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Warm up in 1+1 dimensions:
Quantum Ising model
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1 =3
1= 2
1 =1
1 =0

Warm up Iin 1+1 dimensions:

-

Self-duality ensures
criticality at J = h

Z1779/4711/4

Z}W7/479/4

’&J’Y5/477/4

—1hy3 /475 /4

ZJ71/473/4

Translation symmetry yields
gapless spectrum for J = h

Fermions
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\AMlanwvrina 310 a1 1 1 Alirmananrnecianes

/ * Duality Transformation on spin variables

- »
1 =3
o2

 Translation by Y2 of Majorana fermions

AT

« Can interpret duality as a symmetry

i =0 of new degrees of freedom

« Symmetry is anomalous (impossible
IN microscopic 1D system).

Yie1/4 = T; 1/20 Vit1/4 = 10; +1/2
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2+1 dimensions: Particle-vortex duality

Spins on sites labeled by ¢ Bosons on wires labeled by

¥i 07— b;(z) i —@—

David F. Mross Symmetries and Dualities of Dirac Fermions Intertwined 17




2+1 dimensions: Particle-vortex duality

Spins on sites labeled by ¢ Bosons on wires labeled by

¥i 07— b;(z) i —@—

(67) # 0: Ferromagnet (b;) # 0: Superfluid
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2+1 dimensions: Particle-vortex duality

Spins on sites labeled by ¢ Bosons on wires labeled by i
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#" 0 s bi(z) 1 —@—
L _ 2w [T dx pi(x!
g, =<-— D; ( CE) — e J pi(x”)

Creates defects (spin flips) Y Creates defects (phase-slips)
in ferromagnet in superfluid

(67) # 0: Ferromagnet (b;) # 0: Superfluid

<

(07) = 0: Paramagnet (b;) = 0: Mott Insulator
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2+1 dimensions: Particle-vortex duality

Spins on sites labeled by ¢ Bosons on wires labeled by

¥i 07— b;(z) P —@—

> pi(x) = ST dpi@)
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2+1 dimensions: Particle-vortex duality

Spins on sites labeled by ¢ Bosons on wires labeled by
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i
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2+1 dimensions: Particle-vortex duality

Spins on sites labeled by ¢ Bosons on wires labeled by
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2+1 dimensions: Particle-vortex duality

1 1
Spins on dual sites labeled by 7 + 5 Bosons on dual wires labeled by 7 + 5
Z ~
T., 1
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—
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1
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2+1 dimensions: Particle-vortex duality
1

1
Spins on dual sites labeled by 7 + 5 Bosons on dual wires labeled by 7 + —
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2+1 dimensions: Particle-vortex duality

e Ising duality: Only spin-exchange and transverse field

z x
HISlng — ']U Ui+1_hai
I duality I
. x 1.z
HDual — JT’H—% hTz—%Tz—l—%
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2+1 dimensions: Particle-vortex duality

e Ising duality: Only spin-exchange and transverse field
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e Ising duality: Only spin-exchange and transverse field

Z xXr
HISlng — JU Ui+1_h0i
I duality I
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Hpyal = JTH% hTz_%TH_Z
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2+1 dimensions: Particle-vortex duality

Bosons with short-range
Interactions

Ay
>
weak repulsion strong repulsion
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2+1 dimensions: Particle-vortex duality
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Bosons with short-range Vortices with long-range
Interactions interactions

Ay (v)
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weak repulsion strong repulsion strong repulsion weak repulsion
(Dasgupta, Halperin 1981)
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2+1 dimensions: Particle-vortex duality
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2+1 dimensions: Particle-vortex duality

Lkin [b]

Boson
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2+1 dimensions: Particle-vortex duality

[xin 6] = Lion-local [E] (use operator mapping)

Boson

Hposon = ]l?i)ns-on _ / [—ubgbiﬂ — Up; + H.C.]

@ﬂs'.g(t I duality I

HVortex — {{/iori'.tex _/ [_uﬁi—l—§ o UBT 162’—1— ‘|‘HC}
X
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2+1 dimensions: Particle-vortex duality

[xin 6] = Lion-local [E] (use operator mapping)
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2+1 dimensions: Particle-vortex duality

EBoson — |(a,u — iA/,L)\IjBOSOH|2 ﬁVorteX — ‘(a,u _ iau)\IjVortex‘z

‘|‘ﬁA)\€)\'LW8’uAV —ﬁa)ﬁ)\w/aua,j
Bosons with intermediate- Vortices with intermediate-
range interactions range interactions

A (v)
L g
weak repulsion strong repulsion strong repulsion ~ weak repulsion
(Fradkin, Kivelson 1996)
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2+1 dimensions: Particle-vortex duality

Exact self-duality
ensures criticality
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+ﬁA>\E)\,LW8,uAI/ _ﬁ AE)\,uz/a,ual/
Bosons with intermediate- Vortices with intermediate-
range interactions range interactions
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weak repulsion strong repulsion strong repulsion ~ weak repulsion
(Fradkin, Kivelson 1996)
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Particle-vortex duality as a symmetry

G Spin \ xdual Spin
o) T

boson vortex

A - B s
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Particle-vortex duality as a symmetry

@

boson vortex

R 2
Vi+1/4 = 1W0;Tiq11/2

Jordan-Wigner fermion

A - B s

DaV|d F. Mross Symmetries and Dualities of Dirac Fermions Intertwined 17




Particle-vortex duality as a symmetry

@

boson vortex

R 2
Vi+1/4 = 1W0;Tiq11/2

Jordan-Wigner fermion

my = As + A;

A - B
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Particle-vortex duality as a symmetry

c® (T

w = WBoson ¥ Vortex %;+1/4 — 7;0-7,32’7_7;2_|_1/2
composite fermion Jordan-Wigner fermion
my = As + A;

A - B
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Particle-vortex duality as a symmetry

c® (T

w = WBoson Yvortex %;+1/4 — 7;0-7,32’7_7;2_|_1/2
composite fermion Jordan-Wigner fermion
m:AU—I—Ab m’y:AO'_I_AT

b B
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Particle-vortex duality as a symmetry

R 2
Vi+1/4 = 1W0;Tiq11/2

composite fermion Jordan-Wigner fermion

m:AU—I—Ab mfy:Aa_FAT

h/ \/

DaV|d F. Mross Symmetries and Dualities of Dirac Fermions Intertwined 17




Particle-vortex duality as a symmetry

« Make analogy precise: Wire models

1 =3
1= 2
1=1
1 =20
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Particle-vortex duality as a symmetry

« Make analogy precise: Wire models
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Particle-vortex duality as a symmetry

« Make analogy precise: Wire models
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Particle-vortex duality as a symmetry

« Make analogy precise: Wire models
Q

20
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Particle-vortex duality as a symmetry

« Make analogy precise: Wire models

1 =3

1
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Particle-vortex duality as a symmetry

« Make analogy precise: Wire models

- @ ©
" “
_9 ‘ ) right-moving

left-moving
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Particle-vortex duality as a symmetry

« Make analogy precise: Wire models

1 =3

1
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Particle-vortex duality as a symmetry

 Make analogy precise: Wire models

David F. Mross

Symmetries and Dualities of Dirac Fermions
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Particle-vortex duality as a symmetry

 Make analogy precise: Wire models

RS

i — 3 { Boson hopping A i
¢R(Z3x)¢}z
¢ b ¢ -1 (100 )¢
Vp(10:) YR
-1 (100 )¢

i=1 o
1(i0,
L ) Vr(i0z)¢R
\:!/ —— —Qﬂz (Zaa;)lﬂ[,
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Particle-vortex duality as a symmetry

 Make analogy precise: Wire models

RS

i=3 { Boson hopping A '
¢R(Z3x)¢}z
U ¢ L (10
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i=1 o
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Particle-vortex duality as a symmetry

 Make analogy precise: Wire models

RS

e
1=3 =
1 =2 =
i=1 o
-

Boson hopping

e
¢

David F. Mross
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I~ —-
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Particle-vortex duality as a symmetry

 Make analogy precise: Wire models

e
1=3 =
1 =2 =
i=1 o
-

Vortex hopping

4&07

b

¢

N

David F. Mross
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I~ —-

Symmetries and Dualities of Dirac Fermions

Hyire
Yk (i0:) ¥R
-] (02 )11,
Yk (i0:) ¥R
-] (02 )11,
Yk (i0:) ¥R
(102)9L

Intertwined 17



Particle-vortex duality as a symmetry

 Make analogy precise: Wire models

tVOI't eXI+

ItBoson
ItBoson
I Boson

tVort ex

tVorteX

tVorteX

Hwire
. :
y+5¢ wR(Zax)¢R
Y+ 4¢ % _wz (@3:1;)1%
y+s¢ Y5 (i0:) ¥
y+ 2¢ _wz (102
y+1¢—>—>— Y5 (i0:) ¥
y —_—— —wz(z’&ﬂ)wL
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Particle-vortex duality as a symmetry

 Make analogy precise: Wire models

when Ivortex = UBoson

Huop = —t » ftpy 41 + Hee,
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Particle-vortex duality as a symmetry

 Make analogy precise: Wire models

Hwire
When tVorteX — tBoson B
y+5 8 Y5 (i02) R
_ T
Hyop = tZ%%H +He. y+4 @ _w;r; 102)YL
y @/

T /-
2-component spinor W = VR y+3 VR(102)R
VL
+ 2
Hyire = Wk, 7,0 ’
y+1 w};{ 10y wR

- 4 > 4> <K > 4>

i

<

|
<
N~
/N /N /@? /N N P
aQD
N—" N—" N—" N—" N— N——"
<
h

o~
S
<
h

David F. Mross Symmetries and Dualities of Dirac Fermions Intertwined 17




Particle-vortex duality as a symmetry

 Make analogy precise: Wire models

Hwire
when tVorteX — tBoson
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Particle-vortex duality as a symmetry

 Make analogy precise: Wire models

Hwire
when vortex = tBoson
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Particle-vortex duality as a symmetry

« Make analogy precise: Wire models

-

when tVorteX — tBoson
Huop = —t » ftpy 41 + Hee,
Yy

2-component spinor W = <

Hwire \PTka}Tz\I}

0 k
B ) Y
Hhop =/ (ky O) |\
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Particle-vortex duality as a symmetry

massless Dirac fermions

at critical point

A\/
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Particle-vortex duality as a symmetry

massless Dirac fermions

at critical point
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Particle-vortex duality as a symmetry
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Particle-vortex duality as a symmetry

Duality

.‘.
Time reversal "’ wA,a A ¢B,a
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Particle-vortex duality as a symmetry

Duality

Time reversal

Charge conjugation O - VA0 < ¢TB,J
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Symmetries and dualities |: bosonic duality

»CBoson — |((2u, _ iAu>\IjBoson|2 »C\/ortex — ’(au _ Z.CL,UJ>\IJ\/01"tex‘2
+ A enw oAy — 1= axEx O ay

LDiraC — Z\IjFa,ufY'u\IjF
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Symmetries and dualities I: bosonic duality

»CBoson — |(8LL — iALL)\IJBosonP
_I_ﬁA)\GA,ul/a,uAV

LDiraC — Z\TjFa,ufY'u\IjF £QED3 — Z\TJDF(({?,LL — iau)fyu\IjDF
+i(ekuvﬁuav)2
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Particle-vortex duality of fermions

\\ 7 fermion é dual fermion é \ | 4

LDirac = Z\lez‘(p)),t/y'u\IjF‘ ‘CQEDS — quDF(&“ o Z'CLM)/Y'LL\DDF ’

Fermions with short- Dual fermions with long-
range interactions range interactions

(Wang, Senthil 2015; Metlitski, Vishwanath 2015; Kachru, Mulligan, Torroba, Wang 2015;
Mross, Alicea, Motrunich 2015; Karch, Tong 2016, Seiberg, Senthil, Wang, Witten 2016)

e Duality can be implemented as exact transformation in wire models
(Mross, Alicea, Motrunich 2015)
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Particle-vortex duality of fermions

- fermion é

Lamn, = iTp (0, — iA,)7" T

‘ +%(€>\W8MAV)2

Fermions with long-
range interactions

dual fermion é e

Lbirac = 1Vprd, " VUpr |

Dual fermions with short-
range interactions

(Wang, Senthil 2015; Metlitski, Vishwanath 2015; Kachru, Mulligan, Torroba, Wang 2015;
Mross, Alicea, Motrunich 2015; Karch, Tong 2016, Seiberg, Senthil, Wang, Witten 2016)

« Duality can be implemented as exact transformation in wire models

David F. Mross
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(Mross, Alicea, Motrunich 2015)
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Particle-vortex duality of fermions

S IS

\\ 7 fe_rmion é

£

dual fermlon

i g

s = z\IJF((?/,J — ZAM)’YM\IJF £CS — Z\DDF(au — ZCLM)’Y’“\PDF
‘ _|_8L7TA>\€>\,LLI/8,U,AI/ _g%a)\ek,uua,uay ‘
Fermions with intermediate- Dual fermions with
range interactions Intermediate-range interactions

« Duality can be implemented as exact transformation in wire models
(Mross, Alicea, Motrunich 2015)
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Particle-vortex duality of fermions

S IS

\\\ / 7 fiermion é \ »

= 1A )Y R Log = Z\I’DF(au —ia,)Y"VYpr
LWA)\E)\,W/a,uAV _SLWCL)\GA,LW(?MCLV ‘
. L »
e Fermionic duality: -—>
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Particle-vortex duality of fermions

S IS

-/ fiermion é s

= 1A )Y R Log = Z\I’DF@M —ia,)Y"VYpr
LWA)\G)\,W/a,uAU _SLWCL)\EA,LW(?MCLV ‘

» Fermionic duality:
* Bosonic symmetry:

dual fermlon
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Symmetries and dualities Il: fermionic duality

LVorteX — ’( Z.a,u)\lj\/ortex‘2
1 Wja CL,/ 2

- J
A

Los = i1Wp(0, —i4,)7" Vr Lcs = i¥pr(9y —ia, )" Upp
+8L7TA)\€>\IH/8MAV —S%CL/\G)\MVQMCLV

( Karch, Tong 2016, Seiberg, Senthil, Wang, Witten 2016)
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* Bosonic self-duality < fermionic time-reversal symmetry

* Fermionic self-duality <« bosonic time-reversal symmetry
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* Bosonic self-duality < fermionic time-reversal symmetry

* Fermionic self-duality <« bosonic time-reversal symmetry

Can bosons and fermions be
simultaneously self-dual?
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* Bosonic self-duality < fermionic time-reversal symmetry

* Fermionic self-duality <« bosonic time-reversal symmetry

Can bosons and fermions be
simultaneously self-dual?

Need self-dual bosons with
time-reversal symmetry
(no Chern-Simons term)!
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Symmetries and dualities llI:
simultaneous duality

EBoson — ( — 1A )\IJBoson‘ EVorteX — (a,u — Zau)\IjVorteX’
2 1 2
Bosons with time-reversal Vortices with time-reversal
Invariant intermediate- Invariant intermediate-
range interactions range interactions
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Symmetries and dualities llI:
simultananiic diiality

Exact self-duality
ensures criticality

EBoson — ‘(au — iAu)\IjBosonP £Vortex — ‘(a,u — Z.aJ,uJ)\IJ\/ortex’2

A 2 1 2
A= k x A T o] k x al
Bosons with time-reversal Vortices with time-reversal
Invariant intermediate- Invariant intermediate-

range interactions range interactions
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Symmetries and dualities llI:
simultananiic diiality

Exact self-duality
ensures criticality

¢ —
/QL for A\ =1

55 NS

Time-reversal
symmetry ensures

LBoson = | (0, —iA fermionic self-duality 0, — i) Uyortex|?
A N Z 1 2
A= k XA T o] k x al
Bosons with time-reversal Vortices with time-reversal
Invariant intermediate- Invariant intermediate-
range interactions range interactions
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Symmetries and dualities llI:
simultaneous duality

+47r1‘k| k x al?

EFermion — Z\I]F(a,u — ZA,LL)’Y'U\IIF 'CDual Fermion — Z\IJDF((?N _ ia/L)/yM\IjDF

1 2 1 2
5 'k x A + S TH] 'k x a
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Generalized models

o Bosons Fermions

gA o |k x Al o [k x Al
~

=

+

2

= A |k x A2 A |k x A2
N

. ir K| st |K|
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Generalized models

o Bosons Fermions
=1\ ° ’
—
~—
==
1 =3
=l O
D |
=
- X
o=
€12
% — 1 d 1 d 1 d 1 d
g 7T. ¢ 7"'. > 871'. fY . 8 o >
= Time reversal breaking Time reversal breaking
O O
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Generalized models

o Bosons Fermions
=A ’ .
—
~~—
— —
1 =2
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=
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©
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g o ® ® > ® ® ® >
L= Time reversal breaking Time reversal breaking
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0 0

David F. Mross
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Generalized models

o Bosons Fermions
=A ’ .
o .
~~—
Sl=
a0 | =4
§ Ci U&]]ty )
+ | <X ppll]g
n
= X
Sl= o
38 I
o<
S 1 ' _
g ® ® > ® 9 ® >
L= Time reversal breaking Time reversal breaking
f'\/ ada (N ada)
‘ ‘
G G

(DFM, Alicea, Motrunich, 2017)
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Generalized models

o Bosons Fermions
C%' A ° °
e .
~
— —
1
=i RS
O |
HE ‘
X
=
o= z— 1
SRS f(z) = 1 FHH
g 3 Z _|_ 1 | N | I :
S ® — = ,_J ¢ ® .
L= Time reversal breakmg Time reversal breaking
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(DFM, Alicea, Motrunich, 2017)
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Phase diagrams
Ay ~ ADF
U
Vortices condensed
M Dirac > 0 MDirac < 0
R it 3 2
2 i ] o
8AY p YDF
Wilson- Fisher s g
fixed point s
_ . 2 1 2 )
EBoson — |(8,u — ZA,LL)\I]BOSOH| ‘|‘)\B Im 1k |V X Al ‘|"VB ﬁAdA
— i\ . 1 2 )
EFermion — Z\IJF(a,u — ZA,UJ)V'LL\IJF +)\FF|k| |V X A| ‘I‘/YF SLT‘.ACZA
Av = )\—B Y = B App = A—F op = —YDF
B T AB B+ b T+ AR Yor T Abp
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Outlook

/ Strong or weak duality?
Ny T i ] « Concrete predictions from strong duality
/ « Need numerical verification

ppppp

Additional dualities

« Extra symmetries (e.g., N-flavor QED)

e Spin models (e.g, quantum spin liquids)

* Majorana fermions (bosonized theory

proposed, but symmetries unclear) I : i -
(Metlitski, Vishwanath, Xu 2016)
B Different dimensions
>/’//////////// . . .
y 7 | . Known partllcle-vortex duality in
LS 3+1 dimensions.

x

(Beekman, Sadri, Zaanen 2011)
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