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Quantum Phases in a Bose Gas

Bose-Einstein Condensate
phase coherent state:

(artailt’> #0

local particle number fluctuates
Mott Insulator

phase fluctuates incoherently (gap)
local particle number is fixed:

(aita,rt) = integer

Spin-Ordered State
spin is correlated:

(artnale, = aroaly, ) #0 (0" # o)
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One-component Bose Gas

a) Bose-Hubbard Model: H = Ho + H;

m.o = M}LW]‘::_, ~+ mmw:.ﬁ:_. — _: , Np = Qw@n
r

Hy = —t ) Ay Oyt
mu,._;.,v

b) Hard-core Bose Gas (projection to n, = 0, 1):
Hpp=—t Y Aldy—p) AlA, (At? = 0)

s

<r,o'> r
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One-component Bose Gas
Hamiltonian:

h2 ‘ _
H H\Akqeiei\eév%i wq\eé*ee%ﬁ

2m

Dilute Bose gas

\

mean-field theory: wave function W (r.ro. .o rn) = E\ W(r;)

R N(N -1
(H)o =N [ (3190l + VIRl?)dr + =Dy [woltacr

2m

minimization yields the Gross-Pitacvskii Eq.:

(= 5= V2 +V + NUW? )W = p¥
2m

p: Lagrange multiplier for the normalization of ¥y
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Lattice Systems

Grand-canonical Ensemble
Z = ﬂﬁmlmm

Hard-core Bosons:

Mean-field Approximation: |¥ ) = [, _HOOde + m&_.w,wwsaqu 0)

(Yrr|Hpeh| ¥ arr) = Imwnwd _HwOOmw: M cos(t, — ) + Mtu_
T

<r,r'>
ground state: cos(v, — 9py) =1

‘ 0 for p < —2dt
sin’n = { 1/2+4 p/4dt for —2dt < o < 2dt
1 for 2dt < p
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Spin-1/2 Representation of the Hard-core Bose Gas

55 = (A+ANf2, 5 =i(A-A)j2, 5T =ATA-1/2

XY model with a magnetic field in z direction:

—,

Hpep = 1 V (S7S5 + SY ‘w_,.‘; — M %

s

<r,xr'>

Grand-canonical Ensemble with Two Sites

_OuOv for u < —t
Wo) = ¢ (10,1) +[1.0))/v2 for —t <p<t.
11, 1) for >t

— Universitdt Augsburg —

W/




Page 5

Dr. Klaus Ziegler, University Augsburg (K1 TP 5-04-04) Quantum Phases of a M ulti-Component Bose Gasin an Optical L attice

Two-component Bose-Hubbard Model
Hy = Multzu +Une(ne —1)] ,ne = Dw;pi + QHLQH;
r

S Sl
H, = — Loy O o
..4;4..

ground states for N = 0, 1 particles:

|Wo) = 0,0) for p < —t
=01+ 1 1.00/v2, (10,1)+11,00)/v2 for -t <p <t

—t < p < t: (degenerate) ferromagnetic states

degeneracy can be lifted by an infinitesimal magnetic field
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Superfluid Order Parameter

(Warr| Ar|Warp) = ™ cosnsinn

1

09 - | |
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Effective Hamiltonian

Hepp = —((AEY + PbH P, AE = [E(0) + E(2)]/2 — E(1)

two-component Bose-Hubbard model (NO spin flip):

hard-core Bose representation:

u t2 + t?
[MUOm“—N.wD = - M ﬁn.&_...._;_.\.w_:\ |+r

<r.r’>

T
2

spin-1/2 representation:
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Continued Fraction of the Projected System

Hilbert space for a lattice with N sites and N particles
If Py projects on states with k pairs of empty/doubly-occpied sites The resolvent

Po(z —iH) 'R, (1)
satisfies the recurrence relation (k > 0):

Pop(z — tH JL Pop = (Pax(z—tH) Pop+ Por H Py o o(2 — i H .M\,J._, + Pog um.ﬁvw»vmwu

1) Iteration yields continued-fraction representation of (1)
2) Truncation of the CFR gives effective Hamiltonian

Py(z —iH) 'Pom (2 —iH. ;)54
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b) Dimerized ansatz: _

1 A .
Tp) = J] —=(e* Al +e¥ral)o)
A_.H\VmU/\M

where D is a set of dimers {< r, ¢’ >}.
Bt
|Aeb_muomw.mvo_@uv = l,|, N\ cos(pr — @) — BENRRE 4 WJ
ground state energies: £, < F, < F),  (first '=" for t1t; = 0)
superfluid order parameter: (¥ pla,|¥p) =0

spin order parameter: (¥p|A;|¥p) =0 —— spin liquid ?
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Mean-field Approximation

a) Product ansatz:

_GEGJVH : TOmdn + m,.e_.mmndq,bwu_ _ov
IAGEmE&mwﬁo_éva =

hl l.wl ﬂ. 2 .l A

'.|hn.cul§‘1.~:f:_;p

A

o

-5 T t cos(1, — s )cosnsinn.cosnysinng, +

::mmoﬂl m_.o_L._ﬂQ:” WYy, @ sin’n, = cos’ny = 1/2
staggered solution: | W), : sin’n, = 1, oOmmdi =1
ground-state energies: E; < £, ('="for t; = t;)
superfluid order parameter: (¥ yr|a|¥pr)n =0
ity

spin order parameter: {Wyp| AV pmp)n = AGE.&_QHLDﬂ_Gvaa = e""Tcosnsinn,
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T = 0—Phase Diagram
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