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Understand strongly correlated gapped states

Those gapped liquids are classified by long range entanglement
= topological order.

’#ofanyontypes(rank)‘ ‘2‘3‘4‘5‘6‘7‘8‘9‘10‘11‘
# of 241D TOs 4112118 |10|50|28 |64 |81 |76 |44
2
2

1
1
# of Abelian TOs 1 219124122014 |42
# of non-Abelian TOs |0 10| 9 | 8 (46|26 |44 |77 72|42

# of prime TOs 114112 8 [10|10|28|20|20|40 |44

Rowell Stong Wang, arXiv:0712.1377: up to rank 4
Bruillard Ng Rowell Wang, arXiv:1507.05139: up to rank 5
Ng Rowell Wang Wen, arXiv:2203.14829: up to rank 6
Ng Rowell Wen, arXiv:2308.09670: up to rank 11 (12 is coming)
e Ising TO was realized by semi-conductor interfaces and
double-layer graphene. Fibonacci TO can be realized by ABCA
and ABCAB stacked graphene. Timmel Wen arXiv:2308.09702
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Understand strongly correlated gapless liquid state

A gapless state has emergent (& exact) symmetry: v v,
L R

- Group-like symmetries Heisenberg, Wigner, 1926 U(2) — k

- Anomalous symmetries 't Hooft, 1980  Ug(2) x U, (2) [Ld lattite eleg

- Higher-form symmetries Nussinov Ortiz 09; Gaiotto Kapustin Seiberg Willett 14

- Higher-group symmetries Kapustin Thorngren 2013

- Non-invertible/algebraic 0-symmetry (in 14+1D CFT) Petkova Zuber 00
Frohlich Fuchs Runkel Schweigert 09; - -- Davydov Kong Runkel 11; --- Thorngren Wang 19

- Non-invertible/algebraic higher symmetry Kong Lan Wen Zhang Zheng 20

- Non-invertible gravitational anomalies Kong Wen 2014; Ji Wen 2019

e Conjecture: The maximal emergent (generalized) symmetry
(largely) determine the gapless liquids.
A classification of maximal emergent (generalized) symmetries —
A classification of gapless liquid states. Chatterjee Ji Wen arXiv:2212.14432
What is the unified theory for all those generalized symmetries,
which are beyond group and higher group?
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Symmetry/ Topological-Order correspondence

A generalized symmetry in n + 1D is characterized by: = 2,@,) £

: . .o ~ 0
an isomorphic decomposition D, = C, X ) £ Zu(C)
Kong Wen Zheng arXiv:1502.01690; D, ]:1(1)] isoCn

a non-invertible gravitational anomaly Ji Wen arXiv:1905.13279
a symmetry + dual symmetry + braiding  Ji wen arxiv:1912.13492
a gappable-boundary topological order in one higher dimension
Ji Wen arXiv:1912.13492; Kong Lan Wen Zhang Zheng arXiv:2005.14178
Apruzzi Bonetti Etxebarria Hosseini Schafer-Nameki arXiv:2112.02092
Freed Moore Teleman arXiv:2209.07471

a Braided fusion n-category in trivial Witt class
Kong Lan Wen Zhang Zheng 2003.08898
a (local) fusion n-category Kong Lan Wen Zhang Zheng arXiv:2005.14178
Freed Moore Teleman arXiv:2209.07471
Frohlich Fuchs Runkel Schweigert arXiv:0909.5013 (for 1+1D RCFT)

an algebra of transparent patch operators.
Kong Zheng arXiv:2201.05726; Chatterjee Wen arXiv:2205.06244

Xiao-Gang Wen (MIT) A 10-year journey: from gravitational anomaly to theory of generalized symmetry 4/20



Boundary-bulk correspondence (Bulk = Center)

e The obstruction to put a locally consistent field
theory on lattice = gravitational anomaly

e We can always put a locally consistent field theory“

on the boundary of a gapped lattice model: —
gravitational anomaly in a field theory
= bulk topological order.

'3!

topological |boundary
with

e Topological holographic principle: grav anomaly
Boundary determines bulk, bulk does not determine boundary

A field theory — its gravitational anomaly — bulk topological order

e Generalize the anomaly in-flow of Callan Harvey NPB 250 427 (85)

- Beyond diffeomorphism. Kong Wen arXiv:1405.5858
- Beyond invertible. Kong Wen Zheng arXiv:1502.01690
- Beyond Z-class (gravitational anomaly may not be even invertible)

e Boundary to bulk map — Center functor in category theory
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Homomorphism between QFTs

e If we only interested in local low energy properties, ie long distance
correlations of local operators, we can define two quantum field
theories, QF T and QFT’, to be local-low-energy equivalent if

QFT ® Gapped — QFT/ ® Gapped/_ Kong Wen Zheng 1502.01690
e Local-low-energy equivalence between anomalous QFT & QFT":
QFT" is exact simulated by the composite theory of QFT, M, R
fiso . QFT" = QFT Xy R, which is called an isomorphic
holographic decomposition.

gap = OO R
\\\,,~> M
OFT' £ QFT  QFT ** & “AOFT

- Local low energy excitations of QFT can be embedded into QFT’
— homomorphism (¢, R) : QFT — QFT’

® In Kong Lan Wen Zhang Zheng arXiv:2005.14178, we refer to
local-low-energy equivalence as holo-equivalence
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Symmetry = non-invertible gravitational anomaly

e A symmetry is generated by an unitary ;
operator U. H commutes with U: UH = HU.

e Now, we consider a symmetric system

restricted in the symmetric sub-Hilbert space
UVsymmetric — Vsymmetric-

The symmetry U acts trivially within Vg mmetric-
How to know there is a symmetry? How to identify the symmetry?

- The total Hilbert space V;.: has a tensor product decomposition
Viot = @;V;, where | labels sites, because the system live on lattice.

- The symmetric sub-Hilbert space Vmmetric does not have a tensor
product decomposition Vi mmetric 7 ©;V;, indicating the presence of
a symmetry.

- Lack of tensor product decomposition — gravitational anomaly
— symmetry = non-invertible gravitational anomaly =

Topological order in one higher dimension
Ji Wen arXiv:1912.13492; Kong Lan Wen Zhang Zheng arXiv:2005.14178
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Isomorphic holographic decomposition—Symmetry

The isomorphic holographic decomposition expose the hidden
symmetry in QF Tomm — unified theory of generalized symmetry:

C

M
QF T £is0 QF Tano

symm

gap=00 *

e The bulk TO M is the symmetry-topological order (SymTO).
For group symmetry-G, M is the G-gauge theory

® Ryer is a gapped boundary of SymTO. The boundary excitations
form a fusion category Rq.r, describing the symmetry defects.

e Since M = Z(R), the generalized symmetries in n+ 1D are
described and classified by fusion n-category R def-

Frohlich Fuchs Runkel Schweigert 0909.5013 (1+1D); Kong Lan Wen Zhang Zheng 2005.14178

e A generalized symmetry is described by a pair (quiche ‘“keesh”)

([), (T) = (If\;,def, M= Z(’fédef)). Freed Moore Teleman arXiv:2209.07471
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Symmetry = topological order in one higher dim

e Systems with a (generalized) symmetry
(restricted within V,,,metic) can be
fully and exactly simulated by
boundaries of a topological order,
called SymTO (with lattice UV completion

that has no symmetry) or symTFT.
Ji Wen arXiv:1912.13492; Kong Lan Wen Zhang Zheng arXiv:2005.14178
Apruzzi Bonetti Etxebarria Hosseini Schafer-Nameki arXiv:2112.02092

— Symm/TO correspondence

Topological |poundary
Order simulates

symmetric

system

- SymTO or symTFT was originally called categorical symmetry in
Ji Wen arXiv:1912.13492; Kong etal arXiv:2005.14178
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Q: How SymTO determines gapless/gapped states

A: Via modular covariant partition function

e Boundary of 241D SymTO has a y~—=a D
vector-valued partition function, whose t ./
component Z;(7,7) is labeled by the anyon type-ianyon
types / of the 2+1D bulk topological order. |
Fuchs Runkel Schweigert hep-th/0204148 = boundary

Chen etal arXiv:1903.12334; Ji Wen arXiv:1905.13279, 1912.13492
e Z;(7,7) is not modular invariant but modular covariant:
- M - -\ _ cM =
Z(t+1,74+1) = T; Zi(r,7), Z(-1/1,—-1/T)= S;; Zi(1, 7).

where S T*_matrix characterize the 241D bulk

topological order M (ie the SymTO).
Ji Wen arXiv:1905.13279, 1912.13492; Kong Zheng arXiv:1912.01760; Lin Shao 2101.08343

e This is called holographic modular bootstrap, which generalizes
modular bootstrap for modular invariant partition function
Cardy Phys. B270 186 (86), by introducing SymTO in the bootstrap.
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Classify gapped phases for Z,-symmetric systems

e The modular covariance condition also works S
for gapped boundaries where the partition
function is independent of 7: Z'(T T)—> Z €N

Z=T,'Z, =57,
e Z; = GSD # 0 means that the anyon-/ in the bulk condense on the

boundary — (maximal) condensible algebra A = &,Z; i
e For 141D Z, symmetry, its symTO is Gauy, and has 4 anyons

i anyon
[,
\

bbundary

1,e,m, f with 100 0 11 1 1
poaz, _ |01 0 0| g, 1|1 1 -1 -1
1o o 1 o]’ 201 -1 1 -1
00 0 -1 1 -1 -1 1
93U7

e The condition T;a”ZQZj =Z;, S;° °Z; = Z — two solutions:
(1) (Z)=1(1,1,0,0) - A. =1@ e — Z, SSB phase
(2) (Z;)) =(1,0,1,0) - A,, =1 & m — 7Z, symmetric phase

e The condensations A., A, break the SymTO Gauy, to trivial one
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Gapless states with unbroken Gauz, SymTO

e The transition between condensations A, and A, is described by

AN A, = 1. The non-trivial unbroken SymTO — gapless states
1

- Ising CFT boundary (minimal model (4,3)MM(1)): ¢ =¢ = 3

Zi(r,7) xe ()] + \X'%S(T)\2 y g1
Z(r7) | X5 (72 t W
Zin(7,7) X5 (72 j anyon
D) \EOREE) + (T g
- Minimal model (5, 4)MM( ) boundary c=C=1 ounaary

Z IXGPP + X1+ TP+ 5P

zZ| X1+ X5 ltieritical oo

z. = |Xm5|2+|Xm5|2 ulti-critical point

Zr XE°XT° + X7 xm5+xm5x’"5+x”’5x”’5

- X is the conformal character of prlmary field with scaling dim h.

-7 # O symm charge/defects are gapless Ixo|? (the character for
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The SymTO for 1+1D S3 symmetry is 2-+1D

Ss-gauge theory Gaus, — gapped/gapless states

Xiao-Gang Wen (MIT)

A 10-year journey: from gravitational anomaly to theory of generalized symmetry

d,s|[1,0[1,0 2,0 2,0 2,1 2,—1 3,0 3,1
R |1 |a ER b by by c q
1 1| a ap b by by c <
a | a1 1 ap b by by ca c
a|la|a|(ldada| bhdb b @ by b @ by cda cda
b|b|b| bi@®b [1Ga®b| b a b @ ap c®a coa
by | by | by b @ by by@®a |1Dar@b| bDa cda cda
by | by | b2 b® by by @ a» b®a [1®a b c®c c®a
c|lcla cPa c®a c®a c® 1P ar G bD b Dby |agDar®b® b @b
ala|c cda cda cda cda AP dbDb Obh|1®adbd b b
S3—phase Z,—phase
lebac loa®c
(6,5) MM(1)
(7,6) MM
(2) CET(1)
Gauyz, 1eb 1 loa, Gauy,
M <4,3)MM<1/GTUS\(4,3>’ MM(1)
(6,5)"™MM(1)
1®a,®2b 1®a, 1®a;®2a,
Z;—phase Gauy, Z ,—phase

Chatterjee Wen arXiv:2205.06244
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The 53 SymTO SGaus, has an automorphism

d,s[1,0][1,0] 2,0 2,0 2,1 2, -1 3,0 3,1

® |1 |a ap b by by c c

1 1| a N b by by c 51

ap a1 | 1 a b by by c c
a|a|a|l®ada| by @b b® by b® by c®c c®a

b | b | b by®by [1@a1®b| by®a by @ a2 cda cda

by | by | by b® by by@®a (1Dag@b| bDa cda cda

by | by | b b by by @ ap b® ap 1@ a & by cdc cdc
c|lcla cdc cHa c®ec c®c 1®ax®bdb Bb|a1Dax®bdb @b
ca|alc cDc c® c@a cha |aaDPanrObDbBb|10ardbdb Ob
Chatterjee Wen arXiv:2205.06244 S;—phase Z,—phase

1®bec 1®a,®c
(6 5) MM(])
The Gaus, SymTO is (2)c
. . Gauz, 1eb loa, Gauy,
invariant under the eXChange (4,3)MM(1) ug} (4,3) IMM(1)
a» <+ b, which corresponds to 65 M)
a horizontal reflections of the 1®a,®2b 1@a, l®a,®2a,
- Z.,—phas Z —phase

S3 phase diagram: 3Tphase Gaugz, =P

Ss;-phase <> Z,-phase and Z;-phase <> Z;-phase)
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Automorphism in Symm-TO—equivalent transition

Chatterjee Wen arXiv:2205.06244
e The phase transitions S3 <+ Z, and Z3 < 7, are holo-equivalent.
e The phase transitions S3 <+ Z3 and Z, <+ 7Z; are holo-equivalent.
e The following two paires of multi-critical points are holo-equivalent
Gaug,

(S3,2Z3,7) = S5 1ebec S3
AN AR ' D
(83,20, \ |
Gauy, l®b_
//IEBaZEBc Z, 53
;/{J[@ a, Gauy,
Y 0(2)

l®a®c Z,

)
(Z3a Z27 Zl) —
(537 Z37 Zl)

They are
1-condensed
CFT with

2 relavent
operators
and has

(c,c)=(1,1)
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A difference between SymTO and SymTFT

e The Z;Wb automorphsim of the Gaus, anyon data is a symmetry
in SymTFT, but not a symmetry in SymTO since the a, and b
excitations may have different energy gap in the bulk topological
order. So the boundaries of Gaus, SymTO does not have the extra
symmetry Z?Hb. They only have the S3 symmetry.

e We can fine tune the bulk SymTO to make 73" automorphsim
into a symmetry (such as making a, and b excitations to have the
same energy gap). In this case the boundaries of the fine-tuned
SymTO may have the extra Z32“"" symmetry.

e The Z2" automorphsim of the Saus,-SymTO means
that there exists a KW-like duality transformation
mapping a S3 symmetric lattice model to another S3 N =
symmetric model. The enrich symmetry is the symmetry of the
self-dual S3 symmetric model. Chatterjee Aksoy Wen arXiv:2405.05331

e The extra ZSQHb symmetry is a non-invertible symmetry.

Lgk:)

A

«

>
13
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What is the symmetry of self-dual S3 symm model

What is the SymTO for this enriched symmetry that includes both
S3 and ZSQHI’ symmetries?  Barkeshli Bonderson Cheng Wang arXiv:1410.4540

o We gauge the Z2*"® automorphsim in Gaus, to obtain the SymTO
for the enriched symmetry. The new SymTO is JK, X JK,.

Anyonsﬂ 2+1D JK, topological order: JK,[1lel m|mylq
JK; X JK 4 is the SymTO of the self-dual < lolol 5|2
S3 symmetric lattice models. - 8 | 8 |3

Chatterjee Aksoy Wen arXiv:2405.05331 di: 1|1 \/§ \/§ 2

The answer about a symmetry is no longer
a group, It is a SymTO JK, X JK, or an
isomorphic holographic decomposition:
e JK, X JK, has two maximal
(Lagrangian) condensable algebra: self-dual e QF T ano
S; model

As, = (1, 1)@ (1,8) @ (e,1) @ (e, &) ® 2(q, )
ARep(53) - (17 1) D (ev é) D (m7 ﬁ'l) D (m17 ml) D (q7 (7)
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e Self-dual S3 models have only two gapped
phases with GSD = 4 = (As,, Arep(s,)) and
8 = (As,, As,). No non-degenerate gapped
phase — JK, X JK, SymTO is anomalous.

Gapped/gapless states of self-dual S3 models

M = JK,; X JK4 SymTO to smaller SymTO's
M4, = Gaug,, M, 4, = Gauz,, M, 4, = Gaus,,
Mya, = 23 B IKg, M4, = JKy K 23,

M/As = JK4 X J_K4. Chatterjee Aksoy Wen arXiv:2405.05331

Central charge

which give rise to gapless states: of self-dual S3 model

Ay =(1,1) & (e, &) @ (g.9) — (4,3)MM(1), xlsing® x U(1)(0)

A= (1, 1)®(1,e) @ (e, 1) ® (e, &) — (6,5 MM(1)

A3 = (1,1) @ (e, &) — (6,5)MM(1), (7,6)MM(1)

Ay =(1,1)® (1,8) — (6,5)MM(0), (7,6)MM(1)

As = (1,1) @ (e, 1) — (6,5)MM(0), (7,6)MM(1)

As = (1,1) — (6,5)MM(0) x 2, (7,6)MM(1), (4,3) x (6,5)MM(1)
y 10- j ] itati i 18 /20




A general theory of duality (holo-equivalence)

Kong Wen Zheng arXiv:1502.01690; Freed Teleman 1806.00008 (1+1D); ~
Kong Lan Wen Zhang Zheng 2005.14178 R de

via isomorphic holographic decomposition: &ap =P;O

e A QFT without symmetry has no dual M
o A QF Toymm with a finite symmetry has a QFTsymm €iso QFY-;no

decomposition: QF Toymm = QF Tano Mt Raef g'\{"dual
~ _ de
e Choose a different gapped boundary R4, gap =0 af

(a holo-equivalent symmetry) without —
. . ua

changing the bulk topological order M QFTSymm €., OFT, .

(SymTO) and without changing the boundary QF T, om

— the two quantum field theories, QF T, and QFTSy”;m,, are

holo-equivalent (or related by duality or gauging transformation).

Bhardwaj Tachikawa arXiv:1704.02330; Looten etal arXiv:2112.09091

e There are one-to-one correspondences between (1) the set of dual

theories; (2) the set of holo-equivalent symmetries; (3) the set of
gapped boundaries of the SymTO. — No symmetry, no duality
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The essence of symmetry: a shadow of topo order

e Emergent symmetries can go beyond groups, higher groups, and/or
anomalies. But their can always be described by
a gappable-boundary topological order in one higher
dimension (with lattice UV
completion) = SymTO,
as a shadow of SymTO

e Gapped/gapless phases and their transitions can be studied via the
condensable algebra of SymTO.
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