
• We carried out a theoretical analysis of the Landau-Ginzburg-    
Wilson effective field theory of a classical incommensurate CDW 
in the presence of weak quenched disorder.  

• Although the possibility of long-range CDW order is precluded in 
such systems, any discrete symmetry-breaking aspect of the 
charge order (nematicity in our case) generically survives up to a 
nonzero disorder strength.  

• Such “vestigial order”, which is subject to unambiguous 
macroscopic detection, can serve as an avatar of what would be 
CDW order in the zero disorder limit.
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Abstract

Quenched Disorder and Vestigial Nematicity 
in the Pseudogap Regime of Cuprates
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• Apply replica trick and integrate out h;  perform Hubbard-
Stratonovich transformation and solve self-consistent equations:
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where       is the nematic order parameter (one of the HS fields).N
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Fig. 1  Zero-disorder phase diagram. 
Solid and dashed lines are second and 
first order transitions, respectively.

• Zero disorder
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Fig. 2  Finite-disorder phase diagram at 
Vz=0.01J. Nematic phase survives up to a 
critical disorder strength.

• 3D finite disorder

• CDW correlation length

Fig. 3  T-dependence of CDW correlation length under various disorder strengths, with 
(thin lines) or without (thick lines) an explicit symmetry breaking field.
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I. THE MODEL

Consider the 3D Hamiltonian with random-field disorder
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where � = (�x,�y) is the CDW order parameter,  is superconductivity (SC) order parameter, and

|�x|2 + |�y|2 + | |2 = 2N, ⌧ ⌘
✓

IN⇥N

�IN⇥N

◆
. (1.2)

(The reason 2N is used in the hard-spin constraint is that it makes the calculation easier by starting from previous
results of the model without SC order parameter). m labels the layer along z direction. h is a Gaussian random field:

h↵i(r, m) = 0, h↵i(r, m)h�j(r0, m0) = �2�↵��ij�mm0�(r � r

0), (1.3)

where ↵, � = x, y and i, j = 1, ..., N .
Compare (1.1) and the model in Science 343, 1336 (2014):
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we have the following correspondence:

gs = g, w = �2�, g0s = g0 +�. (1.5)

II. PHASE DIAGRAM

1. T = 0 (see Appendix A for details).
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FIG. 2: Phase diagram of Hamiltonian (1.1) at fixed g0 in T � g plane, under input parameters J = K, J 0 = Vz = V 0
z = 0.01J .

Solid and dashed lines mark second and first order transitions respectively. The dashed lines are sketched by hand. (a) g0 ⌧ �.
The bicritical point moves towards larger g as disorder is increasing. The zero-T nematic-SC transition point (black square),
however, may move along g-axis non-monotonically as a function of � depending on the value of g0, as already indicated in
Fig. 1 (c). (b) g0 � �. The tetracritical point also behaves non-monotonically as � increases: it first moves towards smaller
g until � = �c, then starts moving towards larger g. Note that (a) and (b) have the same �c where nematic phase disappears
and Tmulticritical hits zero (�c does not depend on g; Tmulticritical does not depend on g0).

III. CDW STRUCTURE FACTOR

We will focus on three regions of the zero-disorder, zero-T phase diagram, as shown in Fig. 3. The main results
are:

1. Region 1: corresponds to the parameters used in Science 343, 1336 (2014). There is a peak in CDW structure
factor as T decreases, and it can be enhanced by both interlayer coupling and disorder (see Fig. 4 and Fig. 5
for details).

2. Region 2: still a peak in CDW structure factor, but is suppressed by disorder (Fig. 6).

3. Region 3: no peak in CDW structure factor, although this is the most relevant region to experiments (coexistence
of nematicity and SC) (Fig. 7).
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FIG. 3: Three di↵erent parameter ranges in the zero-disorder, zero-T phase diagram.

A. Region 1

1. Fix � = 0 and increase interlayer coupling Vz. The input parameters of (1.1) are taken as

J = K = 1, J 0 = 0.01, V 0
z = Vz, � = 0.05, g0 = �0.05, g = 0.35. (3.1)

in order to reproduce (approximately) the fitting parameters in Science 343, 1336 (2014):

� = 1, w = �0.1, gs = 0.35, g0s = 0. (3.2)

•  Zero disorder, zero temperaure phase diagram

Fig. 4  Left: solid and dashed lines are second and first order transitions, respectively. 
The stripe (SC+stripe) phase becomes nematic (SC+nematic) at finite disorder.         
Right: Different parameter regions. Region 1 is the same as the parameters in ref[3].
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FIG. 4: CDW structure factor S�
x

(p = 0) as a function of T , with zero disorder and increasing Vz, under input parameters (3.1).
Dashed lines are SC transition temperatures, Tsc. For Vz = 0, mean-field theory cannot give result below the temperature
where SC mass term (almost) vanishes, marked by purple dashed line. As Vz increases, Tsc and the peak temperature of
structure factor Tpeak get closer to each other, and eventually Tsc > Tpeak at Vz ⇠ 5 (not shown).

2. Fix Vz = 0.01J and increase �. The input parameters are the same as (3.1) except that g = 0.7, since for
g = 0.35 the ground state with large disorder is no longer SC - it could be either purely nematic or isotropic
(see Appendix C for details).
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FIG. 5: CDW structure factor S�
x

(p = 0) as a function of T , with fixed Vz 6= 0 and increasing disorder, under input parameters
(3.1) but with g = 0.7. Dashed lines are SC transition temperatures. As � increases, Tsc and Tpeak get closer to each other,
but Tsc remains smaller than Tpeak. Another important feature is that CDW correlations are enhanced by disorder.

B. Region 2

The input parameters of (1.1) are taken as

J = K = 1, J 0 = 0.01, V 0
z = Vz = 0.01, � = 0.25, g0 = 0.8, g = 0.35. (3.3)

Region 2 and Region 1 both have SC as zero-disorder ground states. However, their CDW structure factors behave
very di↵erent under the e↵ect of disorder. For Region 2, fix Vz = 0.01J and increase �:
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(p = 0) as a function of T , with zero disorder and increasing Vz, under input parameters (3.1).
Dashed lines are SC transition temperatures, Tsc. For Vz = 0, mean-field theory cannot give result below the temperature
where SC mass term (almost) vanishes, marked by purple dashed line. As Vz increases, Tsc and the peak temperature of
structure factor Tpeak get closer to each other, and eventually Tsc > Tpeak at Vz ⇠ 5 (not shown).

2. Fix Vz = 0.01J and increase �. The input parameters are the same as (3.1) except that g = 0.7, since for
g = 0.35 the ground state with large disorder is no longer SC - it could be either purely nematic or isotropic
(see Appendix C for details).
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FIG. 5: CDW structure factor S�
x

(p = 0) as a function of T , with fixed Vz 6= 0 and increasing disorder, under input parameters
(3.1) but with g = 0.7. Dashed lines are SC transition temperatures. As � increases, Tsc and Tpeak get closer to each other,
but Tsc remains smaller than Tpeak. Another important feature is that CDW correlations are enhanced by disorder.

B. Region 2

The input parameters of (1.1) are taken as

J = K = 1, J 0 = 0.01, V 0
z = Vz = 0.01, � = 0.25, g0 = 0.8, g = 0.35. (3.3)

Region 2 and Region 1 both have SC as zero-disorder ground states. However, their CDW structure factors behave
very di↵erent under the e↵ect of disorder. For Region 2, fix Vz = 0.01J and increase �:

•  CDW structure factor in Region 1

Fig. 5  CDW structure factor as a function of temperature with input parameters 
from Region 1. Left: under increasing Vz with zero disorder. Right: under increasing 
disorder with fixed Vz=0.01J. Dashed lines mark superconductivity transitions.
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FIG. 6: CDW structure factor S�
x

(p = 0) as a function of T , with fixed Vz 6= 0 and increasing disorder, under input parameters
(3.3). Dashed lines are SC transition temperatures. As � increases, the peak structure is suppressed but the overall CDW
correlation is enhanced.

C. Region 3

The input parameters of (1.1) are taken as

J = K = 1, J 0 = 0.01, V 0
z = Vz = 0.01, � = 0.25, g0 = 1, g = �2.8. (3.4)
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FIG. 7: CDW structure factor S�
x

(p = 0) as a function of T , with fixed Vz 6= 0 and disorder, under input parameters
(3.4). Dashed lines and dots mark SC and nematic transition temperatures, respectively. Compared to the nematic transition
temperature which depends largely on the disorder strength, the SC transition temperature almost does not change when
disorder is varying; TC,�=0.8 < TC,�=1.9 < TC,�=1.6. The nematic transition greatly enhances the CDW correlation, and SC
transition is no longer able to bring the CDW structure factor down.

The primary conclusions are: (1) SC and nematic transitions tend to decrease and increase CDW structure factor,
respectively. (2) When the two factors compete, nematicity always wins and CDW structure factor never develops a
peak structure as a function of temperature.

•  Region 2

Fig. 6
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FIG. 6: CDW structure factor S�
x

(p = 0) as a function of T , with fixed Vz 6= 0 and increasing disorder, under input parameters
(3.3). Dashed lines are SC transition temperatures. As � increases, the peak structure is suppressed but the overall CDW
correlation is enhanced.

C. Region 3

The input parameters of (1.1) are taken as

J = K = 1, J 0 = 0.01, V 0
z = Vz = 0.01, � = 0.25, g0 = 1, g = �2.8. (3.4)
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FIG. 7: CDW structure factor S�
x

(p = 0) as a function of T , with fixed Vz 6= 0 and disorder, under input parameters
(3.4). Dashed lines and dots mark SC and nematic transition temperatures, respectively. Compared to the nematic transition
temperature which depends largely on the disorder strength, the SC transition temperature almost does not change when
disorder is varying; TC,�=0.8 < TC,�=1.9 < TC,�=1.6. The nematic transition greatly enhances the CDW correlation, and SC
transition is no longer able to bring the CDW structure factor down.

The primary conclusions are: (1) SC and nematic transitions tend to decrease and increase CDW structure factor,
respectively. (2) When the two factors compete, nematicity always wins and CDW structure factor never develops a
peak structure as a function of temperature.

•  Region 3

Fig. 7 Dots mark nematic transitions.

• Nematic transition greatly enhances the CDW structure factor. 
• SC transition suppresses CDW correlation.  
• Nematicity always wins when the two factors compete, resulting 

in a constantly increasing CDW structure factor as temperature 
decreases (no peak structure).
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Ongoing work (in collaboration with Prof. Subir Sachdev)
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: superconductivity order parameter

QCP around doping 0.19?
• Various experiments have indicated a possible quantum critical 

point in cuprates at around doping 0.19[1,2]. 
• With disorder taken into account, the QCP (if exists) cannot be 

incommensurate-CDW type. 
• Discrete symmetry breaking QCP is possible, e.g., nematic or 

time reversal symmetry breaking.
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