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Multi layers with velocity shears (CM, FDR 2021)

In the current study, we consider another one such that the interfaces do not roll up
simultaneously.
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Background (Motivation)

Is it possible to suppress KHI, RTI, and RMI without external forces or surface tension?
Mikaelian: It is possible to suppress the linear growth of RTlI when the system is multi-layer
and adequate initial condition and density ratios are selected = freeze-out:

(K. Mikaelian, PRA 31, 410, 1985; PoF 6, 356, 1994; PoF 7, 888, 1995: Linear analysis for the
temporal evolution of bubble and spike amplitudes = Solution to some ODE's).

How about the multi-layer KHI? How about in the nonlinear regime?

Unstable multi-interface (vortex sheets) usually strongly interact with each other
and roll up simultaneously. Moore (Mathematika, 1976) suggested that there is a
case that two vortex sheets evolve independently under certain conditions even
though they are sufficiently close to each other.

Under what initial conditions can such interfaces be realized? How do they behave
in the nonlinear regime? What happens when those conditions are satisfied? Is it
possible to suppress the growth of the interfaces? (It is possible PP some extent.)
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2. Uniform velocity shear exists on interfaces —p" d
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3. Initial condition: Linear progressive wave Z




Intro. Moore’s conjecture v

D. W. Moore "The stability of an evolving two-dimensional vortex sheet”, [ 0,
Mathematika, Vol. 23, p. 35, 1976 — 0 3 E;X
Up: (y > 0) o Y T
u(y) =4 0 (~d <y <0)— : L
[s: (y < —d) Us =~ —Upy:| assumed (Moore’s condition)
- When t <t , the motion of the upper interface is determined
B 4d only by U,, and it is not affected by U, = The upper sheet
© 1Us(8 — 1)) behaves as if the lower sheet does not exist. t, does not
depend on the wavenumber k.

- In the linear theory, as U, 2 - U, (6 2 1), t. > .
- When t > t, the linear theory breaks down, and it cannot
tell anything about the evolution.

(0<b<1)

Moore’s conjecture = Two interfaces move independently when Moore’s condition is satisfied.
Simulteneous roll ups do not occur when Moore's condition is satisfied?

- The behavior of the two vortex sheets in the nonlinear regime (t > t.) is unknown.

- The gravity effect or the density stratification is not included in Moore’s analysis.
Current study: Considering these, we find the initial conditions corresponding to Moore’s
conjecture and calculate the long-time behavior (nonlinear motion) of two vortex sheet systems

(multi-layer KHI/RTI) using the vortex sheet model (VSM).

Matsuoka, Electro. Res. Arch. 30, 1836 (2022)



Linear analysis to find Moore’s condition
(Initial conditions for numerical calculations)

ID_ef. Moore’s condition I

Uy =—-U; and as =0
\ay| > |asl|, ay and ay: Linear amplitudes of the upper and lower interfaces

Governing equations for the linear analysis
Velocity potential:  Ag¢; =0, (i=0,1,2)

Bernoulh equation:
| 99
il ot

pi: the density of fluid ¢, p;: the pressure, g: the gravitational acceleration,

1
+5(Vé:) + gyl +pi=Ci(t), (i=0,1,2)

Ci=Cp Co=Ci+ (p1— p2)gd
Kinematic boundary conditions: A B 9, _ 9o, %
ot dy dr Oz
d do;  Op; O ,
ot =R (= 1,9)
ot dy dr Oz




Linear dispersion relations

— Rela ez’{kr—wtj . i
m ay ] w: Linear frequency

Linear solution: "
Tla = —d + RE[&QE‘!E{ m—wtj]

.
b

| By = Re F“"}ﬂm} :
do = Upz + Re[Bpe *veillkz—wt)] (4 > 0), o
k ky\ mi(kz—t By =Re [m(a —a e_kd)}
&1 = Re [(Bllﬁ Y 4 Bioe~ y)El{ :.’:—.ut}] (_d <y < D)._, 11 K(ckd—_c—ka) \01 2 )
b9 = Usr + RE[BEEkyEi{kI—wI}] (y < —d)? Bis = Re [%ﬁ%ﬂag — a-lekd)} :

By = Re {—I—f‘""—k—wlag} .

Dispersion relation: |  D(w, k) = —Di(w, k) + G
1SPEersion relatl . Ww. ) = — W, K — . .. — U,
& ’ BT Dot~
1
Dy(w, k) = (p1 = po)g — 7 [po(w — kUp)* + pr” coth(kd)]
|

Do(w, k) = (p2 = p1)g — ¢ [pa(w — kU2)* + p1w” coth(kd)] ,

( 2 D (l.:l.-]r kj]
1w 1 1
;1: — - - . - . .
ﬂg(w, ) ( ]L:] 5|




Dispersion relation
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(Case 1) Dispersion relation for py = p1 = pa, Uy = —Uy, and d = 7/2
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Dispersion relation for py = py = p2, Uz = —2Up and d = /2
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(Case 3) Dispersion relation forpg : py 2 p2 =2/3:1:3/2(py < p1 < p2). Uy = —Up and d = m/2
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(Case 4) Dispersion relation for py @ py @ p2 =3/2:1:2/3(py > p1 > p2), Uy = —Uandd = n/2

Any mode eventually becomes unstable, but the mode with the largest w ; increases
fastest (fastest mode). In all cases, a, ~ 0 is realized at k ~ 1 (we set k=1 in
numerical calculations).



) Mathematical model for numerical
Vortex sheet model: VSM computations (Nonlinear calculation)

Interface I; (i = 1,2) Interfacial velocity (definition)
X.,;(E?,?f) - {X2(€t)1/;(€t)] Xm L _ Etih__ _ 'ﬁii (|&1| = Ai):
dt ' 9 "V an artificial parameter depending
d _ i PR e =T on the Atwood number A;
& o e(=L/2<e<L/2): (L -
the Lagrangian derivative in the frame moving with the | — - (L: system size)
Lagrangian parameter

interface
1. Bernoulli equation <= Evolution equation for 7; (vortex sheet strength)

d; 24, dw; dw; -
() — 3 X2€¢ }/;QJ __L ){5 el/vixe YLE,I/I/E e
di Si e ( Codt T dt ) s?e ( eWize T XieWiy, )
A"’: 2 AQ QA?,QK, e
1 /e - 1 eT:é _.
N 28 ¢ (0 .9?:,57 ete T Sie
o - I = ¢; — ¢;—1: Circulation, s;: Arc length,

Vi = "}’i -t,,; = 8 . (’)fi = Uu; — 'U,?',fl) T@' — ti. . W;,
53
t;: Unit tangent of the interface I;, 8. = / XEE 1 }?E (subscript: e: differentiation with respect to e)

g: gravitational acceleration A; = (p; — pi_1)/(pi_1 + pi_1): Atwood number

Agp; =0 (i=0,1,2)] Potential flow in bulk

Matsuoka PoF 32, 102109 (2020), FDR 53, 055502 (2021), ERA 30, 1836 (2022);
Matsuoka & Nishihara, PoP 30, 062304 (2023)




2. Interfacial velocity: Biot-Savart law
Wi = (Wi, Wiy) (i =1,2), W, =W|,_x.

- i 1 " vi(€e' t)s; (€', t)sinh(Y;(e, t) — Yi(e', 1)) ,
Wiz (Xi(e, 1), Yie, 1)) = _EP V- / cosh(Y;(e,t) — Yi(e', 1)) — cos(X;(e, t) — X;(e', 1)) —|—52d€

T (@0 Osinh(Yile ) — K@) e
N.‘ZL[_W cosh(Y;(e,t) — }(e’ t)) —cos(X;(e, t) — X;(e, t)@ (i #3)

- (e e vi(e' t)sie(€ 1) sin(X;(e, t) — X; (E t)) v
Wiy (Xi(e, 1), Yi(e ) = A7 P V- / cosh(Y;(e,t) — Yi(e',t)) — cos(X;(e, t) — X;(e', 1)) + 62

-:r_.j(e?? f.) J-:E_(E: \ f.) F:.lI'l(Xé( €, ) — *Xj(ﬂ?, f)} | |
cosh(Y;(e,t) — Yj(e',t)) — cos(X;(e, 1) — X,(¢, f)@ (1 #7)

O interaction term
Fluid velocities of the upper and the lower sides of the interfaces Iy and Is:

Sio = X+

P.V.; principal value subscript e; diff. w.r.t. e
_ o, regularization parameter
System size L = 2n 0.1 Krasny JFM(1986)

Grid number : 2048 x 2048
d = A /4, L. wavelength of initial perturbation

Solving the evolution equation for «; (1. Bernoulli eq.) and interfacial velocities 2. W,
(dX;/dt) simultaneously, we determine the interfacial positions (X;, Y;) at time ¢.




Initial conditions and numerical scheme

Initial conditions
Xl = XQ =€,

_sp (991 _ 9%
m Ox Ox

: X;(e,t
Decompose Fourier (&1)
modes

Yi(e, t) =

(Case 1) po = p1 = p2. Us = =Up

Satisfy Moore condition
w = 0.4834616 + 0.5053138 7,

ay = 0.0105694 + 0.0109203 i,
(Case 3) ro:pr:ip2=2/3:1:3/2

(po < p1 < p2), Uz = =Uy
Satisfy Moore condition

w = 0.3829589 4 0.2140951 7,
ap = 0.0052287 + 0.0035982 i,

Y1 =ajcoske, Yo=—-d+R (a2eike) ,

13)0) 1310,
,~ 7229?< = Jl)
=0
0

t=0
T—€
y=—d
N/2
e + E X; ;D(t)e””e
k=—N/2+1
N/2
E Kk (t)ezke
k=—N/2+1

(Case 2) ro=p1=p2, U= =20

Not satisfy Moore condition
w = 0.4795729 4 0.5024849 7,

as = 0.0026368 4 0.0057789 7,
(Case 4) Po:pLipz= 3/2:1:2/3
(po > p1 > p2), Uy = =Uj

Satisfy Moore condition
w = 0.5869530 + 0.6704780 1,

ap = 0.0182423 4 0.0168126 1,

Moore condition } U2 =

—Uy and as ~0 I a; =02, d=7/2, and k=1




Nonlinear evolution of two interfaces

(Case 1) [ o =p1 = po, Uy = —Up |

Satisfy Moore condition (Multi-layer KHI)

A=A, =0
T T v =~ 6
1t : 5 1
(a) 4
Of 1 :
W s === |k
> R e kL I I Y 0 =
-2F -5 Foss vemn USER b B RIRO TR S St a U
_1.,:.;,:.:.:“ fuar SieH e S g e —2
11(b) ' S  EEEEEImmIEEeIeeIIeILaaLaa -4
_2 5 =
o 3
> 0 = P 1 -6
=1 -2 0 2
-2 L A -5 == > > T = 6
i y ; 1 5, == = \
T T T 2 Z \\ﬁ\iﬂ*ﬁw”//’/
1Fe Il B ?h\%gwjﬁg;
7 s =AM,
> O P : : { 0 e~ OI{{ \:j\\;\§:§\ N \Em::zggggggff
ik > (WSS e =
RS L,
-2 _ _ ) -5 Eme e e
e o T |
- : = : -6
Interfacial shape and -2 0 2

vortex sheet strength

ity field t=0andt=5
t=1(a) 1, (b) 3, and (c¢) 5 Velocity field an 5

The upper vortex sheet rolls up independently of the lower vortex sheet, and
the lower sheet does not roll up like the upper sheet up to the final stage of
computations (Moore's conjecture is correct even in the nonlinear regime).



Nonlinear evolution of two interfaces
[ ro=p1=p2Ua=-20 | Not satisfy Moore condition (Multi-layer KHI,

(Case 2) T absolute value of velocity shears is different)
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When Moore condition is not satisfied, the lower sheet begins to roll up in
the nonlinear regime (t > 3), and the strength of the lower sheet finally

becomes stronger than that of the upper sheet. Both vortex sheets largely
roll up whent >4,



Nonlinear evolution of two interfaces

Satisfy Moore condition. Gravity effect
(density stratification) is included (Internal
gravity wave with shear)

(Case 3) po i pripe =2/3:1:3)/2
(po < p1 < p2). Uz = =Uo
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The independence of the two interfaces is more noticeable compared to Case 1 (without
density stratification). The lower sheet hardly deforms up to the final stage of computations,
and the region between the two sheets maintains the state of stagnant flow. In the case
(such as Case 3) that the upper fluid is lighter than the lower one, the same result is
obtained even though the distance d is smaller.

Velocity field ¢t=0andt=>5



Nonlinear evolution of two interfaces
Satisfy Moore condition. Gravity effect
(density stratification: the upper is

(Case4) | po:prip2=3/2:1:2/3

U, — —U . . _
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Even if Moore condition is satisfied, the effect of gravitational instability (density
stratification) is stronger. The lower sheet begins to roll up at an early stage
affected by the upper sheet (The mixing by RTI occurs = Moore condition does not
work in the nonlinear region of Case 4).



Temporal evolution of interfaces satisfying Moore’s condition

(Case 1) i - The lower sheet does not
Moore conditon 0f — — —— — 1 rollup(Moore's
. satisfied ~1} | conjecture
(without density is correct even in the
Stratification) ‘[ , . 1 nonlinear regime).

Case 3 L
( ) 1 The lower sheet hardly

Moore conditon gf —u = — — _—4 deforms up to the final

Stage of computations

. satisfied
(with density -7
stratification)  _, L

-6 -4 -2 0 2 4 6

At least, KHI of one interface is suppressed when the two-interface flow satisfies Moore’s
condition (excluding the case that the gravitational instability (RTI) does not exist).



Summary

. When Moore's condition is satisfied, the velocity field between the two
interfaces becomes the stagnant flow (the velocity field is almost zero).
Therefore, the two interfaces are hardly affected by each others vortex induced
velocity, and they tend to evolve independently even in the nonlinear regime.

. When Moore's condition is not satisfied, both interfaces roll up at quite an early
stage.

. When the upper fluid is lighter (stable density stratification), the effect of
Moore's condition is more noticeable and one of the two sheets is hardly
deformed.

. When the gravitational instability is considered, RTI occurs, and the two
interfaces strongly interact with each other even if Moore's condition is
satisfied.

The roles of I, and I, are inverted when applying Moore’s condition given the initial
amplitude a, and a, ~ 0.

RMI cannot stabilize with this method (the sheet strength is amplified in
multi-layer RMI. PoP 30, 062304, 2023).



