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Motivation

● Find a simple model where to test ideas of 
GGE, GHD,

●

● Find a simple model where to test ideas of 
GGE, GHD, G… 

● Study a model with direct relation to TBA and 
solitons.

● Soliton decomposition of the Box-Ball System
Pablo A. Ferrari, Chi Nguyen, Leonardo T. Rolla, Minmin Wang



Origin of the model



Quantum Group 

● Nuclear Physics 2000



Hydrodynamics of BBS

Wat is BBS ?



Large Solitons overpass small solitons:

Bare velocity = size



Phase shift



  Cristal Vertex  



Transfer Matrix

Can be made periodic

Commute for l different from l’



Young Diagram representation of 
soliton configurations

=number of solitons k



Conserved quantities



Entropy Factor

Kirillov, Kerov, Reshethikin

 

Fermionic formula



Thermodynamics

Bethe equations convert entropy factor into hole 
density relation



Thermodynamics

ρ=density=m/Lσ=hole 
density=p/L



Thermodynamics

● Minimize free energy :

GGE



Thermodynamics

Distribute the balls independantly on each site 
of the lattice with probability z/(1+z) only one 
fugacity nonzero.

● Partition function sum on configurations z 
raised to the number of balls :



TBA

● Another way to write tba :

Taking derivative with respect to β gives an expression of dressing 
which we do NOT use



Q system

● Change variable 

● Obtain Q-system (Schur functions): 



Thermodynamics



Speed of solitons in the medium

Speed of Soliton=

speed in vacuum

             +

Nb of solitons of type p crossed per time unit

x relative shift



Local determination of speed

Linear equation for the speeds.
Related to inverse of tropical matrix.



GHD formulation

V and densities are functions of filling fraction y



Normal modes, current

Yang-Yang

GHD

Use dressing to get :





Disappearance of solitons:

homogeneous

………………

empty



Many exact predictions

● Positions of speeds and heights of density 
plateaus empty on the right :





Diffusive corrections





Transport proprties

Second cumulant

Drude

Completely analogous to :



Transport proprties

Second cumulant

Drude

Completely analogous to :



Drude weight



Generalized identity

Current for energy j under time evolution l



Large deviation function



Large deviation function

Rate function



Density correlator



Theory :

Ballistic propagation of normal modes :

Integrate the t=0 correlator (YY) :

Energy correlator :



Outlook
● Simple integrable deterministic model gives 

amazing agreement with hydrodynamical 
predictions

● Related to interesting combinatorics such as 
Schensted’s row bumping algorithm.
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