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Warm up in 1+1 dimensions: 
Quantum Ising model

● Duality Transformation on spin variables

● Translation by ½ of Majorana fermions

● Can interpret duality as a symmetry 
of new degrees of freedom

● Symmetry is anomalous (impossible 
in microscopic 1D system).
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2+1 dimensions: Particle-vortex duality

Bosons with intermediate-
range interactions

Vortices with intermediate-
range interactions

(Fradkin, Kivelson 1996)

Exact self-duality 
ensures criticality
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Fermions with intermediate-
range interactions

Dual fermions with 
intermediate-range interactions

● Duality can be implemented as exact transformation in wire models 

Particle-vortex duality of fermions

(Mross, Alicea, Motrunich 2015)
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( Karch, Tong 2016, Seiberg, Senthil, Wang, Witten 2016)

Symmetries and dualities II: fermionic duality
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● Bosonic self-duality        fermionic time-reversal symmetry

● Fermionic self-duality       bosonic time-reversal symmetry

↔
↔

Can bosons and fermions be 
simultaneously self-dual?

Need self-dual bosons with 
time-reversal symmetry 

(no Chern-Simons term)!
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Symmetries and dualities III: 
simultaneous duality

Bosons with time-reversal 
invariant intermediate-
range interactions

Vortices with time-reversal 
invariant intermediate-
range interactions

Exact self-duality 
ensures criticality 
for 

Time-reversal 
symmetry ensures 
fermionic self-duality 

(Fradkin, Kivelson 1996)
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Phase diagrams
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Outlook

Additional dualities

● Extra symmetries (e.g., N-flavor QED)

● Spin models (e.g, quantum spin liquids)

(Beekman, Sadri, Zaanen 2011)

(Metlitski, Vishwanath, Xu 2016)

● Majorana fermions (bosonized theory 
proposed, but symmetries unclear) 

● Known particle-vortex duality in 
3+1 dimensions.  

Strong or weak duality?

● Concrete predictions from strong duality

● Need numerical verification

Different dimensions
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