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Lesson from two-body collisions

Consider 2 particles colliding at low energy, F =~ ()

Strategy: study the collision at ZERO ENERGY first,
(and then make small corrections 1f necessary)

2 particles colliding in s-wave:
Outside of the range of interaction we have

B(s) =1 — -

a: two-body scattering length




3 particles colliding at £ = 0

Consider 3 1dentical bosons with short-range
interactions for simplicity.

At low energy, interaction usually dominated by
0 orbital angular momentum

To begin with, consider zero energy collision:
= Vi — V35— V3+V(s1)+ V(s2) + V(ss) + Va(s1, 52,53)]¢ = 0
can’t solve 1t analytically

so we’ll do expansions




Asymptotic expansions of the
three-body wave function ¢

“1117-expansion:

when s1,s2,s3 go to infinity simultaneously,
expand ¢ 1n powers of 1/p, where
. \/ 57 + 53 + 53
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“21”-expansion:
when two bosons are maintained at a fixed distance s,
but the third boson 1s far away,

expand ¢ in powers of 1/R. R ~‘




The “111”-expansion

When s/, 52, s3 go to infinity simultaneously:
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D: three-body scattering hypervolume
(dimension: length raised to the 4th power)
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The “21”-expansion

When s 1s fixed, but R goes to infinity:

2a 2wa? dwa’ 24\/_wa (ln €|”|%

— (1 - == _
¢ ( R i T R? TR3 i w2 R4
150 40(2m — 3v/3)a?\ () s
(= g+ OG0 4 00

£ = ED — 8([— —)wa4 — 37T—wa,3r8
8T 3 2

T ¢: two-body eftective range
—2VP + V(s)] f(s) = ¢(s), all s;

S as arg

f(S):_G | 2—7, S>T().




Connection to the Effective-Field Theory

Lagrangian density of EFT:
1
L=-- 3693¢*¢*¢*¢¢¢ o

gs = g3(x): running coupling constant

Braaten and Nieto, Eur. Phys. J. B 11, 143 (1999)

[ found g¢3(la]™!) =6(D + 121°%a’ry + 977.7366950*)



Application of D: 3-body scattering amplitude
(first investigated by Braaten and Nieto in 1999)

: : . . R Y A
Incoming momenta: qi,qo,q3  outgoing momenta: qi, 4-, 43
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Application of D:
ground state energy of 3 bosons in a large volume

127a a a’ L -
R [1 + 283720748 +9.72533081 75 + ((— 30.307830861n 1 + 95.85272360) 75
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O(L™%) : Beane, Detmold, Savage, 2007; ST 2007



Application of D:
ground state energy of dilute Bose-Einstein condensates

E 4 128
~ = 7T2na 14 15ﬁ(na3)1/2 + 8wna® In(na’) + na*&5| + o(n?)

4th term: known to depend on 3-body parameter and many-body
physics by T. T. Wu 1n 1959.
Many-body contributions calculated by Braaten and Nieto 1999.

I did independent calculations and found

D s
gl — - T | 118.498 920 346 444
12ma? a




Application of D:
ground state energy of dilute BEC with a =0
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Gross-Pitaevskiil equation becomes:

0 D
i = —V20 + 5\\144\11 + Vigap (r) W



Applications of D:
many more things to be learned

Equation of state of Bose gases at finite temperatures;
Critical temperature;

Dynamical properties;

Few-body systems in LOOSE traps (cf somewhat
related works by Blume, Johnson, Tiesinga and
others);

Interferometric properties of cold atoms;



D for three HARD spheres

pairwise potential: V(s) = {

0, s> a
+00, s<a

D = (1761.5430 -

- 0.0024) a* for hard-sphere bosons

ST, 2008




D for three SOFT spheres
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Shangguo Zhu and ST, 2015
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Extensions & Open questions

When there are two-body bound states, D 1s complex

ImD : determines the three-body recombination rate

cf Braaten, Hammer, Mehen, PRL 88, 040401 (2002)



Extensions & Open questions

At large hyperradii, p > 7o, |al,
can we calculate ¢ to high precision
for ALL shapes of the triangle?

If we can, the numerical solution of the
3-body Schrodinger eq will be greatly
simplified.
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Extensions & Open questions
[f the bosons interact with pairwis¢ Van der Waals potential
T
Vis) = o

which supports infinitely many two-body bound states,
do we have a universal function of the following form?

D — D(Tvdw, a)
cf universality of (1 _ 1n the Efimov physics.

Do we need to introduce 3-body phase(s)
at p < Tydw ?

vdw

Three-body wave function highly oscillatory at small
distances, so Schrodinger eq hard to solve numerically



Extensions & Open questions

Heteronuclear systems

(eg, two heavy and one light atoms)

Three-body collisions in lower spatial dimensions
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