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Basics




Metals

Aky
Occupied states PP, o
(k) < 0 States of fermionic matter at finite density.
>k » Compressible: 92/0u#0asT — 0.
* Large number of gapless excitations (the most
\ gapless systems!).
Empty states

e(k) >0

Fermi surface
(k-space: translationally invariant metals)



Fermi liquid theory
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H = Ze WwZV r— 1)l ty
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Screening leads to gapped boson

Fermi surface

Z

Gyl iw) = g Fir

I' ~ max(w*, T?)

Fermions interact with gapped boson and become renormalized quasiparticles.



Fermi liquid theory

Screened interaction is similar to a k ko
weak contact interaction
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Fermi surface
(around where all the action is)

I' ~ max(w?*, T?) ' < max(w,T)

The small damping rate means that fermion quasiparticles are well defined additive excitations
in a Fermi liquid



Transport in conventional metals

p(T)
Low 7: o(T) ~ T° from Umklapp QP decay in FL.
High 7: »(T) ~ T from phonons
Residual resistivity 2(0) > 0 from impurities
0
ky &
High-7 Phonons can be either non-dispersive " AN
. . . e o o |\ TR

(Holstein) or dispersive (Bloch-Griiniesen) B —

d 3 X




nkL transport phenomenology



Non-Fermi liquids in experiment
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Non-Fermi liquids in experiment

(a.k.a strange metals)

T'-linear resistivity at high 7' can be “large” (some strange metals can be bad metals)

Good metal

MIR limit
Saturation

e-ph

Resistivity

Fermi liquid
SC

Temperature (K)

Resistivity

Strange metal

Temperature (K)
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Temperature

QCP?

Strange metals

e 2D or quasi-2D (layered)
materials.

e /'-linear electrical resistivity

e (Usually) proximate to
quantum critical points.

Doping



Do strange metals arise due to phonons?

Short answer: not in most cases

T - linear in strange metals extends down to 7 < § - 10 K, which is usually too low for
phonon mechanismes.

High-1 electron-phonon scattering that gives 7-linear resistivity is elastic
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Plenty of evidence for strongly inelastic electron scattering in strange metals

Electron-electron interactions are important



Inelastic scattering in strange metals
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Large, frequency dependent
(therefore inelastic) scattering
rate in optical conductivity.

Also seen in photoemission
(Reber et al, Nat. Comm. 10, §737 (2019))



Inelastic scattering in strange metals

Inelastic scattering from shot noise
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More strange transport: magnetoresistance

B-linear magnetoresistance
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More strange transport: magnetoresistance

B-linear magnetoresistance

b
e In cuprates, it can be explained
by anisotropic transport
o
scattering rate on the FS
Ataei et al, Nat. Phys. 18 1420-1424 (2022)
Grissonnanche et al, Nature 5§95, 667-672 (2021)
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More strange transport: Hall effect

Strong 7-dependence of Rx at higher T
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Old models of nFL



non-Fermi Liquid Metal

£ o=ul(gre®) o + 5 [00P + (VO + (= A)g*

“Yukawa” coupling: g/dzrdT O (r, )W, ) (1, T)

k, ;
J. A. Hertz, Phys. Rev. B 14, 1165 (1976)
(@) =0
kx + A. J. Millis, Phys. Rev. B 48, 7183 (1993)
(¢) # 0 N\t 5|
kxA
QCP
Ac

Translationally invariant, ppc (1) = 0.



non-Fermi Liquid Metal

£ o=ul(gre®) o + 5 [00P + (VO + (= A)g*

“Yukawa” coupling: g/dQ”I“dT O (r, )W, ) (1, T)

Eliashberg solution for electron (G) and boson (D) Green’s functions at small w:

1 P.A. Lee, Phys. Rev. Lett 63, 680 (1989)

. 1
E(k, iw) ~ —isgn(@)lw|”*, Gk, iw) = —— W st D@ =

(in two spatial dimensions)

Strong inelastic forward §P‘ /\/'ﬁ_% (Boson is massless
scattering, no well- N but damped at QCP)

defined quasiparticles.

Also, not possible to solve exactly...



non-Fermi Liquid Metal

£ o=ul(gre®) o + 5 [00P + (VO + (= A)g*

“Yukawa” coupling: g/dzfrdT O (r, )W, ) (1, T) BZQ.T

® Quasiparticles destroyed only at “hot spots”

® Rest of the FS “short-circuits” hot spots in
bulk fermion properties such as transport,
which remain boring.




Current and Momentum

Momentum is conserved in translationally invariant electron systems
Finite charge density implies current can’t be relaxed, Ppc = U if not
for Umklapp processes and phonons.

Need strong momentum dissipation to get T-linear resistivity at low T.
Phonons and Umklapp insufficient.

Partial exception: clean two-band models can dump momentum into
second band with high DOS and strong Umklapp, allowing nFL transport
at lower 1 than clean single-band models. But many strange metals are
single-band.

Will not discuss highly exotic possibilities as strange metals are a very
generic phenomenon in correlated electron materials.

The only other generic thing left is disorder.



Solvable models of nFL



Toy model for metal without quasiparticles
Sachdev-Ye-Kitaev (SYK) model

H = Jijk| fifjfkf|1 {fl ’fJ} = IIJ

L Jiw " =0, ! |Jjw 17" = 34/ (BN )

 Fermions interacting randomly on
large number of sites (N)

e Purely inelastic scattering

e Exact Schwinger-Dyson equations
in large N limit

L (1)=1J°G*(1)G(! 1),
S. Sachdev and J. Ye, PRL 70, 3339 (1993) 1
S. Sachdev, PRX 041025 (2015) G(1"n)= —.
A. Kitaev, KITP Talks (2015) Mt P07 0)



Toy model for metal without quasiparticles
Sachdev-Ye-Kitaev (SYK) model

H = Jijk| fifjfkf|1 {fl ’fJ} = IIJ

L Jiw " =0, ! |Jjw 17" = 34/ (BN )

 Fermions interacting randomly on
large number of sites (N)

e Purely inelastic scattering

e Exact Schwinger-Dyson equations
in large N limit

il — '
S. Sachdev and J. Ye, PRL 70, 3339 (1993) G(itnt J) "3 N - (T

S. Sachdev, PRX 041025 (2015)




SYK Model: Saddle-point action
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SYK Model: Many-body spectrum

Energy, in units of J
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e Low-lying states have
level spacing ~ e V.
e Incompatible with

_ quasiparticle structure
. OfE: !!n!+_ F!,--n!n--+...
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Lattices of SYK models

One-band versions

L #o N

H=11 C, Cy T h.c. + Jijkl C, ij Ckx Cix
Ixy ", 1=1 Xkl =1

DMFT formulation: O. Parcollet and A. Georges, PRB 59, 5341 (1998)

‘ ‘ X.-Y. Song, C.-M. Jian and L. Balents, PRL119, 216601 (2017)
D. Chowdhury, Y. Werman, E. Berg, and T. Senthil, PRX8, 031024 (2018)

Variant with inPnite-ranged interactions instead of on-site large- N:
X. Wu, C.-M. Jian. Y.-Z. You, C. Xu, PRB98, 165117 (2018)
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Lattices of SYK models

Two-band versions

IN IN

| ) #H | |
Cix Ciy +h.c. + gljkl C|X fJx Ckx f I ‘]Ijkl f|x fJX ka f X
Ixy ", 1=1 Xkl =1 X, ikl =1

A. A. Patel, J. McGreevy, D. P. Arvoas, S. Sachdev, PRX8, 021049 (2018)

D. Chowdhury, Y. Werman, E. Berg, and T. Senthil, PRX8, 031024 (2018)
P
“Marginal Fermi liquid” of Varma et al

This model is weird, cannot be connected to picture of nFL near phase transitions



Yukawa-SYK model

- .
5 THHST gl

J | j !
Leads to fully self-consistent Migdal-Eliashberg equation:
I g?°Gy G-, !« | g°G, G, in a SYK-like large N limit.

W. Fu, D. Gaiotto, J. Maldacena, and S. Sachdev, PRD95, 026009 (2017); J. Murugan, D. Stanford, an
E. Witten, JHEP 08, 146 (2017); A. A. Patel and S. Sachdev, PRB98, 125134 (2018); E. Marcus and
Vandoren, JHEP 01, 166 (2018); Yuxuan Wang, PRL124, 017002 (2020); I. Esterlis and J. Schmalian, PR
100, 115132 (2019); Yuxuan Wang and A. V. Chubukov, PRR2, 033084 (2020).



Yukawa-SYK model

1" |

with g1 Independent random numbers with zero mean. The largeN equations for the Green(
functions and self energies of the fermions@,! ) and bosons D, " ) are
~ R
G(i1#,) = ! D(1#,) = !

Vi, ! ) (i#,) V24 72 (i#)
(A= g°G(NAD(%H ., "(B="! g GAG( %
N\ Y,
Make the low frequency ansatz

G(i#)"! isgn@)|#l' Y %) | D@#)" |#Y Y

. . . AN — 1
A consisten lution exi for —1 . A =0.42037...
consistent solution exists fo 2@A — 1sec(@rA) — 1] ,

|. Esterlis and J. Schmalian,
PRB 100, 15132 (2019)

Many-body spectrum is similar to SYK model, no quasiparticle excitations  See alsoYuxuan Wang,
PRL 124,017002 (2020)



From Yukawa-SYK to 2D non-Fermi Liquid Metal

£ o=ul(gre®) o + 5 [0 + (VO + (= A)*

“Yukawa” coupling: g/derdT O (r, ) (r, 7)o (r, T)

« Promote fermions and bosons to large N flavors per spatial
site ¥ — ¥, ¢ — ¢y

e Make 9! Gi flavor random (but not spatially random).

e Spatially extended version of Yukawa-SYK model with exact

Migdal-Eliashberg equations at large N saddle point.

[. Esterlis, H. Guo, A. A. P, S. Sachdev, PRB 103 235129 (2021)



non-Fermi Liquid Metal

£ o=ul(gre®) o + 5 [00P + (VO + (= A)g*

“Yukawa” coupling: g/dzrdT O (r, ) (r, 7)o (r, T)

Eliashberg solution for electron (G) and boson (D) Green’s functions at small w:

1 P.A. Lee, Phys. Rev. Lett 63, 680 (1989)

» . . 1 .
Nk, iw) ~ —isgn(w)w|*?, Gk, iw) = - D@ = e,

iw —e(k) — 2(k,iw)

(in two spatial dimensions)

Strong inelastic ;\‘% (Boson is massless
scattering, no well- N but damped at QCP)

defined quasiparticles.




Contrast with zero-dimensional SYK/Yukawa SYK

e Green’s functions defined by saddle point like in SYK.
e But, no soft fluctuations about saddle point, unlike non-spatially extended SYK
or Yukawa SYK discussed earlier.

0S =N 0G1,2 (K1 2.54 — 1) 0G5 4

1.2:3.4

(No unit eigenvalue of K, therefore no soft fluctuating mode)

e Fluctuations about the large N saddle point are “weak™.
e Large N theory saddle point is thus expected to be valid even at finite N.

[. Esterlis, H. Guo, A. A. P, S. Sachdev, PRB 103 235129 (2021)



Comparison with finite Nnumerics
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« Comparison of fermion! and boson ! between different versions of

Migdal-Eliashberg theory and sign-problem free quantum Monte Carlo.
« MET: Continuum Migdal-Eliashberg theory, LT: Lattice discretization.
e Reasonably good agreement.

Klein et al, PRX 10, 031053 (2020)



Still has no or low resistance with single band due to momentum conservation, short circuiting etc...
Two-band case can be interesting: see talk by Tessa Cookmeyer on Thursday for application to heavy fermions.



Towards models of nFL that are realistic,
and work for transport purposes...



non-Fermi Liquid Metal with Potential Disorder

£ o=ul(gre®) o + 5 [00P + (VO + (= A)g*

“Yukawa” coupling: g/dQTdT O (r, ) (r, 7)o (r, T)

Random potential d?rd! v(r)" (r,1)"(r,!)

Spatially random potential v(r) with v(r) =0, v(r)v(r')= v2I(r! r’)

Singularity in low-energy fermion Green’s function is softened.

1 1

Tsgni) 1 (k) nsteadof Golk. 1) = ==y

Go(k,i!) =



non-Fermi Liquid Metal with Potential Disorder

£ o=ul(gre®) o + 5 [00P + (VO + (= A)g*

“Yukawa” coupling: g/dQTdT O (r, ) (r, 7)o (r, T)

Random potential d?rd! v(r)" (r,1)"(r,!)

Spatially random potential v(r) with v(r) =0, v(r)v(r) = v2I(r! r")

2
Boson self energy:! 1" 3—2|" , D(q,i")= = +1| o W@ (in two spatial dimensions,
e at QCP)

2
Fermion self energy:! (i! ) !" ivésgn( )" 9 .

T = R

Marginal Fermi liquid self energy and T In(1/T ) specibc hes




non-Fermi Liquid Metal with Potential Disorder

g! O

- Forward scattering (boson q~0), no current relaxation.
. Marginal Fermi liquid self energy' ¢ doesn’t contribute to
the resistivity; no strange metal behavior.

A. A. P., H. Guo, |. Esterlis, ! nd S. S! chdev, Science 381 (6659) 790-793 (2023)



non-Fermi Liquid Metal with Disordered Interactions

£ o=ul(gre®) o + 5 [00P + (VO + (= A)g*

Random potential d?rd! v(r)" (r,1)"(r,!)

OYukawaO coupling: | d’rd! [g+ g'(r)]" (r, )" (r, D#(r, )

Spatially random Yukawa coupling g'(r) with g'(r) =0, g'(r)g'(r') = g?!(r! r’)

Fermion self energy: X = X, + 24 + X4 Boson self energy: 1I =11, + 11,

Lo (iw) ~ —tv’sgn(w),

2

¥, (w) ~ —'ig—zw In(1/|w|),
¢ .

1 (in two spatial

D(g,82) = -
¢*+79  dimensions, at QCP)

Yy (iw) ~ —ig”wIn(1/|w|)

A. A. P., H. Guo, I|. Esterlis, ! nd S. S! chdev,
Science 381(6659) 790-793 (2023)




non-Fermi Liquid Metal with Disordered Interactions

- Disordered interaction . couples fermions to local

- In. | 2 g2 bosonic fluctuations.

|
| - Large-angle scattering of fermions by critical bosons.

- Transport determined by marginal FL behavior from
9!, not Y.

Conductivity: ! (") ! [V #ans (")" i" m' (")m] *

1 2 12 1 om ("), 2g9* "
#[rans(")!v+g\\ , p- !Tln(!/)

Residual resistivity is determined by v?; Linear-in-T resistivity determined by g™.

Critical bosons with z =2 produce Cv! TIn(@/T)in d = 2

A. A. P., H. Guo, I. Esterlis, ! nd S. S! chdev, Science 381(6659) 790-793 (2023)



Beyond large-N

- Randomness in Yukawa interactions induces a “random-mass” operator
for the Bosons, that is relevant at low T.

- Strongly disordered boson sector with localized modes, but fermions
remain more or less clean. Similar in spirit to Milovanovic, Sachdev,

Bhatt, PRL 63, 82 (1930).

- T-linear resistivity gets extended to a “critical phase” instead of a QCP...

Mean-Field: A. A. P! tel, P. Lunts, ! nd S. S! chdev, PNAS 121 (14) e2402052121 (2024)
Exact QMC: A. A. P! tel*, P. Lunts*, M. Albergo, to ! ppe! r (see t! |k by Peter Lunts on Thursd ! y)



Transport scattering rate

— I
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 Extended region with exponent ~ 1: a strange metal phase...

A. A. P! tel., P. Lunts, ! nd S. S! chdev, PNAS 121 (14) e2402052121 (2024)



ppc(T)

DC resnstmty

—Im[X*(w > 277)] ~ const. + |w|™
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Open challenges/future directions

- Reproduce experimentally observed cause of B-linear magnetoresistance
- Understand crossover to bad metals and Hall effect

- Interplay of dirty bosons and superconductivity

- Effects of disordered interactions on pseudogap physics

- Derive disordered Yukawa models from Hubbard-type models or first-principles
calculations in doped materials (which have plenty of intrinsic randomness)



