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Diffusion: D (m?/s)

particle flux concentration gradient
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Diffusion Across Scales
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Einstein & Brownian Motion (1905)

Brownian motion of 2 um
particles, Weitz lab (Harvard).

Stokes-Einstein Relation

Mean-square displacement

Brown’s microscope

Stokes (circa 1851)




W. Sutherland (1905)

LXXV. A fypamieal Theovy of Diffusion for Now- Eleetra-
fytes nd the _lalecular Mass of Albumin. Ly Winniam
LUTHRRLAND .

]‘H a paper gommonicated to the Anstralion Assoviation Lor
- the Advaneemont of Seience ot Donedin, 1904, on tha
Measuroment of DLarge  Moleculsr  Mosses, o purely
dynumical theory of liffusion was ontlined, with tha aim of
gotbing w formula For ealenlating from tho datn of diffusion
those lnrge meleenlar wnsses for which the ordinary mathocds
fail.  The formala obinined made the velocity of diffusion of
a aulizbones throngh o liguid vary inversely ns the radins @ of
its moelecula and inversuly a the viscosicy of the liguid. On
applying ik to the besi data for eonficionts of diffusion I b
was fowml that the prodoces o)), instend of being constant,
diminishad with incrensing « in o manner which made extra-
polation with the Eovmula for sulistunces like albnmin scemn
precavions.  After looking o little more closely into the
dynamieal conditions of the problem, it sesms to me that the
diminntion of @I enn be noeonnted for, and can be exprossed
by an empirien] formula which enalilos us to extrapolute with
eonfidence for o value of a for albumin, and so to assign for
the molecular moss of albomin a valus whose accuracy
depends on that with which D is measurad.

The theory is very similar to thet of * Tonization, lonio
Velocitios and Atomio Sises® (Phil, Hﬂ%- IPeh, 1002),  Lef
a molecule of zolute of rading & move with valocity V parallel
to an e axis through the dilnts solution of vissosity ». Then
the resistance T to its motion is given by Stokes’s formula

14 2n/Ba .
Rl R ¢ |
B = G Ve 1/ Ba (1)
® A thoorem otiributed to Weber., Soe Gy and Matthews' * Bessel's
Funotions,” p. 238,
1 Bea  Theory of Sound,” § 208, equationa (14), (18}
1 Communicnted by the Auther.

Plhil. Mag, 8. 6. Vol. 9, No. 54, June 1905, 3T

782 My, W. Batherlund on a Dynamical Theory

whera @ is the coefficient of sliding friction if there is a]'LI];
between the diffesing moleculs and the solution.  For
maolecules of solute per ceo of solution the tofal resistance
will be W times this, snd in the steady state of diffusion will
equilibrate the driving force due to variation of the camotic
preseure of the solnie, namely dpfde, which by the camotic
lowa g RTddsjde, if o is the concentration of the selute at
a mnd 1 is the ges constant.  Henee

’ 149
RIY = brVaaN 2220, L L L (@)

and the required formula for the coefficient of diffusion with
 for the number of melecules in a gramme-molecole is

~ RT 1+3n/8a -
TGl 142G T T T

(1859-1911)



Particle Diffusion: D ~ (v’)2 X T

e Brownian motion (Stokes-Einstein-Sutherland)

° . : T.b.

T T
by 2L LM pl K
m 6 tna

) 27mna

e Time to diffuse the order of the particle size

a’ 2mna’ : O

2
t o~ ~ ls fora = 0.5um

"D kT OOO




1.6 F = e N N
i— T M B
14 F - c : e o W
: 4 D¢ (gradient) _ A
;_ - A A Z, /Z/ ;;::Ir:l:.;::(; microspheres (1 pm
= 1 . . )
1.2 — N\ :/ /N ] T . .
3 T Monodisperse colloidal
0 - i hard-spheres

0.8

0.6
D, (short-time)

0.4

0.2

_I_IIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIII|IIII|III

0.0




1.6

1.4

1.2

1.0

0.8

0.6

0.4

0.2

0.0

B - e N ="
i— T 4 B
3 il 1 A A
;_ - A A 17 /Z/ ;;z:_:lr:l:;i|:$-, microspheres (1 pym
— - N g LT T :
i 3 ‘ Short-time
3 el ey o ] A
: R i< <Py | i i
| 1 \— L+ Particle
3 |+ - moves only
= — a small
2 . 5 1 fraction of
2 A £ o o 8L its size
- A D, (short-time)
3 L {EiNgeoy
T i
=D, = I8 //MyDOOS (long-time)
g 6na Wt |
vt by vt by v vt by v b bv v A AN |
0.0 0.1 0.2 0.3 0.4 0.5 0.6



Uniform silica microspheres (1 pm
diam, x 10,000),

0.01

| Sierou & Brady JFM (2001)

A ASD infinite limit

- Ladd (1990) infinite limit
Segre et al. (1995)
Van Megen & Underwood (1989)
Vanveluwen & Lekkerkerker (1988)
Ottewill & Williams (1987)
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Dilute limit: ¢ — 0
Dy(¢) ~ D,(1-1.83¢)
Close packing:

£=1-9/9,, >0
Dg(qb) ~ 0/111(1/8)
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Particle Diffusion: D ~ (v’)2 X T

e Brownian motion (Stokes-Einstein-Sutherland)

.°/v.

3kT kT
(V,)2~_9 T~6m > D~2 °
m na na T,
a’ 2mna’
t, ~ 5" ~ ls fora = 0.5um
~ 1000s fora = Sum
~ 10°s ~30yrs fora = 500um
.a2
e Shear-induced: Pe = y¢, = LN
DB

. . . Y
(VI)ZN(ya)Q T~ ')/_1, DN)/az X




Does shear-induced diffusion exist? You Judge!

Simple Shear Flow
¢ =0.35, Re <<1

Pe =0,
Run B

Run A

View is in the
velocity-gradient --
vorticity plane




Which one is which?

Same as previous runs,
but at a finer time scale

Run D

Run C




Micromechanics: Stokes Flow (Re = 0)

Particle Motion: @% =F"+F° +F" ; O

Hydrodynamic: FY = _R(x) . (U - U )
Stokes drag o
7, ~ O(m/6mna)
- B B B ~107%s
Brownian: F° =0, F (O)F (t) = 2kTR(x)(3(t)
0(10™"s)
Int icle/
el;t:;ng:c ‘ F' = Hard-sphere collisions

Pe=1,7=a’y/D, =6mna’y/kT
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Mean-square displacements (Sierou & Brady 2004)
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Shear-Induced Self-Diffusivity
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Long-time Asymptote?
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Simulation vs. Experiment (small strains)
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Shear-Induced Self-Diffusivity
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Shear-Induced Self-Diffusivity
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Steady Shear Viscosity

2r  Stokesian Dynamics | ‘
N=512
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Microstructure g(z,y):
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Shear-Induced Self-Diffusivity
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Diffusion Across Scales

Method Time Scale
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dU
Particle Motion: m: E =F" + +F"
Hydrodynamic: FY = _R(x)- (U U )
Stokes drag
Int icle/
el;tz::g:f:lc ‘ F' = Hard-sphere collisions
St=1 y=my/6ana ~ p ya’ R—&S 1
- py =m y na p py n - [ <<

Py



Stokesian (Brownian) Dynamics to Granular Dynamics

Bubble

Dynamics

P, <Py
Not physically 2 _
relevant b St = pP,aY

f

Re D P St n,
Pe v <! Granular
Pe v

Dynamics

1/Pe Not physically relevant
St _p, D
5 _ <1
az)-/ Stokesian Pe o, v
Pe = (Brownian)

Dynamics



Particle Diffusion: D ~ (v’)2 X T

e Brownian motion (Stokes-Einstein-Sutherland) , .

3kT kT 0
) ~==, T~——, D~ :
m 6 tna 2 tna T»
e Shear-induced
. . . y
V) ~(ya), T~y"', D~yd £

e Granular Gas (Kinetic Theory)
A

V' ~T. , T~ , D~AJT, ~ yal
(v) G T \/W \/7 ya ‘\"/v

1. ~ (}'/a)2




T
Savage & Dai (1993): D= a\/;\/:

St

Self Diffusion vs. St
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Energy balance:
(Sangani ef al 1996)

ns)}z = qjviscous + @

inelastic
F -2
¢viscous ~ T]Cl ¢ TG

inelastic

,Opa_l(l _ 62)¢3TG3/2

n, ~ p,aT,



Self Diffusion at finite St
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Summary and Remarks

e Particle Diffusion:

Protei
™ Brownian: D~ kT/na | as ¢ !
a Viscous: D~ ya’ T as ¢ 1
Pv Inertial: D ~ )L\/i ! as ¢ T forSt = 10
cas

e Implications:
oc(r)

+7V-Ur)c(r)=V- D) Vec(r) ?
Pe ~ O(1)

Mesoscopic :

( particle migration

Macroscopic: when y varies spatially = < phase separation
pattern fomration




@ | Shinbrot & Muzzio (2000)

l

Inside: 39 ..

Zoueshtiagh & Thomas (2000)




The End



The full tensorial diffusivity

 But what about the general form of the self-
diffusivity in a suspension undergoing flow?

e For simple shear flow:
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Extracting diffusion from dispersion

x(Dx(1)) ~ 2D,t + 2D y* + 2D, +y°t°
x(Oy(1)) ~ 2Dt + 2D, +yt°

(

y (
L (y()y(®) ~ 2Dt
Y ‘/4 (z()z(t)) ~ 2D_t
. ( (y(Dz(1)) = 0

S
Y
™~
)
N
Y
A N
v
\/
I

Need to remove the affine shearing motion to
reveal the underlying diffusive behavior.



Master or Fokker-Planck equation

Particle motion: dfi(tt) = )'/y(t)ex + U '(t) Sierou & Brady (2004)
J
P ow? b, 0L (1)L b (1)L w2, ()P
o P gy T e\ T ay> a7’ TN oxdy
1 d
w( )=EE<W)W)>
1 d
.(2) = EE@U)Z(O)
1 d 1 What does it mean
D, (1) =5 Ax@y®)-27{y(y(®) | tohaveaD, or
; dt cross diffusivity?

D, (1) = 5 {x(0x(0)) = {x(D)y()



Relation between diffusion and stress

e Chemical Potential & ‘Osmotic Pressure’

j=-M-Vu=M -VII

particle flux = mobility x chemical potential ~ - ‘osmotic pressure’

e The particle flux in driven by stress gradients

34

Out of equilibrium, the shear stress is
non zero and so there should be an
off-diagonal (negative) diffusivity.

Brady & Morris (1997)



Collision-induced xy-diffusivity

Equilibrium Shear Flow X

Motion of test particle
resulting from collisions
with a second particle

Microstructure: g(x,y)
ASD, ¢ =0.45
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Off-Diagonal Self-Diffusivity
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Particle Size Scale
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Simulation Method

Granular Dynamics (St >>1)
Bubble Dynamics (V x u =0)

Stokesian Dynamics (Re << 1)

Ud St = p—pRe
Re = £ <1l , Py + arbitrary
n %
Pe = — Re
D

Molecular Dynamics

3 6
T a
_pN(_P) , CPU~(—") N,
T a a

s S

Q

Brady & Bossis (1988)



Micromechanics

dU
Particle Motion: m- E =F"+F"+F"
Hydrodynamic: FY = _R(x) . (U - U )
Stokes drag o
7, ~ O(m/6mna)
- B B B ~107%s
Brownian: F° =0, F (O)F (t) = 2kTR(x)(3(t)
0(10™"s)
Interparicle/ p
external: F =ApVg , DLVO

Fluid Motion: 0=-Vp+ T]Vzu oooo u=U+xx8
Stokes Equations V-u=0 o o no slip at

particle surfaces



