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Outline

Review of CFT and conformal manifold.

Review of defect CFT and definition of defect conformal manifold.

Three main takeaways.
® Main example: Wilson loop in N = 4 SYM.
More examples: ABJM and (2,0) theory.

® Summary
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Conformal Field Theories

® Quantum field theories in D dimensions preserving SO(D + 1,1)
symmetry.
® Local operators have 2-point function

5“
(0i(x1)0j(x2)) = ZA] X12 = |x1 — X2 .
Y12
® 3-point function

o 0 B Cijk
< xl (x2) k(x3)> - Ak+Ai7A]' Ajﬁ»Akai Az‘+A]'7Ak :
X12 X3 X13
® 4-point function
Giu(U,V)
<OZ‘(X1)O]'(XQ)Ok(X3)Ol(X4)> = JZ'A—AH—A,
12 34
X2, %% ~ X2,%3 _
U= =, V=32 =(1-x)01-%).
13724 13424
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Spaces of CFTs

A <D relevant,
® For a scalar operator ¢ A =D marginal,
A > D irrelevant,
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Spaces of CFTs

A <D relevant,
* For ascalar operator { A =D marginal,
A > D irrelevant,

e For marginal operators, [ d”x O;(x) is dimensionless, so
<. Y ef deCiOi(x)>
<ef deCfOi(x)>

(o--'o)ci:

still conformal correlator.
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Spaces of CFTs

A <D relevant,
* For ascalar operator { A =D marginal,
A > D irrelevant,

e For marginal operators, [ d°x O;(x) is dimensionless, so
g P
<. Y ef dDXCiOi(x)>
<ef deCfOi(x)>

(o o) =

still conformal correlator.
e (' are coordinates on the space of CFTs.
* Define the Zamolodchikov metric g;; = (0;(0)Oj(c0))
(Oj(00) = limy—so0 [x[*M0j(x)).
* Can normalize g;; = J;; to be flat space, but only at a point.
gij(¢') may be complicated.
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* In Riemann normal coordinates
Rij = % (0,081 — 0i0kgj1 — Bi01gik + BiDIgik) -
* This is then expressed as the integrated 4-point function [Kutasov]
R = /deldez[<@j(x1)@k(x2)©i(0)@l(oo)>c
~ (G}(0)0k(x2)i(x1)01(00)),| -

® We can use the expression in terms of cross ratios to write this as
[Friedan,Konechny]

Rj = 27 / @21 log [1]{0:(1)0;(n) Ox(00)04(0)). .
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Defect CFT

A conformal defect of dimension d breaks the symmetry

SO(D +1,1) = SO(d +1,1) x SO(D —d) .

Now we have also operators on the defect O.

They have the same structure of correlation functions.

Mixed correlators are more complicated.
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Defect CFT

A conformal defect of dimension d breaks the symmetry

SO(D +1,1) = SO(d +1,1) x SO(D —d) .

Now we have also operators on the defect O.

They have the same structure of correlation functions.

Mixed correlators are more complicated.

® SoIwon’t study them.
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Spaces of dCFT

* With defect operators of dimension d, can modify the defect V.

0. .. 0p) a0y
<o ... e V6i> — < <efddxéid(x)v> > .

e Can define

® Defect conformal manifold.
® Defect Zamolodchikov metric.
® Defect curvature.
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Spaces of dCFT

* With defect operators of dimension d, can modify the defect V.

o .. 0o/ Oy
<o ... e Véi> — < <efddxéiéi(x)v> > .

¢ Can define
® Defect conformal manifold.
® Defect Zamolodchikov metric.
® Defect curvature.
® Subtlety: For d = 1 defect, need to be careful about ordering of
operators
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Q-bit 1

e If the theory has a global symmetry G broken by the defect to G/,
we expect G/G’ space of defects connected by marginal operators.

‘ Exactly marginal defect operators are common.
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Example: Wilson line in N = 4 supersymmetric
Yang-Mills

* N = 4 field multiplet: A, ®;, U in the adjoint of SU(N).

® Action is Yang-Mills + supersymetrization

® Theory is conformal for all N and gz.

* The lagrangian is the marginal operator for the coupling g°.
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Example: Wilson line in N = 4 supersymmetric
Yang-Mills

N = 4 field multiplet: A, ®;, U* in the adjoint of SU(N).

Action is Yang-Mills + supersymetrization

Theory is conformal for all N and gz.

The lagrangian is the marginal operator for the coupling g2.

1/2 BPS Wilson loop

W = Tr Pel (Aot ®e)dt

Symmetry breaking

PSU(2,2/4) = OSp(4*|4),
SO(4,2) x SO(6) = SO(1,2) x SO(3) x SO(5) .
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Aside

a )

The purpose of this talk is to answer the following questions:
1. Are there ways to choose four operators or
more to preserve SUSY?
2. Will the n-point function be simpler than the
generic case?
3. Can I write a paper on a subject other than

Wilson loops???

N

Superprotected n-pt functions 6-c N. Drukker, KITP
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Example: Wilson line in N = 4 supersymmetric
Yang-Mills

* N = 4 field multiplet: A, ®;, U in the adjoint of SU(N).
® Action is Yang-Mills + supersymetrization

® Theory is conformal for all N and g.

* The lagrangian is the marginal operator for the coupling g°.
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Example: Wilson line in N = 4 supersymmetric
Yang-Mills

N = 4 field multiplet: A, ®;, U* in the adjoint of SU(N).

Action is Yang-Mills + supersymetrization

Theory is conformal for all N and gz.

1/2 BPS Wilson loop

W = Tr Pel (Aot ®e)dt

Symmetry breaking

PSU(2,2/14) = OSp(4*[4),

SO(4,2) x SO(6) = SO(1,2) x SO(3) x SO(5) .
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Operators in Wilson line

e For any adjoint valued O
W(O(to)] = Te P [l (Ar+20t O 1) pela” (ot 2]

® Simples defect operators: ®;

® All have classical dimension 1.
® &g is marginally irrelevant and non-BPS.
® @, fori=1,...,5 are exactly marginal and BPS.

® Two point function of ®; known for all A

This is essentially the Bremsstrahlung function

[Correa,Henn,Maldacena,Sever][Fiol,Garolera]

<W[‘1>1(0)(I>](OO)}> = %)\8)\ log <Wo>5
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Q-bit 2

® For G — G/, the symmetry current [ is no longer conserved
GHI“”(xH,xL) = @i(x”)éi”éD_d(xL) .

e dim/#=D-1 = dimOQ;=d.
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Q-bit 2

For G — G/, the symmetry current J** is no longer conserved
y y g

8“]““(xH,xL) = @i(x”)éi”éD_d(xL) .

dm/*=D-1 = dim0Q;=d.

Normalization of J* is fixed, so also of @i

Sij = <@z‘(0)©j(00)> = Cgjj -

8ij(€) is the metric on the manifold G/G’ of size | /Cg.
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e For the Wilson line O; = ®; and

0O~ 952
271' Il(\/X) % - W + 167T2\/7 1671'2)\ ‘I‘ O()\ 3/2)

A 22 A3 5
3R {Sﬂz 1552 + 39— om0,

® We know that the defect conformal manifold is S° = SO(6)/SO(5),
so the metric is

dé'd¢’

A2:A” ~ i
ds” = g;(¢)d¢ dd) = i(1+¢2/4)

e And so the curvature is

R 1 ,.
Rijulei_g = Co (O — dudje) = F(gzkg]l gzlg]k)gz
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Q-bit 3

* The two expressions for the curvature should be equal

2 [ dloglnl{Bi10, B0, = - (g — b

® For d = 1 defect, the left hand side is actually

—[MMWWR u©m@m@wm
(OO, - OO, ]

* Nontrivial identity between integrated 4-point functions and
2-point functions.
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Details

* For the Wilson loop, we express the 4-point function as

tot i
<<q)(1)q)(2)q>(3)q>(4)>> — C<21> ;2 3’24 G(x;0,7), o — D;(x,)t,,

12%34
G(x;0,7) = oha(x) + Thi(x) + ho(x) ,
_ X12X34 _ histy _ tatos

by = £

- bl - b - b
X13X24 t1ot34 t12t34

* The tensor structures are: o ~ i1, T ~ 605 and 1 ~ §;0p.

® Under crossing symmetry, hy 1 » transform as

Xha(1—x) = (1= x)*h2(x) ,
X*hi(1—x) = (1= x)*ho(x) ,
X*ho(1—x) = (1= x)*h1(x) -
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® This allows to massage the integral to the form

1
d
Rija = 2(8ixgj1 — Sijk) /0 X%( log x (h2 + h1 — 2hy) .
® Note that in the integrand is
hy +hy —2hyg = —=2G(x; 0", 7"), o =7"=-1/2.

® Using superconformal symmetry can relate the three functions

(4 memt(). v

f is a function of A and x while F only depends on .
[Liendo,Meneghelli,Mitev]

* Integrating by parts and using the boundary values of f we
reduce the integral to

Fo((=5)=(7)7)
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The 4-point functions were calculated at leading order at strong
coupling [Giombi,Roiban, Tseytlin] [Liendo,Meneghelli,Mitev]

For F

3 451 451 52
F:_ﬁ+§W+ZF+O(/\ 2y.

We expand f in A

=D A"
n=1
And the leading term is

3y _
D = —(1 =) log(1 - x) + X(l(z_xig) log(x) —

Integrating

B3 e(-D) -5
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® Then they were calculated up to 4th order. [Ferrero,Meneghelli]

2
@ _ X =2)(6x" —x +x,
33 +2x2 +2x +3)(x — 1
- B +2x 2x )(x )logz(l_x)
X
3(3x3 — 11x% + 15 — 10
~xX(8x X* +15x >log2
2(x — 1) X
+6x3—5X2—5x+6)10g(1_X)
4(1-x)
(6X5—15X4+12X3—3x2+2x—1)1 og(1 — )
2 =172 og x log(1 — x

* The integral gives 372.
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=3x®+7x% =5t +3x3 — 52 +7x —3 . 2x% —3x%* —3x +2
o= > Lip(x) log(1 — x) + ———————log(1 — x)
2(x — *x 2(x — 1)
XS -1 +15x =23 + X P 3 — 1 x(2x® = 3x* — 3x +2)
Lip (x) log x — Y 2 log x
2(x — 1)3 2(x — 1)
46x° — 115x* +92x% — 23x% +2x — 1
- log(1 — x) log x
4(x —1)?
36x7 — 105x°% 4+ 105x° —39x* +3x°> —5x2 +7x -3 ,
- log”(1 — x) log x
2
4(x — 1)*x
4O =35 — 73 — 15X 11 — 3 23x* — 115 + 11x — 23
. Lig(x) + =" log?(1 — x)
8(x — 1)°x 4x
N 3x” —10x° +12x° — 8x* + 8x® — 12x? + 10x -3, ( X )
13
2(x — 1)%x x—1
x(60x — 12x°¢(3) + 40x*¢(3) — 6x°(8¢(3) — 5) + x*(32¢(3) — 75) — 15)
8(x —1)%
2% — 8152 4 105% — 70)x° . 5 (18x* = 72x% 4+ 110x% — 78x +25) x° )
log” x + log(1 — x) log” x
4(x —1)3 2(x — 1)3
N (18X5 — 93x* 4 196x3 — 214x2 + 125x — 50) N
— lo
6(x—1)* s
(35X8 —105x7 + 105x° — 39x° + 3x* + 293 — 91x2 + 99y — 35) R
+ log”(1 — x)
12(x — 1)2x?

e The integral is 1572 /4.
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(L+x) (408 - 1141x + 1461 x* - 1141 X + 408 x*) Log[1-x]>  (-2196 + 6534 x - 6693 x* + 2596 x° + 90 x* - 3268 x° + 7467 x° - 6810 x” + 2196 x*) Log[1 - x]*

o L

32 (-1exx 96 (1407 %

1

N N s N . . N 1o (-1+2x) (-121+5x+ 1997 - 408 x° + 204 x*) Log[1 - x] Log[x]
(-360+ 1152 - 1323 + 629 - 97 x* - 9. + 235x° - 1031 x" + 1737 " - 1296 x° + 360 **) Log(1-x1* + .

48 (<1407 16 (-1407

(102- 253 + 1967 + 282° - 2736 x* + 6827 x° - 6570 x° + 2196 x”) Log[1 - x]? Log[x] 1

. (54 - 180 + 2167 - 90 x° - 844x" + 4434 x° - 9980 x° + 113317 - 6408 x° + 1440 x°) Log[1 - x)* Loglx] -
32 (-140%x 48 (-143)° x

(-24) x (-5 +10x+ 4867 - 491" + 408 x") Log[x)® (20 - 62.x- 90 x* + 1462 " - 4619 x* + 6541 x° - 4332 x° + 1098 ") Log[1 - x] Log[x]*

32(-140 16 (-140°

1 (-24%) x (~1+3x+ 585X - 1175 * + 2214 x* - 1626 x° + 549 x°) Log[x]*

———————— (9-32x+42x% - 28 - 366 x* + 2016 x° - 4728 x° + 5508 x” - 3168 x* + 720.x”) Log[1 - x]* Log[x]? + <
16 (-1420°x 24 (-14x)

1 (-24%) x* (125-375x + 1248 - 1871 % + 1701 x* - 828 x° + 180.x°) Log(x]*

—————— (1-4x+14x* 42227 - 1226 x* + 3490 x° - 5260 x° + 4419 X" - 1962 x° + 360 x°) Log[1 - x] Log[x]’ -
12 (-140* 28 (-14°

3(46-129x+112x* - 30x° + 112x* - 129x° + 46 x°) Log[1 - x] PolyLog[2, x] 3 (24-69x+67x" -23x° +3x" -23x° + 67x° - 69x7 + 24 x°) Log[1 - x)* PolyLog(2, x]

16 (<1407 x 8(-1427 %
3(28-84x+94x* - 487 + 157" - 1477 + 46 x°) Log(x] PolyLog(2, x] 1

3(-3+420x-12x7 427 +28x" - 102" + 146 x° - 96 x7 + 24 x°) Log[1 - x] Log[x] PolyLog[2, x] +
16 (<14 4(-142°x

3 (1-4x+14x7 -285° + 158" - 274x° + 256 x° - 1237 + 24 x°) Log[x])? PolyLog(2, x] 3 (46 - 147x+ 157 - 48.° + 94 x* - 84 x° + 28 x°) PolyLog(3, x]

8(-1+0* 16 (-142)°x

3(24-84x+104x" - 487 - 2x" - 28x° +42x° - 32x7 + 9x°) Log[1-x] Polylog(3, x] 3 (-15+68x-122x* + 112x° - 2x* - 56 x° + 70 x° - 40 x7 + 9.x°) Logx] PolyLog(3, x]

8(-1+x)° % 8(-1+x)"x

3 (46 - 129 + 112" =30 + 112" - 129 + 46 x°) PolyLog[3, ] 3 (24-69x+67x ~23x +3x =232 + 67x° - 69 + 24 x°) Log[1 - x] PolyLog[3,

16 (-14207x 8(-1+x)7 %

3(-15+52x- 663 + 32 + 58 x* - 156 x° + 188.x° - 1087 + 24 x°) Loglx] PolyLog|[3,

8(-1+x°x

1
—————— (-2+) xLoglx] (-141+423x - 549" + 393 - 126 x" - 3360 x” Zeta[3] + 6720 Zeta[3] - 9408 x" Zeta[3] + 6048 x° Zeta[3] - 1728 x° Zeta[3]) -
192 (-14)

——————— (60" - 240" + 300" - 120x° - 16 x* Zeta[3] + 40 x” Zeta[3] + 466 " Zeta[3) - 739 x° Zeta[3] + 525 x° Zeta(3] - 138X Zeta(3)) -
16 (<147 x

1
5 Log[1-x] (-126x + 2375 - 101x" - 111x° + 237x° - 1267 - 1927 Zeta[3] + 576’ Zeta([3) - 816 X" Zeta[3] - 2688 x° Zeta[3] + 7056 x° Zeta[3) - 9984 x” Zeta[3) +
192 (-142)° X

6696 x" Zeta[3] - 1728 x° Zeta[3])

® The integral is 1572 /4.
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® Combining these results

272 3712 1572 1572
l]kl (glkg]l gilgjk) ﬁ + T + W 4+ ﬁ

® Indeed agrees to this order with

Nadav Drukker

1
(Sikgi1 — gilgjk)?
)
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® Combining these results

Rij = (Qik8j1 — i) <ﬁ +

272 372 1572 1572
4)3/2 * 42

* Indeed agrees to this order with

* Independent check at
weak coupling.

Nadav Drukker

(ik&jt — Ll !
SikSjl — Si8jk) .
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+ O(A‘5/2)>

Oct. 12,2022

22



® Combining these results

272 372 1572 1572

z]kl (gzkg]l gilgjk) (ﬁ + By + o + Shea + O()\_5/2))

* Indeed agrees to this order with

data from [24] with 2 states

¢ Independent check at
weak coupling.

10 states + 1 integrated correlator

10 states + 2 integrated correlators

[Cavaglia,Gromov,Julius,Preti]
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Another example: ABJM

* ABJM theory has 1/2 BPS Wilson loops.
® They are more complicated to write, but break SU(4) — SU(3).
* The defect conformal manifold is CP3.

¢ Using strong coupling results for the 4-point function
[Bianchi,Bliard,Forini,Griguolo,Seminara], the Riemann tensor for the Kihler
metric is
Ryt = = (%1 + 88
ikl 2\/X il5Kk] 1Skl

* This agrees again with the inverse of the 2-point function.
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Another example: ABJM

* ABJM theory has 1/2 BPS Wilson loops.
® They are more complicated to write, but break SU(4) — SU(3).
* The defect conformal manifold is CP3.

¢ Using strong coupling results for the 4-point function
[Bianchi,Bliard,Forini,Griguolo,Seminara], the Riemann tensor for the Kihler
metric is
Ryt = = (%1 + 88
ikl 2\/X il5Kk] 1Skl
* This agrees again with the inverse of the 2-point function.

® Bootstrap calculation misses overall constant that had to be fixed
by Witten diagrams. Could instead be fixed by this.
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Further example: Surfaces in 6d (2,0) theory

* Highest dimensional SCFT, arises from M-theory.
e Planar surface operators form 2d dCFT breaking SO(5) — SO(4).
® Not easy to study theory or defects.

® 4-point functions calculated holographically [ND,Giombi, Tseytlin, Zhou].

* Integrating over the complex cross ratio

N
Rij = ﬁ(‘sikéjl — 0itj) 5

Again, coefficient is inverse of 2-point function.

* Identity could feed into further bootstrap calculations.
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Summary

® Remember:
® Defect conformal manifolds are fun.
¢ Like in Goldstone’s theorem, we find a symmetry breaking coset.
¢ This leads to powerful identities on integrated correlation
functions.
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Summary

¢ Remember:
® Defect conformal manifolds are fun.

¢ Like in Goldstone’s theorem, we find a symmetry breaking coset.

¢ This leads to powerful identities on integrated correlation
functions.

® Current applications:

¢ Utility in numerical bootstrap.
¢ Utility in analytic bootstrap.
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Summary

® Remember:
® Defect conformal manifolds are fun.
¢ Like in Goldstone’s theorem, we find a symmetry breaking coset.
¢ This leads to powerful identities on integrated correlation
functions.

® Current applications:

¢ Utility in numerical bootstrap.
¢ Utility in analytic bootstrap.

® Future directions:
¢ Higher point functions, other operators.
® Apply to other theories.
® Defect conformal manifolds that don’t arise from symmetry
breaking.
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Thanks

Nadav Drukker

The End
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