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Outline

• Review of CFT and conformal manifold.
• Review of defect CFT and definition of defect conformal manifold.
• Three main takeaways.
• Main example: Wilson loop in N = 4 SYM.
• More examples: ABJM and (2,0) theory.
• Summary
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Conformal Field Theories

• Quantum field theories in D dimensions preserving SO(D + 1, 1)
symmetry.

• Local operators have 2-point function〈
Oi(x1)Oj(x2)

〉
=

δij

x2∆O
12

, x12 = |x1 − x2| .

• 3-point function〈
Oi(x1)Oj(x2)Ok(x3)

〉
=

Cijk

x
∆k+∆i−∆j
12 x

∆j+∆k−∆i
23 x

∆i+∆j−∆k
13

.

• 4-point function〈
Oi(x1)Oj(x2)Ok(x3)Ol(x4)

〉
=

Gijkl(U,V)

x
∆i+∆j
12 x∆k+∆l

34

.

U =
x⃗2

12x⃗2
34

x⃗2
13x⃗2

24
= χχ̄ , V =

x⃗2
14x⃗2

23

x⃗2
13x⃗2

24
= (1 − χ)(1 − χ̄) .
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Spaces of CFTs

• For a scalar operator


∆ < D relevant,
∆ = D marginal,
∆ > D irrelevant,

• For marginal operators,
∫

dDx Oi(x) is dimensionless, so

⟨• · · · •⟩ζ i =

〈
• · · · • e

∫
dDxζ iOi(x)

〉
〈

e
∫

dDxζ iOi(x)
〉

still conformal correlator.

• ζ i are coordinates on the space of CFTs.
• Define the Zamolodchikov metric gij =

〈
Oi(0)Oj(∞)

〉
(Oj(∞) = limx→∞ |x|2∆jOj(x)).

• Can normalize gij = δij to be flat space, but only at a point.
gij(ζ

i) may be complicated.
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• In Riemann normal coordinates

Rijkl =
1
2
(
∂j∂kgil − ∂i∂kgjl − ∂j∂lgik + ∂i∂lgjk

)
.

• This is then expressed as the integrated 4-point function [Kutasov]

Rijkl =

∫
dDx1dDx2

[〈
Oj(x1)Ok(x2)Oi(0)Ol(∞)

〉
c

−
〈
Oj(0)Ok(x2)Oi(x1)Ol(∞)

〉
c

]
.

• We can use the expression in terms of cross ratios to write this as
[Friedan,Konechny]

Rijkl = −2π
∫

d2η log |η|
〈
Oi(1)Oj(η)Ok(∞)Ol(0)

〉
c .
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Defect CFT

• A conformal defect of dimension d breaks the symmetry

SO(D + 1, 1) → SO(d + 1, 1)× SO(D − d) .

• Now we have also operators on the defect Ô.
• They have the same structure of correlation functions.
• Mixed correlators are more complicated.

O

Ô x∥

x⊥

• So I won’t study them.
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Spaces of dCFT

• With defect operators of dimension d, can modify the defect V.

〈
• · · · • Vζ̂ i

〉
=

〈
• · · · • e

∫
ddxζ̂ iÔi(x)V

〉
〈

e
∫

ddxζ̂ iÔi(x)V
〉 .

• Can define
• Defect conformal manifold.
• Defect Zamolodchikov metric.
• Defect curvature.

• Subtlety: For d = 1 defect, need to be careful about ordering of
operators
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Q-bit 1

• If the theory has a global symmetry G broken by the defect to G′,
we expect G/G′ space of defects connected by marginal operators.

Exactly marginal defect operators are common.
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Example: Wilson line in N = 4 supersymmetric
Yang-Mills

• N = 4 field multiplet: Aµ, ΦI, Ψa in the adjoint of SU(N).
• Action is Yang-Mills + supersymetrization
• Theory is conformal for all N and g2.
• The lagrangian is the marginal operator for the coupling g2.

• 1/2 BPS Wilson loop

W = TrPe
∫
(iA0+Φ6)dt .

• Symmetry breaking

PSU(2, 2|4) =⇒ OSp(4∗|4) ,
SO(4, 2)× SO(6) =⇒ SO(1, 2)× SO(3)× SO(5) .
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Aside
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Aside
!

"

#

$

The purpose of this talk is to answer the following questions:

1. Are there ways to choose four operators or

more to preserve SUSY?

2. Will the n-point function be simpler than the

generic case?

3. Can I write a paper on a subject other than

Wilson loops???

Superprotected n-pt functions 6-c N. Drukker, KITP
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Operators in Wilson line

• For any adjoint valued Ô

W[Ô(t0)] = TrP
[
e
∫ t0
−∞(iA0+Φ6)dt Ô(t0)Pe

∫∞
t0

(iA0+Φ6)dt
]
.

• Simples defect operators: ΦI
• All have classical dimension 1.
• Φ6 is marginally irrelevant and non-BPS.
• Φi for i = 1, . . . , 5 are exactly marginal and BPS.

• Two point function of Φi known for all λ

〈
W[Φi(0)Φj(∞)]

〉
=

1
π2λ∂λ log ⟨W◦⟩δij =

√
λ

2π2
I2(

√
λ)

I1(
√
λ)

δij + o
(

1
N2

)
.

This is essentially the Bremsstrahlung function
[Correa,Henn,Maldacena,Sever][Fiol,Garolera]
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Q-bit 2

• For G → G′, the symmetry current Jµa is no longer conserved

∂µJµa(x∥, x⊥) = Ôi(x∥)δiaδD−d(x⊥) .

• dim Jµ = D − 1 =⇒ dim Ôi = d.

• Normalization of Jµ is fixed, so also of Ôi

ĝij =
〈
Ôi(0)Ôj(∞)

〉
= CÔδij .

• ĝij(ζ̂) is the metric on the manifold G/G′ of size
√

CÔ.
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∂µJµa(x∥, x⊥) = Ôi(x∥)δiaδD−d(x⊥) .

• dim Jµ = D − 1 =⇒ dim Ôi = d.
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= CÔδij .
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• For the Wilson line Ôi = Φi and

CÔ =

√
λ

2π2
I2(

√
λ)

I1(
√
λ)

=


λ

8π2 − λ2

192π2 +
λ3

3072π2 − λ4

46080π2 + O(λ5) ,
√
λ

2π2 − 3
4π2 +

3
16π2

√
λ
+ 3

16π2λ
+ O(λ−3/2) ,

• We know that the defect conformal manifold is S5 = SO(6)/SO(5),
so the metric is

d̂s
2
= ĝij(ζ̂) dζ̂ i dζ̂ j = CÔ

dζ̂ i dζ̂ i

(1 + ζ̂2/4)2
.

• And so the curvature is

R̂ijkl|ζ̂ i=0 = CÔ
(
δikδjl − δilδjk

)
=

1
CÔ

(
ĝikĝjl − ĝilĝjk

)
ζ̂ i=0 .
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Q-bit 3

• The two expressions for the curvature should be equal

−2π
∫

d2η log |η|
〈
Ôi(1)Ôj(η)Ôk(∞)Ôl(0)

〉
c
=

1
CÔ

(
ĝikĝjl − ĝilĝjk

)
.

• For d = 1 defect, the left hand side is actually

−
∫ +∞

−∞
dη log |η|

[ 〈〈
Ôi(1)Ôj(η)Ôk(∞)Ôl(0)

〉〉
c

+
〈〈
Ôi(0)Ôj(1 − η)Ôk(∞)Ôl(1)

〉〉
c

]
.

• Nontrivial identity between integrated 4-point functions and
2-point functions.
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Details

• For the Wilson loop, we express the 4-point function as

〈〈
Φ(1)Φ(2)Φ(3)Φ(4)〉〉 = C2

Φ

t12t34

x2
12x2

34
G(χ;σ, τ) , Φ(n) = Φi(xn)ti

n ,

G(χ;σ, τ) = σh2(χ) + τh1(χ) + h0(χ) ,

χ =
x12x34

x13x24
, σ =

t13t24

t12t34
, τ =

t14t23

t12t34
, tnm = ti

nti
m .

• The tensor structures are: σ ⇝ δikδjl, τ ⇝ δilδjk and 1⇝ δijδkl.
• Under crossing symmetry, h0,1,2 transform as

χ2h2(1 − χ) = (1 − χ)2h2(χ) ,

χ2h1(1 − χ) = (1 − χ)2h0(χ) ,

χ2h0(1 − χ) = (1 − χ)2h1(χ) .
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• This allows to massage the integral to the form

Rijkl = 2(gikgjl − gilgjk)

∫ 1

0

dχ
χ2 logχ

(
h2 + h1 − 2h0

)
.

• Note that in the integrand is

h2 + h1 − 2h0 = −2G(χ;σ∗, τ∗) , σ∗ = τ∗ = −1/2 .

• Using superconformal symmetry can relate the three functions

h0 = χ2
(

f
χ
− f

χ2

)′
, h1 = −χ2

(
f
χ

)′
, h2 = χ2F−χ2

(
f − f

χ

)′
.

f is a function of λ and χ while F only depends on λ.
[Liendo,Meneghelli,Mitev]

• Integrating by parts and using the boundary values of f we
reduce the integral to∫ 1

0
dχ

((
1 − 2

χ3

)
f −

(
1 +

1
χ

)
F
)
.
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• The 4-point functions were calculated at leading order at strong
coupling [Giombi,Roiban,Tseytlin] [Liendo,Meneghelli,Mitev]

• For F
F = − 3√

λ
+

45
8

1
λ3/2 +

45
4

1
λ2 + O(λ−5/2) .

• We expand f in λ

f (χ, λ) =
∞∑

n=1

λ− n
2 f (n)(χ) ,

• And the leading term is

f (1) = −(1 − χ2) log(1 − χ) +
χ3(2 − χ)

(1 − χ)2 log(χ)− χ(1 − 2χ)
1 − χ

• Integrating

1√
λ

∫ 1

0
dχ

((
1 − 2

χ3

)
f (1) + 3

(
1 +

1
χ

))
=

2π2
√
λ
.
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• Then they were calculated up to 4th order. [Ferrero,Meneghelli]

f (2) =
(χ− 2)(6χ2 − χ+ 1)χ

4(χ− 1)2 logχ

− (3χ3 + 2χ2 + 2χ+ 3)(χ− 1)
2χ

log2(1 − χ)

− χ3(3χ3 − 11χ2 + 15χ− 10)
2(χ− 1)3 log2 χ

+
6χ3 − 5χ2 − 5χ+ 6)

4(1 − χ)
log(1 − χ)

−
(
6χ5 − 15χ4 + 12χ3 − 3χ2 + 2χ− 1

)
2(χ− 1)2 logχ log(1 − χ)

• The integral gives 3π2.
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f(3)
=

−3χ6 + 7χ5 − 5χ4 + 3χ3 − 5χ2 + 7χ − 3

2(χ − 1)2χ
Li2(χ) log(1 − χ) +

2χ3 − 3χ2 − 3χ + 2

2(χ − 1)
log(1 − χ)

+
3χ6 − 11χ5 + 15χ4 − 7χ3 + χ2 + 3χ − 1

2(χ − 1)3
Li2(χ) logχ −

χ(2χ3 − 3χ2 − 3χ + 2)

2(χ − 1)2
logχ

−
46χ5 − 115χ4 + 92χ3 − 23χ2 + 2χ − 1

4(χ − 1)2
log(1 − χ) logχ

−
36χ7 − 105χ6 + 105χ5 − 39χ4 + 3χ3 − 5χ2 + 7χ − 3

4(χ − 1)2χ
log

2
(1 − χ) logχ

+
4χ6 − 3χ5 − χ4 + 7χ3 − 15χ2 + 11χ − 3

8(χ − 1)3χ
Li3(χ) +

23χ4 − 11χ3 + 11χ − 23

4χ
log

2
(1 − χ)

+
3χ7 − 10χ6 + 12χ5 − 8χ4 + 8χ3 − 12χ2 + 10χ − 3

2(χ − 1)3χ
Li3

(
χ

χ − 1

)

+
χ(60χ − 12χ5ζ(3) + 40χ4ζ(3) − 6χ3(8ζ(3) − 5) + χ2(32ζ(3) − 75) − 15)

8(χ − 1)3

+
(23χ3 − 81χ2 + 105χ − 70)χ3

4(χ − 1)3
log

2
χ +

(
18χ4 − 72χ3 + 110χ2 − 78χ + 25

)
χ3

2(χ − 1)3
log(1 − χ) log

2
χ

−
χ3

(
18χ5 − 93χ4 + 196χ3 − 214χ2 + 125χ − 50

)
6(χ − 1)4

log
3
χ

+

(
36χ8 − 105χ7 + 105χ6 − 39χ5 + 3χ4 + 29χ3 − 91χ2 + 99χ − 36

)
12(χ − 1)2χ2

log
3
(1 − χ)

• The integral is 15π2/4.
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• The integral is 15π2/4.
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• Combining these results

Rijkl = (gikgjl − gilgjk)

(
2π2
√
λ
+

3π2

λ
+

15π2

4λ3/2 +
15π2

4λ2 + O(λ−5/2)

)
• Indeed agrees to this order with

(gikgjl − gilgjk)
1

CÔ
.

• Independent check at
weak coupling.

[Cavaglià,Gromov,Julius,Preti]
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Figure 1: The square OPE coefficient C2
1 of two protected line deformation operators �?

into the non-protected one �||, as a function of the coupling g. The thickness of the solid
lines gives the allowed regions for C2

1 for different methods. The yellow dashed lines give
the weak coupling (5.48) and strong coupling [30] analytic expansion. The four tiles are
magnification of the previous one of a factor of 25. The blue domain is the previous result
of [24] where only two states were included. The green domain includes 10 states and one
integrated correlator while the red one includes both the constraints.

– 3 –

[Cavaglià,Gromov,Julius,Preti]
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Another example: ABJM

• ABJM theory has 1/2 BPS Wilson loops.
• They are more complicated to write, but break SU(4) → SU(3).
• The defect conformal manifold is CP3.
• Using strong coupling results for the 4-point function

[Bianchi,Bliard,Forini,Griguolo,Seminara], the Riemann tensor for the Kähler
metric is

Riȷ̄k̄l =
π

2
√
λ
(gīlgkȷ̄ + giȷ̄gk̄l) ,

Rijk̄̄l = 0 .

• This agrees again with the inverse of the 2-point function.
• Bootstrap calculation misses overall constant that had to be fixed

by Witten diagrams. Could instead be fixed by this.
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(gīlgkȷ̄ + giȷ̄gk̄l) ,

Rijk̄̄l = 0 .

• This agrees again with the inverse of the 2-point function.
• Bootstrap calculation misses overall constant that had to be fixed

by Witten diagrams. Could instead be fixed by this.

Nadav Drukker Defect Conformal Manifolds Oct. 12, 2022 23



Further example: Surfaces in 6d (2,0) theory

• Highest dimensional SCFT, arises from M-theory.
• Planar surface operators form 2d dCFT breaking SO(5) → SO(4).
• Not easy to study theory or defects.
• 4-point functions calculated holographically [ND,Giombi,Tseytlin,Zhou].
• Integrating over the complex cross ratio

Rijkl =
N
π2 (δikδjl − δilδjk) ,

Again, coefficient is inverse of 2-point function.
• Identity could feed into further bootstrap calculations.
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Summary

• Remember:
• Defect conformal manifolds are fun.
• Like in Goldstone’s theorem, we find a symmetry breaking coset.
• This leads to powerful identities on integrated correlation

functions.

• Current applications:
• Utility in numerical bootstrap.
• Utility in analytic bootstrap.

• Future directions:
• Higher point functions, other operators.
• Apply to other theories.
• Defect conformal manifolds that don’t arise from symmetry

breaking.
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• Like in Goldstone’s theorem, we find a symmetry breaking coset.
• This leads to powerful identities on integrated correlation

functions.

• Current applications:
• Utility in numerical bootstrap.
• Utility in analytic bootstrap.

• Future directions:
• Higher point functions, other operators.
• Apply to other theories.
• Defect conformal manifolds that don’t arise from symmetry

breaking.
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Thanks

The End
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