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Diffusion:  D  (m2/s)

increasing time

† 

tmix ~ length( )2

diffusivity
~ L2

D

Fick’s Law:

particle flux concentration gradient

† 

jx =  - D ∂c
∂x

† 

x 2

† 

t

Mean-square
displacement

† 

2D



Diffusion Across Scales

Size Scale

Time ScaleMethod  

ProteinsProteins

ColloidsColloids

SuspensionsSuspensions

Granular MediaGranular Media

Stokesian
Dynamics

Granular
Dynamics

1 nm 1 mm 1 mm

1 ns

1 s

1 hr

Brownian 
Dynamics



Einstein & Brownian Motion (1905)

Einstein (circa 1905)

Brownian motion of 2 mm
particles, Weitz lab (Harvard).

† 

 D =  kTM =  kT
6pha

 

Stokes-Einstein Relation
† 

x 2

† 

t† 

2D

Mean-square displacement

Brown’s microscope

Stokes (circa 1851)



W. Sutherland (1905)

(1859-1911)

(age 20)



Particle Diffusion: D   ~    ( ¢ v )2     x    t

•  Brownian motion (Stokes-Einstein-Sutherland)

• Time to diffuse the order of the particle size

( ¢ v )2 ~ 3kT
m

 ,   t ~ m
6pha

 ,     D ~ kT
2pha

† 

ta ~ a2

D
~ 2pha3

kT
  ª   1s  for a =  0.5mm



Brownian Self- and Gradient-Diffusivities
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Brownian Self- and Gradient-Diffusivities
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D0 =
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Short-time self-diffusivity
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s f( ) =  kT M eq  

0.01

2

3
4
5
6

0.1

2

3
4
5
6

1

Do
s/Do

0.70.60.50.40.30.20.10.0

f

 ASD infinite limit
 Ladd (1990) infinite limit
 Segre et al. (1995) 
 Van Megen & Underwood (1989)
 Vanveluwen & Lekkerkerker (1988)
 Ottewill & Williams (1987)
 Vanveluwen et al. (1987)
 Van Megen  et al. (1986)
 Van Megen  et al. (1985)
 Pusey & Van Megen (1983)

f = 0.64

Batchelor (1976)

† 

D0
s f( ) ~  D0 1-1.83f( )

† 

D0
s f( ) ~  D0 ln 1 e( )

† 

Dilute limit :  f Æ  0

† 

Close packing :

† 

e =1- f frcp Æ 0

Sierou & Brady JFM (2001)



Brownian Self- and Gradient-Diffusivities
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Brownian Self-Diffusivity (long-time)

The self-
diffusivity
decreases with
increasing
concentration as
the diffusing
particle must
push past its
neighbors to
move.

D f( )
D0

† 

D0 =
kT

6pha

Brady JFM (1994)

† 

fg

† 

Mode Coupling :  D•
s f( ) ~  D0

s fg - f( )
2.62

Fuchs et al (1992)



Brownian Self- and Gradient-Diffusivities
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 D =  K f( )
6pha
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† 

 K f( ) =  settling function

† 

 m f( ) =  chemical potential



Particle Diffusion: D   ~    ( ¢ v )2     x    t
• Brownian motion (Stokes-Einstein-Sutherland)

• Shear-induced:

( ¢ v )2 ~ ( ˙ g a)2  ,   t ~ ˙ g -1 ,     D ~ ˙ g a2
˙ g 

( ¢ v )2 ~ 3kT
m

 ,   t ~ m
6pha

 ,     D ~ kT
2pha

† 

ta ~ a2

D
~ 2pha3

kT
  ª   1s  for a =  0.5mm

† 

ª   1000s  for a =  5mm
ª   109 s ~ 30yrs  for a =  500mm

† 

Pe = ˙ g ta =
˙ g a2

DB

>>1



Does shear-induced diffusion exist?  You Judge!

Run A

Run B

View is in the
velocity-gradient --
     vorticity plane

Simple Shear Flow
f = 0.35, Re << 1
Pe = 0, •



Which one is which?

Run C

Run D

Same as previous runs, 
but at a finer time scale



Micromechanics: Stokes Flow (Re = 0)

Hydrodynamic:

m ⋅
dU
dt

= FH + FB + FP

t p ~ O(m / 6pha)

    ª10-8 s

Particle Motion:

Stokes drag

† 

F H = -R x( ) ⋅ U - U•( )

Brownian:

O(10-13s)

† 

FB = 0  ,   FB 0( )FB t( ) = 2kTR x( )d t( )

Interparicle/
external: FP = DrVpg   Hard-sphere collisions

† 

Pe = t B ˙ g = a2 ˙ g DB = 6pha3 ˙ g kT



Shear-Induced Diffusivity

~ O( ˙ g a2)
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† 

Pe =  ˙ g a2 D0  =  6pha3 ˙ g kT

† 

D Pe( )
D0

x

y

† 

D0 =
kT

6pha
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Shear-Induced Self-Diffusivity

˙ g a2

x

y0.18

0.16

0.14

0.12

0.10

0.08

0.06

0.04

0.02

0.00

 Dyy

0.60.50.40.30.20.10.0
f

Phan & Leighton (1999)
Breedveld et al. (1998)
Breedveld et al. (2000)
Foss & Brady (1999)
Sierou & Brady (2001)

Eckstein et al. (1977)
 Leighton & Acrivos (1987)

† 

Dyy

˙ g a2



Long-time Asymptote?
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Simulation vs. Experiment (small strains)
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Shear-Induced Self-Diffusivity
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Sierou & Brady (2004)

The shear-
induced self-
diffusivity
increases with
increasing
concentration as
particle collisions
are responsible
for the diffusive
motion.



Shear-Induced Self-Diffusivity

˙ g a2
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Microstructure g(z,y):
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Shear-Induced Self-Diffusivity

x

y

Leshansky & Brady (2005)
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Diffusion Across Scales

Size Scale

Time ScaleMethod  

ProteinsProteins

ColloidsColloids

SuspensionsSuspensions

Granular MediaGranular Media

Stokesian
Dynamics

Granular
Dynamics

1 nm 1 mm 1 mm

1 ns

1 s

1 hr

Brownian 
Dynamics

† 

Pe £ O 1( )
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Pe >>1 , St = 0
† 

Pe >>1 , St ≠ 0

† 

D ~ 1
a

† 

D ~ a2



Micromechanics: Particle Inertia (St ≠ 0)

m ⋅
dU
dt

= FH + FB + FPParticle Motion:

Hydrodynamic:
Stokes drag

† 

F H = -R x( ) ⋅ U - U•( )

Interparicle/
external: FP = DrVpg   Hard-sphere collisions

d = 10-3a

Dissipation:  e , hDissipation:  e , h

† 

St = t p ˙ g = m ˙ g 6pha ~ rp ˙ g a2 h Re =
r f

rp

St <<1



Stokesian (Brownian) Dynamics to Granular Dynamics

St
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1/Pe Not physically relevant

Not physically
relevant

Bubble
Dynamics
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(Brownian)
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Stokesian
(Brownian)
Dynamics

† 
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Pe
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D
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† 
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Pe
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r f

D
n
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† 

rp > r f
† 

rp < r f

ASD
† 

St =
rpa2 ˙ g 

h f
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D
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Re =
r f a

2 ˙ g 
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Particle Diffusion: D   ~    ( ¢ v )2     x    t

• Brownian motion (Stokes-Einstein-Sutherland)

• Shear-induced

• Granular Gas (Kinetic Theory)

( ¢ v )2 ~ 3kT
m

 ,   t ~ m
6pha

 ,     D ~ kT
2pha

( ¢ v )2 ~ ( ˙ g a)2  ,   t ~ ˙ g -1 ,     D ~ ˙ g a2 ˙ g 

† 

( ¢ v )2 ~ TG   ,   t ~ l

( ¢ v )2
  ,     D ~ l TG  ~  ˙ g al

† 

TG ~ ˙ g a( )2



Self Diffusion vs. St

Energy balance:
(Sangani et al 1996)

† 

hs ˙ g 2 = ˙ F viscous + ˙ F inelastic

† 

˙ F viscous ~ ha-2f TG

† 

˙ F inelastic ~

† 

rpa-1 1- e2( )f 3TG
3 / 2

† 

hs ~ rpa TG
† 

Dyy

˙ g a2

† 

TG ~ ˙ g a 1- e2( )
1/ 2

† 

TG ~ ˙ g a St
† 

D =
a p TG

4 1+ e( )fg0(f)
Savage & Dai (1993):

Viscous

Inertial



Self Diffusion at finite St

† 

Dyy

˙ g a2

† 

Dinertial ~ ˙ g a2 St f 2

˙ g 

† 

Dviscous ~ ˙ g a2f



Summary and Remarks

• Particle Diffusion:

• Implications:
† 

Brownian :      D ~ kT ha         Ø     as   f  ↑

† 

   Viscous :      D ~ ˙ g a2              ↑     as   f   ↑

† 

    Inertial :      D ~ l TG           Ø     as   f   ↑    for St ≥  10

† 

a

† 

                                                                                particle migration
Macroscopic :     when  ˙ g   varies spatially    fi       phase separation
                                                                                 pattern fomration

† 

Ï 

Ì 
Ô 

Ó 
Ô 

† 

Mesoscopic :        ∂c(r)
∂t

+ ˙ g  — ⋅ U(r)c(r) = — ⋅ D(r) ⋅ —c(r)    ?

† 

 Pe ~ O 1( )

Proteins

Peas



Tirumkudulu et al (1999)
Shinbrot & Muzzio (2000)

Zoueshtiagh & Thomas (2000)

Pattern Formation



The End



• But what about the general form of the self-
diffusivity in a suspension undergoing flow?

• For simple shear flow:

The full tensorial diffusivity

† 

Dxx Dxy 0
Dyx Dyy 0
0 0 Dzz

È 

Î 

Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 

y

x



Extracting diffusion from dispersion

Need to remove the affine shearing motion to 
reveal the underlying diffusive behavior.

y

x

† 

˙ g 

At long times:  

† 

x(t)x(t)   ~   2Dxxt +  2Dxy ˙ g t 2 +  2Dyy
1
3 ˙ g 2t 3

x(t)y(t)   ~   2Dxyt +  2Dyy
1
2 ˙ g t 2

y(t)y(t)   ~   2Dyyt
z(t)z(t)   ~   2Dzzt
x(t)z(t)   =   y(t)z(t)   =   0



What does it mean
to have a Dxy or 
cross diffusivity?

Master or Fokker-Planck equation

† 

Dyy t( ) =
1
2

d
dt

y(t)y(t)

Dzz t( ) =
1
2

d
dt

z(t)z(t)

Dxy t( ) =
1
2

d
dt

x(t)y(t) -
1
2

˙ g y(t)y(t)

Dxx t( ) =
1
2

d
dt

x(t)x(t) - ˙ g x(t)y(t)

† 

∂P
∂t

+ ˙ g y ∂P
∂x

= Dxx t( )∂ 2P
∂x 2 + Dyy t( )∂ 2P

∂y 2 + Dzz t( )∂ 2P
∂z2 + 2Dxy t( ) ∂ 2P

∂x∂y
† 

dx t( )
dt

 =  ˙ g y t( )ex +  ¢ U t( )Particle motion:

† 

fl

Sierou & Brady (2004)



˙ g 

Relation between diffusion and stress

Out of equilibrium, the shear stress is
non zero and so there should be an
off-diagonal (negative) diffusivity.

Out of equilibrium, the shear stress is
non zero and so there should be an
off-diagonal (negative) diffusivity.

• Chemical Potential & ‘Osmotic Pressure’

• The particle flux in driven by stress gradients

particle flux  =   mobility  x  chemical potential    ~   - ‘osmotic pressure’

† 

j =  -  M ⋅ —m =   M  ⋅ —P

Brady & Morris (1997)



Collision-induced xy-diffusivity
y

x

Microstructure: g(x,y)
ASD, f = 0.45

Motion of test particle
resulting from collisions
with a second particle

y

x

+xy-xy

Equilibrium Shear Flow

x

y +xy-xy



Off-Diagonal Self-Diffusivity
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Particle Size Scale        Simulation Method
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St =
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r f
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n
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  arbitrary

Brady & Bossis (1988)



Micromechanics

Hydrodynamic:

m ⋅
dU
dt

= FH + FB + FP

t p ~ O(m / 6pha)

    ª10-8 s

Fluid Motion:  
Stokes Equations no slip at

particle surfaces

Particle Motion:

† 

0 = -—p + h—2u

† 

— ⋅ u = 0

Stokes drag

† 

F H = -R x( ) ⋅ U - U•( )

Brownian:

O(10-13s)

† 

FB = 0  ,   FB 0( )FB t( ) = 2kTR x( )d t( )

† 

u = U + x ¥ W

Interparicle/
external: FP = DrVpg ,   DLVO


