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Mandate of low-energy theorists

marginal

relevant

irrelevant

To identify distinct phases of matter and uncover 
universal relations among low-energy observables

-by identifying IR fixed points of RG flow
-by expressing all low-energy observables in terms of marginal 
and relevant parameters

[Wilson, Kadanoff,..]



Complications for metals
• The space of low-energy theories is an infinite-dimensional 

one spanned by Fermi velocity, Fermi momentum, couplings, 
which are functions of angles around FS

• The patch theory expands the full theory around a point on 
FS.
– It does not capture observables that are non-local in k-space, e.g.

Landau/pairing interactions for electrons with widely different k’s
– In the presence of strong inter-patch coupling, the patch theory 

breaks down. In this case, the low-energy physics is singularly 
controlled by kF

UV(large-momentum)/IR(low-energy) mixing



Complications for metals
• There can not be a scale invariance due to Fermi 

momentum
– In local theories*, one has to include scatterings with small 

but non-zero momentum transfer
– Fermi momentum, which is a large momentum scale but a 

low-energy scale, grows incessantly under scale 
transformations
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*Landau’s scale-invariant fixed-point theory for FL is non-local



Projective fixed point

Metallic fixed 
points are 
defined only 
projectively
modulo a 
rescaling of 
Fermi 
momentum

• RG flow is attracted toward an one-
dimensional manifold in which kF
runs to infinity

• Low-energy observables are fixed by 
a set of marginal/relevant coupling 
functions and Fermi momentum

• In general, one can not set kF to 
infinity up front because large Fermi 
momentum limit can be singular
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Fermi liquids

• Marginal parameters : 
– shape of FS, Fermi velocity, Landau function

• The exact forward scattering fixes the universal
profile of the near-forward scattering

• Vanishing pairing interaction at the fixed point
• Emergent symmetry : loop U(1) 

[H. Ma, SL (23)]
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[Handane (93), Else, Thorgen, Senthil (22)]

[Landau]

[Benfatto, Gallavotti] [Shankar] [Polchinski]



Charting the space of non-Fermi liquids

• One should identify IR fixed points in the space of 
enlarged space coupling functions
– Minimal framework : field-theoretic functional RG
– Antiferromagnetic quantum critical metal in the limit 

that the nesting angle is small

• The strong coupling problem is still prohibitive in 
NFL with hot Fermi surface in d=2

[F. Borges, A. Borissov, A. Singh, A. Schlief, SL (22)][A. Schlief, P. Lunts, SL (16)]



Ising-nematic quantum critical metal

x,t

Long-wavelength fluctuations of the nematic order parameter is described by a 
real gapless bosonic mode coupled to FS
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A dimensional regularization :
an analytic continuation of the 2d metal 

to a semi-metal with line node in 3d

ψ−

ψ+

KF
k

−k −KF

Strongly interaction 
Non-Fermi liquid

Semi-metal 
with line node

[D. Dalidovich, SL (2013)]

• Upper critical dimension : dc = 5/2
• The regularization scheme breaks some global symmetry. The conclusion

we draw does not depend on this artifact.

Perturbative
window

d = 2 d = 3dc = 5/2



d > dSC

• Stable projective NFL fixed points

• Only two marginal parameters for 
the shape of FS and Fermi velocity

• Landau function and pairing 
interaction are non-zero, but fixed 
by the marginal parameters and 
Fermi momentum 
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• There are fewer NLFs than FLs
• SC fluctuations are intrinsic parts of NFLs



Universal pairing interaction (d > dSC )
Pairing interaction for Cooper pairs with center of mass momentum 𝑞⃗ and energy 
𝜔 from angle 𝜃!, 𝜃! + 𝜋 to 𝜃", 𝜃" + 𝜋

anomalous 
dimension of angle

Universal 
exponent
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For 𝑞⃗ = 0, 

-∆∶ scaling dimension of the pairing interaction



The anomalous dimension of angle

• The critical boson couple low-energy fermions within 
angular range

• With decreasing energy, FS is broken into smaller 
patches that lie outside the range of the critical 
boson [Son (99), Metlitski, Mross, Sachdev, Senthil (15)]
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Large-angle scattering assisted by 
small-angle scattering

• The singular small-angle 
scatterings give rise to an 
anomalous dimension of the 
short-range 4-fermion coupling 
that creates large-angle 
scatterings
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Universal pairing interaction for 𝑞⃗ ≠ 0
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Crossover function
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• Naively, the inter-patch coupling are 
`irrelevant’ as far as ∆>0

• However, they become marginal for 
∆= 1/2 because the growth of the 
number of patches compensates the 
decay of the interaction strength
– The large-angle scatterings generate 

singular quantum corrections in the 
pairing channel 

21
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n

n
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m

FIG. 9: A loop correction in which an m+ n-fermion operator is dressed with 2n-fermion operator that results in an
anomalous dimension of the m+ n-fermion operator.

momentum can be placed anywhere on the Fermi surface in the one-dimensional Fermi surface, ↵4 = 1. This implies
that the e↵ective scaling dimension of the four-fermion coupling becomes zero, and the four-fermion coupling should
be included within the low-energy e↵ective theory. Indeed, the BCS scattering processes that involve the four-fermion
coupling give rise to logarithmic divergences in the low-energy limit. On the other hand, �2n’s with n > 2 are too
irrelevant to create IR singularities even with the help of the enhancement from Fermi surface. Therefore, we only
keep the four-fermion coupling among the couplings that are irrelevant by power-counting.

Given that the action in Eq. (14) is local, all coupling functions can be expanded in the Taylor series of momentum
along the Fermi surface as

vk =
1X

n=0

v[n]

n!
kn, VF,k =
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n=0

V [n]
F

n!
kn,

gk+q,k =
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g[m,n]
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kmqn, �{Ni};{�i}

{ki} =
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{li}=0

�[l1,..,l4];{Ni};{�i}

l1!l2!l3!l4!
kl11 kl22 kl33 kl44 .

(23)

The interaction driven scaling fixes the scaling dimensions of the coe�cients in Eq. (23) to [v[n]] = [V [n]
F

] = �n,
[g[m,n]] = �(m + n) and

⇥
�[l1,..,l4];{Ni};{�i}

⇤
= �(1 + l1 + l2 + l3 + l4). Formally, allowing the general momentum

dependence in the coupling functions amounts to introducing an infinite tower of coupling constants. Although the
high-order coupling constants are highly ‘irrelevant’ in terms of their scaling dimensions, they are necessary to charac-
terize the whole Fermi surface. This rather unusual role of irrelevant couplings is due to the fact that the momentum
along the Fermi surface not only acts as a scale but also as a label for the gapless electronic degrees of freedom. In
particular, the momentum dependence in coupling functions is important in understanding superconductivity that
arises through an interplay between hot and cold electrons.

In Eq. (23), gk+q,k denotes the strength of the interaction in which an electron is scattered from momentum k to
k+ q near the Fermi surface by absorbing or emitting boson with momentum q in magnitude. In relativistic quantum
field theories, scatterings that involve high-energy particles are not important at low energies. For this reason, one
may just keep the leading order term in the expansion in q. In the presence of Fermi surface, however, the processes
in which electrons are scattered by high-energy bosons within the Fermi surface can give rise to IR singularities. The
same mechanism is responsible for the logarithmic singularity associated with the BCS instability caused by short-
range interactions mediated by a massive boson in Fermi liquids. For this reason, we include the Yukawa coupling with
general k and q within the theory. The fact that the coupling associated with high-energy bosons should be included
within the theory raises important questions on what constitute low-energy observables and what information the

𝜃 𝜃+𝜋

𝜃′ 𝜃’+𝜋
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d < dSC

• The non-Fermi liquids become 
unstable against 
superconductivity for d<dsc

• A window of energy scale 
controlled by NFL quasi-fixed 
point with strong UV/IR mixing
– In d=2, LU(1) is expected to 

be broken down to the 
subgroup that only includes
odd-angular momentum 
channel

d = 2 d = 3dc = 5/2dSC



Summary

• Due to Fermi momentum, fixed points of metals 
are defined only projectively
– The absence of a unique dynamical critical exponent
– Mismatch between scaling dimension and relevancy 

of couplings

• UV/IR mixing can lower the emergent symmetry 
of certain non-Fermi liquids realized above 
superconducting transition temperatures from 
that of Fermi liquids


