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Multi layers with velocity shears

Multi-layer vortex sheets (three-layer-two 

interface KHI with density stratification)
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・C. Matsuoka, Fluid Dyn. Res., 53 (2021) 055502

・C. Matsuoka, Electro. Res. Arch., 30 (2022) 1836-1863

・C. Matsuoka and K. Nishihara, Phys. Plasmas, 30 (2023) 062304 

(CM, FDR 2021)

In the current study, we consider another one such that the interfaces do not  roll up 

simultaneously. 



Background (Motivation)

1. Incompressible and inviscid (2D potential 

flow)

2. Uniform velocity shear exists on interfaces 

at t=0

3. Initial condition: Linear progressive wave

Physical conditions

Is it possible to suppress KHI, RTI, and RMI without external forces or surface tension?

Mikaelian: It is possible to suppress the linear growth of RTI when the system is multi-layer

and adequate initial condition and density ratios are selected = freeze-out：
（K. Mikaelian, PRA 31, 410, 1985; PoF 6, 356, 1994; PoF 7, 888, 1995: Linear analysis for the 

temporal evolution of bubble and spike amplitudes = Solution to some ODE's). 

How about the multi-layer KHI? How about in the nonlinear regime?

Unstable multi-interface (vortex sheets) usually strongly interact with each other 

and roll up simultaneously. Moore (Mathematika, 1976) suggested that there is a 

case that two vortex sheets evolve independently under certain conditions even 

though they are sufficiently close to each other. 

Under what initial conditions can such interfaces be realized? How do they behave 

in the nonlinear regime? What happens when those conditions are satisfied? Is it 

possible to suppress the growth of the interfaces? (It is possible to some extent.)



Intro. Moore’s conjecture

D. W. Moore “The stability of an evolving two-dimensional vortex sheet”, 

Mathematika, Vol. 23, p. 35, 1976

・ When t < t c, the motion of the upper interface is determined 

only by U0, and it is not affected by U2 =  The upper sheet 

behaves as if the lower sheet does not exist. tc does not 

depend on the wavenumber k.

・ In the linear theory, as U2 → - U0 (θ → 1), tc → ∞.

・ When t > tc, the linear theory breaks down, and it cannot 

tell anything about the evolution.

Moore’s conjecture = Two interfaces move independently when Moore’s condition is satisfied.

・ The behavior of the two vortex sheets in the nonlinear regime (t > tc) is unknown.

・ The gravity effect or the density stratification is not included in Moore’s analysis.
Current study: Considering these, we find the initial conditions corresponding to Moore’s 

conjecture and calculate the long-time behavior (nonlinear motion) of two vortex sheet systems

(multi-layer KHI/RTI) using the vortex sheet model (VSM). 

Matsuoka, Electro. Res. Arch. 30, 1836 (2022)
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Simulteneous roll ups do not occur when Moore's condition is satisfied?



Linear analysis to find Moore’s condition

Def. Moore’s condition

Governing equations for the linear analysis

(Initial conditions for numerical calculations)



Linear dispersion relations

Linear solution：



Dispersion relation

(Case 1)

(Case 2)



Any mode eventually becomes unstable, but the mode with the largest ω i increases 

fastest (fastest mode). In all cases, a2 ~ 0 is realized at k ~ 1（we set k=1 in 

numerical calculations). 

(Case 3)

(Case 4)



Vortex sheet model: VSM

Matsuoka PoF 32, 102109  (2020), FDR 53, 055502  (2021), ERA 30, 1836 (2022); 

Matsuoka & Nishihara, PoP 30, 062304 (2023)

(vortex sheet strength)

(subscript: e: differentiation with respect to e)

1. 

Mathematical model for numerical 

computations (Nonlinear calculation)

the Lagrangian derivative in the frame moving with the 

interface

(L: system size)

Potential flow in bulk



interaction term

P.V.; principal value

System size L = 2p

Grid number : 2048×2048  
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d = l /4,  l: wavelength of initial perturbation



Initial conditions and numerical scheme

Initial conditions

Decompose Fourier 

modes

(Case 1)

Satisfy Moore condition

(Case 2)

Not satisfy Moore condition

満たさない

(Case 3) (Case 4)

Satisfy Moore condition Satisfy Moore condition

Moore condition



Nonlinear evolution of two interfaces

(Case 1)

The upper vortex sheet rolls up independently of the lower vortex sheet, and 

the lower sheet does not roll up like the upper sheet up to the final stage of 

computations (Moore's conjecture is correct even in the nonlinear regime).

Satisfy Moore condition (Multi-layer KHI)

Velocity field

Interfacial shape and 

vortex sheet strength



Nonlinear evolution of two interfaces

(Case 2)

When Moore condition is not satisfied, the lower sheet begins to roll up in 

the nonlinear regime (t > 3), and the strength of the lower sheet finally 

becomes stronger than that of the upper sheet. Both vortex sheets largely 

roll up when t > 4. 

Not satisfy Moore condition (Multi-layer KHI,

absolute value of velocity shears is different)

Velocity field

Interfacial shape and vortex 

sheet strength



Nonlinear evolution of two interfaces

(Case 3)

The independence of the two interfaces is more noticeable compared to Case 1 (without 

density stratification). The lower sheet hardly deforms up to the final stage of computations, 

and the region between the two sheets maintains the state of stagnant flow. In the case 

(such as Case 3) that the upper fluid is lighter than the lower one, the same result is 

obtained even though the distance d is smaller. 

Satisfy Moore condition. Gravity effect 

(density stratification) is included (Internal 

gravity wave with shear)

Velocity field
Interfacial shape and vortex sheet 

strength



Nonlinear evolution of two interfaces

(Case 4)

Even if Moore condition is satisfied, the effect of gravitational instability (density 

stratification) is stronger. The lower sheet begins to roll up at an early stage 

affected by the upper sheet (The mixing by RTI occurs = Moore condition does not 

work in the nonlinear region of Case 4). 

Satisfy Moore condition. Gravity effect 

(density stratification: the upper is 

heavier) is included = RTI

Velocity field
Interfacial shape and vortex sheet 

strength



Temporal evolution of interfaces satisfying Moore’s condition 

(Case 1)

(Case 3)

The lower sheet does not 

roll up (Moore's 

conjecture 

is correct even in the 

nonlinear regime).

Moore condition

: satisfied

(without density

Stratification)

Moore condition

: satisfied

(with density 

stratification)

The lower sheet hardly 

deforms up to the final

Stage of computations

At least, KHI of one interface is suppressed when the two-interface flow satisfies Moore’s 

condition (excluding the case that the gravitational instability (RTI) does not exist). 



1. When Moore's condition is satisfied, the velocity field between the two 

interfaces becomes the stagnant flow (the velocity field is almost zero). 

Therefore, the two interfaces are hardly affected by each others vortex induced 

velocity, and they tend to evolve independently even in the nonlinear regime.    

2. When Moore's condition is not satisfied, both interfaces roll up at quite an early 

stage. 

3. When the upper fluid is lighter (stable density stratification), the effect of 

Moore's condition is more noticeable and one of the two sheets is hardly 

deformed.   

4. When the gravitational instability is considered, RTI occurs, and the two 

interfaces strongly interact with each other even if Moore's condition is 

satisfied.

Summary

The roles of  I1 and I2 are inverted when applying Moore’s condition given the initial 

amplitude a2 and a1 ~ 0.

RMI cannot stabilize with this method (the sheet strength is amplified in 

multi-layer RMI: PoP 30, 062304, 2023).  


