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TOPOLOGY AND LIQUID CRYSTALS

courtesy of  Noel Clark

Photo by Michi Nakata 

nematic: from the Greek νημα 
meaning ‘thread-like’

focal conic: characteristic 
texture in smectics 

oily streak: in a cholesteric 

Pieranski et al, Phys. Rev. A 31, 3912 (1985)

blue phase: faceted monodomain 
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TOPOLOGY AND LIQUID CRYSTALS

nematic: from the Greek νημα 
meaning ‘thread-like’

Pieranski et al, Phys. Rev. A 31, 3912 (1985)

blue phase: faceted monodomain 

“They are totally useless, I think, except 
for one important intellectual use, that 
of providing tangible examples of 
topological oddities, and so helping to 
bring topology into the public domain of 
science, from being the private preserve 
of a few abstract mathematicians and 
particle theorists.”

Sir Charles Frank, 1983
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COLLOIDS IN LIQUID CRYSTALS
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ORDER AND SYMMETRY BREAKING

courtesy of  Ingo Dierking

P
A
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ORDER AND SYMMETRY BREAKING

courtesy of  Ingo Dierking

P
A

symmetry symmetry

ground state manifold
uniaxial 
nematic
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ORDER AND SYMMETRY BREAKING

courtesy of  Ingo Dierking

P
A

symmetry symmetry

ground state manifold
biaxial 

nematic
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DISCLINATIONS: POINT SINGULARITIES IN TWO DIMENSIONS

courtesy of  Ingo Dierking

P
A

measure the texture on some 
loop encircling the defect

based

free

classify defects using 
homotopy groups
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DISCLINATIONS: POINT SINGULARITIES IN TWO DIMENSIONS

courtesy of  Ingo Dierking

P
A

measure the texture on some 
loop encircling the defect

based

free

classify defects using 
homotopy groups

planar nematic

nematic

biaxial
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BASED AND FREE: 1/2 DISCLINATIONS

        are homotopic in uniaxial nematics

but not in biaxials
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ACTION OF π1 ON ITSELF

base point traverses 
a loop in the GSM

initial defect in class final defect in class
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ACTION OF π1 ON ITSELF

base point traverses 
a loop in the GSM

initial defect in class final defect in class

where is the defect     ?
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FREE HOMOTOPY BY MOVING DEFECTS

initial measurement

new measurement

“drag one defect around another”
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FREE HOMOTOPY BY MOVING DEFECTS

initial measurement

new measurement

“drag one defect around another”
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“drag one defect around another”

free homotopy

FREE HOMOTOPY BY MOVING DEFECTS
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“drag one defect around another”

free homotopy

the change in homotopy class 
is a Whitehead product

FREE HOMOTOPY BY MOVING DEFECTS
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HEDGEHOGS: POINT SINGULARITIES IN THREE DIMENSIONS

P
A

measure the texture on some 
sphere enclosing the defect

based

free

classify defects using 
homotopy groups

nematic

biaxial
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BASED VERSUS FREE

P
A

based

free

what’s the sign of  the hedgehog?
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free

what’s the sign of  the hedgehog?

odd in n

the hedgehog charge can be computed by 
a degree integral
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BASED VERSUS FREE

P
A

based

free

what’s the sign of  the hedgehog?

can you construct a 
free homotopy?

odd in n

the hedgehog charge can be computed by 
a degree integral
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DISCLINATION LOOPS

disclination loops are extended objects
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DISCLINATION LOOPS: SIMPLE REMARKS

orange circle measures

blue circle measures

contour length of  the 
disclination provides another 

natural measuring loop
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LINKED LOOPS

orange circle measures

blue circle measures
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TOPOLOGICAL ENTANGLEMENT

two defects collectively 
define a third

orange circle measures

blue circle measures
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blue circle measures

cut open

lay flat

connecting tether

Whitehead product
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DEFECT CROSSING

when defects cross, 
sometimes there’s a tether
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DEFECT CROSSING
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DEFECT CROSSING

when defects cross, 
sometimes there’s a tether

no experiments yet ...
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WHITEHEAD PRODUCTS

orange circle measures

blue circle measures

Whitehead 
product

two defects collectively 
define a third

Given two defects            in the form of  linked loops
they collectively define a third
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WHITEHEAD PRODUCTS

two defects collectively 
define a third

think of  a “p-defect” linking a “q-defect” in 

surround the “p-defect” with a  

cut this open along a                   to give a   

the map on the boundary 
is the Whitehead product

cut open

lay flat
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DISCLINATION LOOPS AND HEDGEHOG CHARGE

what is the hedgehog charge 
of  a disclination loop?

classify using both              and 

line and point defects coexist
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MOVING A HEDGEHOG AROUND A DISCLINATION

hedgehog

disclination loop

the wicked ways of  an evil experimentalist

what’s its charge?
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MOVING A HEDGEHOG AROUND A DISCLINATION

hedgehog

disclination loop

the wicked ways of  an evil experimentalist

what’s its charge?
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MOVING A HEDGEHOG AROUND A DISCLINATION

images: Sabetta Matsumoto
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MOVING A HEDGEHOG AROUND A DISCLINATION

images: Sabetta Matsumoto
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MOVING A HEDGEHOG AROUND A DISCLINATION

motion of  the hedgehog removes charge            
from the disclination loop

disclination loops only carry a 
hedgehog charge

Whitehead product
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MOVING A HEDGEHOG AROUND A DISCLINATION

motion of  the hedgehog removes charge            
from the disclination loop

disclination loops only carry a 
hedgehog charge

Whitehead product

there are four types of  
disclination loops:

linked or unlinked, and even 
or odd hedgehog charge
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TOPOLOGY OF DISCLINATION LOOPS

Neighbourhood of  a disclination loop is a torus

Each meridian is a non-trivial map  

Disclination loops are characterised by how this local texture 
changes around the torus

there are 4 types of  
disclination loop
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TOPOLOGY OF DISCLINATION LOOPS

Neighbourhood of  a disclination loop is a torus

Each meridian is a non-trivial map  

Disclination loops are characterised by how this local texture 
changes around the torus

there are 4 types of  
disclination loop

Evaluation at a marked point of  the meridional 
cycle gives a fibration

Whitehead 
product

=
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TEXTURES

think of  a texture as a point defect in 

what about line defects?

textures are non-trivial maps

characterised by a Hopf  charge

P

10 µm

A

T3-2

T3-2

T3-3

T3-1

               a

Smalyukh et al, Nature Materials 2010 Experimental data:  Ackerman and Smalyukh
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GEDANKEN EXPERIMENT: HEDGEHOG LOOPS

think of  a line defect in a hedgehog loop

orange sphere measures

blue circle measures

enclose in a 3-sphere and 
measure a Hopf  index

Whitehead product

hedgehog loop only carries a Hopf  charge
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GEDANKEN EXPERIMENT: HEDGEHOG LOOPS

think of  a line defect in a hedgehog loop

orange sphere measures

blue circle measures

enclose in a 3-sphere and 
measure a Hopf  index

Whitehead product

hedgehog loop only carries a Hopf  charge

periodic textures in          ?? 
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