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Waves in Stars

Acoustic (Pressure) Waves

Gravity (Buoyancy) Waves

Stars are gravitationally stratified ⟶ two types of waves
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Applying Periodic Boundary Conditions

Angular dependence of waves: 
spherical harmonics

Spherical degree 𝓁 sets  
horizontal wavenumber kh
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Applying Radial Boundary Conditions

On a stretched string… In a star…
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Asymptotic Frequencies of Pressure (p) Modes

Asymptotic dispersion relation

Radial boundary condition

…p-modes with consecutive n will show 
a uniform spacing in frequency Δν 
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Solve for frequencies…
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Echelle Diagram for the Sun 

Δν Warrick Ball 
(BiSON data)

Modes with 
consecutive n 
stack vertically 
in echelle 
diagram



p-Mode Frequencies Revisited
Asymptotic dispersion relation

Angular boundary condition

…p-modes with (n’,𝓁’) = (n-1,𝓁+2) will 
have (almost) the same frequencies
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turning point 
(kr → 0)

this step 
involves math!



Echelle Diagram for the Sun 

Δν Warrick Ball 
(BiSON data)

Odd-𝓁 modes are 
offset by Δν/2 
from even-𝓁 modes



Asymptotic Periods of Gravity (g) Modes

Asymptotic dispersion relation

Angular boundary condition

…g-modes with same 𝓁 and consecutive n 
will show a uniform period spacing ΔP 
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Period Echelle Diagram

Fig. 1. Period échelle diagram, plotted twice for clarity (left), and period spacings (right) for KIC 11145123.
Symbol sizes indicate mode amplitudes and symbol shapes indicate different values of azimuthal degree m.

Fig. 2. Same as Fig. 1 but for KIC 9244992.

shows a series of triplets, although m = 0 is weak and is only visible in some orders. We also see
“wiggles”, which indicate small departures from regular spacing. This is further illustrated in the right
panel of Fig. 1, which shows pairwise differences between consecutive modes for m = −1, 0 and 1.
These irregularities were predicted theoretically [11] and are caused by the gradient in the chemical
composition just outside the convective core. This phenomenon is well studied in white dwarfs, sdBs
and SPBs, and is sometimes referred to as mode trapping.

A second example (KIC 9244992) is shown in Fig. 2 and we see a clear sequence of ℓ = 1 triplets
with small deviations in period spacing. As with many of the stars we have examined, almost all the
extracted peaks are identified and there are almost no modes missing. This makes these stars very nice
for asteroseismology.

Our third example (Fig. 3), is rotating more rapidly. This causes the triplets to overlap and the
ridges in the échelle diagram are spread more widely (blue lines). Indeed, finding the correct period
spacing requires looking at histogram of pairwise differences and some trial-and-error. Note that the
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Mixed Modes: Dispersion Relation

Gravito-acoustic dispersion relation k2
r =

1
ω2c2 (ω2 − N2) (ω2 − S2

ℓ)

Lamb Frequency

S2
ℓ =

ℓ(ℓ + 1)c2

r2

ω2 < N2, S2
ℓ ⟶ mode behaves locally as a gravity wave
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Calculations done with                      —- what real stellar seismologists use!

Mixed Modes: Propagation Diagram



Period Spacings in a 4.21M☉ SPB Model

…departures from uniform ΔP allow us to probe 
the core boundary —  “real” asteroseismology


