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screening in electrolytes
ions in solution form a 
diffuse layer around the 
charged particle 

characteristic length: 
Debye screening length 
  
electrostatic interaction 
between two particles 
exponentially suppressed 
for distances 

Partial or total (?) 
screening of the zero-
frequency contribution to 
the Casimir interaction 

> λD

λD



screening in electrolytes
Details of screening are 
essential for 
understanding the 
Casimir interaction 
between dielectric 
materials across a polar 
liquid 

Indeed, in this case zero-
frequency contribution 
could be dominant 
already at distances 

 as refractive 
indexes at positive 
Matsubara frequencies 
nearly match 

> 100 nm

Example: aqueous 
solution; biological 
samples:  
Is there any interaction 
left at distances 

 ?

λD < 1 nm

> 100 nm
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movable ions in solution Non-local response

Nonlocal response in aqueous solution

Bulk approximation: we ignore the presence of boundaries 
when deriving the constitutive equations (Ohm’s law)

J(K,!) = �(K,!) ·E(K,!)

K dependence/spatial dispersion

r
r’real space J(r) =

Z
d3r0 �(r� r0) ·E(r0)

vdW with aqueous solution: B. Davies and B. W. Ninham, J. Chem. Phys. (1972)

Fourier

Related problem: non-local response of metals and the Casimir effect 

Kats, Barton, Contreras-Reyes, Esquivel-Sirvent, Mochan, Svetovoy, Villareal, 
Intravaia, Klimchitskaya, Mostepanenko, Henkel



Electrodynamics in the aqueous solution: movable ions

Screening

Hydrodynamical model

Transverse permittivity

Casimir interaction across a medium with free charges

LKB-UFRJ collaboration
LKB, UFRJ

(Dated: January 25, 2018)

PACS numbers:

I. INTRODUCTION

We consider the reflection by a planar interface be-
tween a local medium (solid dielectric or solid metal in
the local approximation) and a non-local one containing
free charges (metal or electrolyte). The interface is lo-
cated at the plane z = 0. With respect to the previous
notes, we replace the boundary condition Ez continuous
across the interface, proposed by Ref. [1] and later used
by several authors (see for instance [2, 3]), by the bound-
ary condition Jz = 0 [4] at the interface between the two
media, where J is the current density associated to the
free charges (ions in the electrolyte).

II. CONSTITUTIVE EQUATIONS

In the bulk approximation, the hydrodynamical model
[4–6] leads to the following constitute equation for the
ionic current J in reciprocal space [7]:

J(K,!) = �`(K,!)E`(K,!) + �t(!)Et(K,!), (1)

where E`(K) and Et(K) are the longitudinal and trans-
verse components of the electric field, respectively. The
resulting transverse conductivity is local and given by the
usual Drude-like model:

�t(!) =
!2
P

� � i!
, (2)

whereas the longitudinal conductivity is nonlocal:

�`(K,!) =
!2
P

� � i! + i�2K2

!

, (3)

We have taken SI units with ✏0 = µ0 = 1. The plasma fre-
quency is !P =

p
Nte2/m where Nt is the number of free

charge carriers per volume (twice the number of cations
for an electrolyte). Note that the plasma frequency !P

for an electrolyte is several orders of magnitude smaller
than in the case of a metallic medium. The nonlocal
behavior is controlled by the parameter

� =

r
kBT

m
, (4)

which is the thermal average velocity of the ions in solu-
tion.

The e↵ective displacement vector is

De↵(K,!) = ✏b(!)E(K,!) + iJ(K,!)/!, (5)

where ✏b is the dielectric function associated to the po-
larization of the molecules and ions in the electrolyte. It
contains the electromagnetic contribution of the bound
charges in the electrolyte medium. Replacing (1)-(3) into
(5), we find

De↵(K,!) = ✏`(K,!)E`(K,!) + ✏t(!)Et(K,!) (6)

✏t(!) = ✏b(!)�
!2
P

!(! + i�)
(7)

✏`(K,!) = ✏b(!)�
✓
!(! + i�)

!2
P

� �2
D

✏b
K2

◆�1

. (8)

We have defined the Debye screening length

�D =
p
✏b

�

!P
=

r
✏bkBT

Nte2
, (9)

which can be tuned from the Angstrom to the microme-
ter range by changing the added salt concentration in
the case of water. A similar hydrodynamical model
holds for metals [6], with �D replaced by the length
�D ⇠ vF /!P = (vF /2⇡c)�P ⇠ 10�3 �P (vF = Fermi
velocity) and hence in the Angstrom range [or maybe
the characteristic length for metals is rather the elec-
tron’s mean free path, which is typically much longer?].
Hence spatial dispersion might be more important in low-
concentration saline solutions than in metals, particu-
larly in the Casimir context.
The transverse waves in medium 1 satisfy the disper-

sion relation

✏t(!)
!2

c2
= k2t + k2,

where kt is the z� component of the wavevector Kt and
k is the projection on the xy plane. The wavevectors for
longitudinal waves satisfy the dispersion relation

✏`(K`,!) = 0 (10)

with K` = k` ẑ + k. When taking the hydrodynamic
model Eq. (8) into account, we have the more explicit
dispersion relation

k2` + k2 =
✏b!(! + i�)

!2
P�

2
D

� 1

�2
D

. (11)

When ! � !P , � (which is certainly the case for optical
frequencies), (11) yields a phase velocity for the longitu-
dinal waves ⇡ !P�D/

p
✏b = � and thus of other order of

the thermal velocity.

Longitudinal permittivity: nonlocal, Debye screening length  λD

Casimir interaction across a medium with free charges
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Nonlocal constitute equations

✏ = ✏b 1 +
i

!
�

Nonlocal response

B. Davies and B. W. Ninham, J. Chem. Phys. (1972)



Casimir interaction across an electrolyte
Scattering formula: sum over Matsubara frequencies  ξn = 2π

kBT
ℏ

n

Screening of the Casimir force

3

When using the scattering formula for the Casimir en-
ergy, we can keep the original coe�cients R`t and Rt`

because the additional multiplication factors in (29) and
(30) cancel each other when computing the determinant
of the round-trip matrix.

For normal incidence (k = 0), the reflection matrix
is diagonal, and Rtt coincides with the standard Fresnel
coe�cient, whereas R`` = 1, also expected since there
is no possibility of transmitting a longitudinal wave into
the local medium 2. In this case, the interface matches
the surface of constant phase of the incident plane waves,
and then the result is similar to the case of an unbound
medium, apart from the transmission of transverse waves
into medium 2.

For frequencies ! � !P , we also recover the standard
TM Fresnel coe�cient since ✏t ⇡ ✏b according to Eq. (2)
in this case. In this limit, the ions are too slow to pro-
vide for the coupling between transverse and longitudinal
waves, and the reflection matrix is approximately diago-
nal. Although the coe�cient Rtl does not become small
in this limit, the ‘true’ reflection coe�cient R̃tl scales as

!P�D/c = ✏b

q
kBT
m /c ⌧ 1 in this limit.

IV. CASIMIR ENERGY AND THE
ROUND-TRIP MATRIX

We consider a medium with free charges (non-local re-
sponse) in-between two dielectric materials associated to
local dielectric functions, as illustrated in Fig. 2.

ϵ2

ϵl
z

ϵ2

(free charges)

L

ϵt

FIG. 2: Casimir interaction across a non-local medium con-

taining free charges. For simplicity, we assume that the local

media on both sides have the same electromagnetic proper-

ties.

For simplicity, we assume that the local media on both
sides have the same electromagnetic properties. Then
the reflection matrices at the two interfaces are identical.
The non-local medium in between has dielectric func-
tions ✏` and ✏t for the longitudinal and transverse waves,
respectively. The outside medium has a (transverse) di-
electric function ✏2.

The Casimir energy (temperature T and interface area
A) is given by a sum over the Matsubara frequencies
⇠n = 2⇡ nkBT/h̄, with n a non-negative integer. We

employ the results of Sec. III for the TM-logitudinal
reflection matrix R after taking the replacements

! ! i⇠n (31)

✏t ! ✏ (32)

kt ! i = i
p

k2 + ✏⇠2n/c
2 (33)

k2 ! i2 = i
p
k2 + ✏2⇠2n/c

2 (34)

k` ! i` = i

s

k2 +
⇠n(⇠n + �) + !2

P

�2
D!2

P

(35)

The (nonlocal) longitudinal dielectric constant (8) is
written as

✏`(K, ⇠n) = ✏b(i⇠n) +
!2
P

⇠n(⇠n + �) + �2K2
(36)

Eq. (36) shows that ✏`(K, ⇠n) is a Lorentzian of width
⇡ ⇠n/� for any positive Matsubara frequency. In real
space, the displacement field D is then given in terms
of the electric field E by a convolution integral with an
exponential kernel, corresponding to the characteristic
length scale

sn ⌘ �/⇠n = �dB/[(2⇡)
3/2n], (37)

where �dB =
⇣

2⇡h̄2

mkBT

⌘ 1
2
is the thermal de Broglie wave-

length of the ions at room temperature. Since this length
is extremely small, we may surmise that the electrolyte
behaves as a local medium for all positive Matsubara fre-
quencies, as discussed in further detail below.
On the other hand, for the zero frequency (36) yields

✏`(K, 0) = ✏b(0)(1+1/(�DK)2), so that the scale of vari-
ation with K is now controlled by the Debye screening
length �D instead of the de Broglie wavelength. Thus,
we might expect nonlocal e↵ects and the contribution of
longitudinal modes for the zero-frequency contribution,
provided that �D is not too small.
The Casimir interaction free energy is given by

F = kBT A
1X

n=0

0
Z

d2k

(2⇡)2
ln det(1�Mn) (38)

where the round-trip matrix Mn is given by

Mn = R e�KL R e�KL (39)

The reflection matrix R is block-diagonal, with its 2x2
block associated to the subspace (TM, longitudinal)
given by Eqs. (24)-(28):

R =

 
RTE 0 0
0 Rtt Rt`

0 R`t R``

!
(40)

The propagation matrix e�KL is diagonal:

e�KL =

 
e�L 0 0
0 e�L 0
0 0 e�`L

!
(41)
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RR
describes the coupling between TM-
polarized transverse waves (p) and 
longitudinal waves

e�KL

e�KL
R =
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BBBB@
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0 rpp rp`

0 r`p r``
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CCCCA

r`` =
✏b

r
k2 + 1/�2D � ✏2k

✏b

r
k2 + 1/�2D + ✏2k

FLPB
n=0

A
=

kBT

2

Z d
2
k

(2⇡)2
ln

 

1� r
2
``
e
�2
p

k2+1/�2D L

!�

✏1, ✏`

!1

!2

 M = �4.84mV

�P =
2⇡c

!P

r1r2 = 0.9

1

PAMN, Rosa, Pires, Moraes, Canaguier-Durand, Guérout, Lambrecht, Reynaud,  
 EPJD (2019)

plasma frequency for ions: 
  ωP ≪ kBT/ℏ

• only zero-frequency contribution is modified 
• no coupling between TM and longitudinal channels

local 
dielectric

local 
dielectric

aqueous solution
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 zero-frequency limit of the 
longitudinal reflection amplitude:
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the ions and is below the Ångström range, F long
n is expo-

nentially suppressed. Thus, we recover the standard DLP
result for local materials [17] for all nonzero Matsubara
frequencies.

For the zero frequency contribution, we find

a0 = a2 = (1� e
�2
p

k2+1/�2
D L)(1� e

�2kL)

a1 = 2(1 + e
�2
p

k2+1/�2
D L)(1� e

�2kL). (24)

The expression given by (20) then simplifies, and
equation (17) leads to

F0

A
=

kBT
2

"

� ⇣(3)
8⇡L2

+

Z
d2k

(2⇡)2
ln
⇣
1� r2

``e
�2
p

k2+1/�2
DL
⌘#

(25)

with the longitudinal reflection coe�cient obtained from
(11) by taking ⇠ = 0:

r`` =
✏b

p
k2 + 1/�

2
D � ✏2k

✏b

p
k2 + 1/�

2
D + ✏2k

(n = 0). (26)

The first term in the rhs of (25) accounts for the contri-
bution of TM modes and is written in terms of the value of
the Riemann zeta function ⇣(3) ⇡ 1.202. The result (25)
can also be obtained directly from the reflection matrix R
by noting that rp`r`p ! 0 and rpp ! �1 when ⇠ ! 0.

In conclusion, we find that the modification of the
nonzero Matsubara frequency contributions on account
of the movable ions is very small. For the zero-frequency
case, on the other hand, we find a (screened) contribution
from longitudinal waves, the second term in the r.-h.-s.
of (25), which coincides with the result of references [30–
32]. Within the scattering approach, such contribution is
written in terms of the coe�cient r`` describing the reflec-
tion of longitudinal waves at the limit of zero frequency.
According to equation (25), the screened contribution of
longitudinal waves is accompanied by an unscreened con-
tribution from the TM-polarized modes, which is not sup-
pressed even in the limit of strong screening.

4 A numerical example: polystyrene surfaces
interacting across an aqueous solution

In this section, we apply the formal expressions derived
previously to the important example of polystyrene half-
spaces interacting across a layer of an aqueous solution.
We take T = 293 K and the Lorentz model with the
parameters given by reference [56] to describe the required
dielectric functions. Similar results are obtained by taking
the models proposed in reference [40].

It is convenient to define the Hamaker coe�cient [40]

H(L) = �12⇡ L
2 F(L)

A
· (27)

In Figure 2, we plot H (in units of kBT ) as a function
of L/�D. We consider two di↵erent values for the mono-
valent salt concentration: 90 mM yielding �D = 1 nm and

0.9 mM corresponding to �D = 10 nm. They are repre-
sented by the black and blue (dark grey) lines in Figure 2,
respectively, which are calculated by combining (16)–(17)
with the full exact expression (20). As discussed in con-
nection with equation (23), the contribution from nonzero
frequencies is well approximated by the DLP standard
result [17] neglecting the presence of ions in solution.
For the examples shown in Figure 2, the relative di↵er-
ence between the exact and DLP results for the nonzero-
frequency contribution is of the order of 10�5

.

The red (light grey) line in Figure 2 corresponds to the
separate zero-frequency contribution as computed from
equation (25). The resulting contribution to the Hamaker
coe�cient is a universal function of L/�D exhibiting two
well defined plateaus, with a crossover at L/�D ⇠ 1. At
short distances, L⌧ �D, we add the contribution of lon-
gitudinal channels, whose magnitude is controlled by the
reflection coe�cient r`` given by (26), to the universal
constant value H

TM
0 = 3

4⇣(3)kBT ⇡ 0.9 kBT arising from
TM-polarized modes. As the distance increases, the for-
mer is suppressed by screening, while the latter defines the
asymptotic limit of the total Hamaker coe�cient at long
distances.

Indeed, as the distance approaches the thermal wave-
length ~c/(kBT ), the contributions of the nonzero fre-
quencies are also exponentially suppressed, and then the
Hamaker coe�cient goes to the zero-frequency asymptotic
value H

TM
0 . Such behaviour is indicated in Figure 2, par-

ticularly for the blue (dark grey) curve corresponding to
�D = 10nm, since larger distances are shown in this case.
The contribution of nonzero frequencies is maximized at
short distances. When added to the zero-frequency value,
it defines the unretarded Hamaker “constant” H(0) cor-
responding to the short-distance plateau for the black
and blue (dark grey) lines. The former, corresponding to
�D = 1nm, develops a second plateau at intermediate dis-
tances such that �D ⌧ L⌧ �0, with �0 representing the
typical scale for the resonance wavelengths of water and
poystyrene. In this range, the longitudinal zero-frequency
term is suppressed by ionic screening, but the nonzero-
frequency contribution is still approximately una↵ected
by electrodynamical retardation. On the other hand, when
considering �D = 10nm, both screening and retardation
take place at approximately the same distance range, lead-
ing to the more steady decay of the Hamaker coe�cient
shown by the blue (dark grey) line in Figure 2.

The results obtained in this section can be directly
applied to the interaction between two polystyrene micro-
spheres across an aqueous solution, provided that their
radii R1 and R2 are much larger than the distance. In
this case, we can take the proximity force approximation
(PFA), also known as Derjaguin approximation [57], in
order to derive the attractive Casimir force FSS between
the two spheres from the free energy for parallel planar
surfaces taken at the distance of closest approach L :

FSS = 2⇡Re↵
F(L)

A
(28)

with Re↵ = R1R2/(R1 + R2).
In Figure 3, we plot |FSS|/Re↵ versus distance taking

�D = 10 nm. The solid line corresponds to the scattering

aqueous solutionϵ2 ϵ2
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We assume longitudinal 
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L ≫ λD ⇒

The only nonzero contribution 
modified by the ions is the zero-
frequency transverse magnetic 
contribution

R1 R2

effective radius Reff =
R1R2

R1 + R2

fð1Þu ¼ y
4ðy2 − 1Þ

þ z
12

log
ðy2 − 1Þz2

ðyzþ 1
2Þ

2

þ 1

12
ffiffiffi
z

p
X

η¼%

1

α3=2η

log
2y2 þ αηy − 1þ ffiffiffiffiffiffiffiαηz

p

2y2 þ αηy − 1 − ffiffiffiffiffiffiffiαηz
p ; ð9Þ

where auxiliary variables have been introduced:

α% ¼ 1 − 2u%
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4u

p

2u
; z ¼ 2ðy − 1Þ þ 1

u
: ð10Þ

The function fð1Þu shows basically the same behavior as fu
in Fig. 2. It mainly depends on y, which means that the
analytical results nearly obey conformal invariance. But
fð1Þu still depends on u through the parameters α%, which
correspond to the ratios R1=R2 and R2=R1, and this
dependence breaks exact invariance.
The large-distance limit L ≫ Reff is dominated by the

single round-trip contribution obtained from the asymptotic
expansion of Eq. (9):

fu¼0 ≃
1

8y3
; fu≠0 ≃

3

32y3
≃
3

4
fu¼0: ð11Þ

The free energy in the sphere-sphere geometry (u ≠ 0) is
smaller by a factor 3=4 relative to the plane-sphere
geometry (u ¼ 0). The ratio fð1Þu =fð1Þ0 for different values
of u is depicted in Fig. 3. For large distances, the curves
asymptotically reach the limit 3=4 if u ≠ 0. This factor is
the main reason for the dependence of fu on u observed at
large values of y − 1 in Fig. 2, that is the breaking of exact
conformal invariance.
While the asymptotic power-law dependence on y in

Eq. (11) is the same for all values of u, this is no longer the
case when the free energy is expressed as a function of x.
Then, the free energy in the plane-sphere case decreases
as x−3 while it decays as ðux2Þ−3 for two spheres, thus
explaining why the asymptotics is so different in Fig. 1. In
simple words, the asymptotic behaviors (11) explain why
using the abscissa y − 1 captures most of the distance
dependence of the free energy while still weakly breaking
exact conformal invariance.
In the short-distance limit L ≪ Reff , multiple round-trips

need to be accounted for. In this limit, fð1Þu is independent
of u and the same holds for multiple round-trips with
fðrÞu ≃ fð1Þu =r3. It follows that the sum over r can be written
as a simple factor, the Apéry’s constant ζð3Þ:

fu ≃
X∞

r¼1

fð1Þu

r3
≃

ζð3Þ
8ðy − 1Þ

: ð12Þ

This result explains why the curves fu calculated for
different values of u tend to become identical when
x ≪ 1 in Fig. 1 and y − 1 ≪ 1 in Fig. 2. The free energy
(12) corresponds to the so-called proximity-force approxi-
mation, where the force can be obtained by integrating the
pressure calculated between two planes [31] over the range
of distances met in the geometry of two spheres. The result
(12) also coincides with the short-distance limit of the
free energy between Drude spheres in vacuum as the
Fresnel reflection amplitudes for the two complementary

FIG. 2. Reduced free energy fu with the same conventions and
scales as on Fig. 1, but for the use of abscissa y − 1. The range of
abscissas matches that on Fig. 1 for the curve u ¼ 0.

FIG. 3. Ratio fð1Þu =fð1Þ0 versus y − 1 for different values of
u ¼ 0, 0.04, 0.10, 0.25 from top to bottom. All curves for u ≠ 0
go from the value 1 at y − 1 ≪ 1 (top line, u ¼ 0) to the value 3=4
at y − 1 ≫ 1 (bottom dashed line).

FIG. 1. Reduced free energy fu for two dielectric spheres in
salted water, drawn as a function of x ¼ L=Reff for different
values of u ¼ 0, 0.04, 0.10, 0.25 from top to bottom.
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L /Reff

Free energy  is an 
universal function of 

ℱn=0/kBT
proximity force: (L /Reff)−1

parameters and, in particular, that the interaction does not
depend on the dielectric functions of the spheres. We first
recall the method for calculating the free energy and then
give approximated expressions allowing one to obtain
simple estimates for it without having to perform the
complete numerical calculation.
The free energy F T in the high-temperature limit can be

written as the product of an energy scale, the thermal
energy kBT, and a dimensionless function fu depending
only on two ratios of the geometric dimensions L, R1,
and R2:

F TðL;R1; R2Þ ¼ −kBTfu: ð1Þ

The negative sign of F T implies attraction between
the spheres. As fu does not depend on T, the entropy is
S ¼ kBfu and the free energy is F T ¼ −TS, so that the
Casimir force is purely entropic in nature here.
The parameter used as a subscript in fu measures the

ratio of radii in an expression symmetric in R1, R2:

u ¼ R1R2

ðR1 þ R2Þ2
: ð2Þ

It lies in the range 0 ≤ u ≤ 1=4, with u ¼ 0 corresponding
to a plane-sphere geometry and u ¼ 1=4 to two spheres of
equal radii. A natural choice for the other parameter could
be the dimensionless distance,

x ¼ L
Reff

; ð3Þ

where Reff ¼ R1R2=ðR1 þ R2Þ is the effective radius of the
system of two spheres. We will see however that a
better parameter for describing the dependence of fu on
distance is

y¼ðLþR1þR2Þ2−R2
1−R2

2

2R1R2

¼1þxþu
x2

2
: ð4Þ

This geometric quantity y is invariant under conformal
transformations generated by isometries and inversion in
three-dimensional Euclidean space [25]. It has been known
for a long time [26,27] to simplify the expression
of the mutual capacitance C12 between the two spheres
[C12 is written in terms of ϖ ¼ arcoshðyÞ in Ref. [27],
Pt. 1, Sec. 11].
Within the scattering approach, fu can be written in

terms of an operator M representing the effect on the
electromagnetic field of a single round-trip in the cavity
formed by the two spheres:

fu¼−
Trlogð1−MÞ

2
¼
X∞

r¼1

fðrÞu ; fðrÞu ≡TrMr

2r
: ð5Þ

The contribution fðrÞu corresponds to a given number r of
round-trips in the cavity, and fu is the sum over all numbers
of round-trips. The round-trip operator M is defined as a
product of reflection operatorsRm for the spheresm ¼ 1, 2
and translation operators T m0m from a frame aligned on
sphere m to the one aligned on m0:

M ¼ R1T 12R2T 21: ð6Þ

These operators can be expressed explicitly in the basis of
plane waves [28] characterized by the projection k of the
wave vector onto the plane perpendicular to the line joining
the two centers of the spheres with the direction of
propagation changing at each reflection.
In this basis, the translation operators are diagonal:

hk0jT m0mjki ¼ e−kðLþR1þR2Þδð2Þðk0 − kÞ; ð7Þ

where k ¼ jkj is the norm of the projected wave vector k.
The reflection operators R1 and R2 can be derived by
following Ref. [29] and in particular its Appendix B where
the zero-frequency limit is described. When considering
spheres in salted water instead of vacuum as was done in
Ref. [29], we need to replace the static dielectric constant
εð0Þ by the ratio εsð0Þ=εmð0Þ of static dielectric functions
of spheres and medium.
Using salted water as the medium has two consequences

for our problem. Moving ions efficiently screen longi-
tudinal modes [15], and we can restrict our attention to
transverse magnetic modes. Furthermore, in view of the
finite static conductivity of the medium, εmð0Þ is infinite.
Hence, as long as the dielectric functions of the spheres
remain finite, any detailed dielectric property of the
particles disappears from the matrix elements of the
reflection operators R1 and R2:

hk0jRmjki¼−
2πRm

k0
X∞

l¼1

l
lþ1

½2R2
mkk0ð1þcosφÞ&l

ð2lÞ!
; ð8Þ

with φ the angle between the ingoing and outgoing
projected wave vectors k and k0.
Our numerical results for fu are shown in Figs. 1 and 2 as

functions of x and y − 1, respectively, for fixed values of u,
i.e., fixed ratios of radii. Both plots show a monotonic
decrease of free energy from small to large distances L.
Their comparison reveals that the dependence of fu on u
seen on Fig. 1 is largely captured on Fig. 2 by using the
abscissa y − 1 ¼ x½1þ ðux=2Þ&, which is a stretched
version of x with the stretching factor depending on u.
The fact that the different curves fu are better aligned on
Fig. 2 will be given an interpretation by the analytical
results presented below.
We follow the method of Ref. [30] and express the

Casimir free energy in terms of Gaussian-type integrals.
The single round-trip expression thus yields
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R1 R2
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R1R2

R1 + R2

y − 1

Free energy  is an 
universal function of 

ℱn=0/kBT

parameters and, in particular, that the interaction does not
depend on the dielectric functions of the spheres. We first
recall the method for calculating the free energy and then
give approximated expressions allowing one to obtain
simple estimates for it without having to perform the
complete numerical calculation.
The free energy F T in the high-temperature limit can be

written as the product of an energy scale, the thermal
energy kBT, and a dimensionless function fu depending
only on two ratios of the geometric dimensions L, R1,
and R2:

F TðL;R1; R2Þ ¼ −kBTfu: ð1Þ

The negative sign of F T implies attraction between
the spheres. As fu does not depend on T, the entropy is
S ¼ kBfu and the free energy is F T ¼ −TS, so that the
Casimir force is purely entropic in nature here.
The parameter used as a subscript in fu measures the

ratio of radii in an expression symmetric in R1, R2:

u ¼ R1R2

ðR1 þ R2Þ2
: ð2Þ

It lies in the range 0 ≤ u ≤ 1=4, with u ¼ 0 corresponding
to a plane-sphere geometry and u ¼ 1=4 to two spheres of
equal radii. A natural choice for the other parameter could
be the dimensionless distance,

x ¼ L
Reff

; ð3Þ

where Reff ¼ R1R2=ðR1 þ R2Þ is the effective radius of the
system of two spheres. We will see however that a
better parameter for describing the dependence of fu on
distance is

y¼ðLþR1þR2Þ2−R2
1−R2

2

2R1R2

¼1þxþu
x2

2
: ð4Þ

This geometric quantity y is invariant under conformal
transformations generated by isometries and inversion in
three-dimensional Euclidean space [25]. It has been known
for a long time [26,27] to simplify the expression
of the mutual capacitance C12 between the two spheres
[C12 is written in terms of ϖ ¼ arcoshðyÞ in Ref. [27],
Pt. 1, Sec. 11].
Within the scattering approach, fu can be written in

terms of an operator M representing the effect on the
electromagnetic field of a single round-trip in the cavity
formed by the two spheres:

fu¼−
Trlogð1−MÞ

2
¼
X∞

r¼1

fðrÞu ; fðrÞu ≡TrMr

2r
: ð5Þ

The contribution fðrÞu corresponds to a given number r of
round-trips in the cavity, and fu is the sum over all numbers
of round-trips. The round-trip operator M is defined as a
product of reflection operatorsRm for the spheresm ¼ 1, 2
and translation operators T m0m from a frame aligned on
sphere m to the one aligned on m0:

M ¼ R1T 12R2T 21: ð6Þ

These operators can be expressed explicitly in the basis of
plane waves [28] characterized by the projection k of the
wave vector onto the plane perpendicular to the line joining
the two centers of the spheres with the direction of
propagation changing at each reflection.
In this basis, the translation operators are diagonal:

hk0jT m0mjki ¼ e−kðLþR1þR2Þδð2Þðk0 − kÞ; ð7Þ

where k ¼ jkj is the norm of the projected wave vector k.
The reflection operators R1 and R2 can be derived by
following Ref. [29] and in particular its Appendix B where
the zero-frequency limit is described. When considering
spheres in salted water instead of vacuum as was done in
Ref. [29], we need to replace the static dielectric constant
εð0Þ by the ratio εsð0Þ=εmð0Þ of static dielectric functions
of spheres and medium.
Using salted water as the medium has two consequences

for our problem. Moving ions efficiently screen longi-
tudinal modes [15], and we can restrict our attention to
transverse magnetic modes. Furthermore, in view of the
finite static conductivity of the medium, εmð0Þ is infinite.
Hence, as long as the dielectric functions of the spheres
remain finite, any detailed dielectric property of the
particles disappears from the matrix elements of the
reflection operators R1 and R2:

hk0jRmjki¼−
2πRm

k0
X∞

l¼1

l
lþ1

½2R2
mkk0ð1þcosφÞ&l

ð2lÞ!
; ð8Þ

with φ the angle between the ingoing and outgoing
projected wave vectors k and k0.
Our numerical results for fu are shown in Figs. 1 and 2 as

functions of x and y − 1, respectively, for fixed values of u,
i.e., fixed ratios of radii. Both plots show a monotonic
decrease of free energy from small to large distances L.
Their comparison reveals that the dependence of fu on u
seen on Fig. 1 is largely captured on Fig. 2 by using the
abscissa y − 1 ¼ x½1þ ðux=2Þ&, which is a stretched
version of x with the stretching factor depending on u.
The fact that the different curves fu are better aligned on
Fig. 2 will be given an interpretation by the analytical
results presented below.
We follow the method of Ref. [30] and express the

Casimir free energy in terms of Gaussian-type integrals.
The single round-trip expression thus yields
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fð1Þu ¼ y
4ðy2 − 1Þ

þ z
12

log
ðy2 − 1Þz2

ðyzþ 1
2Þ

2

þ 1

12
ffiffiffi
z

p
X

η¼%

1

α3=2η

log
2y2 þ αηy − 1þ ffiffiffiffiffiffiffiαηz

p

2y2 þ αηy − 1 − ffiffiffiffiffiffiffiαηz
p ; ð9Þ

where auxiliary variables have been introduced:

α% ¼ 1 − 2u%
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4u

p

2u
; z ¼ 2ðy − 1Þ þ 1

u
: ð10Þ

The function fð1Þu shows basically the same behavior as fu
in Fig. 2. It mainly depends on y, which means that the
analytical results nearly obey conformal invariance. But
fð1Þu still depends on u through the parameters α%, which
correspond to the ratios R1=R2 and R2=R1, and this
dependence breaks exact invariance.
The large-distance limit L ≫ Reff is dominated by the

single round-trip contribution obtained from the asymptotic
expansion of Eq. (9):

fu¼0 ≃
1

8y3
; fu≠0 ≃

3

32y3
≃
3

4
fu¼0: ð11Þ

The free energy in the sphere-sphere geometry (u ≠ 0) is
smaller by a factor 3=4 relative to the plane-sphere
geometry (u ¼ 0). The ratio fð1Þu =fð1Þ0 for different values
of u is depicted in Fig. 3. For large distances, the curves
asymptotically reach the limit 3=4 if u ≠ 0. This factor is
the main reason for the dependence of fu on u observed at
large values of y − 1 in Fig. 2, that is the breaking of exact
conformal invariance.
While the asymptotic power-law dependence on y in

Eq. (11) is the same for all values of u, this is no longer the
case when the free energy is expressed as a function of x.
Then, the free energy in the plane-sphere case decreases
as x−3 while it decays as ðux2Þ−3 for two spheres, thus
explaining why the asymptotics is so different in Fig. 1. In
simple words, the asymptotic behaviors (11) explain why
using the abscissa y − 1 captures most of the distance
dependence of the free energy while still weakly breaking
exact conformal invariance.
In the short-distance limit L ≪ Reff , multiple round-trips

need to be accounted for. In this limit, fð1Þu is independent
of u and the same holds for multiple round-trips with
fðrÞu ≃ fð1Þu =r3. It follows that the sum over r can be written
as a simple factor, the Apéry’s constant ζð3Þ:

fu ≃
X∞

r¼1

fð1Þu

r3
≃

ζð3Þ
8ðy − 1Þ

: ð12Þ

This result explains why the curves fu calculated for
different values of u tend to become identical when
x ≪ 1 in Fig. 1 and y − 1 ≪ 1 in Fig. 2. The free energy
(12) corresponds to the so-called proximity-force approxi-
mation, where the force can be obtained by integrating the
pressure calculated between two planes [31] over the range
of distances met in the geometry of two spheres. The result
(12) also coincides with the short-distance limit of the
free energy between Drude spheres in vacuum as the
Fresnel reflection amplitudes for the two complementary

FIG. 2. Reduced free energy fu with the same conventions and
scales as on Fig. 1, but for the use of abscissa y − 1. The range of
abscissas matches that on Fig. 1 for the curve u ¼ 0.

FIG. 3. Ratio fð1Þu =fð1Þ0 versus y − 1 for different values of
u ¼ 0, 0.04, 0.10, 0.25 from top to bottom. All curves for u ≠ 0
go from the value 1 at y − 1 ≪ 1 (top line, u ¼ 0) to the value 3=4
at y − 1 ≫ 1 (bottom dashed line).

FIG. 1. Reduced free energy fu for two dielectric spheres in
salted water, drawn as a function of x ¼ L=Reff for different
values of u ¼ 0, 0.04, 0.10, 0.25 from top to bottom.
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Motivation: Casimir force experiments with Optical Tweezers 

Screening of the Casimir interaction

material of the trapped microsphere must have 
refractive index slighlty higher than external 
medium @ laser wavelength - silica in water 

materials allowing for trapping are such that 
positive Matsubara frequencies provide 

relatively small contribution



Casimir (van der Waals) experiments with Optical Tweezers 
trap stiffness k ∝ laser power P 
can be tuned to very small values 

k ~ fN/nm

Measuring the Casimir interaction

Typical (usually AFM) measurements of the van-der-Waals/Casimir 
interaction across an electrolyte (polar liquid) 

 metallic surfaces: distance ~ 100 nm (Munday, Palasantzas, Svetovoy, 
Ciliberto,…) 
 dielectric surfaces:  distance ~ 1 nm (Borkovec, Trefalt,…) 

In both cases, Matsubara zero frequency contribution is usually negligible, 
and so is screening!
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radiation pressure of the 

quantum electromagnetic 
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D. S. Ether Jr, L. B. Pires, S. Umrath et al., EPL 112, 44001 (2015)
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F = k xeq

D. S. Ether Jr, L. B. Pires, S. Umrath et al., EPL 112, 44001 (2015)



measuring the interaction energy from fluctuations 

Fluctuations of a trapped 
sphere near a bigger sphere 
attached to the glass slide

3

the central focus of the present paper. For the simpler
geometry of planar parallel surfaces, the scattering for-
mula for the Casimir interaction across an electrolyte so-
lution was recently developed in terms of the nonlocal
electrodynamic response of the intervening medium [33].
Only the zero-frequency contribution is modified by ions
in solution, as the corresponding plasma frequency is
much smaller than kBT/h̄. Two separate contributions
were found at the zero-frequency limit: The first one,
accounting for longitudinal modes, coincides with the re-
sult of previous derivations based on the linear Poisson-
Boltzmann equation [34–36]. Alongside the screened lon-
gitudinal term, the scattering approach of Ref. [33] leads
to an additional, unscreened contribution arising from
transverse magnetic (TM) modes in the zero-frequency
limit.

It is the purpose of the present work to investigate
whether such additional contribution is found experimen-
tally. We compare our data with the full Mie calcula-
tion based on the scattering formula (5) for spherical
particles instead of directly applying the results of [33]
or [34–36] for parallel planar surfaces. Since we probe
distances satisfying the condition L � �D, the zero-
frequency contribution in (5) is completely suppressed
if we follow the general scheme of Refs. [34–36]. Indeed,
in this case the zero-frequency contribution is considered
separately as an electrostatic e↵ect derived from the lin-
ear Poisson-Boltzmann equation, and then all multipole
contributions are screened over the Debye length �D [37].
On the other hand, when taking the zero-frequency con-
tribution as a limit of the general scattering formalism,
an additional unscreened TM contribution provides the
long-distance asymptotic value of the Casimir attraction,
as the contribution of positive Matsubara frequencies be-
comes negligible at the distances L >⇠ 200 nm probed in
our experiment. Such asymptotic result is of an uni-
versal nature as it does not depend on the details of the
dielectric functions of the materials involved in the exper-
iment [33]. In short, given our experimental conditions,
the two alternative approaches amount to suppress or in-
clude the unscreened zero-frequency contribution in (5).

In the next section, we present our experiment and
compare the results for the interaction energy and force
with the theoretical models discussed above.

III. INTERACTION MEASUREMENTS AND
COMPARISON WITH THEORETICAL MODELS

We employed a standard optical tweezers setup to
probe the colloidal interactions between two silica mi-
crospheres of di↵erent radii. Fig. 1 presents a sketch of
the experimental setup. While the largest microsphere
is adhered to the coverslip, the smallest one is optically
trapped, as illustrated by panel (a). In order to align the
two microsphere centers along the z axis with a preci-
sion �z ⇠ 100 nm, we follow [38] and use the information
from defocusing microscopy [39, 40] to drive the micro-

scope stage with our nano-positioning system. The ex-
perimental scheme is shown in panel (b), while panel (c)
presents a typical optical image of the two interacting
microspheres. Details regarding the experimental setup,
sample preparation and characterization of the micro-
spheres can be found in Appendices A, B and C, respec-
tively.

The interaction was carried out under two condi-
tions corresponding to very di↵erent values of the Debye
screening length �D. A specific experimental protocol
has been implemented to each of these two conditions, as
detailed in the next two subsections. We first present the
methodologies which are common to both situations. We
measure the position of both microspheres by applying an
edge detection method [41, 42], as outlined in Fig. 1(c)
for the smaller microsphere (see appendix D for details).
The resulting time series (X1(t), Y1(t)) and (X2(t), Y2(t))
for the smaller and larger microsphere, respectively, are
the main ingredients for the analysis leading to the en-
ergy and force experimental data.

FIG. 1: (a) Sketch of two interacting silica microspheres sepa-
rated by a distance L. We measure the Brownian fluctuations
of the smaller one (radius R1), which is optically trapped at
a height h from the coverslip. The larger microsphere (ra-
dius R2) is adhered to the coverslip at a distance D from
the laser beam axis. (b) Experimental scheme for trapping,
stabilization and position measurement: (F) optical fiber;
(HWP) half-wave plate; (PBS) polarising beam splitter; (BD)
beam dump; (M) dielectric mirror; (NDF) neutral density fil-
ter; (QWP) quarter-wave plate; (BS) balanced beam splitter;
(DM) dichroic mirror; (L) lens; (Obj) water-immersion ob-
jective lens; (Cond) condenser lens; (CMOS) complementary
metal-oxide-semiconductor camera; (CCD) charged-coupled
device camera; (CPU) central process unit. (c) A typical op-
tical image captured by the CMOS camera. In this case, L
corresponds to a few hundred nanometers. The green contour
indicates the area used to detect the position of the trapped
microsphere. The yellow dots are used to fit a circumference
whose center represents the position. The scale bar corre-
sponds to 4 µm.

We chose a very soft transverse trap sti↵ness kx ⇠
1 fN/nm so as to allow for femtonewton force measure-
ments given the nanometric precision of our position
detection method (see Appendix D). A major obsta-
cle limiting the minimum distance that we can probe
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FIG. 9. Optical tweezers’ stiffnesses kx (blue dots) and ky (black
dots) versus laser power P at the objective entrance port. kx and ky

are measured by the drag force and fluctuation methods, respectively.
While kx is measured for an isolated microsphere, ky is obtained from
the fluctuations in actual interaction measurement runs. We find the
same angular coefficient when fitting the two sets of data points sepa-
rately, which also agrees with an independent theoretical calculation.
The resulting best fit (dashed line) indicates the equivalence between
the two calibration protocols, as well as the isotropy of the optical
force field on the xy plane as expected for circular polarization.
Inset: Allan deviation of an isolated optically trapped microsphere’s
x position as function of time. The dashed line represents the thermal
limit deviation showing that the system is thermally limited along the
whole time interval until τ ∼ 1000 s.

monitoring. The corresponding weighted linear fit to this cal-
ibration set yields the angular coefficient kx/P = (0.129 ±
0.003) fN nm−1 mW−1, which is in excellent agreement with
the value obtained for ky/P from Brownian fluctuations. For
convenience, we have employed circularly polarized trapping
beams in all experiments reported in this paper. Thus we
expect the optical trap stiffness to be the same along all direc-
tions on the xy plane, also because the effect of residual astig-
matism on the optical force field is negligible in this size range
[130,131]. Indeed, isotropy of the optical force field on the xy
plane allows us to use the Brownian fluctuations along the y
direction, which is orthogonal to the interaction force between
the two microspheres, as a check of the optical force during
the interaction runs. The dashed straight line shown in Fig. 9,
corresponding to the best fit linear function, provides further
visual indication of the compatibility between the two calibra-
tions protocols performed along the orthogonal x and y axis.

As a third method, we have employed the Mie-Debye
theory of optical tweezers [117] to calculate the optical trap
stiffness. Such absolute calibration method [130,131] also re-
lies on an independent characterization of all input parameters
required by the theoretical model: the objective transmittance,
beam waist at the objective entrance port, microsphere radius,
and refractive indexes of the microsphere and host medium. In
addition, the known values for the laser wavelength, objective
numerical aperture and focal length ( f = 4.44 mm) are also
required (see Appendix A).

To determine the laser power at the sample region, the ob-
jective transmittance is characterized as in Ref. [132]: a laser
beam, with the same waist employed in the trapping exper-
iment, is transmitted through the water-immersion objective

and then reflected back into the objective by a mirror attached
to the microscope stage. We found a single-pass transmittance
of 0.55 ± 0.06. The method of Ref. [132] also allows for the
characterization of the beam waist w at the objective entrance
port. We found w = 2.34 mm.

We measured the radius of the trapped silica microspheres
from SEM images and found R1 = (2.35 ± 0.02) µm with
negligible size dispersion within our batch as discussed in
Appendix C 1. Two independent methods were recently em-
ployed to measure the refractive index of silica microspheres
from the same batch at λ0 = 470 nm [85]. The result is
smaller than the bulk fused silica index, which we attribute to
the porosity of the beads (see also [133] for related findings
from a mass measurement). In order to infer the refractive
index at the trapping laser wavelength λ0 = 1064 nm, we
employ the (Mie-based) extended Maxwell-Garnett (EMG)
effective medium theory [134,135] assuming that our silica
beads are filled with empty pores. From the refractive index
measured at 470 nm, we obtain a volume filling fraction
0.078, which we then employ to calculate nbead = 1.4146 ±
0.0019 from the bulk fused silica refractive index nsilica =
1.4496 at λ0 = 1064 nm [136] by employing again the EMG
theory. At this wavelength of interest, the refractive index
of distilled water at 24 ◦C is nwater = 1.3242 [137]. We take
this value as the refractive index of the host medium, since
its modification for a salt concentration of ∼0.2 mM (see
Sec. III A) is negligible (#n ∼ 10−5 according to Ref. [138]).

We assume that optical effects of refraction at the pla-
nar interface between the glass slide and the sample region
are canceled when using the water-immersion objective (see
Appendix A). Most importantly, the spherical aberration intro-
duced by the interface, which might lead to a strong reduction
of the trap stiffness [139], is corrected by the water-immersion
objective. We disregard modifications due to a possible small
astigmatism of the trapping beam, which are typically unim-
portant for radii R > λ0 [130,131]. Finally, we also neglect the
optical reverberation between the microsphere and the glass
slide [92] given the large distance (≈10 µm) between the
trapped particle and the slide. We then find kx/P = ky/P =
(0.124 ± 0.018) fN nm−1 mW−1, in very good agreement
with the measurements discussed above. Here, approximately
80% of the theoretical error originates from the objective
transmittance measurement, with the refractive index of silica
and radius uncertainties accounting for the rest.

Overall, the agreement between the three different cali-
bration methods provides further validation of our detection
method and indicates that nonthermal fluctuations in our sys-
tem are negligible given the precision of our measurements.
The latter is an essential requirement for probing the interac-
tion potential from the microsphere position fluctuations. We
provide additional evidence that our system is thermally lim-
ited by analyzing the Allan deviation in the next sub-section.

4. Allan deviation stability analysis

A successful Brownian stiffness calibration already indi-
cates that the motion of the optically trapped microsphere is
thermally limited. However, it is also important to determine
the optimal time over which it remains in that state, i.e., in the
absence of any extra nonthermal fluctuations and drifts. One
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FIG. 2: Interaction energy in units of kBT versus distance for
the sample with a low salt concentration: experiment (points
with error bars representing the standard error of the mean),
and theoretical fits based on two di↵erent theoretical mod-
els of the Casimir interaction, either with (black) or without
(red) the unscreened contribution from TM modes in the limit
of zero frequency. The latter is displaced by 2 kBT and the
same experimental data is plotted twice for better visualiza-
tion. For both models, the double-layer repulsive interaction
is calculated within the linear superposition approximation in
terms of two fitting parameters: the squared charge density
�2 and the Debye screening length �D. In the inset, we plot
the total energy versus distance for two individual runs. The
pink and green plots correspond to the adhered microsphere
placed further and closer to the laser beam axis, respectively.
In both plots, the solid line represents the optical potential.

⇠ 20%. They correspond to a salt concentration n1 ⇠
0.2 mM, which is compatible with sample contaminations
arising, for instance, from the poly-L-lysine coating em-
ployed to adhere the larger microsphere to the coverslip.
The slightly larger value of �D obtained when includ-
ing the zero-frequency TM contribution is required to
yield a double-layer repulsion with a longer range that
compensates for the stronger Casimir attraction in this
case (see subsection III B). As indicated in Table II, the
corresponding charge density � is then lower by a fac-
tor ⇠ 2 in order to also fit at shorter distances. We
conclude that the fitted value of � depends strongly on
the theoretical model of the Casimir interaction even in
the distance range L > 100 nm where it is clearly sub-
dominant. Model-dependent results for colloidal param-
eters were also reported in Ref. [15].

Usually, the surface charge density is obtained by fit-
ting the interaction force at much shorter distances, L <⇠
20 nm, by considering a Casimir (van der Waals) model
without the zero-frequency TM contribution. Available
results for the silica charge density for several symmet-
ric inorganic salts at ⇠ 0.2 mM tend to cluster, for a
pH = 5.6, at � ⇠ �4 mC/m2 [11]. Since the magnitude
of the silica charge density increases with an increasing
pH [49], the discrepancy with respect to the values shown
in Table II cannot be attributed to the higher pH of our

sample (pH = 6.8). Theoretical modelling of silica charg-
ing [49] seems to favor the values shown in Table II, and
especially the one found when including the TM zero-
frequency contribution.

The two models of Casimir screening can be hardly dis-
tinguished by experiments with low salt concentrations,
since the Casimir interaction is sub-dominant over the
entire distance range probed experimentally. In order
to isolate the Casimir interaction from the electrostatic
double-layer signal, we performed an experiment with a
much higher salt concentration as presented in the next
sub-section.

B. High salt concentration

When the double-layer interaction is totally suppressed
by ionic screening, the force signal at distances L >⇠
200 nm is considerably weaker, making it harder to mea-
sure. Moreover, the equilibrium position of the probe
particle becomes more unstable, due to the sharp increase
of the attractive Casimir force at short distances. Exper-
imentally, it is di�cult to control the distance D between
the adhered microsphere and the laser beam so as to hit
the narrow range of distances in which the Casimir at-
traction is measurable and yet not strong enough to make
the probe jump into contact in the beginning of the run.

We prepared a sample with a NaI concentration of
n1 = 0.22 M, corresponding to �D = 0.64 nm according
to Eq. (2). Such value for the Debye screening length
is su�ciently small to produce a complete suppression
of the double-layer interaction for L >⇠ 200 nm. The in-
teraction runs were performed for average separations of
the order of L ⇠ 400 nm. To determine the parameters
of the optical potential alone, we took 8 di↵erent average
separations in the range 500 nm < L < 900 nm. Those
calibration measurements were repeated before and af-
ter every two interaction measurements. In all cases, we
found variations of the optical equilibrium position and
trap sti↵nesses kx and ky comparable to the correspond-
ing experimental errors. The laser drift was negligible
during each run and also from one run to the next, as
discussed in Appendix E 1. In order to combine all in-
teraction runs, we take Lref = 455 nm as the reference
separation. All measurements were performed with the
same laser power.

We subtract the optical potential from the total poten-
tial and plot the resulting Casimir energy versus distance
in Fig. 3. We compare the experimental data (points)
with the two di↵erent screening models for the Casimir
interaction: with (black solid) and without (red solid)
the unscreened contribution from TM modes in the limit
of zero frequency. No fitting procedure is implemented
here, as the theoretical Casimir energy is obtained exclu-
sively from the known dielectric functions of silica and
water [32]. Because of the near index-matching between
silica and water at positive Matsubara frequencies, the
standard procedure [36] of disregarding TM scattering
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range, colloidal interactions in our system are negligible
and then the position of optical equilibrium is obtained
from the average position. More importantly, our cali-
bration of the optical equilibrium position already takes
the beam perturbation into account. As the geometri-
cal aspect ratio D/R2 changes by only ⇠ 2.5% within
this interval, we expect the optical potential to be ap-
proximately independent of D. We have verified, exper-
imentally, that kx, ky and the equilibrium position (see
Appendix E 1) are indeed independent of D within the
experimental error in this range of distances.

In order to push further into the interaction region,
we reduced the distance D between the adhered sphere
and the optical symmetry axis by up to ⇠ 150 nm with
respect to the smallest value of D employed when charac-
terizing the optical potential. We assumed that the opti-
cal equilibrium position and kx are still constant in this
case. This was verified by measuring ky (see Appendix
E 3), while the total sti↵ness kx �@xFint and the equilib-
rium position change due to the colloidal interactions. To
further verify that our interaction measurements are not
contaminated by perturbations of the optical force, we
have performed measurements at di↵erent laser powers,
as discussed in the next subsection.

A. Low salt concentration

In this subsection we present the results for the col-
loidal interaction and discuss some additional experimen-
tal details which are specific to the experiment with no
added salt. In this case, the double-layer force is domi-
nant and the total force is repulsive over the entire probed
range of distances. In order to overcome the repulsive in-
teraction and adhere the larger microsphere to the cov-
erslip as indicated in Fig. 1(a), we coated the latter with
poly-L-lysine (see Appendix C 1).

We performed 25 experimental runs for the same pair
of microspheres, taking three di↵erent values for the dis-
tance D and several values for the laser power, with
the resulting kx ranging from 1.2 to 2.5 fN/nm. The ini-
tial distance D employed for the calibration of the opti-
cal equilibrium position was such as to correspond to a
surface-to-surface separation Lopt

eq = 480 nm. After sub-
tracting the optical potential Uopt(L) from the the total
potential energy U(L), we find no systematic e↵ect of the
laser power on the measured interaction energy Uint(L).
Any additional perturbation of the optical potential as
the larger microsphere is brought closer to the trapped
one would result in a residual optical potential propor-
tional to the laser power after subtraction. Thus, our
analysis indicates that such additional perturbation is
negligible when compared to our experimental sensitiv-
ity.

We average the data for Uint(L) from the 25 runs and
plot the results in Fig. 2. In order to illustrate how the
final experimental results are obtained, we also plot the
total energy U(L) corresponding to two individual runs

in the inset. The purple points correspond to the con-
figuration with no colloidal interaction employed for the
characterization of the optical potential (purple solid),
displaying its minimum at Lopt

eq = 480 nm. The green
points represent a run with a smaller D and the same
laser power. For comparison, we plot again the same op-
tical potential curve (green solid), which is shifted so as
to have it minimum coinciding with the minimum of the
experimental curve. The skewness of the experimental
curve clearly indicates the repulsive nature of the col-
loidal interaction. When combining the data from all 25
runs, we took the reference distance Lref = 0.27 µm. On
the other hand, for the specific pair of runs shown in
the inset, it is more convenient for clarity to define the
relative potential o↵set by taking Lref = 0.40 µm.

In order to allow for comparison with two distinct the-
oretical models of Casimir screening, we plot in Fig. 2
the same experimental results for Uint(L) twice, with the
red points shifted by 2 kBT with respect to the black
ones. The curve fits are based on two distinct models
of the Casimir attractive interaction, either with (black)
or without (red) the contribution arising from TM chan-
nels in the zero-frequency limit (see Sec. II for details).
In both cases, the double-layer repulsive interaction is
calculated within the LSA and obtained from Eq. (3) in
terms of two fitting parameters: the squared charge den-
sity �2 and the Debye screening length �D. We fit over
the interval Lmin  L  440 nm and take values for Lmin

between 190 nm and 210 nm. We also consider di↵erent
data sets obtained by changing the reference distance Lref

by a few tens of nanometers (not shown in the plot). In
Table II, we show the average of the fitted values of � and
�D with the errors representing the standard deviation.

The red curve in Fig. 2 corresponds to a repulsive
colloidal potential over the entire range of distances
probed in our experiment. On the other hand, the black
solid line exhibits a very weak attraction for distances
L >⇠ 0.35 µm, since in this range the TM zero-frequency
contribution is much larger than the combined contribu-
tion of all positive Matsubara frequencies. However, such
smooth variation is below our experimental sensitivity.
Thus, both models fit our data equally well, although
the fitting parameters are more stable with respect to
the fitting range when the zero-frequency TM contribu-
tion is included, as indicated by the standard deviations
shown in Table II.

TABLE II: Parameters employed for the curve fit of the mea-
sured interaction energy: charge density � and Debye screen-
ing length �D. In addition to the double-layer interaction en-
ergy (3), we also consider the Casimir interaction either with
or without the zero-frequency TM contribution.

Casimir model �
�
mC/m2

�
�D (nm)

n = 1, 2, ... �1.7 ± 0.3 25.0 ± 0.9
n = 0, 1, 2, ... �0.8 ± 0.1 29.3 ± 0.6

The results for �D shown in Table II di↵er by merely
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FIG. 3. Casimir energy in units of kBT versus distance for
the sample with a high salt concentration: experiment (points
with error bars representing the standard error of the mean)
and theory either with (black) or without (red) the unscreened
contribution from TM modes in the limit of zero frequency.
The salt concentration of n1 = 0.22 M, corresponding to a
screening length �D = 0.64 nm, is such that the double-layer
interaction is completely suppressed in the distance range
probed experimentally.

second derivative of the Casimir force provided that the
TM zero-frequency contribution is included.

In Fig. 4, we plot the interaction force as a function of
the separation distance L = Lint

eq in equilibrium. In con-
trast with the potential energy plots of Figs. 2 and 3, here
each data point corresponds to an entire run. The shaded
area indicates the sensitivity 2 fN of our force measure-
ment, which is determined by the error of the equilibrium
position as discussed in Appendix E 1. As in the case of
the Casimir potential shown in Fig. 3, we find agreement
only with the theoretical prediction including the contri-
bution of TM channels in the zero-frequency limit (solid
black line). The contribution of nonzero Matsubara fre-
quencies (red) is smaller by about one order of magnitude
and cannot describe our data. Previous experiments un-
der similar conditions [36, 38] also found a signal larger
than predicted by the standard theoretical model that
excludes TM modes in the zero-frequency limit.

We also plot the theoretical results (dashed) obtained
by considering the spherical geometry within PFA [74],
with the TM zero-frequency contribution included. The
PFA provides a direct connection between the spheri-
cal geometry and the parallel-planes one considered in
Ref. [20] and is asymptotically valid for large aspect ra-
tios Re↵/L � 1 [94]. Although PFA overestimates the
exact Mie scattering results for the force by ⇠ 50% for the
parameters corresponding to Fig. 4, our data do not allow
for a discrimination between the two theoretical models
that include the TM channels in the zero-frequency limit.

IV. CONCLUSION

We developed a protocol for using optical tweezers
to measure the surface interaction between silica micro-
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FIG. 4. Casimir force versus distance: experiment (points
with error bars) and theory either with (black) or without
(red) the unscreened contribution from TM modes in the limit
of zero frequency. The dashed curve corresponds to the prox-
imity force approximation with TM zero-frequency modes in-
cluded. The light blue band indicates the experimental sen-
sitivity for force measurements in our setup.

spheres separated by distances above 0.2 µm in aqueous
solution. For the sample with the highest salt concen-
tration, the measured potential energy corresponds to an
attractive Casimir force in the femtonewton range. We
find good agreement (no fitting) between our experimen-
tal data and the scattering theory which contains the
unscreened contribution of transverse magnetic modes in
the zero-frequency limit. Such contribution dominates
the total Casimir signal by roughly one order of magni-
tude and is not included in the standard description of
the van der Waals interaction across ionic solutions.

When measuring the surface interaction at lower salt
concentrations, the theoretical description of the Casimir
e↵ect has an impact on the characterization of the repul-
sive double-layer interaction, particularly on the fitted
value for the surface charge density.

The higher salt concentration employed in the Casimir
experiment is comparable to typical values found in living
cells [95]. Thus, the indication that the Casimir interac-
tion is stronger and of a longer range under such condi-
tions might have important implications in the fields of
cell and molecular biology.
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FIG. 4. Casimir force versus distance: experiment (points with
error bars) and theory either with (black) or without (red) the un-
screened contribution from TM modes in the limit of zero frequency.
The dashed curve corresponds to the proximity force approximation
with TM zero-frequency modes included. The light blue band in-
dicates the experimental sensitivity for force measurements in our
setup.

area indicates the sensitivity 2 fN of our force measurement,
which is determined by the error of the equilibrium position
as discussed in Appendix E 1. As in the case of the Casimir
potential shown in Fig. 3, we find agreement only with the
theoretical prediction including the contribution of TM chan-
nels in the zero-frequency limit (solid black line). The contri-
bution of nonzero Matsubara frequencies (red) is smaller by
about one order of magnitude and cannot describe our data.
Previous experiments under similar conditions [37,39] also
found a signal larger than predicted by the standard theoretical
model that excludes TM modes in the zero-frequency limit.

We also plot the theoretical results (dashed) obtained by
considering the spherical geometry within PFA [75], with the
TM zero-frequency contribution included. The PFA provides
a direct connection between the spherical geometry and the
parallel-planes one considered in Ref. [21] and is asymptoti-
cally valid for large aspect ratios Reff/L ! 1 [96]. Although
PFA overestimates the exact Mie scattering results for the
force by ∼50% for the parameters corresponding to Fig. 4,
our data do not allow for a discrimination between the two
theoretical models that include the TM channels in the zero-
frequency limit.

IV. CONCLUSION

We developed a protocol for using optical tweezers to
measure the surface interaction between silica microspheres
separated by distances above 0.2 µm in aqueous solution.
For the sample with the highest salt concentration, the mea-
sured potential energy corresponds to an attractive Casimir
force in the femtonewton range. We find good agreement (no
fitting) between our experimental data and the scattering the-
ory which contains the unscreened contribution of transverse
magnetic modes in the zero-frequency limit. Such contribu-
tion dominates the total Casimir signal by roughly one order
of magnitude and is not included in the standard description
of the van der Waals interaction across ionic solutions.

When measuring the surface interaction at lower salt con-
centrations, the theoretical description of the Casimir effect
has an impact on the characterization of the repulsive double-
layer interaction, particularly on the fitted value for the surface
charge density.

The higher salt concentration employed in the Casimir
experiment is comparable to typical values found in living
cells [97]. Thus the indication that the Casimir interaction is
stronger and of a longer range under such conditions might
have important implications in the fields of cell and molecular
biology.
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APPENDIX A: EXPERIMENTAL SETUP

A schematic of our experiment is shown in Fig. 1(b) of
the main text. A 1064 nm laser beam (YLR-5-1064LP, IPG
Photonics) exits an optical fiber and is divided using a half
wave plate and a polarized beam splitter. While the transmit-
ted laser light is blocked, the reflected one is directed towards
alignment mirrors, an attenuation neutral density filter, and
a quarter-wave plate, fitted to change the laser beam well-
defined linear polarization into circular polarization. In fact,
this procedure is important in order to produce equal optical
trap stiffnesses along the x and y axes in the plane orthogonal
to the beam propagation axis z. The laser beam is then di-
vided again by a balanced nonpolarized beam splitter, which
halves the light into a power meter (1936C and 918D-UV-
OD3R, Newport) and towards the microscope (Eclipse Ti-S,
Nikon). Under the microscope, the laser beam hits a dichroic
mirror (ZT532rdc-NIR-R725-1100-UF2, Chroma) with high
reflectance for 1064 nm and high transmittance for visible
light.

A 60× water-immersion objective (CFI60 Plan Apochro-
mat VC, Nikon) with a numerical aperture of NA = 1.2
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Mie theory of image formation 
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We derive an explicit partial-wave (Mie) series for the image of a dielectric microsphere collected by a
typical infinity-corrected microscope. We model the propagation of the illumination and scattered vector
fields through the optical components of the microscope by using the angular-spectrum theorem with the
help of Wigner rotation matrix elements, allowing us to identify the contribution from spin-orbit helicity
reversal. We consider a high numerical aperture objective well beyond the validity range of the paraxial
approximation. The spherical aberration introduced by refraction at the planar interface between the sam-
ple and the glass slide is fully taken into account. By comparing our theoretical model with images of
colloidal particles placed at different positions with respect to the objective focal plane, we characterize
their radii and refractive index. We employ polystyrene microspheres with a known refractive index in
order to fit the transverse attenuation length describing the transmission loss of the scattered field. As an
application, we measure the radius and refractive index of individual silica beads. We compare the result
for the radius with an independent measurement using high-resolution scanning electron microscopy. To
validate the result for the refractive index, we develop a second method, independent of the theoretical
model, based on the image contrast in glycerin-water solutions. In all cases we find very good agreement
between our method and the validation procedures. In addition, the nonparaxial theory provides a reliable
description of the images found for all focal-plane positions and for both polystyrene and silica micro-
spheres. Our approach allows a common optical microscope to be used to measure the refractive index and
radius of spherical particles covering the entire size range from the Rayleigh regime to the ray optics one.

DOI: 10.1103/PhysRevApplied.15.064012

I. INTRODUCTION

Light microscopy has undergone considerable advances
in recent decades. The attained limit of resolution has
reached the nanometric scale by the development of tech-
niques such as confocal scanning [1–3], near field [4,5],
structured illumination (SIM) [6], stimulated emission
depletion (STED) [7], photoactivated localization (PALM)
[8], tracking of fluorescent molecules with minimal photon
fluxes (MINFLUX) [9], defocusing [10–12], and stochas-
tic optical reconstruction microscopies (STORM) [13].
Recently, a multifocus strategy has been implemented for
three-dimensional (3D) volumetric imaging [14]. Many
among the above referred techniques employ imaging of

*nathan@if.ufrj.br

fluorescent markers that allow for nanometric resolution
but also require probe attachment that may change the sam-
ple. On the other hand, label-free microscopy techniques
such as quantitative phase imaging (QPI) use transmit-
ted light microscopy with minimum sample damage but
relatively poor molecular specificity and image resolution
[15]. Nano-optics [16] has employed the conceptual and
theoretical framework of classical and quantum optics to
study the available microscopy technologies, and to pro-
pose developments based on modern microscope designs.
In such a context, accurate theoretical descriptions of the
light interaction with samples and microscope lenses are
sorely needed.

Methodologies that combine optical microscopy with
Mie-scattering theory have been used to track and/or
characterize individual colloidal particles, by measuring

2331-7019/21/15(6)/064012(16) 064012-1 © 2021 American Physical Society
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

FIG. 2. From left to right, the image of the polystyrene parti-
cle (attached to the glass slide) is brought out of focus by driving
the microscope stage downwards. As a consequence, the objec-
tive focal plane (red) is displaced upwards with respect to the
glass slide, as illustrated by (a)–(C). The corresponding exper-
imental and simulated images are shown in (d)–(f) and (g)–(i),
respectively. Plots of the theoretical (line) and experimental (cir-
cles) image contrast versus the distance to center ρ are shown in
(j)–(l). The scale is the same for all images and is indicated by a
horizontal bar (5 µm) in (e).

same batch. The resulting nine images are processed into
intensity contrast maps and the global fitting implemented
as described in Sec. III. Fitting contrast curves obtained
from multiple focal planes with the same set of parameters
provides compelling evidence that the proposed theoretical
model accurately describes the main physical ingredients
of our experiment. Nevertheless, our methodology can also
be carried out by analyzing a single plane, which might
be preferable for several applications. To simulate such a
procedure, we also fit each of the nine contrast curves sep-
arately in the case of PS. In both situations we estimate the
error bars as the standard deviation. The results are sum-
marized in Table II. Figures 2(g)–2(i) show the simulated
images for each focal-plane position taking the parame-
ters obtained from the global fit. In Figs. 2(j)–2(l), we plot
the theoretical contrast versus the cylindrical coordinate ρ
(solid line) as calculated from the global fitting as well as
the experimental data (circles).

TABLE II. Fitting parameters employed in the nonparaxial the-
ory of the image of a dielectric microsphere. L0 is the initial
position of the focal plane with respect to the glass slide (in units
of radius), a is the microsphere radius, tin is the transmission loss
for the incident field, " is the transverse attenuation length for the
scattered field, and n2 is the microsphere refractive index. In the
case of polystyrene, we took the dispersion formula of Ref. [41]
to calculate n2. PS stands for results obtained from the global fit
of the three different focal plane positions with a common set
of parameters, while PS∗ denotes the average of results obtained
from independent fits for each individual plane. As " is a charac-
teristic length of the microscope alone, it should not depend on
which particle is imaged. Thus, the value found for " in the PS
experiment was employed when computing the theoretical image
of the silica microspheres.

PS PS∗ silica

L0 −0.078 ± 0.007 −0.068 ± 0.004 −0.69 ± 0.02
a (µm) 1.4821 ± 0.0005 1.47 ± 0.02 2.32 ± 0.01
" (cm) 0.47 ± 0.02 0.44 ± 0.06 –
tin 0.466 ± 0.007 0.47 ± 0.01 0.498 ± 0.004
n2 – – 1.428 ± 0.002

We follow the same global fitting protocol discussed
in the previous paragraph when considering silica
microspheres. The reference image is shown in Fig. 3(d),
again with a central intensity maximum surrounded by
a bright ring with a similar contrast. However, now the
corresponding focal-plane position turns out to be well
below the glass slide as illustrated by Fig. 3(a). Two
additional focal-plane positions are obtained by taking
#Lg = 2.43 µm [Figs. 3(b) and 3(e)] and #Lg = 4.86 µm
[Figs. 3(c) and 3(f)]. We use the value for the trans-
verse attenuation length found in the PS experiment and
take L0, a, tin, and n2 as fitting parameters. We repeat
the procedure for three silica microspheres. The resulting
values for the fitting parameters are shown in Table II.
Figures 3(g)–3(i) show simulated images obtained with
the fitting parameters. Figures 3(j)–(l) show the best-fit
theoretical intensity contrast (solid line) as well as the
measured contrast (circles) as functions of ρ.

B. Refractive index of silica microspheres from the
glycerin method

Figure 4 summarizes the results of the glycerin exper-
iment intended for an independent characterization of the
refractive index of silica microspheres (see Sec. III F for
details). In Fig. 4(a), we plot the M, as defined by Eq. (17),
versus concentration. The continuous line corresponds to a
smooth curve fit, used here as a guide for the eye, showing
that M([gly]) develops two local minima. The absolute
minimum is close to [gly] ≈ 60%. In the inset of Fig. 4(c),
we show a quadratic fit for M([gly]) in the vicinity of
the absolute minimum. We weight the error bars to deter-
mine the uncertainty. Fitting yields the value [gly]min =

064012-7
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The final step consists of correlating the optical and SEM
images of the same microsphere in order to derive the scale
factor rc = Ropt/R2. The entire procedure is repeated for three
distinct tagged microspheres. After averaging the results, we
find rc = 1.041 ± 0.005, where the uncertainty corresponds
to the standard error of the mean. Knowing rc, the physical
radius R2 of a particular microsphere in interaction can be
directly inferred by measuring the corresponding optical ra-
dius Ropt. The results for the microspheres employed in the
measurement runs are indicated in Sec. III.

3. Distance upon contact

When performing the experiment with high salt concentra-
tion, in most experimental runs we observed that the probed
particle eventually jumps into contact with the adhered mi-
crosphere. By measuring the center-to-center distance (X̄2 −
X̄1)cont upon contact, one can determine the distance upon
contact L0 = (X̄2 − X̄1)cont − (R1 + R2) thus providing infor-
mation on the scale of the highest peaks of the rough silica
surfaces [116].

Averaging over three contact events, we find L0 = (0.2 ±
0.1) µm. Such value is compatible with the estimation for
the highest asperities based on the SEM images discussed in
Appendix C 1. The total experimental error is determined by
the error of R1 + R2 only, as the uncertainty of the center-to-
center distance upon contact is much smaller.

The high peaks associated to the distance upon contact
are usually sparse and thus provide a small correction to
the Casimir interaction in the distance range probed in our
experiments [114]. Given our limited experimental precision,
we have neglected the contribution of such rare peaks.

APPENDIX D: POSITION DETECTION

We measure the position of the microsphere center by
employing the edge detection algorithm of Refs. [86,87].
This method is particularly suitable when considering two
microspheres at close distance, since it allows to exclude the
region where the images of the microspheres overlap, pro-
ducing a nontrivial diffraction pattern. Hence we determine
the microsphere edge only within the region indicated by the
green contour shown in Fig. 1(c). The yellow dots indicate the
positions used to fit a circumference, whose center is identi-
fied as the position of the trapped microsphere. An analogous
procedure is implemented for the microsphere adhered to the
coverslip.

To test the precision of the position detection method, a
silica microsphere of nominal radius R̄ = 10 µm is attached
to the coverslip and then displaced by nominal steps of 5 nm
every 2 s by employing a piezoelectric nanopositioning sys-
tem to drive the microscope stage along the x direction (see
Appendix A for details). In Fig. 7, we plot the variation of the
microsphere position with time. The averaged standard devi-
ation for the steps shown in the figure is (0.80 ± 0.04) nm,
proving our ability to detect nanometric displacements on the
xy plane. The average separation between consecutive steps
is (5.4 ± 0.2) nm. We also validate our position detection
method by comparing results for the optical trap stiffness
from three different methods: position fluctuations, Stokes

FIG. 7. Microsphere position versus time. A silica microsphere
is adhered to the cover slip, which is driven laterally by 5 nm every
2 s with the help of a piezoelectric nanopositioning system.

calibration and modeling based on the Mie-Debye theory of
optical tweezers [117] as discussed in Appendix E 3.

APPENDIX E: ENVIRONMENTAL NOISE

Both the stiffness calibration and the interaction mea-
surements critically depend on the assumption of thermal
equilibrium [33,90,118]. Environmental noise such as air-
currents, temperature gradients, mechanical vibrations, drifts
on the laser and on the microscope stage can easily drive
the system far out of thermal equilibrium, creating awkward
systematic measurement artifacts. For instance, extra fluctu-
ations on the trapped microsphere are responsible for trap
stiffness underestimation; directional drifts can change the
relative position of both optically trapped and attached mi-
crospheres, drastically changing the interaction among them.
As a result, carrying out careful experimental preparation,
environmental noise characterization and mitigation actions
are crucial to guarantee a thermally limited system leading to
accurate stiffness calibration and interaction measurements.

Let us address each of the environmental noise sources and
the actions which have been taken to mitigate them. Air cur-
rents and temperature gradients are reduced by symmetrically
positioning the air conditioners in the laboratory room, and
more importantly covering all the laser optical path, all the
optical devices and the optical microscope with a home-made
enclosure made of cardboard with a few layers of bubblewrap
foil. Mechanical noise is reduced by mounting all of the
optical elements in small optical posts attached on an optical
breadboard placed on a conventional optical table as discussed
in Appendix A.

1. Laser drift

Laser drifting is cautiously characterized during all interac-
tion experiments. Figure 8(a) shows the long time dependence
(temporal scale of ∼hours) of the position deviation !x from
the average initial position of the optically trapped micro-
sphere, when no salt was added to the solution (see Sec. III A).
Each dot represents the mean position of the optically trapped
microsphere over an experimental run of T = 500 s, with
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Numerical example

Screening of the Casimir force
Polystyrene - aqueous solution - Polystyrene T = 293 K

Hamaker constant : H = − 12π L2 ℱPP
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ξ = 0
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polystyrene polystyrene

Lorentz model for water and polystyrene - parameters taken from  P.J. 
van Zwol and G. Palasantzas, PRA 81, 062502 (2010)
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