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theory. At the linearized level, the dual fields �, �, and  are not only part of the excitations
of type IIB supergravity around AdS5⇥S5, but also part of five-dimensional N = 8 SO(6)
gauged supergravity [22–24], as can be seen from [25]. It is therefore reasonable to assume
that the whole N = 2⇤ flow can be described within N = 8 gauged supergravity.

Using symmetry properties, we find that there exists a consistent truncation of N = 8
gauged supergravity containing only the bosonic fields mentioned in the previous paragraph,
namely gµ⌫ , �,  , and �. This consistent truncation appears to be new; the 5D Lagrangian
of the truncated theory is in Euclidean signature
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where we denoted z = (� + i )/
p
2, z̃ = (� � i )/

p
2, and ⌘ = e�/

p
6, G5 is the five-

dimensional Newton constant, and L is a length scale equal to the radius of curvature of
the (Euclidean) AdS5 extremum of (1.5) that has � = � =  = 0.

The equations of motion following from (1.5) are second order in derivatives. From
the vanishing of the supersymmetry variations of the spin-3/2 and spin-1/2 fields of the
full N = 8 gauged supergravity theory, one can also find a set of BPS equations that are
first order in derivatives and that imply the second-order equations. We find that the BPS
equations have a one-parameter family of smooth solutions with S4 slicing, as expected
from the one-parameter family of field theory deformations parameterized by m. These
solutions are the holographic duals of the N = 2⇤ on S4.

As a check that our supergravity solutions indeed correspond to the N = 2⇤ theory, we
use holographic renormalization [26–29] to compute the S4 free energy and match that with
known field theory results. In the field theory, the S4 free energy of the N = 2⇤ theory was
computed by first using supersymmetric localization to reduce the path integral on S4 to a
finite dimensional matrix integral [2] and then evaluating this matrix integral in the limit
of large N and large ’t Hooft coupling � = g2YMN [30–34]. The result is

FS4 = �N2

2
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1
2

16⇡2
, (1.6)

where � is the Euler-Mascheroni constant. The appearance of the Euler-Mascheroni con-
stant suggests that the result (1.6) was derived in a particular regularization scheme. In-
deed, the expression (1.6) is found after subtracting certain non-universal UV divergences,
and this subtraction introduces ambiguities in FS4 . However, the third derivative of (1.6)
with respect to ma,

d3FS4

d(ma)3
= �2N2ma(m2a2 + 3)

(m2a2 + 1)2
, (1.7)
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In this talk: 

•  Explain why Pilch-Warner does not capture flow of N=2* theory on S4.  
•  Construct flow in suitable truncation of 5d N=8 supergravity. 
•  Use holographic renormalization to exactly match full functional  
    form of the universal part of the free energy.  

This offers a precision-test of the gauge-gravity duality in the context  
of a Euclidean non-conformal setting. 



Plan 

•  N=2* on S4 

•  Gravity dual 

•  Holographic renormalization 

•  Comments 

Based on 1311.1508 with 
Nikolay Bobev, Dan Freedman, and Silviu Pufu  
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N=4 SYM 

Aµ, �1, �2, �3, �4, X1, X2, X3, X4, X5, X6
4 gluinos 6 scalars 

SU(4)R ⇠ SO(6)RGlobal R-symmetry: 

In N=2 formulation: 

N=2 vector multiplet: 

N=2 hypermultiplet: 
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Review of N=2*: global symmetries 

SU(4)R ⇠ SO(6)R

The specific implementation of these symmetries is discussed in Appendix A; see also [38]
and [39]. The results are summarized in the following table:

SU(2)V SU(2)H U(1)R
Aµ 0 0 0
� 0 0 +2
 1,2 1/2 0 +1
 ̃1,2 1/2 0 �1

Z1,2 1/2† 1/2 0
�1,2 0 1/2 �1
�̃1,2 0 1/2 +1

The action of SU(2)V on the scalars z1,2 is flagged to indicate its special form: the basic

doublets are

✓

Zc
2

Z̃c
1

◆

and

✓

Zc
1

�Z̃c
2

◆

. All fields of the vector multiplet are SU(2)H singlets and

all fields of the hypermultiplet belong to the s = 1/2 representation. With this information
we can now understand the structure of LYukawa in (2.7). The quantities �1Z2 � �2Z1

and �1Z̃1 + �2Z̃2 are both SU(2)H invariants. Thus LYukawa is invariant under all global
symmetries.

2.2 The mass deformation

In flat space one can introduce the hypermultiplet mass term via the N = 1 superpotential
(see (3.1) of [40])

W2⇤ = �
p
2fabcZa

1Z
b
2Z

c
3 +

1

2
m(Za

1Z
a
1 + Za

2Z
a
2 ) . (2.11)

This produces two new terms in the Lagrangian, a cubic coupling of the scalars (recall that
� = Z3)

L3 = �
p
2m[fabc(Z̃a

1Z
b
2 � Z̃a

2Z
b
1)�

c + h.c.] , (2.12)

and the mass term proper

Lmass = �1

2
m(�aT

i �2�
a
i + �̃aT

i �2�̃
a
i ) +m2Z̃a

i Z
a
i . (2.13)

The hypermultiplet mass breaks the symmetry group SU(2)V ⇥ SU(2)H ⇥ U(1)R of
the Euclidean theory on R4 and we find that there is further breaking on S4. One can
see that U(1)R is broken by the fermion mass term and that SU(2)H is broken to the
U(1)H subgroup generated by the Pauli matrix ⌧2.3 SU(2)V is preserved by Lmass. L3 also
preserves SU(2)V ⇥ U(1)H , and U(1)R is broken. The parameter m in (2.12)–(2.13) may
be real or complex. The mass term obviously breaks conformal symmetry in flat space, but
N = 2 Poincaré supersymmetry is unbroken.

3Pauli matrices are denoted by �i when they act on spacetime spinors, and otherwise by ⌧i.
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N=2 

which supergravity fields are needed in our S4 example, let us first describe more precisely
the N = 2⇤ SYM theory starting with N = 4 SYM. In N = 2 notation, the field content
of N = 4 SYM is given by a hypermultiplet consisting of two complex scalars Z1 and Z2

and two Weyl fermions �1 and �2, as well as by a vector multiplet consisting of a gauge
field Aµ, two Weyl fermions  1 and  2, and a complex scalar Z3. All these fields transform
in the adjoint representation of the SU(N) gauge group. The N = 4 SYM Lagrangian on
S4 can be obtained using conformal symmetry from the one on R4. The two di↵er only in
that on S4 the scalars acquire a conformal coupling to curvature:

LS4

N=4 = LR4

N=4

�

�
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+

2

a2
tr
� |Z1|2 + |Z2|2 + |Z3|2

�

. (1.1)

Here, gµ⌫ denotes the metric on a round S4 whose radius is a, and by “⌘µ⌫ ! gµ⌫” we
mean that when considering the theory on S4, we should introduce a minimal coupling to
curvature. The mass deformation that gives the N = 2⇤ SYM theory is a mass term for
the hypermultiplet. In flat space, this mass term would take the form

LR4

m = m2 tr
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�

+m tr (�1�1 + �2�2 + h.c.) . (1.2)

On S4, the N = 2 supersymmetry algebra receives curvature corrections, and the mass
deformation (1.2) does not preserve supersymmetry by itself. Up to a discrete choice,1 the
correct supersymmetric expression on S4 is [2]
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The extra term in (1.3) will play a crucial role in our work. It is important to stress that, as
mentioned above, the curvature couplings in (1.1) and (1.3) are uniquely fixed by requiring
invariance under N = 2 supersymmetry.

According to the AdS/CFT dictionary, there exists a correspondence between certain
gauge-invariant operators in the field theory and type IIB supergravity fields. To describe
the holographic dual of N = 2⇤ theory, we expect that at least four bosonic bulk fields
should acquire non-trivial profiles: the bulk metric gµ⌫ , a scalar field � dual to the bosonic
mass term O� in (1.2), a scalar field  dual to the fermionic mass term O in (1.2), and
another scalar field � dual to the operator O� in (1.3). Explicitly, the operators are
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�1�1+�2�2+h.c.
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In N = 4 SYM, or in other words at the UV fixed point of the RG flow we want to consider,
the operators O� and O� have scaling dimension two and are part of the 200 irrep of the
SU(4) R-symmetry group, while O has scaling dimension three and is part of the 10�10
of SU(4), as can be seen from their expressions in terms of the matter fields of the N = 4

1The discrete choice corresponds to which OSp(2|4) sub-algebra of the SU(2|2, 4) superconformal algebra
we wish to preserve. The other choice is obtained by formally sending a ! �a in (1.3) and subsequent
formulas.
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see that U(1)R is broken by the fermion mass term and that SU(2)H is broken to the
U(1)H subgroup generated by the Pauli matrix ⌧2.3 SU(2)V is preserved by Lmass. L3 also
preserves SU(2)V ⇥ U(1)H , and U(1)R is broken. The parameter m in (2.12)–(2.13) may
be real or complex. The mass term obviously breaks conformal symmetry in flat space, but
N = 2 Poincaré supersymmetry is unbroken.

3Pauli matrices are denoted by �i when they act on spacetime spinors, and otherwise by ⌧i.
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The specific implementation of these symmetries is discussed in Appendix A; see also [38]
and [39]. The results are summarized in the following table:
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◆
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and �1Z̃1 + �2Z̃2 are both SU(2)H invariants. Thus LYukawa is invariant under all global
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Review of N=2*: holography 

which supergravity fields are needed in our S4 example, let us first describe more precisely
the N = 2⇤ SYM theory starting with N = 4 SYM. In N = 2 notation, the field content
of N = 4 SYM is given by a hypermultiplet consisting of two complex scalars Z1 and Z2

and two Weyl fermions �1 and �2, as well as by a vector multiplet consisting of a gauge
field Aµ, two Weyl fermions  1 and  2, and a complex scalar Z3. All these fields transform
in the adjoint representation of the SU(N) gauge group. The N = 4 SYM Lagrangian on
S4 can be obtained using conformal symmetry from the one on R4. The two di↵er only in
that on S4 the scalars acquire a conformal coupling to curvature:
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Here, gµ⌫ denotes the metric on a round S4 whose radius is a, and by “⌘µ⌫ ! gµ⌫” we
mean that when considering the theory on S4, we should introduce a minimal coupling to
curvature. The mass deformation that gives the N = 2⇤ SYM theory is a mass term for
the hypermultiplet. In flat space, this mass term would take the form
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+m tr (�1�1 + �2�2 + h.c.) . (1.2)

On S4, the N = 2 supersymmetry algebra receives curvature corrections, and the mass
deformation (1.2) does not preserve supersymmetry by itself. Up to a discrete choice,1 the
correct supersymmetric expression on S4 is [2]
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The extra term in (1.3) will play a crucial role in our work. It is important to stress that, as
mentioned above, the curvature couplings in (1.1) and (1.3) are uniquely fixed by requiring
invariance under N = 2 supersymmetry.

According to the AdS/CFT dictionary, there exists a correspondence between certain
gauge-invariant operators in the field theory and type IIB supergravity fields. To describe
the holographic dual of N = 2⇤ theory, we expect that at least four bosonic bulk fields
should acquire non-trivial profiles: the bulk metric gµ⌫ , a scalar field � dual to the bosonic
mass term O� in (1.2), a scalar field  dual to the fermionic mass term O in (1.2), and
another scalar field � dual to the operator O� in (1.3). Explicitly, the operators are
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In N = 4 SYM, or in other words at the UV fixed point of the RG flow we want to consider,
the operators O� and O� have scaling dimension two and are part of the 200 irrep of the
SU(4) R-symmetry group, while O has scaling dimension three and is part of the 10�10
of SU(4), as can be seen from their expressions in terms of the matter fields of the N = 4

1The discrete choice corresponds to which OSp(2|4) sub-algebra of the SU(2|2, 4) superconformal algebra
we wish to preserve. The other choice is obtained by formally sending a ! �a in (1.3) and subsequent
formulas.
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all fields of the hypermultiplet belong to the s = 1/2 representation. With this information
we can now understand the structure of LYukawa in (2.7). The quantities �1Z2 � �2Z1

and �1Z̃1 + �2Z̃2 are both SU(2)H invariants. Thus LYukawa is invariant under all global
symmetries.

2.2 The mass deformation

In flat space one can introduce the hypermultiplet mass term via the N = 1 superpotential
(see (3.1) of [40])
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The hypermultiplet mass breaks the symmetry group SU(2)V ⇥ SU(2)H ⇥ U(1)R of
the Euclidean theory on R4 and we find that there is further breaking on S4. One can
see that U(1)R is broken by the fermion mass term and that SU(2)H is broken to the
U(1)H subgroup generated by the Pauli matrix ⌧2.3 SU(2)V is preserved by Lmass. L3 also
preserves SU(2)V ⇥ U(1)H , and U(1)R is broken. The parameter m in (2.12)–(2.13) may
be real or complex. The mass term obviously breaks conformal symmetry in flat space, but
N = 2 Poincaré supersymmetry is unbroken.

3Pauli matrices are denoted by �i when they act on spacetime spinors, and otherwise by ⌧i.
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dimension 2 operator dimension 3 operator 

asymptotic coe�cients that appear in (5.6)).

3. The counterterm action that should be added to the action (5.1) is simply the negative
of the divergences found in step 2. We find that the result is

Sct =
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(5.9)
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3
R[�]2

i

+
1

4
 2� � 1

24
R[�] 2 � 1

6
 4

��

,

where R[�]ij and R[�] are the Ricci tensor and Ricci scalar, respectively, of the induced
metric �ij.

There are other five-dimensional holographic flows in the literature that involve super-
gravity scalars dual to dimension 2 and 3 operators in the dual field theory, such as the
GPPZ [14], FGPW [15], Coulomb branch [16], and Pilch-Warner [35] flows. It is inter-
esting to note that, when expressed using canonically normalized scalars, all terms in the
counterterm action (5.9), except the final  4 log ✏, appear in the same form with the same
coe�cients in these models. Only the last term in (5.9) is model-dependent in the sense
that its coe�cient (here 1/6) is sensitive to details of the scalar potential.

Let us now consider finite counterterms. If supersymmetry is preserved in the vacuum
state of a supersymmetric field theory in flat space, the vacuum energy must vanish. This
means that the renormalized on-shell action of the dual gravity theory must vanish when
the boundary metric is Lorentz invariant and operator sources are constant on the bound-
ary. This criterion may be tested when the dual supergravity theory has flat-sliced BPS
domain walls, i.e. solutions with metric ds2 = dr2 + e2A(r)�ijdxidxj, that are controlled by
a superpotential. In five-dimensional supergravity, the superpotential is a real function of
the fields. For a theory with several real scalars �i and target space metric Kij(�), the
superpotential W (�) is related to the potential V (�) by

V =
1

2
Kij@iW @jW � 4

3
W 2 . (5.10)

In this case the BPS equations of flat sliced walls take the form (see [42] or Ch. 23 of [43])
of simple gradient flow equations that are compatible with the Lagrangian equations of
motion. Further, the action integral for flat sliced solutions can be rearranged by the
Bogomolnyi maneuver into the form

S =

Z

d4x
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✓

e4A


�3
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3
W
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+
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2
Kij
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�i0�Kil@lW
��

�j 0�Kjm@mW
�

�

� d

dr

�

e4AW
�

◆

,

(5.11)
where r0 is a UV cuto↵. When the flow equations (e.g. A0 = 2

3
W and �i0 = Kil@lW ) are

satisfied, i.e. for a BPS solution, the on-shell action vanishes, except for the surface term
evaluated at the cuto↵ r0. Supersymmetry requires this term to be cancelled, so one must

23

dual scalar   dual scalar   �  

5d Pilch-Warner flow has flat domain walls  

and non-trivial radial profiles for the two scalars  

Type IIB lift: SU(2)V ⇥ U(1)H ⇥ U(1)Y
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On S4: N=4 SYM 

N=4 SYM is conformal,  
 
so just need conformal coupling for the scalars: 

which supergravity fields are needed in our S4 example, let us first describe more precisely
the N = 2⇤ SYM theory starting with N = 4 SYM. In N = 2 notation, the field content
of N = 4 SYM is given by a hypermultiplet consisting of two complex scalars Z1 and Z2

and two Weyl fermions �1 and �2, as well as by a vector multiplet consisting of a gauge
field Aµ, two Weyl fermions  1 and  2, and a complex scalar Z3. All these fields transform
in the adjoint representation of the SU(N) gauge group. The N = 4 SYM Lagrangian on
S4 can be obtained using conformal symmetry from the one on R4. The two di↵er only in
that on S4 the scalars acquire a conformal coupling to curvature:

LS4

N=4 = LR4

N=4

�

�

�

⌘µ⌫!gµ⌫
+

2

a2
tr
� |Z1|2 + |Z2|2 + |Z3|2

�

. (1.1)

Here, gµ⌫ denotes the metric on a round S4 whose radius is a, and by “⌘µ⌫ ! gµ⌫” we
mean that when considering the theory on S4, we should introduce a minimal coupling to
curvature. The mass deformation that gives the N = 2⇤ SYM theory is a mass term for
the hypermultiplet. In flat space, this mass term would take the form

LR4

m = m2 tr
�|Z1|2 + |Z2|2

�

+m tr (�1�1 + �2�2 + h.c.) . (1.2)

On S4, the N = 2 supersymmetry algebra receives curvature corrections, and the mass
deformation (1.2) does not preserve supersymmetry by itself. Up to a discrete choice,1 the
correct supersymmetric expression on S4 is [2]

LS4

m = LR4

m +
im

2a
tr
�

Z2
1 + Z2

2 + h.c.
�

. (1.3)

The extra term in (1.3) will play a crucial role in our work. It is important to stress that, as
mentioned above, the curvature couplings in (1.1) and (1.3) are uniquely fixed by requiring
invariance under N = 2 supersymmetry.

According to the AdS/CFT dictionary, there exists a correspondence between certain
gauge-invariant operators in the field theory and type IIB supergravity fields. To describe
the holographic dual of N = 2⇤ theory, we expect that at least four bosonic bulk fields
should acquire non-trivial profiles: the bulk metric gµ⌫ , a scalar field � dual to the bosonic
mass term O� in (1.2), a scalar field  dual to the fermionic mass term O in (1.2), and
another scalar field � dual to the operator O� in (1.3). Explicitly, the operators are

O� = tr
� |Z1|2+ |Z2|2

�

, O = tr
�

�1�1+�2�2+h.c.
�

, O� = tr
�

Z2
1 +Z2

2 +h.c.
�

. (1.4)

In N = 4 SYM, or in other words at the UV fixed point of the RG flow we want to consider,
the operators O� and O� have scaling dimension two and are part of the 200 irrep of the
SU(4) R-symmetry group, while O has scaling dimension three and is part of the 10�10
of SU(4), as can be seen from their expressions in terms of the matter fields of the N = 4

1The discrete choice corresponds to which OSp(2|4) sub-algebra of the SU(2|2, 4) superconformal algebra
we wish to preserve. The other choice is obtained by formally sending a ! �a in (1.3) and subsequent
formulas.
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where      is the radius of the sphere. a



On S4: N=2* SYM 

N=2* theory is NOT conformal,  
 

which supergravity fields are needed in our S4 example, let us first describe more precisely
the N = 2⇤ SYM theory starting with N = 4 SYM. In N = 2 notation, the field content
of N = 4 SYM is given by a hypermultiplet consisting of two complex scalars Z1 and Z2

and two Weyl fermions �1 and �2, as well as by a vector multiplet consisting of a gauge
field Aµ, two Weyl fermions  1 and  2, and a complex scalar Z3. All these fields transform
in the adjoint representation of the SU(N) gauge group. The N = 4 SYM Lagrangian on
S4 can be obtained using conformal symmetry from the one on R4. The two di↵er only in
that on S4 the scalars acquire a conformal coupling to curvature:
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Here, gµ⌫ denotes the metric on a round S4 whose radius is a, and by “⌘µ⌫ ! gµ⌫” we
mean that when considering the theory on S4, we should introduce a minimal coupling to
curvature. The mass deformation that gives the N = 2⇤ SYM theory is a mass term for
the hypermultiplet. In flat space, this mass term would take the form
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m = m2 tr
�|Z1|2 + |Z2|2
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+m tr (�1�1 + �2�2 + h.c.) . (1.2)

On S4, the N = 2 supersymmetry algebra receives curvature corrections, and the mass
deformation (1.2) does not preserve supersymmetry by itself. Up to a discrete choice,1 the
correct supersymmetric expression on S4 is [2]
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The extra term in (1.3) will play a crucial role in our work. It is important to stress that, as
mentioned above, the curvature couplings in (1.1) and (1.3) are uniquely fixed by requiring
invariance under N = 2 supersymmetry.

According to the AdS/CFT dictionary, there exists a correspondence between certain
gauge-invariant operators in the field theory and type IIB supergravity fields. To describe
the holographic dual of N = 2⇤ theory, we expect that at least four bosonic bulk fields
should acquire non-trivial profiles: the bulk metric gµ⌫ , a scalar field � dual to the bosonic
mass term O� in (1.2), a scalar field  dual to the fermionic mass term O in (1.2), and
another scalar field � dual to the operator O� in (1.3). Explicitly, the operators are
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In N = 4 SYM, or in other words at the UV fixed point of the RG flow we want to consider,
the operators O� and O� have scaling dimension two and are part of the 200 irrep of the
SU(4) R-symmetry group, while O has scaling dimension three and is part of the 10�10
of SU(4), as can be seen from their expressions in terms of the matter fields of the N = 4

1The discrete choice corresponds to which OSp(2|4) sub-algebra of the SU(2|2, 4) superconformal algebra
we wish to preserve. The other choice is obtained by formally sending a ! �a in (1.3) and subsequent
formulas.
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the presence of the mass terms  

which supergravity fields are needed in our S4 example, let us first describe more precisely
the N = 2⇤ SYM theory starting with N = 4 SYM. In N = 2 notation, the field content
of N = 4 SYM is given by a hypermultiplet consisting of two complex scalars Z1 and Z2

and two Weyl fermions �1 and �2, as well as by a vector multiplet consisting of a gauge
field Aµ, two Weyl fermions  1 and  2, and a complex scalar Z3. All these fields transform
in the adjoint representation of the SU(N) gauge group. The N = 4 SYM Lagrangian on
S4 can be obtained using conformal symmetry from the one on R4. The two di↵er only in
that on S4 the scalars acquire a conformal coupling to curvature:
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Here, gµ⌫ denotes the metric on a round S4 whose radius is a, and by “⌘µ⌫ ! gµ⌫” we
mean that when considering the theory on S4, we should introduce a minimal coupling to
curvature. The mass deformation that gives the N = 2⇤ SYM theory is a mass term for
the hypermultiplet. In flat space, this mass term would take the form
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On S4, the N = 2 supersymmetry algebra receives curvature corrections, and the mass
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correct supersymmetric expression on S4 is [2]
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The extra term in (1.3) will play a crucial role in our work. It is important to stress that, as
mentioned above, the curvature couplings in (1.1) and (1.3) are uniquely fixed by requiring
invariance under N = 2 supersymmetry.

According to the AdS/CFT dictionary, there exists a correspondence between certain
gauge-invariant operators in the field theory and type IIB supergravity fields. To describe
the holographic dual of N = 2⇤ theory, we expect that at least four bosonic bulk fields
should acquire non-trivial profiles: the bulk metric gµ⌫ , a scalar field � dual to the bosonic
mass term O� in (1.2), a scalar field  dual to the fermionic mass term O in (1.2), and
another scalar field � dual to the operator O� in (1.3). Explicitly, the operators are
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In N = 4 SYM, or in other words at the UV fixed point of the RG flow we want to consider,
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SU(4) R-symmetry group, while O has scaling dimension three and is part of the 10�10
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we wish to preserve. The other choice is obtained by formally sending a ! �a in (1.3) and subsequent
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On S4, the N = 2 supersymmetry algebra receives curvature corrections, and the mass
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mentioned above, the curvature couplings in (1.1) and (1.3) are uniquely fixed by requiring
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gauge-invariant operators in the field theory and type IIB supergravity fields. To describe
the holographic dual of N = 2⇤ theory, we expect that at least four bosonic bulk fields
should acquire non-trivial profiles: the bulk metric gµ⌫ , a scalar field � dual to the bosonic
mass term O� in (1.2), a scalar field  dual to the fermionic mass term O in (1.2), and
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In N = 4 SYM, or in other words at the UV fixed point of the RG flow we want to consider,
the operators O� and O� have scaling dimension two and are part of the 200 irrep of the
SU(4) R-symmetry group, while O has scaling dimension three and is part of the 10�10
of SU(4), as can be seen from their expressions in terms of the matter fields of the N = 4
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formulas.
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requires another term   

in order for supersymmetry to be preserved. 

written in terms of 4⇥ 4 ’t Hooft matrices (see Appendix A):

LYukawa =
p
2fabc
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1

2
✏↵�

�

 aT
↵ �2 

b
�

�

�̃c � 1

2
✏ij

�

�aT
i �2�

b
j

�

�c

+
�

 aT
1 �2  aT

2 �2
�

✓

0 1
�1 0

◆

�b
1

✓

Zc
2

Z̃c
1

◆

� �b
2

✓

Zc
1

�Z̃c
2

◆�◆

+ h.c.

=
p
2fabc

✓

1

2
✏↵�

�

 aT
↵ �2 

b
�

�

�̃c � 1

2
✏ij

�

�aT
i �2�

b
j

�

�c + ( aT
1 �2�

b
i)Z̃

c
i � (✏ij 

aT
2 �2�

b
i)Z

c
j

◆

+ h.c.

(2.7)

Here, and in the following, “h.c.” stands for the formal Hermitian conjugate, i.e. terms
that in the Lorentzian theory are obtained by Hermitian conjugation and are converted to
Euclidean signature via the analytic continuation detailed in [20]. In the first form (2.7),
the global symmetries of LYukawa are manifest, as we will discuss shortly. The second form
is neater.

The quartic term is also obtained directly from that of the N = 4 theory, viz.

L4 =
1

2
fabcfab0c0

3
X

i,j=1

⇣

� Z̃b
iZ

c
i Z̃

b0

j Z
c0

j + 2Z̃b
j Z̃

c
iZ

b0

j Z
c0

i

⌘

. (2.8)

In the N = 1 formulation with three adjoint scalars Zi, the first quartic term in (2.8) is
simply the D-term potential VD = 1

2
DaDa and the second term is the F-term potential

VF = F̃ aF a =
P3

i=1

�

�

@W
@Za

i

�

�

2
for the cubic superpotential,

W = �
p
2fabcZa

1Z
b
2Z

c
3 . (2.9)

For the N = 2⇤ formulation, we replace Z3 ! � in the bilinear sums of (2.8), for example
P3

i=1 Z̃
b
iZ

c
i = �̃b�c +

P2
i=1 Z̃

b
iZ

c
i .

This massless theory is invariant under transformation rules in which the spinor param-
eters are Killing spinors on S4. They are Weyl spinors that satisfy the equations

rµ✏± = ± i

2a
�µ✏̃± , rµ✏̃± = ± i

2a
�̄µ✏± . (2.10)

For each sign ± there are two linearly independent solutions. The explicit form of these
solutions is known [37] but is not needed for our purposes. The massless N = 4 theory is
superconformal, and thus invariant under transformations involving both signs. There is a
further doubling of the number of spinors because of N = 2 supersymmetry. It is incor-
porated by adding the subscript I = 1, 2, i.e. ✏± ! ✏±,I . We will not exhibit the complete
transformation rules because they are not needed, but the subset used to determine the
mass deformation of the action is discussed in Appendix A.

So far we have just rewritten the N = 4 SYM theory on S4 in a notation which
incorporates the split into vector and hypermultiplet. The subgroup of the R-symmetry
group SU(4) that preserves this split may be denoted by SU(2)V ⇥ SU(2)H ⇥ U(1)R.
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so in addition to conformal coupling for the scalars, 

SUSY transf w/ S4 Killing spinors  



On S4: N=2* SYM 

which supergravity fields are needed in our S4 example, let us first describe more precisely
the N = 2⇤ SYM theory starting with N = 4 SYM. In N = 2 notation, the field content
of N = 4 SYM is given by a hypermultiplet consisting of two complex scalars Z1 and Z2

and two Weyl fermions �1 and �2, as well as by a vector multiplet consisting of a gauge
field Aµ, two Weyl fermions  1 and  2, and a complex scalar Z3. All these fields transform
in the adjoint representation of the SU(N) gauge group. The N = 4 SYM Lagrangian on
S4 can be obtained using conformal symmetry from the one on R4. The two di↵er only in
that on S4 the scalars acquire a conformal coupling to curvature:

LS4

N=4 = LR4

N=4

�

�

�

⌘µ⌫!gµ⌫
+

2

a2
tr
� |Z1|2 + |Z2|2 + |Z3|2

�

. (1.1)

Here, gµ⌫ denotes the metric on a round S4 whose radius is a, and by “⌘µ⌫ ! gµ⌫” we
mean that when considering the theory on S4, we should introduce a minimal coupling to
curvature. The mass deformation that gives the N = 2⇤ SYM theory is a mass term for
the hypermultiplet. In flat space, this mass term would take the form

LR4

m = m2 tr
�|Z1|2 + |Z2|2

�

+m tr (�1�1 + �2�2 + h.c.) . (1.2)

On S4, the N = 2 supersymmetry algebra receives curvature corrections, and the mass
deformation (1.2) does not preserve supersymmetry by itself. Up to a discrete choice,1 the
correct supersymmetric expression on S4 is [2]

LS4

m = LR4

m +
im

2a
tr
�

Z2
1 + Z2

2 + h.c.
�

. (1.3)

The extra term in (1.3) will play a crucial role in our work. It is important to stress that, as
mentioned above, the curvature couplings in (1.1) and (1.3) are uniquely fixed by requiring
invariance under N = 2 supersymmetry.

According to the AdS/CFT dictionary, there exists a correspondence between certain
gauge-invariant operators in the field theory and type IIB supergravity fields. To describe
the holographic dual of N = 2⇤ theory, we expect that at least four bosonic bulk fields
should acquire non-trivial profiles: the bulk metric gµ⌫ , a scalar field � dual to the bosonic
mass term O� in (1.2), a scalar field  dual to the fermionic mass term O in (1.2), and
another scalar field � dual to the operator O� in (1.3). Explicitly, the operators are

O� = tr
� |Z1|2+ |Z2|2

�

, O = tr
�

�1�1+�2�2+h.c.
�

, O� = tr
�

Z2
1 +Z2

2 +h.c.
�

. (1.4)

In N = 4 SYM, or in other words at the UV fixed point of the RG flow we want to consider,
the operators O� and O� have scaling dimension two and are part of the 200 irrep of the
SU(4) R-symmetry group, while O has scaling dimension three and is part of the 10�10
of SU(4), as can be seen from their expressions in terms of the matter fields of the N = 4

1The discrete choice corresponds to which OSp(2|4) sub-algebra of the SU(2|2, 4) superconformal algebra
we wish to preserve. The other choice is obtained by formally sending a ! �a in (1.3) and subsequent
formulas.
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Consequences of  

The specific implementation of these symmetries is discussed in Appendix A; see also [38]
and [39]. The results are summarized in the following table:

SU(2)V SU(2)H U(1)R
Aµ 0 0 0
� 0 0 +2
 1,2 1/2 0 +1
 ̃1,2 1/2 0 �1

Z1,2 1/2† 1/2 0
�1,2 0 1/2 �1
�̃1,2 0 1/2 +1

The action of SU(2)V on the scalars z1,2 is flagged to indicate its special form: the basic

doublets are

✓

Zc
2

Z̃c
1

◆

and

✓

Zc
1

�Z̃c
2

◆

. All fields of the vector multiplet are SU(2)H singlets and

all fields of the hypermultiplet belong to the s = 1/2 representation. With this information
we can now understand the structure of LYukawa in (2.7). The quantities �1Z2 � �2Z1

and �1Z̃1 + �2Z̃2 are both SU(2)H invariants. Thus LYukawa is invariant under all global
symmetries.

2.2 The mass deformation

In flat space one can introduce the hypermultiplet mass term via the N = 1 superpotential
(see (3.1) of [40])

W2⇤ = �
p
2fabcZa

1Z
b
2Z

c
3 +

1

2
m(Za

1Z
a
1 + Za

2Z
a
2 ) . (2.11)

This produces two new terms in the Lagrangian, a cubic coupling of the scalars (recall that
� = Z3)

L3 = �
p
2m[fabc(Z̃a

1Z
b
2 � Z̃a

2Z
b
1)�

c + h.c.] , (2.12)

and the mass term proper

Lmass = �1

2
m(�aT

i �2�
a
i + �̃aT

i �2�̃
a
i ) +m2Z̃a

i Z
a
i . (2.13)

The hypermultiplet mass breaks the symmetry group SU(2)V ⇥ SU(2)H ⇥ U(1)R of
the Euclidean theory on R4 and we find that there is further breaking on S4. One can
see that U(1)R is broken by the fermion mass term and that SU(2)H is broken to the
U(1)H subgroup generated by the Pauli matrix ⌧2.3 SU(2)V is preserved by Lmass. L3 also
preserves SU(2)V ⇥ U(1)H , and U(1)R is broken. The parameter m in (2.12)–(2.13) may
be real or complex. The mass term obviously breaks conformal symmetry in flat space, but
N = 2 Poincaré supersymmetry is unbroken.

3Pauli matrices are denoted by �i when they act on spacetime spinors, and otherwise by ⌧i.
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1)                           is broken to  

is contained in USp(8). The N = 8 gauged supergravity theory therefore has SO(6) ⇥
USp(8) local and SL(2,R) global invariance. Fixing the USp(8) gauge as above, it is
then straightforward to determine the SO(6) ⇥ SO(2) charges of the various supergravity
fields by decomposing the USp(8) irreps listed in the previous paragraph with respect to the
SO(6)⇥SO(2) subgroup. One e↵ect of the gauging is that 15 of the 27 vector fields become
the SO(6) gauge fields while the other 12 must be represented as rank-two antisymmetric
tensor fields that are charged under SO(6).

To characterize the embedding of SO(6)⇥SO(2) into USp(8), let Hi, with i = 1, . . . , 4,
be the Cartan elements of USp(8) defined such that the fundamental eight-component vec-
tors v±i satisfy Hjv±i = ±�ijv±i. Choosing the Cartan of SO(6) to be generated by rotations
in the 13, 24, and 56 planes, it is straightforward to work out that, up to equivalence, one
must have:

U(1)13 : �H1 +H2 +H3 �H4 ,

U(1)24 : H1 �H2 +H3 �H4 ,

U(1)56 : H1 +H2 �H3 �H4 ,

SO(2) : H1 +H2 +H3 +H4 .

(3.3)

where U(1)ij 2 SO(6) corresponds to rotations in the ij plane. Another characterization of
the embedding of SO(6)⇥ SO(2) into USp(8) is that the fundamental irrep 8 of the latter
group decomposes as 41 + 4�1 under the former. The SO(6) gauge group in supergravity
corresponds to the SO(6)R ⇠= SU(4)R symmetry group of the N = 4 SYM theory described
in the previous section. Similarly, the SO(2) invariance of the supergravity theory corre-
sponds to the SO(2) “symmetry” of N = 4 SYM that emerges at large N and ’t Hooft
coupling [41] .

As discussed in the previous section, the mass deformedN = 2⇤ theory on S4 is invariant
under a U(1)V ⇥U(1)H⇥U(1)Y subgroup of SO(6)⇥SO(2) in the large N limit and at large
’t Hooft coupling. The supersymmetries of the field theory transform under U(1)V , which
is the only R-symmetry in the product group. The holographic dual we seek must reflect
these symmetries. This means that the bulk scalar fields should be U(1)3 invariant, while
the gravitini6 are U(1)H ⇥ U(1)Y invariant but charged under U(1)V . From the previous
analysis we identify

U(1)V : H3 �H4 ,

U(1)H : H1 �H2 ,

U(1)Y : H1 +H2 .

(3.4)

One may therefore consider the sector of N = 8 gauged supergravity that is invariant
only under U(1)H and U(1)Y . The fields that are invariant are: the metric, 4 gravitini,
5 vector fields (corresponding to the SU(2)V ⇥ U(1)H ⇥ U(1)R subgroup of SO(6)), 2

6None of the eight gravitini of the N = 8 theory, which transform in the 8 of USp(8), are invariant
under (3.4).
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2) The gravity dual can be expected to involve one 
more scalar dual to this dimension 2 operator. 

dual scalar   �

The third scalar turns out to be necessary for the gravitational 
flow dual to N=2* theory on S4. 

This  is why the two-scalar Pilch-Warner model does not  
capture this flow on S4. 



Holographic dual of N=2* SYM on S4 

theory. At the linearized level, the dual fields �, �, and  are not only part of the excitations
of type IIB supergravity around AdS5⇥S5, but also part of five-dimensional N = 8 SO(6)
gauged supergravity [22–24], as can be seen from [25]. It is therefore reasonable to assume
that the whole N = 2⇤ flow can be described within N = 8 gauged supergravity.

Using symmetry properties, we find that there exists a consistent truncation of N = 8
gauged supergravity containing only the bosonic fields mentioned in the previous paragraph,
namely gµ⌫ , �,  , and �. This consistent truncation appears to be new; the 5D Lagrangian
of the truncated theory is in Euclidean signature

L5D =
1

4⇡G5



�R

4
+

3@µ⌘@µ⌘

⌘2
+

@µz@µz̃

(1� zz̃)2
+ V

�

,

V ⌘ � 1

L2

✓

1

⌘4
+ 2⌘2

1 + zz̃

1� zz̃
+
⌘8

4

(z � z̃)2

(1� zz̃)2

◆

,

(1.5)

where we denoted z = (� + i )/
p
2, z̃ = (� � i )/

p
2, and ⌘ = e�/

p
6, G5 is the five-

dimensional Newton constant, and L is a length scale equal to the radius of curvature of
the (Euclidean) AdS5 extremum of (1.5) that has � = � =  = 0.

The equations of motion following from (1.5) are second order in derivatives. From
the vanishing of the supersymmetry variations of the spin-3/2 and spin-1/2 fields of the
full N = 8 gauged supergravity theory, one can also find a set of BPS equations that are
first order in derivatives and that imply the second-order equations. We find that the BPS
equations have a one-parameter family of smooth solutions with S4 slicing, as expected
from the one-parameter family of field theory deformations parameterized by m. These
solutions are the holographic duals of the N = 2⇤ on S4.

As a check that our supergravity solutions indeed correspond to the N = 2⇤ theory, we
use holographic renormalization [26–29] to compute the S4 free energy and match that with
known field theory results. In the field theory, the S4 free energy of the N = 2⇤ theory was
computed by first using supersymmetric localization to reduce the path integral on S4 to a
finite dimensional matrix integral [2] and then evaluating this matrix integral in the limit
of large N and large ’t Hooft coupling � = g2YMN [30–34]. The result is

FS4 = �N2

2
(1 +m2a2) log

�(1 +m2a2)e2�+
1
2

16⇡2
, (1.6)

where � is the Euler-Mascheroni constant. The appearance of the Euler-Mascheroni con-
stant suggests that the result (1.6) was derived in a particular regularization scheme. In-
deed, the expression (1.6) is found after subtracting certain non-universal UV divergences,
and this subtraction introduces ambiguities in FS4 . However, the third derivative of (1.6)
with respect to ma,

d3FS4

d(ma)3
= �2N2ma(m2a2 + 3)

(m2a2 + 1)2
, (1.7)
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Fields 

which supergravity fields are needed in our S4 example, let us first describe more precisely
the N = 2⇤ SYM theory starting with N = 4 SYM. In N = 2 notation, the field content
of N = 4 SYM is given by a hypermultiplet consisting of two complex scalars Z1 and Z2

and two Weyl fermions �1 and �2, as well as by a vector multiplet consisting of a gauge
field Aµ, two Weyl fermions  1 and  2, and a complex scalar Z3. All these fields transform
in the adjoint representation of the SU(N) gauge group. The N = 4 SYM Lagrangian on
S4 can be obtained using conformal symmetry from the one on R4. The two di↵er only in
that on S4 the scalars acquire a conformal coupling to curvature:

LS4

N=4 = LR4

N=4

�

�

�

⌘µ⌫!gµ⌫
+

2

a2
tr
� |Z1|2 + |Z2|2 + |Z3|2

�

. (1.1)

Here, gµ⌫ denotes the metric on a round S4 whose radius is a, and by “⌘µ⌫ ! gµ⌫” we
mean that when considering the theory on S4, we should introduce a minimal coupling to
curvature. The mass deformation that gives the N = 2⇤ SYM theory is a mass term for
the hypermultiplet. In flat space, this mass term would take the form

LR4

m = m2 tr
�|Z1|2 + |Z2|2

�

+m tr (�1�1 + �2�2 + h.c.) . (1.2)

On S4, the N = 2 supersymmetry algebra receives curvature corrections, and the mass
deformation (1.2) does not preserve supersymmetry by itself. Up to a discrete choice,1 the
correct supersymmetric expression on S4 is [2]

LS4

m = LR4

m +
im

2a
tr
�

Z2
1 + Z2

2 + h.c.
�

. (1.3)

The extra term in (1.3) will play a crucial role in our work. It is important to stress that, as
mentioned above, the curvature couplings in (1.1) and (1.3) are uniquely fixed by requiring
invariance under N = 2 supersymmetry.

According to the AdS/CFT dictionary, there exists a correspondence between certain
gauge-invariant operators in the field theory and type IIB supergravity fields. To describe
the holographic dual of N = 2⇤ theory, we expect that at least four bosonic bulk fields
should acquire non-trivial profiles: the bulk metric gµ⌫ , a scalar field � dual to the bosonic
mass term O� in (1.2), a scalar field  dual to the fermionic mass term O in (1.2), and
another scalar field � dual to the operator O� in (1.3). Explicitly, the operators are

O� = tr
� |Z1|2+ |Z2|2

�

, O = tr
�

�1�1+�2�2+h.c.
�

, O� = tr
�

Z2
1 +Z2

2 +h.c.
�

. (1.4)

In N = 4 SYM, or in other words at the UV fixed point of the RG flow we want to consider,
the operators O� and O� have scaling dimension two and are part of the 200 irrep of the
SU(4) R-symmetry group, while O has scaling dimension three and is part of the 10�10
of SU(4), as can be seen from their expressions in terms of the matter fields of the N = 4

1The discrete choice corresponds to which OSp(2|4) sub-algebra of the SU(2|2, 4) superconformal algebra
we wish to preserve. The other choice is obtained by formally sending a ! �a in (1.3) and subsequent
formulas.
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with the three scalars dual to the three operators 

is contained in USp(8). The N = 8 gauged supergravity theory therefore has SO(6) ⇥
USp(8) local and SL(2,R) global invariance. Fixing the USp(8) gauge as above, it is
then straightforward to determine the SO(6) ⇥ SO(2) charges of the various supergravity
fields by decomposing the USp(8) irreps listed in the previous paragraph with respect to the
SO(6)⇥SO(2) subgroup. One e↵ect of the gauging is that 15 of the 27 vector fields become
the SO(6) gauge fields while the other 12 must be represented as rank-two antisymmetric
tensor fields that are charged under SO(6).

To characterize the embedding of SO(6)⇥SO(2) into USp(8), let Hi, with i = 1, . . . , 4,
be the Cartan elements of USp(8) defined such that the fundamental eight-component vec-
tors v±i satisfy Hjv±i = ±�ijv±i. Choosing the Cartan of SO(6) to be generated by rotations
in the 13, 24, and 56 planes, it is straightforward to work out that, up to equivalence, one
must have:

U(1)13 : �H1 +H2 +H3 �H4 ,

U(1)24 : H1 �H2 +H3 �H4 ,

U(1)56 : H1 +H2 �H3 �H4 ,

SO(2) : H1 +H2 +H3 +H4 .

(3.3)

where U(1)ij 2 SO(6) corresponds to rotations in the ij plane. Another characterization of
the embedding of SO(6)⇥ SO(2) into USp(8) is that the fundamental irrep 8 of the latter
group decomposes as 41 + 4�1 under the former. The SO(6) gauge group in supergravity
corresponds to the SO(6)R ⇠= SU(4)R symmetry group of the N = 4 SYM theory described
in the previous section. Similarly, the SO(2) invariance of the supergravity theory corre-
sponds to the SO(2) “symmetry” of N = 4 SYM that emerges at large N and ’t Hooft
coupling [41] .

As discussed in the previous section, the mass deformedN = 2⇤ theory on S4 is invariant
under a U(1)V ⇥U(1)H⇥U(1)Y subgroup of SO(6)⇥SO(2) in the large N limit and at large
’t Hooft coupling. The supersymmetries of the field theory transform under U(1)V , which
is the only R-symmetry in the product group. The holographic dual we seek must reflect
these symmetries. This means that the bulk scalar fields should be U(1)3 invariant, while
the gravitini6 are U(1)H ⇥ U(1)Y invariant but charged under U(1)V . From the previous
analysis we identify

U(1)V : H3 �H4 ,

U(1)H : H1 �H2 ,

U(1)Y : H1 +H2 .

(3.4)

One may therefore consider the sector of N = 8 gauged supergravity that is invariant
only under U(1)H and U(1)Y . The fields that are invariant are: the metric, 4 gravitini,
5 vector fields (corresponding to the SU(2)V ⇥ U(1)H ⇥ U(1)R subgroup of SO(6)), 2

6None of the eight gravitini of the N = 8 theory, which transform in the 8 of USp(8), are invariant
under (3.4).
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bonus symmetry at large-N 

Intriligator (1998) 
Buchel-Peet-Polchinski (2000) 

Truncation of N=8 gauged supergravity in 5d: 

where �5 is defined as �5 ⌘ �i�4. Because �5 is pure imaginary, the conditions (3.7) imply
✏1 = ��5✏⇤3 and ✏2 = ��5✏⇤4. Instead of writing the supersymmetry variations in terms of
all four spinors ✏i, we will use (3.7) to write the supersymmetry variations only in terms of
✏i and ✏⇤i with i = 1, 2.

In Lorentzian signature the vanishing of the supersymmetry variations of the spin-1/2
fields in the Majorana basis takes the form

3�µ@µ⌘

2⌘
�5✏

⇤
i �

1

2L

1 + (z⇤)2 + ((z⇤)2 � 1) ⌘6

(1� |z|2)⌘2 ✏i = 0 ,

�µ@µz

1� |z|2�5✏
⇤
i +

1

2L

2(z + z⇤) + (z � z⇤)⌘6

(1� |z|2)⌘2 ✏i = 0 ,

(3.8)

with i = 1, 2. The vanishing of the gravitino variation takes the form

rµ✏i +
z⇤@µz � z@µz⇤

2(1� |z|2) ✏i +
1

6L

2(1 + z2) + ⌘2(z2 � 1)

(1� |z|2)⌘2 �µ�5✏
⇤
i = 0 , (3.9)

where rµ is the usual covariant derivative acting on a spinor, and again i = 1, 2. That
the vanishing of the supersymmetry transformations parameterized by ✏1 and ✏2 leads to
identical equations is a consequence of the fact that all three scalars ⌘, z, and z⇤ are invariant
under U(1)V ⇥U(1)H ⇥U(1)Y , while the fermions are invariant only under U(1)H ⇥U(1)Y
and transform under SU(2)V . The U(1)V subgroup of SU(2)V acts on the fermions by
rotating ✏1 and ✏2 as an SO(2) doublet, so if the supersymmetry variations with parameter
✏1 vanish, then so do those corresponding to ✏2.

3.2 Euclidean continuation

In Euclidean signature the fields that in Lorentzian signature were related by complex
conjugation are now independent. As in Section 2 we emphasize this fact by replacing the
complex conjugation symbol by a tilde, and write z̃ instead of z⇤, ✏̃ instead of ✏⇤, and so
on. The Euclidean continuation of the Lagrangian (3.6) is then

L =
1

22



�R +
12@µ⌘@µ⌘

⌘2
+

4 @µz@µz̃

(1� zz̃)2
+ V

�

,

V ⌘ � 4

L2

✓

1

⌘4
+ 2⌘2

1 + zz̃

1� zz̃
+

⌘8

4

(z � z̃)2

(1� zz̃)2

◆

.

(3.10)

The Euclidean continuation of the supersymmetry variations (3.8)–(3.9) requires more care.
It can be done in two steps. The first step is to stay in Lorentzian signature and go from
mostly minus to mostly plus signature. This change requires replacing �µ ! i�µ and
�µ ! �i�µ everywhere in (3.8)–(3.9). Note, however, that �5 should not be replaced by
i�5, because the symplectic Majorana condition (3.7) remains unchanged. The second step
is to rotate the time direction to Euclidean signature, which amounts to multiplying the

13

0.4 0.6 0.8 m

-0.8

-0.6

-0.4

-0.2

0.2

v
h0>1

2 4 6 8 m/i

-50

-40

-30

-20

-10

vêi h0<1

Figure 3: v(µ) as a function of µ for both ⌘0 > 1 (left) and ⌘0 < 1 (right). The orange
curve is obtained numerically, while the black curve is a plot of the analytical relation (4.4).
Note that for ⌘0 < 1 both µ and v are pure imaginary.

The starting point is the 5D bulk action8

S = S5D + SGH =

Z

d5x
p
GL5D � 1

2

Z

@M

p
�K , (5.1)

where L5D was given in (1.5), SGH is the Gibbons-Hawking term and K is the trace of
the second fundamental form. We rewrite the Lagrangian in (1.5) in terms of canonically
normalized fields by writing
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with K =
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(�2 +  2)

��2
. The contraction of the 5D Einstein equation gives an

expression for the Ricci scalar R,

R = 2K((@�)2 + (@ )2) + 2(@�)2 +
16

3
V , (5.4)

and using this expression in the action (5.3), we find S5D ! R

M
d5x

p
G
�� 1

3
V
�

. This simple
result conceals considerable detail, as we will see.

To facilitate the near-boundary analysis, the 5D metric is written in Fe↵erman-Graham
form as

ds2 = Gµ⌫dx
µdx⌫ =

d⇢2

4⇢2
+

1

⇢
gij(x, ⇢) dx

idxj . (5.5)

8We will temporarily set 4⇡G5 = 1 to reduce clutter in the formulas below. We will restore this
important normalization factor later in this section.
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with K = (1� zz̃)�2 and bK = 6/⌘2. The scalar potential is

V = �
✓

⌘�4 + 2⌘2
1 + zz̃

1� zz̃
+
⌘8

4

(z � z̃)2

(1� zz̃)2

◆

. (C.2)

The Gibbons-Hawking action SGH will be discussed in Section C.1.4.

For the purpose of studying holographic renormalization (see for example [28, 29]) we
perform the field redefinition (5.2) to canonical fields with definite mass. The action (C.1)
then takes the form (5.3).

As described in Section 5, it is useful for the near-boundary analysis to write the 5D
metric as

ds2 = Gµ⌫dx
µdx⌫ =

d⇢2

4⇢2
+

1

⇢
gij(x, ⇢) dx

idxj . (C.3)

In these coordinates, the AdS5 boundary is at ⇢ = 0. The mass m of a scalar field and the
scale dimension � of its dual field theory operator are related by21 � = 2 +

p
4 +m2. A

field �� with � > 2 approaches the AdS5 boundary at the rate �� ⇠ ��,0(x) ⇢2��/2. For
� = 2, there is a logarithmic term of the form �2 ⇠ �2,0(x) ⇢ ln ⇢.

To implement holographic renormalization we place a lower cuto↵ ⇢ = ✏ ! 0 on the
radial integral in the action (5.3). When a solution of the classical equations of motion is
inserted, we obtain the on-shell action. The radial integral then diverges at the leading rate
1/✏2 which comes from the integral

R

⇢=✏
d⇢

p
G ⇠ R

d⇢ ⇢�3. This and subleading divergences
of order 1/✏ and log ✏ must be cancelled by the counterterms. The goal of this section is to
construct these counterterms and use them to perform holographic renormalization of our
model.

It simplifies the analysis of the on-shell action to exclude ab initio all contributions to the
curly bracket

�

. . .
 

in (5.3) that vanish faster than ⇢k with k > 2 (to within logarithms).
It is thus su�cient to expand the potential (C.2) as a truncated power series

V = �3� 2�2 � 2�2 � 3

2
 2 +

c

4
 4 + . . . , (C.4)

where c = �2 for our potential (C.2). We choose to keep c general in the analysis since this
allows us to compare with other holographic models. It follows from the scalar potential
(C.4) that the model contains two fields � and � with m2 = �4, and thus � = 2, and one
field  with m2 = �3 and � = 3.

The “+ . . . ” in (C.4) denotes terms that vanish faster than O(⇢2) asymptotically and
therefore do not give divergences. Note that the terms � 2, ��, � 2 have the same
asymptotic fallo↵ rate as  4, but they do not appear in the series expansion for our potential
(C.4). There is a basic reason for the absence of � 2 and ��, namely that the symmetry
�! �� of our model prohibits them. The absence of � 2 is more interesting: its presence
is inconsistent with having a source term fallo↵  0(x) ⇢1/2 for  . This can be seen from an

21We fix the scale of AdS5 by setting L = 1.
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Scale dimension 

Two scaling dimension 2, one 3. 

2) Truncation  
gives Pilch-Warner model with flat-sliced domain  
wall solutions. 

motion only if z = ±z̃. In this case there are analytic solutions to the BPS equations which
we present below.

D.1 The solution for z = z̃

The BPS equations for z = z̃ with R4 slicing can be derived either directly from the
supersymmetry variation of the five-dimensional N = 8 supergravity theory or via the
Bogomolnyi trick as in (C.48). The explicit result is (we set L = 1)

z0 = �2z

⌘2
,

⌘0 =
⌘6(1� z2)� z2 � 1

3⌘(z2 � 1)
,

A0 =
⌘4

3
+

2

3⌘2

✓

1 + z2

1� z2

◆

.

(D.1)

One can solve this system of equations analytically by eliminating z(r) from the first equa-
tion and then integrating explicitly the other two to find

⌘6 =
1� z2

1 + z2 + C1z
, A =

1

6
log



(1� z2)2(1 + z2 + C1z)

z3

�

+ C2 , (D.2)

where C1 and C2 are integration constants. Using (D.2) in the first equation of (D.1) one
can solve for z(r) in quadratures.26 It is clear that the solution develops a singularity at
z = ±1. The nature of the singularity is controlled by the constant C1 and can be studied
by using the criterion of [57]. This singularity is of the same kind as the ones observed
in the Coulomb branch RG flows in [16]. In fact our solution is a generalization of the
Coulomb branch flows in [16]. The di↵erence between our solution and those of [16] is that
we have two scalars in the 200 turned on, as opposed to the single scalar used in [16], and
the flow preserves N = 2 supersymmetry whereas the solutions in [16] preserve N = 4.

D.2 The solution for z = �z̃

For z = �z̃ = i /
p
2 our truncation reduces to the one studied in [35]. We can therefore

derive the Pilch-Warner solution [35] dual to the N = 2⇤ SYM on R4. Again the BPS
equation for z = �z̃ with R4 slicing can be derived either directly from the supersymmetry
variation of the five-dimensional N = 8 supergravity theory or via the Bogomolnyi trick.

26An analytic solution in terms of special functions exists for C1 = 0.
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3) We want S4-sliced domain wall solutions. Ansatz: 

gamma matrix corresponding to the time direction by a factor of i, as well as relaxing
the complex conjugation condition on all the fields, as discussed above. The Euclidean
continuation of the spin-1/2 equations (3.8) is

�3i�µ�5@µ⌘

2⌘
✏̃i � 1

2L

1 + z̃2 + (z̃2 � 1) ⌘6

(1� zz̃)⌘2
✏i = 0 ,

� i�µ�5@µz

1� zz̃
✏̃i +

1

2L

2(z + z̃) + (z � z̃)⌘6

(1� zz̃)⌘2
✏i = 0 .

(3.11)

In Lorentzian signature, the equations (3.8) are equivalent to their complex conjugates.
When continuing to Euclidean signature, however, we should also continue the complex
conjugates of (3.8), and obtain

3i�5�µ@µ⌘

2⌘
✏i � 1

2L

1 + z2 + (z2 � 1) ⌘6

(1� zz̃)⌘2
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1

2L

2(z + z̃)� (z � z̃)⌘6

(1� zz̃)⌘2
✏̃i = 0 .

(3.12)

The equations (3.11) and (3.12) are now independent, and should be satisfied simultaneously
if there is unbroken supersymmetry. Similarly, the Euclidean continuation of the spin-3/2
equation (3.9) is

rµ✏i +
z̃@µz � z@µz̃

2(1� zz̃)
✏i +

i

6L

2(1 + z2) + ⌘2(1� z2)

(1� zz̃)⌘2
�µ�5✏̃i = 0 . (3.13)

The Euclidean continuation of its complex conjugate is

�5rµ�5✏̃i � z̃@µz � z@µz̃

2(1� zz̃)
✏̃i � i

6L

2(1 + z̃2) + ⌘2(1� z̃2)

(1� zz̃)⌘2
�5�µ✏i = 0 . (3.14)

In order to have backgrounds with N = 2 supersymmetry, equations (3.11)–(3.14) must
have simultaneous solutions where the four independent four-component complex spinors
✏i and ✏̃i depend on eight free complex parameters.

3.3 Solution Ansatz and equations of motion

We are looking for Euclidean backgrounds that are invariant under the isometries of S4.
The metric and the scalars should therefore take the form

ds2 = L2e2A(r)ds2S4 + dr2 , ⌘ = ⌘(r) , z = z(r) , z̃ = z̃(r) , (3.15)

for some function A(r). A convenient frame is

ei = LeAêi , e5 = dr , (3.16)
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where the êi, i = 1, . . . 4, form a frame on the S4 of unit radius. The non-zero components
of the spin connection are

!ij = !̂ij , !i5 = �!5i = LA0eAêi , (3.17)

where !̂ij is the spin connection on the unit radius S4.

The equations of motion following from the Lagrangian (3.10) are

6A00 + 12A02 +
4z0z̃0

(1� zz̃)2
+

12⌘02

⌘2
+ V � 6

L2
e�2A = 0 ,

⌘00 + 4A0⌘0 � ⌘02

⌘2
� ⌘2

24
@⌘V = 0 ,

4z00 + 16A0z0 +
8z̃

1� zz̃
z02 � (1� zz̃)2@z̃V = 0 ,

4z̃00 + 16A0z̃0 +
8z

1� zz̃
z̃02 � (1� zz̃)2@zV = 0 ,

12A02 � 12⌘02

⌘2
� 4z0z̃0

(1� zz̃)2
+ V � 12

L2
e�2A = 0 .

(3.18)

3.4 The BPS equations

With the Ansatz (3.15)–(3.16), the spin-1/2 variations (3.11)–(3.12) take the form

0
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B

B

@

1 + z̃2 + (z̃2 � 1) ⌘6 3iL⌘⌘0(1� zz̃)
�3iL⌘⌘0(1� zz̃) 1 + z2 + (z2 � 1) ⌘6

2(z + z̃) + (z � z̃)⌘6 �2iLz0⌘2

2iLz̃0⌘2 2(z + z̃)� (z � z̃)⌘6

1

C

C

C

A

✓

✏i
✏̃i

◆

= 0 . (3.19)

This system of equations has non-trivial solutions only if the 4 ⇥ 2 matrix in (3.19) has
rank 1, or in other words only if all its 2⇥ 2 minors vanish. This condition requires

z0 =
3⌘0(zz̃ � 1) [2(z + z̃) + ⌘6(z � z̃)]

2⌘ [⌘6 (z̃2 � 1) + z̃2 + 1]
,

z̃0 =
3⌘0(zz̃ � 1) [2(z + z̃)� ⌘6(z � z̃)]

2⌘ [⌘6 (z2 � 1) + z2 + 1]
,

(⌘0)2 =
[⌘6 (z2 � 1) + z2 + 1] [⌘6 (z̃2 � 1) + z̃2 + 1]

9L2⌘2(zz̃ � 1)2
.

(3.20)

The first equation comes from the minor constructed from the first and third row of (3.19);
the second equation comes from the second and fourth rows; and the last equation comes
from the top two rows.

Next we should consider the spin-3/2 variations (3.13)–(3.14) in the case where the
index µ points along the S4 directions. The equations take the form of the generalized
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BPS equations: 

eigenvalue problem
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◆

, (3.21)

where �̂µ ⌘ êmµ �m, and r̂µ is the covariant derivative on S4.

We expect that ✏i and ✏̃i should be linear combinations of the Killing spinors on S4 with
r-dependent coe�cients. One way to write the Killing spinor equation is

r̂µ⇣± = ±1

2
�5�̂µ⇣± . (3.22)

This equation has four linearly independent complex solutions for each sign. In fact, ⇣+
and ⇣� can be related through ⇣� = �5⇣+. Since the equations (3.19) and (3.21) do not mix
⇣+ and ⇣�, let us take

✓

✏i
✏̃i

◆

=

✓

ai(r)
ãi(r)

◆

⇣± . (3.23)

Then (3.21) becomes
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This equation needs to hold together with (3.19). Thus, to have non-trivial solutions for
✏i and ✏̃i, one should impose two more equations in addition to (3.20). Constructing 2⇥ 2
matrices from the first / second row of (3.24) and the second / first row of (3.19), and
requiring that the determinants of those matrices vanish, we obtain

L
⌘0

⌘
=

[1 + z2 + ⌘6(z2 � 1)] (LA0 ⌥ e�A)

2(1 + z2) + ⌘6(1� z2)
,

L
⌘0

⌘
=

[1 + z̃2 + ⌘6(z̃2 � 1)] (LA0 ± e�A)

2(1 + z̃2) + ⌘6(1� z̃2)
.

(3.25)

We have therefore derived five first order equations (three in (3.20) and two in (3.25)) for
four functions (A, ⌘, z, and z̃). Quite remarkably, these equations are consistent with each
other and with the second order equations (3.18)! Moreover, one can obtain an algebraic
equation for A by solving (3.25) for ⌘0 and plugging the result into the last equation in
(3.20). The algebraic equation is

e2A =
(zz̃ � 1)2 [⌘6 (z2 � 1) + z2 + 1] [⌘6 (z̃2 � 1) + z̃2 + 1]

⌘8 (z2 � z̃2)2
, (3.26)
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Holographic dual of N=2* SYM on S4 

Have not found analytic solution to BPS eqs, but can  
analyze UV and IR behavior:   

UV behavior: 

Solution approaches Euclidean AdS5    (scalars       0)  

which holds regardless of the sign choice in (3.25).

Putting things together, our independent BPS equations are (3.20) and (3.26). We will
solve these equations numerically in the next section.

4 Solution to the BPS equations

The BPS equations (3.20) and (3.26) can be solved systematically in the UV and IR asymp-
totic regions. In the UV, we find a two-parameter family of solutions, parameterized by
a mass (or source) parameter µ and a vev-parameter v. Requiring smoothness of the IR
solution allows for a one-parameter family of solutions. Interpolation from the IR to the
UV allow us to fix v in terms of µ numerically: and from the numerics, we extract an
analytic formula for v = v(µ). This result is an important ingredient for matching the S4

free energy, identified as the on-shell action in the bulk, to the same quantity as computed
from the field theory.

4.1 UV asymptotics

In the coordinates used in the metric (3.15), the UV region is at large r, where at leading
order the metric should approach H5 (Euclidean AdS5),

ds25 = dr2 + L2 sinh2
⇣ r

L

⌘

ds2S4 . (4.1)

This means that we have e2A = 1
4
e2r/L +O(1) as r ! 1. We set the AdS5 scale L = 1 for

simplicity; it is easily restored by sending r ! r/L in all the formulas presented below. The
scalar ⌘ approaches 1 while z and z̃ vanish at a rate that can be found by linearizing their
BPS equations. Solving the BPS equations (3.20) and (3.26) iteratively, order by order in
the asymptotic expansion as r ! 1, we find

e2A =
e2r

4
+

1

6
(µ2 � 3) +O�

r2 e�2r
�

,

⌘ = 1 + e�2r



2µ2

3
r +

µ(µ+ v)

3

�

+O�

r2 e�4r
�

,

1

2
(z + z̃) = e�2r

h

2µ r + v
i

+O�

r2 e�4r
�

,

1

2
(z � z̃) = ⌥µ e�r ⌥ e�3r



4

3
µ
�

µ2 � 3
�

r +
1

3

⇣

2v(µ2 � 3) + µ(4µ2 � 3)
⌘

�

+O�

r2 e�5r/L
�

.

(4.2)

Here µ and v are integration constants, and the choice of sign in the last equation cor-
responds to a choice of sign in (3.25). We emphasize that z and z̃ are not each other’s
conjugates because the model is Euclidean.
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Here µ and v are integration constants, and the choice of sign in the last equation cor-
responds to a choice of sign in (3.25). We emphasize that z and z̃ are not each other’s
conjugates because the model is Euclidean.
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We can also solve the BPS equations approximately close to r = r⇤, where we require that
the solution is smooth. Specifically, the warp factor e2A starts out as (r � r⇤)2 for small
r�r⇤, while the scalars approach constant values. Taking ⌘ = ⌘0 at r = r⇤ for some constant
⌘0, the BPS equations imply that both z and z̃ approach constant values determined by ⌘0.
The BPS equations can be solved successively for higher powers in small r � r⇤; since the
BPS equations are invariant under flipping the sign of r � r⇤, the expansion only depends
on even powers of r � r⇤. We find
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Here, ⌘0 and r⇤ are the only free parameters, and the sign in the last equation is correlated
with the choice of sign in (3.25). We have determined the IR expansion up to O((r� r⇤)14),
but we only display the first few terms here.

4.3 Matching UV onto IR

From now on we will focus on solving the BPS equations corresponding to the lower choice
of signs in (3.22)–(4.3). One can obtain the solutions corresponding to the upper choice of
signs by simply interchanging z with z̃.

The BPS equations can be solved numerically over the whole range of r. In doing
so, it is convenient to use the fact that these equations are invariant under shifting r by
a constant, and set r⇤ = 0. The IR solution (4.3) then has only one free parameter ⌘0.
One can integrate the BPS equations numerically by shooting from near r = 0 with input
parameter ⌘0 towards the UV at r ! 1. After obtaining this solution, one can shift back
r ! r + r⇤ and compare the numerical solution to the UV asymptotics (4.2), from which
one can extract the functions r⇤(⌘0), µ(⌘0), and v(⌘0).

As can be seen from the IR asymptotics (4.3), when ⌘0 > 1 the functions z(r) and z̃(r)
are both real, while for ⌘0 < 1, z(r) and z̃(r) are pure imaginary. In both cases, A(r) and
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Figure 1: Plots of the numerical solutions for A(r), ⌘(r), and 1
2

�

z(r) ± z̃(r)
�

for ⌘0 =
{1.05, 1.10, 1.15, 1.20} (orange to black). The functions z and z̃ are real in this case. Note
that the scalar fields are plotted as a function of A as defined in (3.15) and not as a function
of the radial coordinate r.

⌘(r) are real. See Figure 1 for a few examples of numerical solutions in the case ⌘0 > 1 and
Figure 2 for a few examples in the case ⌘0 < 1. Note that e2A approaches e2r/4 at large r
and that it vanishes at some radial coordinate r⇤(⌘0).

From the numerics, we were able to extract the following relation between v and µ:

v(µ) = �2µ� µ log(1� µ2) . (4.4)

See Figure 3. In the next section we will use this relation to show that the S4 free energy
of our solutions matches the corresponding quantity as computed from field theory.

5 Calculation of the free energy

In the AdS/CFT correspondence, the free energy of the field theory is encoded in the on-
shell action. However, the action integral evaluated on a classical solution diverges at large
values of the radial coordinate. The method of holographic renormalization is a systematic
technique to determine the infinite counterterms needed to extract finite predictions for field
theory observables. These counterterms are universal. They must cancel divergences for

19

Numerical solution 
interpolates between UV 
and IR region: fixes the  
two UV parameters in terms of the single IR parameter: 

-2 2 4 A

0.1

0.2

0.3

0.4

Hz+zéLê2

-2 2 4 A

0.05

0.10

0.15

0.20

0.25

Hz-zéLê2

-2 2 4 A

1.05

1.10

1.15

1.20

h

1 2 3 4 5
r

0.05

0.10

0.15

0.20

0.25

e2Aëe2r

Figure 1: Plots of the numerical solutions for A(r), ⌘(r), and 1
2

�

z(r) ± z̃(r)
�

for ⌘0 =
{1.05, 1.10, 1.15, 1.20} (orange to black). The functions z and z̃ are real in this case. Note
that the scalar fields are plotted as a function of A as defined in (3.15) and not as a function
of the radial coordinate r.

⌘(r) are real. See Figure 1 for a few examples of numerical solutions in the case ⌘0 > 1 and
Figure 2 for a few examples in the case ⌘0 < 1. Note that e2A approaches e2r/4 at large r
and that it vanishes at some radial coordinate r⇤(⌘0).

From the numerics, we were able to extract the following relation between v and µ:

v(µ) = �2µ� µ log(1� µ2) . (4.4)

See Figure 3. In the next section we will use this relation to show that the S4 free energy
of our solutions matches the corresponding quantity as computed from field theory.

5 Calculation of the free energy

In the AdS/CFT correspondence, the free energy of the field theory is encoded in the on-
shell action. However, the action integral evaluated on a classical solution diverges at large
values of the radial coordinate. The method of holographic renormalization is a systematic
technique to determine the infinite counterterms needed to extract finite predictions for field
theory observables. These counterterms are universal. They must cancel divergences for

19

Extract from the numerics 

µ(⌘0) and v(⌘0)



Official Old San Marcos Pass. 3 miles, 1165 ft. 
JoeP Personal Record 23:02min. Feb 26, 2014.  



Recap: 

We have constructed a candidate dual for the 
RG flow of N=2* on S4 

 

Next is calculation of the on-shell action. 
 
   
    



Recap: 

We have constructed a candidate dual for the 
RG flow of N=2* on S4 

 

Next is calculation of the on-shell action. 
 
   
   Divergent, but standard systematic technique  

 for handling it with infinite counterterms: 
 

  Holographic renormalization 
 

    Leaves ambiguity of finite counterterms 



Holographic renormalization 

Finite counterterms tricky.  
 
For flat-sliced domain walls, one can use the Bogomolnyi trick  
to determine the counterterms. 

Idea: 
Supergravity theory with several scalars, Kahler potential, and  
scalar potential given in terms of superpotential as 

asymptotic coe�cients that appear in (5.6)).

3. The counterterm action that should be added to the action (5.1) is simply the negative
of the divergences found in step 2. We find that the result is
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where R[�]ij and R[�] are the Ricci tensor and Ricci scalar, respectively, of the induced
metric �ij.

There are other five-dimensional holographic flows in the literature that involve super-
gravity scalars dual to dimension 2 and 3 operators in the dual field theory, such as the
GPPZ [14], FGPW [15], Coulomb branch [16], and Pilch-Warner [35] flows. It is inter-
esting to note that, when expressed using canonically normalized scalars, all terms in the
counterterm action (5.9), except the final  4 log ✏, appear in the same form with the same
coe�cients in these models. Only the last term in (5.9) is model-dependent in the sense
that its coe�cient (here 1/6) is sensitive to details of the scalar potential.

Let us now consider finite counterterms. If supersymmetry is preserved in the vacuum
state of a supersymmetric field theory in flat space, the vacuum energy must vanish. This
means that the renormalized on-shell action of the dual gravity theory must vanish when
the boundary metric is Lorentz invariant and operator sources are constant on the bound-
ary. This criterion may be tested when the dual supergravity theory has flat-sliced BPS
domain walls, i.e. solutions with metric ds2 = dr2 + e2A(r)�ijdxidxj, that are controlled by
a superpotential. In five-dimensional supergravity, the superpotential is a real function of
the fields. For a theory with several real scalars �i and target space metric Kij(�), the
superpotential W (�) is related to the potential V (�) by
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In this case the BPS equations of flat sliced walls take the form (see [42] or Ch. 23 of [43])
of simple gradient flow equations that are compatible with the Lagrangian equations of
motion. Further, the action integral for flat sliced solutions can be rearranged by the
Bogomolnyi maneuver into the form
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(5.11)
where r0 is a UV cuto↵. When the flow equations (e.g. A0 = 2

3
W and �i0 = Kil@lW ) are

satisfied, i.e. for a BPS solution, the on-shell action vanishes, except for the surface term
evaluated at the cuto↵ r0. Supersymmetry requires this term to be cancelled, so one must
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where R[�]ij and R[�] are the Ricci tensor and Ricci scalar, respectively, of the induced
metric �ij.

There are other five-dimensional holographic flows in the literature that involve super-
gravity scalars dual to dimension 2 and 3 operators in the dual field theory, such as the
GPPZ [14], FGPW [15], Coulomb branch [16], and Pilch-Warner [35] flows. It is inter-
esting to note that, when expressed using canonically normalized scalars, all terms in the
counterterm action (5.9), except the final  4 log ✏, appear in the same form with the same
coe�cients in these models. Only the last term in (5.9) is model-dependent in the sense
that its coe�cient (here 1/6) is sensitive to details of the scalar potential.

Let us now consider finite counterterms. If supersymmetry is preserved in the vacuum
state of a supersymmetric field theory in flat space, the vacuum energy must vanish. This
means that the renormalized on-shell action of the dual gravity theory must vanish when
the boundary metric is Lorentz invariant and operator sources are constant on the bound-
ary. This criterion may be tested when the dual supergravity theory has flat-sliced BPS
domain walls, i.e. solutions with metric ds2 = dr2 + e2A(r)�ijdxidxj, that are controlled by
a superpotential. In five-dimensional supergravity, the superpotential is a real function of
the fields. For a theory with several real scalars �i and target space metric Kij(�), the
superpotential W (�) is related to the potential V (�) by

V =
1

2
Kij@iW @jW � 4

3
W 2 . (5.10)

In this case the BPS equations of flat sliced walls take the form (see [42] or Ch. 23 of [43])
of simple gradient flow equations that are compatible with the Lagrangian equations of
motion. Further, the action integral for flat sliced solutions can be rearranged by the
Bogomolnyi maneuver into the form
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(5.11)
where r0 is a UV cuto↵. When the flow equations (e.g. A0 = 2

3
W and �i0 = Kil@lW ) are

satisfied, i.e. for a BPS solution, the on-shell action vanishes, except for the surface term
evaluated at the cuto↵ r0. Supersymmetry requires this term to be cancelled, so one must

23

the action can be rearranged to sum of squares: 

Bdr counterterms thus fixed by SUSY: 
add to the action a supersymmetry counterterm,

SW =

Z

d4x e4A(r0) W
�

�i(r0)
�

. (5.12)

This surface term contains the infinite counterterms of (5.9) (evaluated for the r-dependent
fields of flat-sliced domain walls) plus finite counterterms needed for supersymmetry (if
any) plus terms which vanish as r0 ! 1.

There is one problem with this scenario for our model; there is no superpotential W
that obeys (5.10) for our potential (1.5) in its complete form with three scalars �, �,  .
The reason is that the integrability condition needed to convert the BPS equations (3.20)
into gradient flow form is not satisfied. (We show this in Appendix C.2.1.) Alternatively,
one can show that flat-sliced solutions of the BPS equations with all three scalars turned
on do not satisfy the equations of motion.

We now show how to overcome the problem of not having an exact superpotential. The
strategy is first to study two consistent truncations of our model which do have planar
domain walls and superpotentials.10 Second, we show that an approximate superpotential
is su�cient for the analysis. Let us begin with the two truncated models:

• Set �(r) ⌘ 0 and retain ⌘(r),  (r). In this truncation our model reduces to the trun-
cation of N = 8 supergravity studied by Pilch and Warner [35]. The superpotential,
expanded to the order needed to include all infinite and finite terms as r0 ! 1, is

Wa =
3

2
+ �2 +

1

2
 2 +

r

2

3
� 2 +

1

4
 4 . (5.13)

The first three terms contribute divergent counterterms when Wa is inserted in (5.12).
In Appendix C.2.2, we determine the UV behavior of BPS domain wall solutions and
show that the infinite terms of (5.12) agree with (5.9). The last term of (5.13) gives
the extra finite counterterm required by supersymmetry.

• Set  (r) ⌘ 0 and retain ⌘(r), �(r). This truncation of our model appears to be new.
The exact superpotential is expanded as

Wb =
3

2
+ �2 +

1

2
�2 , (5.14)

and contributes divergent terms in (5.12). In Appendix C.2.3, we show that these are
in agreement with (5.9). In this truncation there is no residual finite counterterm.

The results in the two truncations are relevant to our complete model because the planar
domain wall solutions for each of the two truncations are also solutions of the equations of

10In Appendix D we give the analytic solution of the BPS flow equations with R4 slicing for both
truncations.
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motion of the complete model. In this spirit, we note that the union of Wa and Wb, namely
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provides an approximate superpotential11 for the potential of the complete model when
expanded to the order necessary to produce all the divergent counterterms of (5.9). Specif-
ically, Wa[b is related to

Va[b = �3� 2�2 � 2�2 � 3

2
 2 � 1

2
 4 , (5.16)

by (5.10) (with the target space metric K in (5.3)) if we drop terms that are higher order
in the fields and therefore vanish as r0 ! 1. Va[b is the expansion of the exact potential of
(3.6) with asymptotically negligible terms dropped. It has already been shown that (5.12)
with Wa[b inserted reproduces the correct infinite counterterms of planar BPS domain walls
of the two truncations, but the additional finite term

Sfinite =

Z

d4x
p
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4
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d4x
p
g0

1

4
 4
0 , (5.17)

is required by supersymmetry.

Universality then implies that this term must be included for all solutions of the equa-
tions of motion of the full theory, and therefore for the S4-sliced domain walls of interest
here. The major conclusion of this argument is that the renormalized action

Sren = S5D + SGH + Sct + Sfinite , (5.18)

with the actions as in (5.1), (5.3), (5.9), and (5.17), should be used to derive the renormal-
ized free energy of our S4-sliced BPS solutions. Alternatively, we can write

Sren = S5D + SGH + Ssusy , with Ssusy =

Z

d4x
p
�Wa[b . (5.19)

The two forms of Sren in (5.18) and (5.19) are equivalent up to terms that vanish as r0 ! 1.

We now return to our main task, namely the calculation of the free energy F . We show
in Appendix C.3 that the derivative of F with respect to the common source parameter µ
of the asymptotic fields is12

dF

dµ
=

N2

2⇡2
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d4x
p
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✓

hO i@ 0
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+ hO�i@�0
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+ hO�i@�0
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◆

. (5.20)

11The Z2 reflection symmetries in �,  forbid “mixed” terms such as � 2. Other terms, such as �2 2,
are negligible at the boundary.

12Here we have restored the factor of 1/4⇡G5 in the normalization of the five-dimensional supergravity
action. When this factor is expressed in terms of the ten-dimensional Newton constant in type IIB super-
gravity compactified on S5 one finds 1/4⇡G5 = N2/2⇡2, where N is the number of units of D3-brane flux,
or equivalently the rank of the gauge group in the dual N = 4 SYM theory [29].
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11The Z2 reflection symmetries in �,  forbid “mixed” terms such as � 2. Other terms, such as �2 2,
are negligible at the boundary.

12Here we have restored the factor of 1/4⇡G5 in the normalization of the five-dimensional supergravity
action. When this factor is expressed in terms of the ten-dimensional Newton constant in type IIB super-
gravity compactified on S5 one finds 1/4⇡G5 = N2/2⇡2, where N is the number of units of D3-brane flux,
or equivalently the rank of the gauge group in the dual N = 4 SYM theory [29].
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11The Z2 reflection symmetries in �,  forbid “mixed” terms such as � 2. Other terms, such as �2 2,
are negligible at the boundary.

12Here we have restored the factor of 1/4⇡G5 in the normalization of the five-dimensional supergravity
action. When this factor is expressed in terms of the ten-dimensional Newton constant in type IIB super-
gravity compactified on S5 one finds 1/4⇡G5 = N2/2⇡2, where N is the number of units of D3-brane flux,
or equivalently the rank of the gauge group in the dual N = 4 SYM theory [29].
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11The Z2 reflection symmetries in �,  forbid “mixed” terms such as � 2. Other terms, such as �2 2,
are negligible at the boundary.

12Here we have restored the factor of 1/4⇡G5 in the normalization of the five-dimensional supergravity
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or equivalently the rank of the gauge group in the dual N = 4 SYM theory [29].
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The one-point functions hOi in the dual field theory are computed by taking derivatives
of the action Sren in (5.19) with respect to the sources. Holographic renormalization en-
sures that these one-point functions are finite. For example, the one-point function of the
dimension-three operator is13

hO i = lim
✏!0

1

✏3/2
1p
�

�Sren

� 
= �2 2 � 2 ̃0 . (5.21)

The holographic calculation of the one-point function for dimension-two operators requires
an extra log ✏ factor, so one finds

hO�i = lim
✏!0

log ✏

✏

1p
�

�Sren

��
= 2�̃0 . (5.22)

Similarly, hO�i = 2�̃0.

Now we use the asymptotic data (5.8) and (C.59) for our solution to express the one-
point functions as
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, (5.23)

hO�i@�0
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N2

2⇡2
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� 4v(µ)
⌘

.

Adding these three expressions to obtain the free energy (5.20), we note that the µ3 and
µ2 v(µ) terms cancel, so that

dF

dµ
=

N2

2⇡2
vol0(S

4)
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4µ� 12v(µ)
⌘

= N2
⇣ 1

3
µ� v(µ)
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. (5.24)

The volume factor vol0(S4) is produced by the integral in (5.20). In the last step we used
that this is the volume of the round four-sphere described by the metric g0. It has radius
1/2, so

vol0(S
4) =

1

24
⇥ 8⇡2

3
=
⇡2

6
. (5.25)

As we discussed in the Introduction, we must take three derivatives of the free energy
(1.6) to obtain an unambiguous result in the field theory. Taking two more µ-derivatives
of dF/dµ in (5.24), the linear term in µ is eliminated and we find

d3F

dµ3
= �N2 v00(µ) = � 2N2 µ (3� µ2)

(1� µ2)2
. (5.26)

13Without the finite counterterm Sfinite, the one-point function hO i would have included an additional
term � 3

0 .
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Adding these three expressions to obtain the free energy (5.20), we note that the µ3 and
µ2 v(µ) terms cancel, so that
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The volume factor vol0(S4) is produced by the integral in (5.20). In the last step we used
that this is the volume of the round four-sphere described by the metric g0. It has radius
1/2, so

vol0(S
4) =

1

24
⇥ 8⇡2

3
=
⇡2

6
. (5.25)

As we discussed in the Introduction, we must take three derivatives of the free energy
(1.6) to obtain an unambiguous result in the field theory. Taking two more µ-derivatives
of dF/dµ in (5.24), the linear term in µ is eliminated and we find

d3F

dµ3
= �N2 v00(µ) = � 2N2 µ (3� µ2)

(1� µ2)2
. (5.26)

13Without the finite counterterm Sfinite, the one-point function hO i would have included an additional
term � 3

0 .
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On-shell action & the free energy 
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Take two more derivatives: 

theory. At the linearized level, the dual fields �, �, and  are not only part of the excitations
of type IIB supergravity around AdS5⇥S5, but also part of five-dimensional N = 8 SO(6)
gauged supergravity [22–24], as can be seen from [25]. It is therefore reasonable to assume
that the whole N = 2⇤ flow can be described within N = 8 gauged supergravity.

Using symmetry properties, we find that there exists a consistent truncation of N = 8
gauged supergravity containing only the bosonic fields mentioned in the previous paragraph,
namely gµ⌫ , �,  , and �. This consistent truncation appears to be new; the 5D Lagrangian
of the truncated theory is in Euclidean signature

L5D =
1

4⇡G5
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1� zz̃
+
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4

(z � z̃)2

(1� zz̃)2

◆

,

(1.5)

where we denoted z = (� + i )/
p
2, z̃ = (� � i )/

p
2, and ⌘ = e�/

p
6, G5 is the five-

dimensional Newton constant, and L is a length scale equal to the radius of curvature of
the (Euclidean) AdS5 extremum of (1.5) that has � = � =  = 0.

The equations of motion following from (1.5) are second order in derivatives. From
the vanishing of the supersymmetry variations of the spin-3/2 and spin-1/2 fields of the
full N = 8 gauged supergravity theory, one can also find a set of BPS equations that are
first order in derivatives and that imply the second-order equations. We find that the BPS
equations have a one-parameter family of smooth solutions with S4 slicing, as expected
from the one-parameter family of field theory deformations parameterized by m. These
solutions are the holographic duals of the N = 2⇤ on S4.

As a check that our supergravity solutions indeed correspond to the N = 2⇤ theory, we
use holographic renormalization [26–29] to compute the S4 free energy and match that with
known field theory results. In the field theory, the S4 free energy of the N = 2⇤ theory was
computed by first using supersymmetric localization to reduce the path integral on S4 to a
finite dimensional matrix integral [2] and then evaluating this matrix integral in the limit
of large N and large ’t Hooft coupling � = g2YMN [30–34]. The result is

FS4 = �N2

2
(1 +m2a2) log

�(1 +m2a2)e2�+
1
2

16⇡2
, (1.6)

where � is the Euler-Mascheroni constant. The appearance of the Euler-Mascheroni con-
stant suggests that the result (1.6) was derived in a particular regularization scheme. In-
deed, the expression (1.6) is found after subtracting certain non-universal UV divergences,
and this subtraction introduces ambiguities in FS4 . However, the third derivative of (1.6)
with respect to ma,

d3FS4

d(ma)3
= �2N2ma(m2a2 + 3)

(m2a2 + 1)2
, (1.7)

4

Compare with the field theory result: 

In the second step, we used (4.4) to evaluate v00(µ). The result (5.26) for d3F/dµ3 exactly
matches the field theory result (1.7) after identifying µ = ±ima.

We end this section with a few of comments on the match with the field theory. First,
note that without the finite counterterm 1

4
 4 provided by the supersymmetric counterterm

(5.17), the coe�cient of the µ3 term in hO i would have been �4
3
µ3 and thus the cubic

terms in µ would not have cancelled in dF/dµ. This term would then survive in d3F/dµ3

and create a mismatch with the field theory result (1.7). Second, we argue in Appendix
C.3 that finite counterterms cannot contribute any v-dependence to dF/dµ; they can only
contribute to the µ or µ3 terms. Thus even without computing the finite counterterm
1
4
 4 required by supersymmetry, we have a perfect match of d5F/dµ5 with the field theory

result.

5.1 Further comments

The match between the field theory expression for d3F/dµ3 and our holographic computa-
tion is related to the fact that on general grounds in a supersymmetric theory d3F/dµ3 is
independent of the regularization scheme, as long as this scheme does not itself break su-
persymmetry. (If the renormalization scheme breaks supersymmetry, then d3F/dµ3 would
be scheme-dependent, but d5F/dµ5 would still be universal.) That d3F/dµ3 is free of
renormalization-scheme ambiguities can be shown through the following argument. If one
studies a superconformal field theory on S4 in the presence of a small distance cuto↵ ✏, the
free energy takes the form

F = ↵2
a2

✏2
+ ↵0 � aanom log

a

✏
+O(✏/a) , (5.27)

where the coe�cients ↵2 and ↵0 multiply non-universal UV divergences,14 and aanom is
the a-anomaly coe�cient, which is universal. For instance, in the case of N = 4 SYM,
a free field computation shows that aanom = N2 � 1. For our N = 2⇤ deformation of
the N = 4 theory, the S4 free energy is not only a function of the radius of the sphere
a and the UV cuto↵ ✏, but also of the mass parameter m. The coe�cients ↵2 and ↵0 in
(5.27) can now depend on the dimensionless combination m2✏2. At small ✏, we can expand
↵2 = ↵̃2 + m2✏2�2 + O(m4✏4) and ↵0 = ↵̃0 + O(m2✏2), for some constants ↵̃2, ↵̃0, and �2
that are renormalization scheme-dependent. The non-universal contributions to FS4 then
take the form

↵̃2
a2

✏2
+ ↵̃0 + �2m

2a2 . (5.28)

14In a non-supersymmetric theory, FS4 would also contain a more singular non-universal UV divergent
contribution ↵4a

4/✏4. In a supersymmetric theory, however, the coe�cient ↵4 vanishes provided that one
employs a supersymmetric regularization scheme.
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Figure 1: Plots of the numerical solutions for A(r), ⌘(r), and 1
2

�

z(r) ± z̃(r)
�

for ⌘0 =
{1.05, 1.10, 1.15, 1.20} (orange to black). The functions z and z̃ are real in this case. Note
that the scalar fields are plotted as a function of A as defined in (3.15) and not as a function
of the radial coordinate r.

⌘(r) are real. See Figure 1 for a few examples of numerical solutions in the case ⌘0 > 1 and
Figure 2 for a few examples in the case ⌘0 < 1. Note that e2A approaches e2r/4 at large r
and that it vanishes at some radial coordinate r⇤(⌘0).

From the numerics, we were able to extract the following relation between v and µ:

v(µ) = �2µ� µ log(1� µ2) . (4.4)

See Figure 3. In the next section we will use this relation to show that the S4 free energy
of our solutions matches the corresponding quantity as computed from field theory.

5 Calculation of the free energy

In the AdS/CFT correspondence, the free energy of the field theory is encoded in the on-
shell action. However, the action integral evaluated on a classical solution diverges at large
values of the radial coordinate. The method of holographic renormalization is a systematic
technique to determine the infinite counterterms needed to extract finite predictions for field
theory observables. These counterterms are universal. They must cancel divergences for
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from the UV/IR match in the BPS flow solution.  

Perfect match after identification  



Comments 



1) Finite counterterms were key for cancelation of        terms  µ3

Yes. 
 
One can list the possible ambiguous finite counterterms, such as 

The subleading coe�cients in the asymptotic expansion are
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�̃0 =
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3
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p
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(C.59)

The boundary metric g0 ij is that of a round four-sphere with radius 1/2 and from the
explicit form of the solution we extract the subleading contribution g2µ⌫ :

g0 =
1

4
gunit , g2 =

1

6
(µ2 � 3) gunit . (C.60)

A simple consistency check is that the above results for Tr(g�1
0 g2) and  2 satisfy the con-

ditions (C.17) and (C.21). To see this, use R0 = 4⇥RunitS4 = 48.

Using the results for the one-point functions summarized in Section 5 in (C.57) one
obtains the result (5.24) for dF/dµ that is then used to match the field theory free energy.

The finite counterterm was essential in our analysis but suppose we did not want to rely
on the Bogomolnyi method and the universality argument to fix this finite counterterm.
To this end it is instructive to consider all possible candidate finite counterterm operators
(with

p
� implicit)

contribution to dF
dµ

:

Rij[�]Rij[�] , (R[�])2 ,  2� , 0

R[�] 2 , (log ✏)�1R� , (log ✏)�2�2 O(µ)

(log ✏)�2�2 , (log ✏)�1 2� ,  4 O(µ3)

On the right, we indicate their contributions to dF/dµ. The first two terms in the first
line do not contribute at all because they are independent of the scalar fields and  2� 
does not contribute because it vanishes for our solution. The rest of the possible finite
counterterms can only change the coe�cients of the terms proportional to µ and µ3 in
dF/dµ in (5.24); they cannot contribute any dependence on the “vev” parameter v(µ), in
particular they cannot a↵ect the last term v(µ) in dF/dµ. This means that if we take four
more µ-derivatives, we get a result completely independent of finite counterterms. Thus,
d5F/dµ5 is independent of ambiguities of finite counterterms, so even without fixing those,
we can compare d5F/dµ5 to the field theory result and obtain a perfect match.

D Analytic solutions with flat slicing

We were not able to solve analytically the general system of BPS equations with S4 slicing
in Section 3.4 and we had to resort to numerics to extract the physics. If one studies the
system of BPS equation in R4, however, one finds that it is consistent with equations of

51
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etc 

Turns out that they contribute only       or        , but never    µ3µ v(µ)

So all ambiguity of finite counterterms eliminated in  
d5F

dµ5

Full functional match with field theory result. 

Could we have found a match without using supersymmetry 
and universality argument to fix finite counterterms? 



2) Why             ?  d3F

dµ3

Superconformal theory on S4 has free energy of the form 

In the second step, we used (4.4) to evaluate v00(µ). The result (5.26) for d3F/dµ3 exactly
matches the field theory result (1.7) after identifying µ = ±ima.

We end this section with a few of comments on the match with the field theory. First,
note that without the finite counterterm 1

4
 4 provided by the supersymmetric counterterm

(5.17), the coe�cient of the µ3 term in hO i would have been �4
3
µ3 and thus the cubic

terms in µ would not have cancelled in dF/dµ. This term would then survive in d3F/dµ3

and create a mismatch with the field theory result (1.7). Second, we argue in Appendix
C.3 that finite counterterms cannot contribute any v-dependence to dF/dµ; they can only
contribute to the µ or µ3 terms. Thus even without computing the finite counterterm
1
4
 4 required by supersymmetry, we have a perfect match of d5F/dµ5 with the field theory

result.

5.1 Further comments

The match between the field theory expression for d3F/dµ3 and our holographic computa-
tion is related to the fact that on general grounds in a supersymmetric theory d3F/dµ3 is
independent of the regularization scheme, as long as this scheme does not itself break su-
persymmetry. (If the renormalization scheme breaks supersymmetry, then d3F/dµ3 would
be scheme-dependent, but d5F/dµ5 would still be universal.) That d3F/dµ3 is free of
renormalization-scheme ambiguities can be shown through the following argument. If one
studies a superconformal field theory on S4 in the presence of a small distance cuto↵ ✏, the
free energy takes the form

F = ↵2
a2

✏2
+ ↵0 � aanom log

a

✏
+O(✏/a) , (5.27)

where the coe�cients ↵2 and ↵0 multiply non-universal UV divergences,14 and aanom is
the a-anomaly coe�cient, which is universal. For instance, in the case of N = 4 SYM,
a free field computation shows that aanom = N2 � 1. For our N = 2⇤ deformation of
the N = 4 theory, the S4 free energy is not only a function of the radius of the sphere
a and the UV cuto↵ ✏, but also of the mass parameter m. The coe�cients ↵2 and ↵0 in
(5.27) can now depend on the dimensionless combination m2✏2. At small ✏, we can expand
↵2 = ↵̃2 + m2✏2�2 + O(m4✏4) and ↵0 = ↵̃0 + O(m2✏2), for some constants ↵̃2, ↵̃0, and �2
that are renormalization scheme-dependent. The non-universal contributions to FS4 then
take the form

↵̃2
a2

✏2
+ ↵̃0 + �2m

2a2 . (5.28)

14In a non-supersymmetric theory, FS4 would also contain a more singular non-universal UV divergent
contribution ↵4a

4/✏4. In a supersymmetric theory, however, the coe�cient ↵4 vanishes provided that one
employs a supersymmetric regularization scheme.
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For N=2* theory on S4, F can also depend on dim’less  

In the second step, we used (4.4) to evaluate v00(µ). The result (5.26) for d3F/dµ3 exactly
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are eliminated in   

It follows that the quantity

d3F

d(ma)3
, (5.29)

is non-ambiguous, because after taking three derivatives with respect to ma, the non-
universal contribution (5.28) vanishes. Consequently, if we identify µ = ±ima, we conclude
that d3F/dµ3 is non-ambiguous in a supersymmetric theory.

Notice that the free energy displayed in (1.6) has a branch cut singularity when m2a2 =
�1.15 Restricting to pure imaginary values of ma, one can understand this singularity as
the onset of a tachyonic instability, where the field theory path integral diverges. To get
a feel for how this singularity arises, one can consider the theory of a free complex scalar
Z = (A + iB)/

p
2 with the same mass as the complex scalars Z1 and Z2 in our N = 2⇤

SYM theory as given in (1.1)–(1.3). In other words, the mass term in the S4 Lagrangian
for the complex scalar Z is:16

Lscalar =
1

2

✓

2
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+ i

m

a
+m2

◆

A2 +
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2

a2
� i

m

a
+m2

◆

B2

�

=
1

2a2
⇥

(1 + ima)(2� ima)A2 + (1� ima)(2 + ima)B2
⇤

.

(5.30)

If we restrict to pure imaginary values of ma, it is not hard to see that the squared mass
of A is positive for �1 < ima < 2 and of B when �2 < ima < 1. Thus there are tachyon
thresholds at ma = ±i, which is precisely where the free energy has branch points!

6 Discussion

In this paper we have performed a precision test of holography in a non-conformal setup. We
first found the five-dimensional supergravity solution dual to the N = 2⇤ theory on S4 and
then calculated the on-shell supergravity action after carefully implementing holographic
renormalization to cancel all divergent terms. The result for the third derivative of the free
energy F with respect to the mass is in perfect agreement with the field theory calculation in
[31–33], which used the matrix integral arising from the path integral localization formula of
Pestun [2] to compute the partition function of the theory. In the matrix model calculations
in the dual field theory [30–34] it was assumed that the instantons do not contribute to
the partition function at large N and large �. The fact that our supergravity result for
the partition function matches the one in field theory should serve as strong evidence for
this assumption. More generally it would be interesting to understand when instantons are

15It was noticed in [2,39] that precisely at this mass value there are cancellations in the supersymmetric
localization computation. In the large N limit and at large ’t Hooft coupling it can be seen that the free
energy vanishes. We thank J. Russo and K. Zarembo for comments on this issue.

16Di↵erent squared masses for A and B are to be expected for a supersymmetric field theory on S4. A
similar situation occurs for the chiral multiplet on AdS4, see [44].
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3) What is special  
about                       ?  

theory. At the linearized level, the dual fields �, �, and  are not only part of the excitations
of type IIB supergravity around AdS5⇥S5, but also part of five-dimensional N = 8 SO(6)
gauged supergravity [22–24], as can be seen from [25]. It is therefore reasonable to assume
that the whole N = 2⇤ flow can be described within N = 8 gauged supergravity.

Using symmetry properties, we find that there exists a consistent truncation of N = 8
gauged supergravity containing only the bosonic fields mentioned in the previous paragraph,
namely gµ⌫ , �,  , and �. This consistent truncation appears to be new; the 5D Lagrangian
of the truncated theory is in Euclidean signature
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(1.5)

where we denoted z = (� + i )/
p
2, z̃ = (� � i )/

p
2, and ⌘ = e�/

p
6, G5 is the five-

dimensional Newton constant, and L is a length scale equal to the radius of curvature of
the (Euclidean) AdS5 extremum of (1.5) that has � = � =  = 0.

The equations of motion following from (1.5) are second order in derivatives. From
the vanishing of the supersymmetry variations of the spin-3/2 and spin-1/2 fields of the
full N = 8 gauged supergravity theory, one can also find a set of BPS equations that are
first order in derivatives and that imply the second-order equations. We find that the BPS
equations have a one-parameter family of smooth solutions with S4 slicing, as expected
from the one-parameter family of field theory deformations parameterized by m. These
solutions are the holographic duals of the N = 2⇤ on S4.

As a check that our supergravity solutions indeed correspond to the N = 2⇤ theory, we
use holographic renormalization [26–29] to compute the S4 free energy and match that with
known field theory results. In the field theory, the S4 free energy of the N = 2⇤ theory was
computed by first using supersymmetric localization to reduce the path integral on S4 to a
finite dimensional matrix integral [2] and then evaluating this matrix integral in the limit
of large N and large ’t Hooft coupling � = g2YMN [30–34]. The result is

FS4 = �N2

2
(1 +m2a2) log

�(1 +m2a2)e2�+
1
2

16⇡2
, (1.6)

where � is the Euler-Mascheroni constant. The appearance of the Euler-Mascheroni con-
stant suggests that the result (1.6) was derived in a particular regularization scheme. In-
deed, the expression (1.6) is found after subtracting certain non-universal UV divergences,
and this subtraction introduces ambiguities in FS4 . However, the third derivative of (1.6)
with respect to ma,

d3FS4

d(ma)3
= �2N2ma(m2a2 + 3)

(m2a2 + 1)2
, (1.7)
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m2a2 = �1

Recall the mass terms in N=2* on S4: 

which supergravity fields are needed in our S4 example, let us first describe more precisely
the N = 2⇤ SYM theory starting with N = 4 SYM. In N = 2 notation, the field content
of N = 4 SYM is given by a hypermultiplet consisting of two complex scalars Z1 and Z2

and two Weyl fermions �1 and �2, as well as by a vector multiplet consisting of a gauge
field Aµ, two Weyl fermions  1 and  2, and a complex scalar Z3. All these fields transform
in the adjoint representation of the SU(N) gauge group. The N = 4 SYM Lagrangian on
S4 can be obtained using conformal symmetry from the one on R4. The two di↵er only in
that on S4 the scalars acquire a conformal coupling to curvature:

LS4

N=4 = LR4

N=4

�

�

�

⌘µ⌫!gµ⌫
+

2

a2
tr
� |Z1|2 + |Z2|2 + |Z3|2

�

. (1.1)

Here, gµ⌫ denotes the metric on a round S4 whose radius is a, and by “⌘µ⌫ ! gµ⌫” we
mean that when considering the theory on S4, we should introduce a minimal coupling to
curvature. The mass deformation that gives the N = 2⇤ SYM theory is a mass term for
the hypermultiplet. In flat space, this mass term would take the form

LR4

m = m2 tr
�|Z1|2 + |Z2|2

�

+m tr (�1�1 + �2�2 + h.c.) . (1.2)

On S4, the N = 2 supersymmetry algebra receives curvature corrections, and the mass
deformation (1.2) does not preserve supersymmetry by itself. Up to a discrete choice,1 the
correct supersymmetric expression on S4 is [2]

LS4

m = LR4

m +
im

2a
tr
�

Z2
1 + Z2

2 + h.c.
�

. (1.3)

The extra term in (1.3) will play a crucial role in our work. It is important to stress that, as
mentioned above, the curvature couplings in (1.1) and (1.3) are uniquely fixed by requiring
invariance under N = 2 supersymmetry.

According to the AdS/CFT dictionary, there exists a correspondence between certain
gauge-invariant operators in the field theory and type IIB supergravity fields. To describe
the holographic dual of N = 2⇤ theory, we expect that at least four bosonic bulk fields
should acquire non-trivial profiles: the bulk metric gµ⌫ , a scalar field � dual to the bosonic
mass term O� in (1.2), a scalar field  dual to the fermionic mass term O in (1.2), and
another scalar field � dual to the operator O� in (1.3). Explicitly, the operators are

O� = tr
� |Z1|2+ |Z2|2

�

, O = tr
�

�1�1+�2�2+h.c.
�

, O� = tr
�

Z2
1 +Z2

2 +h.c.
�

. (1.4)

In N = 4 SYM, or in other words at the UV fixed point of the RG flow we want to consider,
the operators O� and O� have scaling dimension two and are part of the 200 irrep of the
SU(4) R-symmetry group, while O has scaling dimension three and is part of the 10�10
of SU(4), as can be seen from their expressions in terms of the matter fields of the N = 4

1The discrete choice corresponds to which OSp(2|4) sub-algebra of the SU(2|2, 4) superconformal algebra
we wish to preserve. The other choice is obtained by formally sending a ! �a in (1.3) and subsequent
formulas.
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and two Weyl fermions �1 and �2, as well as by a vector multiplet consisting of a gauge
field Aµ, two Weyl fermions  1 and  2, and a complex scalar Z3. All these fields transform
in the adjoint representation of the SU(N) gauge group. The N = 4 SYM Lagrangian on
S4 can be obtained using conformal symmetry from the one on R4. The two di↵er only in
that on S4 the scalars acquire a conformal coupling to curvature:
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Here, gµ⌫ denotes the metric on a round S4 whose radius is a, and by “⌘µ⌫ ! gµ⌫” we
mean that when considering the theory on S4, we should introduce a minimal coupling to
curvature. The mass deformation that gives the N = 2⇤ SYM theory is a mass term for
the hypermultiplet. In flat space, this mass term would take the form
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On S4, the N = 2 supersymmetry algebra receives curvature corrections, and the mass
deformation (1.2) does not preserve supersymmetry by itself. Up to a discrete choice,1 the
correct supersymmetric expression on S4 is [2]
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The extra term in (1.3) will play a crucial role in our work. It is important to stress that, as
mentioned above, the curvature couplings in (1.1) and (1.3) are uniquely fixed by requiring
invariance under N = 2 supersymmetry.

According to the AdS/CFT dictionary, there exists a correspondence between certain
gauge-invariant operators in the field theory and type IIB supergravity fields. To describe
the holographic dual of N = 2⇤ theory, we expect that at least four bosonic bulk fields
should acquire non-trivial profiles: the bulk metric gµ⌫ , a scalar field � dual to the bosonic
mass term O� in (1.2), a scalar field  dual to the fermionic mass term O in (1.2), and
another scalar field � dual to the operator O� in (1.3). Explicitly, the operators are
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In N = 4 SYM, or in other words at the UV fixed point of the RG flow we want to consider,
the operators O� and O� have scaling dimension two and are part of the 200 irrep of the
SU(4) R-symmetry group, while O has scaling dimension three and is part of the 10�10
of SU(4), as can be seen from their expressions in terms of the matter fields of the N = 4

1The discrete choice corresponds to which OSp(2|4) sub-algebra of the SU(2|2, 4) superconformal algebra
we wish to preserve. The other choice is obtained by formally sending a ! �a in (1.3) and subsequent
formulas.
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Write                             to find  Z =
1p
2
(A+ iB)

It follows that the quantity

d3F

d(ma)3
, (5.29)

is non-ambiguous, because after taking three derivatives with respect to ma, the non-
universal contribution (5.28) vanishes. Consequently, if we identify µ = ±ima, we conclude
that d3F/dµ3 is non-ambiguous in a supersymmetric theory.

Notice that the free energy displayed in (1.6) has a branch cut singularity when m2a2 =
�1.15 Restricting to pure imaginary values of ma, one can understand this singularity as
the onset of a tachyonic instability, where the field theory path integral diverges. To get
a feel for how this singularity arises, one can consider the theory of a free complex scalar
Z = (A + iB)/

p
2 with the same mass as the complex scalars Z1 and Z2 in our N = 2⇤

SYM theory as given in (1.1)–(1.3). In other words, the mass term in the S4 Lagrangian
for the complex scalar Z is:16
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(5.30)

If we restrict to pure imaginary values of ma, it is not hard to see that the squared mass
of A is positive for �1 < ima < 2 and of B when �2 < ima < 1. Thus there are tachyon
thresholds at ma = ±i, which is precisely where the free energy has branch points!

6 Discussion

In this paper we have performed a precision test of holography in a non-conformal setup. We
first found the five-dimensional supergravity solution dual to the N = 2⇤ theory on S4 and
then calculated the on-shell supergravity action after carefully implementing holographic
renormalization to cancel all divergent terms. The result for the third derivative of the free
energy F with respect to the mass is in perfect agreement with the field theory calculation in
[31–33], which used the matrix integral arising from the path integral localization formula of
Pestun [2] to compute the partition function of the theory. In the matrix model calculations
in the dual field theory [30–34] it was assumed that the instantons do not contribute to
the partition function at large N and large �. The fact that our supergravity result for
the partition function matches the one in field theory should serve as strong evidence for
this assumption. More generally it would be interesting to understand when instantons are

15It was noticed in [2,39] that precisely at this mass value there are cancellations in the supersymmetric
localization computation. In the large N limit and at large ’t Hooft coupling it can be seen that the free
energy vanishes. We thank J. Russo and K. Zarembo for comments on this issue.

16Di↵erent squared masses for A and B are to be expected for a supersymmetric field theory on S4. A
similar situation occurs for the chiral multiplet on AdS4, see [44].
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