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Practical applications:

Atmospheric aerosols, dust
storms.
Pneumatic transport of
solids.
Fluidized & circulating
beds.
Clean coal separation.

Cyclone separator.
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Gas-particle suspensions:

Colloidal d < 1� m: Aerosol1� m < d < 10� m:

Suspension10� m < d < 100� m: Granular materiald > 100� m:
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Gas-particle suspensions:

Parameters:

Terminal velocityUt = ( mg=3��d ) � d2.

Brownian diffusivityDB = ( kB T=3��d ) � d� 1.

Peclet number (convection/Brownian diffusion)
Pe =(Utd=DB ) � d� 4.

Reynolds number (�uid inertia/�uid viscosity)
Re =(� gUtd=� ) � d3.

Stokes number (particle inertia/�uid viscosity)
St = (� pUtd=� ) � d3.

� g = 1kg=m3, � p = 103kg=m3, � = 1:8 � 10� 5kg=m=s,
T = 300K .
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Gas-particle suspensions:

Colloidal d < 1� m:
Ut < 1:5 � 10� 5.

DB > 1:2 � 10� 11.

(Utd=DB ) < 1:3.

Reynolds numberRe < 8:5 � 10� 7 > .

Stokes numberSt < 8:5 � 10� 4.

Fluid viscosity dominant.
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Gas-particle suspensions:

1:5 � 10� 5 < U t < 1:5 � 10� 3.

1:2� 10� 11 < D B < 1:2� 10� 12.

1:3 < (Utd=DB ) < 1:3 � 104.

Aerosol1� m < d < 10� m:

Reynolds number8:5 � 10� 7Re < 8:5 � 10� 4 > .

Stokes number8:5 � 10� 4 < St < 8:5 � 10� 1.

Fluid viscosity dominant.
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Gas-particle suspensions:

1:5� 10� 5 < U t < 1:5� 10� 3m=s

1:2� 10� 11 < D B < 1:2� 10� 12.

1:3 � 104 < (Utd=DB ) < 1:3 �
108.

8:5 � 10� 4 < Re< 8:5 � 10� 1.

8:5 � 10� 1 < St< 8:5 � 102.

Suspension10� m < d < 100� m:

Balance:
Particle inertiavs.
Fluid viscosity
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Gas-particle suspensions:

1:5 � 10� 3 < U t < 1:5 � 10� 1

1:2� 10� 12 < D B < 1:2� 10� 13.

1:3 � 108 < (Utd=DB ) < 1:3 �
1012.

8:5 � 10� 1 < Re< 8:5 � 102.

8:5 � 102 < St < 8:5 � 105.

Fluid viscosity negligible.
Dominated byparticle inertia&
contact dissipation.

Granular materiald > 100� m:
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Gas-particle suspensions:

Colloidal d < 1� m: Aerosol1� m < d < 10� m:

Suspension10� m < d < 100� m: Granular materiald > 100� m:
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Gas-particle suspensions:

Colloidal d < 1� m: Aerosol1� m < d < 10� m:

Suspension10� m < d < 100� m: Granular materiald > 100� m:
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Turbulent particle-gas suspensions:

Current`two-�uid' models treat particle & �uid as two continuous
phases, and write equations for the average density and velocities.
Particle phase:

@�p
@t

+ r :up = 0

� (@tup + up:r up) = �r pp + � pr 2up + f f

Disadvantage:

Local rates of heat and mass transfer propor-
tional to local relative velocity between parti-
cle and �uid, and not the man velocity differ-
ence.

v

u+ u'
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Turbulent particle-gas suspensions:

Current`two-�uid' models treat particle & �uid as two continuous
phases, and write equations for the average density and velocities.
Particle phase:

@�p
@t

+ r :up = 0

� (@tup + up:r up) = �r pp + � pr 2up + f f

Objective — take account of �uctuations in realistic way.

Particle velocity distribution.

Effect of turbulent �uid velocity �uctuationson particle
phase.

Effect of particle velocity �uctuations on �uid turbulence.
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Outline:

Turbulent particle-gas suspension with particle Reynoldsnumber
Re < 10, particle Stokes numberSt > 1000:

Microscopic model for particle phase.

Comparison with simulations/experiments.

Incorporating turbulent �uctuations in continuum model.

U

U

Ux

x

u'x

y

g
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Turbulent gas-particle suspensions:

Particle dynamics:

m
du i

dt
=

X

i

F i

Drag force.

Inter-particle collisions.

Buoyancy force.

Lift force.
Virtual mass effect.
Basset force.
...

Gravity

Particles

v

Air �ow
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Turbulent gas-particle suspensions:

Particle Reynolds numberRe < 10:
Particle Stokes numberSt > 1000:

Drag force.

Inter-particle collisions.

Buoyancy force.

Lift force.
Virtual mass effect.
Basset force.
...

Gravity

Particles

v

Air �ow

Schematic of particle laden �ow.
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Turbulent gas-particle suspensions:

Particle drag force:Re < 10:

a =
u � v

� v

Viscous relaxation time:
Stokes law:

� v = ( �d 2=18� )

Inertial correction:

� v =
�d 2

18� (1 + 0:15Re0:687)

u

v
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Turbulent particle-gas suspensions:

Time scales:
Fluid integral time� f

Particle relaxation
time � p

Particle collision
time � c

L

U

� f � (L=u) � p = (3 ��d=m ) � c = 1=(nd2v)
� p = ( � pd2=18� ) � c = ( �� sd=6vvol fr)
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Simulation technique:

Direct numerical simulations.
Particle event-driven simulations.

m
du i

dt
=

X

i

F i

Simulation advances in discrete time steps.
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Flow equations

Navier-Stokes equation for �uid phase:

r� u i = 0
@u i

@t
+ u i � r u i = �

1
�

r pi + � r 2u i

Particle phase equation:

dv i

dt
=

u i (xP i ) � v i

� v
+

1
mp

X

i6= j

F ij

dx i

dt
= v i

U+ 

- U
Z

X

Y

Schematic of particle laden

�ow.
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Validation of DNS: Couette �ow.
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Validation of DNS: Channel �ow.
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Turbulent particle-gas suspensions:

1. Fluid autocorrelation time
small compared to particle
relaxation & collision time.

2. Force due to �uid velocity
decorrelates over time taken
for particle to relax.

3. Consider force due to �uid
as a delta function correla-
tion in time.

hf (t)f (t0)i = D (x)� (t � t0)

t

Particle velocity

Fluid turbulent fluctuations
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Fluctuating force model:

Based on Brownian motion:

Force on Brownian particle
due to forces exerted by
molecules in a liquid.

Correlation time of force
small compared to particle
relaxation time.

h� (t)� (t0)i = A� (t � t0)

Gaussian distribution for
force components. f

P(f)
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Brownian motion:

Langevin equation:

m
du
dt

= � 3��du + �

hu2i =
2
� v

h� 2i =
kB T
2m

h� 2i =
kB T
m� v

hx2i =
2kB T
3��d

Diffusion equation:

@�
@t

= D
@2�
@x2

� (x; t = 0) = � (x � x0)
� = (4 �Dt )� 1=2 exp (� x2=4Dt )

hx2i =
Z 1

0
dx(x2� (x)) = 2 Dt

Stokes-Einstein relation:D = ( kB T=3��d ).
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Fluctuating force model:

Particle acceleration —
�uid mean and �uctuating
velocity.

a =
u � v

� v

a =
�u � v

� v
+

u0

� v

Fluctuating part(u0=�v) as
Brownian force.

m
dv
dt

=
( �u � v)

� v
+ f

v

u+ u'
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Fluctuating force: Similarities to Brownian motion.

Fluid velocity �uctuations — near Gaussian?
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Fluctuating force: Similarities to Brownian motion.

Fluid correlation time short? Decorrelation times in different
reference frames.
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Fluctuating force model:

Differences from Brownian motion:

Noise anisotropic.

hf 2
x i 6= hf 2

y i 6= hf 2
z i 6=

Spatially inhomogeneous.

Cross-correlation.

hf x f y i 6= 0
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Fluctuating force: Similarities to Brownian motion.

Lack of correlation between particle concentration and �uid
velocity �uctuations?
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Fluctuating force simulations:

Langevin equation:

dv
dt

= �
(v � �u)

� v
+ F(t)

Equivalent Fokker-Planck equation:

@f(v0)
@t

=
1
� v

@(v0
i f (v0))
@v0i

+ D ij
@2f (v0)
@v0i @v0j

:

Noise correlations:hFi (t)Fj (t)i = 2D ij � (t � t0);
Difference equation for velocity:

vi (t + � t) � vi (t) = �
(vi � �ui )� t

� v
+ Fi � t
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Fluctuating force simulations:

Force calculation:Two random numbers� 1, � 2.

Fx =

p
2Dxx � 1p

� t

Fy =

p
2Dyy

p
� t

0

@ Dxy � 1p
Dxx Dyy

+ � 2

s

1 �
D2

xy

Dxx Dyy

1

A

Diffusion coef�cient:

D ij =
hu0

i (0)u0
j (0)i

� 2
v

Z 1

0
dt0

hu0
i (t

0)u0
j (0)i

hu0
i (0)u0

j (0)i

=
hu0

i (0)u0
j (0)i

� 2
v

Z 1

0
dt0Rij :
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Diffusion coef�cients:
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Results:
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Results:

L

U

� f � (L=u) � p = ( � pd2=18� ) � c = ( �� sd=6v� )

Limit � v � � c, � = 9:44� 10� 5, Re = 1994

Limit � c � � v, � = 7 � 10� 4, Re = 1994.
dp = 39� m, change mass density to change� v.

0:4 � (dp=� K ) � 0:7.
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Particle acceleration distribution � v � � c:
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Particle acceleration distribution � v < � c
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Particle velocity and concentration,(� v < � c)
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Particle velocity �uctuation (� v < � c)
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Particle velocity �uctuation (� v < � c)
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Particle velocity distribution (� v < � c)
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Particle velocity and concentration,(� c < � v)
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Particle velocity �uctuation (� c < � v)
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y i of the

particle velocity distribution

� v = 675 :6, � cpp = 617 :4, � cpw = 777 :6, DNS (� );
� v = 1351 :1, � cpp = 774 :3, � cpw = 846 :2, DNS (� );
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Particle velocity �uctuation (� c < � v)
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Particle velocity distribution (� c < � v)
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Particle �uctuations: Streamwise diffusion.
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Gas-phase root-mean-square velocity �uctuation

ux rms (—); uy rms (-.-); uz rms (–) are obtained
from present DNS,

ux rms (� ); uy rms (� ); uz rms (� ), obtained from

Mclaughlin (2001).

U

u'x

u'y

hv2
x i � � vDxx .
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Particle �uctuations: Cross-stream diffusion.

U

u'x

u'y

Cross-stream �uctuations —
mean square velocityDyy � v.

Velocity �uctuation in
cross-stream direction

p
Dyy � v.

Distance moved� v
p

Dyy � v.
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Particle �uctuations: Cross-stream diffusion.

u'x

u'y

U

Cross-stream �uctuations —
mean square velocityDyy � v.

Velocity �uctuation in
cross-stream direction

p
Dyy � v.

Distance moved� v
p

Dyy � v.

Difference in velocity
_
� v

p
Dyy� v

Fluctuation generation
( _
� v)2(Dyy� v).

hv2
x i � St2
 (Dyy � v).

Turbulent particle-gas suspensions – p.47/91



�

Particle �uctuations: Collisions due to shear.

U Difference in mean velocity_
d .

Collision frequency(nd2)( _
d ) �
(� _
 ).
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Particle �uctuations: Collisions due to shear.

U

Difference in mean velocity_
d .

Collision frequency
(nd2)( _
d ) � (� _
 ).

Distance in horizontal direction
( _
d� v); velocity difference
( _
� v)( _
d ).

Streamwise �uctuating velocity
generation(� _
 )( _
d )2St2
 .

Dissipation(hv2
x i =�v).

hv2
x i � � ( _
d )2St3


Turbulent particle-gas suspensions – p.49/91



�

Source of particle �uctuations:
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Particle �uctuations: Cross-stream

U

u'x

u'y

Cross-stream diffusion:
hv2

y i � Dyy � v

Collisions due to shear:
hv2

y i � � ( _
d )2St


Collisions due to streamwise
�uctuations:
hv2

y i � � (hv2
x i )3=2(� v=d)
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Source of particle �uctuations:
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Summary

Distributions are highly non-Gaussian near the center of the
channel, event though �uctuating force is Gaussian.

Distributions are closer to a Gaussian at the locations away
from the channel center, especially in regions where the
variances of the �uid velocity �uctuations are a maximum.

Time correlation of the particle acceleration �uctuationsis
close to the time correlations of the �uid velocity in a
`moving Eulerian' reference moving with the mean �uid
velocity.

Quantitative agreement between distributions from DNS and
�uctuating force simulations with one-way coupling.

Source of �uctuations complicated — involves streamwise
and cross-stream diffusion and collisions.
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Experiments on particle laden Channel �ow
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Experimental setup

Particle feeder

Gas  inlet

Flow conditioning 
section

Development  
section

CameraLaser

Test section

Photograph of setup

Channel head

Flow conditioning 
section

Grids

Honeycomb

Development section Span 
wise,  0.38 m

Test section 
(acrylic)

0.15 m

0.40 m

1.0 m

0.5 m

0.1m 

0.05 m

0.012 m

0.04 m

Air inlet

Particle feeding

Sectional view
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Experimental setup

Particle feeder

Development section

Recycle bin

Air distribution box

Blower

Fogger

Flow conditioning section

Vibrator

filtration
Second stage

Test
Section

Air out

Particle flow       
stopper

Fog injection

Fixed part of the feeder

Vibrator

Air inlet

Vibrating part of the feeder
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Components of PIV

CCD Camera
Nd:YAG pulsed Laser

Timing control module for
synchronization of the laser
and camera
Seeding arrangements

Image processing software

Laser sheet forming
collimating lens

Laser

Camera

Test section
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Image processing

Composite image of particles and �uid tracer

Only particles Only tracer
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Validation of PIV results
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Simulations vs. Experiment: (� v < � c) � = 9 � 10� 5
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velocity (Ux ); (�� ), Ux , FFS; (� ), Vx , en = 1 :0,

et = 0 :7; (� ), Vx , en = 0 :7, et = 0 :7;
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Particle phase — polydispersity:
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0
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dp; � m

Particle size distribution,� , number based distribu-

tion ; �� , volume based distribution.

g

Difference in terminal velocities
...
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Particle phase — polydispersity:
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... induced collisions ...
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Particle phase — polydispersity:
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which increases particle
�uctuations.
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Particle phase — polydispersity:
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Particle size distribution,� , number based distribu-

tion ; �� , volume based distribution.

g

Polydispersity in �uctuating
force simulations.
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Particle-wall collisions:

Particle-particle collisions
elastic— energy
dissipation due to viscous
drag larger than that due to
particle collisions.

Particle-wall collisions
inelastic.
Energy �ux to the wall.

Simple model:
v0

n = � envn
v0

t = etvt

Examine effect of coef�-
cient of restitution.

v

vt

n

v'

v't

n
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Simulations vs. Experiments:

Low particle loading.
Volume fraction� = 9 � 10� 5

Mass loading0:225kg/kg.

Time scale� v < � c.
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Simulations vs. Experiments: (� v < � c) � = 9 � 10� 4

Gas phase:
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Simulations vs. Experiments:� v < � c � = 9 � 10� 5:

Particle phase:
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velocity (Ux ); (�� ), Ux , FFS; (� ), Vx , en = 1 :0,

et = 0 :7; (� ), Vx , en = 0 :7, et = 0 :7;
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Simulations vs. Experiments:� v < � c � = 9 � 10� 5:

Particle phase:
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Simulations vs. Experiments:

Moderate particle loading.
Volume fraction� = 7 � 10� 4

Mass loading2 kg/kg.

Time scale� c < � v.
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Simulations vs. Experiments:� c < � v � = 7 � 10� 4:

Gas phase statistics:
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Simulations vs. Experiments:� c < � v � = 7 � 10� 4:

Gas phase statistics:
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Simulations vs. Experiments:� c < � v � = 7 � 10� 4:

Particle phase concentration & mean velocity:
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Simulations vs. Experiments:� c < � v � = 7 � 10� 4:

Particle rms �uctuating velocity:
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Experiments:

High particle loading.
Volume fraction� = 3:2 � 10� 3

Mass loading8 kg/kg.
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High particle loading experiments:

Particle Statistics
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High particle loading experiments:

Gas phase Statistics
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Summary

Low loading solid volume fraction� = 9 � 10� 5, mass
loading = 0.225,� v < � c.

Experimental results show good agreement with FFS
simulationusing polydispersed particles.

Moderate loading solid volume fraction� = 7 � 10� 4, mass
loading = 2,� c < � v.

Signi�cant turbulence modi�cation.
Experimental results show good agreement with FFS
simulationusing polydispersed particles, depend on
particle-wall coef�cient of restitution.

At high solid volume fraction� = 3:2 � 10� 3, (mass loading
about 8), particle and gas velocities are correlated. Random
forcing approximation not valid.
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Theoretical development: Particle phase.

Kinetic theory for granular �ows:

Velocity distribution
f (x; v)dxdv .

Fluctuating velocity
c = v � V

dxdu

x

u
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Kinetic theory for granular �ows:

Boltzmann eq

@(�f )
@t

+
@(�c i f )

@xi
+

@(�a i f )
@ci

�
@Ui
@xj

@(�c j f )
@ci

=
@c(�f )

@t

x

u

u

u'

u*

u*'

Collision integral:

@c�f
@t

=
Z

k

Z

c�

�
f (c0)f (c�0) � f (c)f (c� )

�
((u � u � ):k)
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Turbulent suspensions:

Fokker-Planck-Boltzmann equation:

@f
@t

+ (�vi + v0
i )

@f
@xi

�
@((v0

i + �vi � �ui )f )
� v@v0i

�
@Ui
@xj

@(v0
i f )

@v0j
� D ij

@2f (v0)
@v0i @v0j

=
@cf
@t

x

u

u

u'

u*

u*'
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Turbulent suspensions: FPB equation.

@f
@t

+ (�vi + v0
i )

@f
@xi

�
@((v0

i + �vi � �ui )f )
� v@v0i

�
@Ui
@xj

@(v0
i f )

@v0j
� D ij

@2f (v0)
@v0i @v0j

=
@cf
@t

Equilibrium (no gradients)@c f
@t = 0

Solution — Maxwell-Boltzmann distribution
f 0 = (2 �T=m )� 3=2 exp (� mv

02
i =2T)

Temperature determined by balance between source due to shear,

collisions, turbulent �uctuations and dissipation due to drag.
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Turbulent suspensions: FPB equation.

@f
@t

+ (�vi + v0
i )

@f
@xi

�
@((v0

i + �vi � �ui )f )
� v@v0i

�
@Ui
@xj

@(v0
i f )

@v0j
� D ij

@2f (v0)
@v0i @v0j

=
@cf
@t

Anisotropic Brownian motion with drag:

�
@(v0

i f )
� v@v0i

� D ij
@2f (v0)
@v0i @v0j

= 0

Solution — Anisotropic Gaussian distribution:

f 0 = (2 � DetT )� 3=2 exp (� (1=2)mv0
i T

� 1
ij v0

j )

.
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Turbulent suspensions: FPB equation

Conservation equations: Chapman-Enskog procedure.

f = f 0(1 + �� 1 + � 2� 2 + : : :)

Multiply FPB equation by mass, momentum, energy, and integrate
over velocities to obtain conservation equations.
Mass conservation:

@�
@t

+ r :(� V ) = 0

Turbulent particle-gas suspensions – p.84/91



�

Conservation equations:

Momentum conservation:

�
DV
Dt

= r :� �
� (U � V )

� v

� = � pI + � (r V + ( r V )T ) + ( � b � 2=3� )I r :V � E

E ij =
5(D ij � (� ij =3)Dkk )

8
p

�T 1=2
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Conservation equations:

Energy conservation:

�C v
DT
Dt

= � pr :V + �D ii � �E ik Ski + 2�S ik Ski

+ � b(r :V )2 � 2�C vT=�v � r :q

q = � K r T
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Consequences of �uctuating force:

Fluidised bed: Two-�uid models, in
which the particle drag
depends on local
concentration, predict that
the uniformly �uidised
state is always unstable
(Jackson 1966).
Fluctuating force stabilises
uniform state due to ho-
mogenisation of �uctua-
tions.
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Consequences of �uctuating force:

Turbophoresis:

Air flow

Particles

Turbulent
air flow

x

r

Non-monotonic variation
of concentration across
channel.
Correlates with the varia-
tion of the �uctuating force
amplitude.
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Summary

Solution of 
Boltzmann/
Enskog eqns for
velocity distr

ExperimentsSimulation Theory

Flow
Dynamics

Direct
Numerical
Simulation

Fluctuating
hydro-
dynamics

Particle
dynamics

Hard 
sphere
simulations

High 
speed
imaging

Average
dynamical
properties

Particle 
Image
Velocimetry
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Future work:

Reverse coupling — effect of particle force on �uid
turbulence.
Incorporate coupling in particle/�uid �uctuations into
continuum models.
Transport rates.
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Thank You
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