1
imp

Self-consistency condition:

G(ω) =
∑

k

1

ω + µ− ǫk − Σ(ω)
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Hubbard model within DMFT

H = −
D

2

∑

<ij>σ

(

c
†
iσcjσ + c

†
jσciσ

)

+ U
∑

i

ni↑ni↓

(Hubbard, 1963)
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Photoemission vs. Hubbard
model spectral function
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From basic concepts to real ma-
terials ...?
Wanted:techniques formaterials-specificcalculations
of electronic propertiesbeyond band theory
Strategy:

• materials-specific→ “first principles” (i.e.
without adjustable parameters)

• beyond band theory→ many-body techniques
based on dynamical mean field theory (DMFT)

→ combine both ...
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“LDA+DMFT” – basic strategy
→ effective one-particle Hamiltonian within LDA
→ represent in localized basis
→ add Hubbard interaction terms

H =
∑

{imσ}

(HLDA
im,i′m′ −H

double counting
im,i′m′ )a+

imσai′m′σ

+
1

2

∑

imm′σ (correl. orb.)

Umm′nimσnim′−σ

+
1

2

∑

im6=m′σ (correl. orb.)

(Umm′ − Jmm′)nimσnim′σ

→ solve within Dynamical Mean Field Theory

(Anisimov et al. 1997, Lichtenstein et al. 1998) – p. 15



Dynamical mean field theory ...
... maps a lattice problem [a solid]

onto a single-site problem [an effective atom]

with a self-consistency condition
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Spectral density functional theory
Update of “non-interacting” (LDA) Hamiltonian!

• Functional of density and spectral function of
correlated orbitals

• DMFT a way to (approximately) evaluate that
functional

(Kotliar and Savrasov, 2004)
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LDA+DMFT – full scheme

DMFT loop

DMFT preludeDFT part

update

V̂KS = V̂ext + V̂H + V̂xc

[

−∇2

2 + V̂KS

]

|ψkν〉 = εkν |ψkν〉

from charge density ρ(r) construct
update

{|χ
Rm

〉} build ĜKS =
[

iωn + µ+ ∇2

2 − V̂KS

]−1

construct initial Ĝ0

impurity solver

G
imp
mm′(τ − τ ′) = −〈T̂ d̂mσ(τ)d̂†

m′σ′(τ ′)〉Simp

self-consistency condition: construct Ĝloc

Ĝ−1
0 = Ĝ−1

loc + Σ̂imp

Ĝloc = P̂
(C)
R

[

Ĝ−1
KS −

(

Σ̂imp − Σ̂dc

)]−1

P̂
(C)
R

Σ̂imp = Ĝ−1
0 − Ĝ−1

imp

ρ

compute new chemical potential µ

ρ(r) = ρKS(r) + ∆ρ(r)

(Appendix A)

see e.g. F. Lechermann, A. Georges, A. Poteryaev, S. B., M. Posternak, A. Yamasaki, O. K.

Andersen, Phys. Rev. B74125120 (2006)
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Different implementations
• muffin-based (LMTO, NMTO ...)
• maximally localised Wannier functions
→ use your favorite LDA implementation ...!

• Wannier-like functions generated from projected
atomic orbitals
→ use your favorite LDA implementation ...!

• ...

(see, e.g., Aichhorn et al., PRB 2009)
cf X. Gonze’s talk
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Solvers?
How to solve the (multi-orbital) Anderson impurity
model?

• “numerically exact” schemes (QMC)
• approximate techniques, e.g. based on

diagrammatic (NCA and extensions, FLEX, ...)
or physical (Hubbard I, slave bosons ...)
considerations

NB. Can build in knowledge about the solution (and
save hours of Monte Carlo time ...).
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doped LaTiO3

Anisimov et al., 1997
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Nickel within LDA+DMFT
(from: Lichtenstein et al. 2001)
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γ-Manganese
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Cerium

                                      

α-phase:
small volume, delo-
calized f-electrons
γ-phase:
large volume, local-
ized f-electrons

Several studies using LDA+DMFT:
Held et al., Zölfl et al., Haule et al., Sakai et al.,
MacMahan et al., Amadon et al.
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Spectral properties

-5 0 5 10
ω (eV)

Experiment

-5 0 5 10
ω (eV)

α
γ

LDA+DMFT (800K)

Experimental data: Wuilloud et al, Wieliczka et al.
LDA+DMFT: Amadon, SB., Georges, Aryasetiawan, PRL 2005
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Total energy
LDA+DMFT calculations
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Energetic contributions
Exploit available experimental data!
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transition temperature (K)
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∆E = Eγ − Eα > 0
∆F = Fγ − Fα = ∆E − T∆S = −p∆V < 0
Transition is entropy-driven!
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Phonons in Pu
LDA+DMFT vs. experiment (Dai et al., 2004)

  

– p. 28



What can we calculate?
• spectral functions
• k-resolved spectral functions
• optical conductivities
• total energies
• phonons
• magnetic properties (but: local self-energy)
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Jacob’s ladder ?

– p. 30



Jacob’s ladder ?

Materials Design

First principles electronic
structure calculations for
correlated materials
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Jacob’s ladder ?

Materials Design

First principles electronic
structure calculations for
correlated materials

non-localΣ ?
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Intelligent Windows ?

Vanadium dioxide VO2 proposed as a coating material

– p. 33



Metal-Insulator Transitions

Metal-insulator transition
in VO2 at Tc=340 K

Morin et al., 1959

!
– p. 34



Structures of VO2

Metal-insulator transition accompanied by
dimerization of V atoms:
High-T: Rutile Low-T: Monoclinic

(pictures from V. Eyert)
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VO2: Peierls or Mott ?

see also: Liebsch et al., Tanaka, Laad et al., Qazilbash
et al., ...
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VO2 : Spectra
LDA-DOS LDA+DMFT PES vs. LDA+DMFT
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VO2 : the physical picture
Charge transfereπ

g → a1g and bonding-antibonding splitting

metallic phase:

 0.1

 1

ω
 [e

V
]

ΓZCYΓ
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 0
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 3

insulating phase:

 0.1
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ω
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Spectral functions and “band structure”

det
(

ωk + µ−HLDA (k) −ℜΣ(ωk)
)

= 0

J.M. Tomczak, S.B., J.Phys.:Cond.Mat. 2007; J.M. Tomczak,F. Aryasetiawan, S.B., PRB 2008
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Susceptibility

From Pouget et al.

flat susceptibility in
monoclinic phase,
corresponding to
singlet state
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Optical Conductivity of VO 2
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[Okazakiet al.] : thin filmsE ⊥ [001], Tc=290 K

[Qazilbashet al.] : polycrystalline films, preferential
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J.M. Tomczak, PhD thesis 2007.
J.M. Tomczak, S.B., Europhys. Lett. 2009.
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Setup of an Intelligent Window?
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Intelligent Window?

TiO2 on VO2 on SiO2

TiO2

VO2

SiO2

dTiO2

dVO2

dSiO2
=3mm

Air

Air
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Visual transmittance

visual transmittance (S : spectrum of the

light source) :
R

700nm

400nm
dλS(λ)T (λ)/

R

700nm

400nm
dλS(λ)

J.M. Tomczak, S.B., Euro-
phys. Lett. 2009.
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• Optics calculations insemi-quantitative
agreement with experiments

• predictions become possible, even for correlated
materials

→ theoretically guided design of materials?
Example:V O2
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Jacob’s ladder ?

Materials Design

First principles electronic
structure calculations for
correlated materials

What’s U ?
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LaFeAsO

Parent compound of new iron oxypnictide
superconductors
Fe-d states, hybridising with As-p and O-p bands
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Correlations in LaFeAsO?
Experimental (ARPES, XAS, optics ...) indications of
weak or moderate correlations
Mass enhancement from ARPES∼ 1.8 - 2.2
Optics (Boris et al.):

DMFT work: Shim et al., Anisimov et al., Craco et al.
(also related compounds: Skornyakov et al.)
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What’s U in LaFeAsO?
“d-model” within cRPA (cf. Ferdi Aryasetiawan’s
talk)

Uσσ̄
mm′| =















3.17 2.02 1.72 2.22 2.22

2.02 3.36 2.16 2.04 2.04

1.72 2.16 2.17 1.73 1.73

2.22 2.04 1.73 2.73 1.84

2.22 2.04 1.73 1.84 2.73















Very anisotropic!
Very extended orbitals!cf Vildosola et al., PRB 2008

U=2.14 eV, J=0.6 eV
(Aichhorn, ... ,Miyake, ... PRB 2009), see also Nakamura et al., JPSJ 2009.

CRPA: Aryasetiawan et al., PRB 2004. – p. 48



What’s U in LaFeAsO?
“dpp-model” comprising Fe-d, As-p, O-p

Uσσ̄
mm′ =















3.77 2.35 2.21 2.71 2.71

2.35 3.94 2.87 2.44 2.44

2.21 2.87 3.31 2.29 2.29

2.71 2.44 2.29 3.48 2.29

2.71 2.44 2.29 2.29 3.48















U=2.7eV, J=0.8eV
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LaFeAsO in DMFT
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LaFeAsO in DMFT
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Jacob’s ladder ?

Materials Design

Corrections to LDA
for “uncorrelated”
orbitals?
non-localΣ ?
What’s U ?
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LDA+DMFT without LDA?
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LDA+DMFT without LDA?

→ GW+DMFT
(somewhere high up on the Jacob’s ladder ...)
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A functional point of view
[Chitra & Kotliar, 2001, Almbladh et al. 1999]

Γ[G,W ] = Tr lnG− Tr[(GH
−1 −G−1)G]

−
1

2
Tr lnW +

1

2
Tr[(V −1 −W−1)W ] + Ψ[G,W ]

Free energyΓ is a functional of
• one-electron Green’s function
G(r, r′; τ − τ ′) ≡ −〈Tτ ψ(r, τ)ψ†(r′, τ ′)〉

• the screened Coulomb interaction
W = V − V χV

GH = bare (Hartree) Green’s function

– p. 55



Approximations to Psi ?
GW: ΨGW [G,W ] = −1

2TrGWG

Extended DMFT (“E-DMFT”):
ΨDMFT [G,W ] = Ψimpurity[Gimpurity,Wimpurity]

E-DMFT for local part of correlated orbitals + GW
for nonlocal part anduncorrelatedorbitals:
ΨGW+DMFT [G,W ] = ΨDMFT + Ψnonlocal

GW

S.B., F. Aryasetiawan, A. Georges PRL90086402 (2003) + cond-mat/0401653

NB: “local” = “onsite” is a basis-set dependent notion!
– p. 56



Extended DMFT ...
... maps a lattice problem

onto a single-site (Anderson impurity) problem

with adynamicalinteractionU(τ − τ ′)

– p. 57



GW+DMFT: local part
Ψimp[Gimp,Wimp] calculated from local impurity
model:

Simp =

∫

dτdτ ′
[

−
∑

c
†
L(τ)G

−1
LL′(τ − τ ′)cL′(τ ′)

+
∑

: c†L1
(τ)cL2

(τ) : UL1...L4
(τ − τ ′) : c†L3

(τ ′)cL4
(τ ′) :

]

GLL′

imp = −〈TτcL(τ)c
+
L′(τ ′)〉S

χL1L2L3L4
= 〈: c†L1

(τ)cL2
(τ) :: c†L3

(τ ′)cL4
(τ ′) :〉S

Wimp = U − UχU
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Self-consistency loop
Impurity model :

G(τ),U(τ)

Gimp ≡ −〈Tτ cc
†〉S →

Wimp = U − UχU

↑

Update

G−1 = G−1
loc + Σimp

U−1 = W−1
loc + Pimp
↑

Σxc
imp = G−1 −G−1

imp

Pimp = U−1 −W−1
imp

↓

Combine :

Σ = Σimp + Σnonlocal
GW

P = Pimp + P nonlocal
GW

↓

Self − consistency

Gloc =
∑

k[GH
−1 − Σxc]−1

Wloc =
∑

q[V
−1
q − P ]−1
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Simplified GW+DMFT
Ni band structure
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Simplified GW+DMFT = non-sc GW and local
self-energy from impurity model – p. 60



Simplified GW+DMFT:
Spectral function of Ni
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Conclusions
• LDA+DMFT useful tool for a wide range of

properties of correlated materials
• More and more versatile implementations
• Consistency between different choices of orbitals
• Challenge: first principles U!→ CRPA ?
• Get rid of LDA ...?→ GW+DMFT
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Collaborations and references
• Different LDA+DMFT implementations:

Aichhorn, Pourovskii, Vildosola, Ferrero, Parcollet,

Miyake, Georges, SB, PRB 2009
F. Lechermann, A. Georges, A. Poteryaev, SB, M.
Posternak, A. Yamasaki,O. K. Andersen, PRB 2006

• Constrained RPA:
F. Aryasetiawan, M. Imada, A. Georges, G. Kotliar, S. B.,
A. I. Lichtenstein, Phys. Rev. B 70, 195104 (2004)

• Manganese:S. Biermann, PhD thesis 2000
S. Biermann, A. Dallmeyer, C. Carbone, W. Eberhardt, C.
Pampuch, O. Rader, M. I. Katsnelson, A. I. Lichtenstein,
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VO2 monoclinic phase

quasi-particle poles (solutions of det[ω + µ−H(k) − Σ(ω)]=0)

and band structure from effective (orbital-dependent) potential

→ gap opening obtained from static (beyond-LDA-) potential

→ Result of DMFT: DMFT not really necessary ... !
(Tomczak and S.B., J. Phys. Cond. Mat, 2007)
NB. Confirmed by the fact that the band structure obtained from QP-self-consistent GW indeed

also displays a gap! (Gatti et al, PRL 2007, Sakuma et al., PRB)
– p. 65
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