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TOPOLOGY AND LIQUID CRYSTALS

nematic: from the Greek viuo |
meaning ‘thread-like’

Pieranski et al, Phys. Rev.A 31,3912 (1985)
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TOPOLOGY AND LIQUID CRYSTALS

J. Math. Phys. 20, 13-19 (1979)
Topological solitons and graded Lie algebras

V. Poénaru
Université Paris-Sud. Département de Mothématiques, 91405 Orsay, France

G. Toulouse

Ecole Normale Supéricure, Laboratoire de Physique, 24 rue Lhomond 75231 Paris 5. France
(Received 26 July 1977; revised manuscript recetved 6 March 197§)

It looks as if all the algebraic structures built in
homotopy theory lead to simple physical “effects” (in
real or gedanken experiments) when interpreted in terms
of these topological solitons. This is an encouragement
for further physico-mathematical collaboration.
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(Received 26 July 1977; revised manuscript recerved 6 March 1978)

It looks as if all the algebraic structures built in
homotopy theory lead to simple physical “effects” (in
real or gedanken experiments) when interpreted in terms
of these topological solitons. This is an encouragement
for further physico-mathematical collaboration.

nematic: from the Greek viuo |
meaning ‘thread-like’

Pieranski et al, Phys. Rev.A 31,3912 (1985) “They are totally useless, | think, except

for one important intellectual use, that
of providing tangible examples of
topological oddities, and so helping to
bring topology into the public domain of
science, from being the private preserve
of a few abstract mathematicians and
particle theorists.”

Sir Charles Frank, 1983

blue phase: faceted monodomain
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COLLOIDS IN LIQUID CRYSTALS
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ORDER AND SYMMETRY BREAKING
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ORDER AND SYMMETRY BREAKING
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DISCLINATIONS: POINT SINGULARITIES IN TWO DIMENSIONS

measure the texture on some

loop encircling the defect

map: S'— X

classify defects using
homotopy groups

71 (X) based

[Sl, X] free

courtesy of Ingo Dierking

WARWICK




DISCLINATIONS: POINT SINGULARITIES IN TWO DIMENSIONS

measure the texture on some

loop encircling the defect

map: S'— X

classify defects using
homotopy groups

71 (X) based

[S 1 , X ] free
courtesy of Ingo Dierking
w planar nematic m (RPY) = Y/
nematic 11 (RP?) = Z/27

biaxial m1(SO(3)/D2) = Qs
WA w ICK




BASED AND FREE: 1 /2 DISCLINATIONS

::% are homotopic 1n uniaxial nematics T (RP?) = Z /27

but not 1in biaxials
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BASED AND FREE: 1 /2 DISCLINATIONS

=2 are homotopic in uniaxial nematics m1(S0(3)/D2) = Qs

but not 1in biaxials
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BASED AND FREE: 1 /2 DISCLINATIONS

+2 are homotopic in uniaxial nematics m1(S0(3)/D2) = Qs

but not 1in biaxials
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ACTION OF Tr1 ON ITSELF
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FREE HOMOTOPY BY MOVING DEFECTS

“drag one defect around another”

mitial measurement _/JJ l\\ Do
N
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FREE HOMOTOPY BY MOVING DEFECTS

“drag one defect around another”

B e 7T1(X7330) o € 7T1(X, :1:'0) V4 J-: f:f\’:

v
free homotopy

CVB € T (X QZQ) - \‘\’\f\
7 v \ '\'\
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FREE HOMOTOPY BY MOVING DEFECTS

“drag one defect around another”

5671()(,330) o € 7T1(X,:1:'0) V74 J-: f:f\’:

v
free homotopy

\ 7 s ea=s
ISe==
of € (X, o) ,]J] T =

the change in homotopy class o° o o1 = 3, a

D ts a Whatehead product
WARWICK
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HEDGEHOGS: POINT SINGULARITIES IN THREE DIMENSIONS

measure the texture on some

sphere enclosing the defect

map: S%— X

classify defects using
homotopy groups

m2(X) based

[52, X] free

POULIN ET AL Science 275, 1770-1773 (1997)

nematic 1o (RP?) = Z

biaxial m2(SO(3)/D3) =0

15



BASED VERSUS FREE

what’s the sign of the hedgehog?

o (RPQ) = 7 based
[S2 RP?] =N free

Fig. 2. (A) Director con- A B
figuration for a hyperbol- <

ic defect. The director is
tangent to the lines
shown. (B) A droplet-de-
fect dipole. The director
configuration around the
spherical droplet is that
of a radial hedgehog. y
The point defectisahy- x
perbolic hedgehog. Ro-
tation of this figure about \ |/

the vertical axis produces the three-dimensional director configuration, which is uniform and paralel to
the vertical axis from the dipcle. In the electrostatic analog, the droplet becomes a conducting sphere
with charge Q in an external electric field E, which produces the field inas determining the orientation of
the director.

POULIN ET AL Science 275, 1770-1773 (1997)
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BASED VERSUS FREE

what’s the sign of the hedgehog?

o (RPQ) = 7 based
[S2 RP?] =N free

the hedgehog charge can be computed by
a degree integral

1

deg(n) = p / n-Ogn X Jypn
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configuration around the
spherical droplet is that
of a radial hedgehog. y
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the vertical axis produces the three-dimensional director configuration, which is umform and paralel to
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with charge Q in an external electric field E, which produces the field inas determining the orientation of
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BASED VERSUS FREE

what’s the sign of the hedgehog?

o (RPQ) = 7 based
[S2 RP?] =N free

the hedgehog charge can be computed by
a degree integral

1
47T/ n-oyn X dpn

odd 1n n

deg(n) =
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configuration around the W\ v/

spherical droplet is that

of a radial hedgehog. y
The point defectisahy- x
perbolic hedgehog. Ro-
tation of this figure about \

the vertical axis produces the three-dimensional director configuration, which is umform and paralel to

the vertical axis from the dipole. In the electrostatic analog, the droplet becomes a conducting sphere can you cons tru C t a

with charge Q in an extemnal electric field £, which produces the field ines determining the orientation of

the director.
POULIN ET AL Science 275, 1770-1773 (1997) free homotopy?
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DISCLINATION LOOPS
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BOULIGAND J. Phys. France 35, 959-981 (1974) TKALEC ET AL Science 333, 62-65 (2011)

disclination loops are extended objects

WARWICK
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DISCLINATION LOOPS: SIMPLE REMARKS

N

contour length of the / l \

disclination provides another aj
TERENTJEV Phys. Rev. F 51, 1330-1337 (1995)

natural measuring loop

orange circle measures « € T (X, xo)

blue circle measures G € m (X, z¢)

WARWICK
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LINKED LOOPS

orange circle measures a € T (X, xo)

blue circle measures 3 € m (X, zq)

WARWICK
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TOPOLOGICAL ENTANGLEMENT

orange circle measures a € T (X, xo)

blue circle measures 3 € m (X, zq)

two defects collectively s

define a third f
v, (t2)
(1)
®
FiG. 2. — The homotopy classes of two linked lines must commute

(a). If they do not, the two lines must be joined by a line whose
homotopy class is a commutator (b).

WA wlc K KLEMAN J. Phys. France Lett. 38, 199-202 (1977)
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TOPOLOGICAL ENTANGLEMENT

orange circle measures o € T (X, Zg)

blue circle measures (€ w1 (X, xp)

cut open i connecting tether o, 8] = « Ba~ g1

Whitehead product

(lz)
lay flat i R
=)
......... > T ~-(¥)
o -
¢ . o
p |
b |
]
1
0 : . . ('eg) (2 2)
|
]
1
1 ) b)
\ OO O —— ’ FiG. 2. — The homotopy classes of two linked lines must commute
) (a). If they do not, the two lines must be joined by a line whose

homotopy class is a commutator (b).

WA RW ICK KLEMAN J. Phys. France Lett. 38, 199-202 (1977)
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TOPOLOGICAL ENTANGLEMENT

orange circle measures «a € m1 (X, xo)

blue circle measures 3 € m (X, zq)

cut open i connecting tether o, 8] = « Ba~ g1

Whitehead product
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48 “
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R — Vs
o

WARWICK
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DEFECT CROSSING

when defects cross,

sometimes there’s a tether

WARWICK
K/ POENARU & TOULOUSE J. Phys. France 38, 887-895 (1977)
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DEFECT CROSSING

when defects cross,

sometimes there’s a tether

Tome 38 N* & AOCT 1977

LE JOURNAL DE PHYSIQUE

THE CROSSING OF DEFECTS IN ORDERED MEDIA
AND THE TOPOLOGY OF 3MANIFOLDS
V. POENARU
Universisd Paris-Sud, Dépariement de Mathématiques, 91405 Orsay, France
and
G. TOULOUSE
Ecole Normale Supéricure, Laboratosre de Physique, 24, ree Lhomond, 75231 Pars, France

(Regu le 15 Rwrier 1977, acceprd le 26 amil 1977)

Résamb. — Cg travail ont us peemicr pas dans N'étude don obwtructions topolopques pour &former
Jes défauts des milicun cedonnds. ] " macrit dam la ligne des théories phiysigues rboentes Gui classificat
bes défauts oo termes de grospes " homosopie 4 une cartane varded V., canactinistique pour l'ondre e
qeention

On monitre i) gue ' seales obstructions poer ke cronement des hgnes de défaut, dass wa échasadios
Mimessionnel. sont les commutateurs dans & groupe fondamental de V. Coos et wn phdnombee
Qqualiativement nouvesy poer une cortane classe de maténaus, i =, V son commarotl), gu'on eapére
VOIr synthitiats Monsde 1] on réssito asss ks ndcosutt d' ene nivison & Gertains conoepds 7 adinanels
dans la physaque de la matiber condenste

Le petsent travail ¢ us cadre hématique ripos pour s description des défauts son
commatants, une dicusson S apPRcanons physsqees. ainm qui quek]ues e odibmes ouverts

WARWICK
K, POENARU & TOULOUSE J. Phys. France 38, 887-895 (1977)
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DEFECT CROSSING

when defects cross,

sometimes there’s a tether

no experiments yet ...

1=43408

| SRS - —_

"l 4320 l

45 ;- 4&.95‘ ®

CHUANG, DURRER, TUROK & YURKE Science 251, 1336-1342 (1991)

WARWICK
K/ POENARU & TOULOUSE J. Phys. France 38, 887-895 (1977)
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WHITEHEAD PRODUCTS

orange circle measures « € m1(X, xg)
two defects collectively

define a third

blue circle measures B e m (X, xp)

SSIEmRm e BN W Em = ! """" .

’ 1

¢ e :

I :

‘. _________________ Y
>

Given two defects o, 3 1in the form of linked loops
they collectively define a third

a, B — |a,p] Whitehead

roduct
7T1(X,$())><7T1(X,ZIZ‘0) — 7T1(X,.CU()) p

WHITEHEAD Ann. of Math. 42, 409-428 (1941

)
WA w ICK / KLEMAN J. Phys. France Lett. 38, 199-202 (1977)
. POENARU & TOULOUSE J. Phys. France 38, 887-895 (1977
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WHITEHEAD PRODUCTS

two defects collectively
define a third (X, 2o) X me(X,Z0) = Tpig-1(X, Zo)

think of a “p-defect” linking a “q-defect” in RP +q+l

surround the “p-defect” with a S? x §1

cut this open alonga SP \V S9 to givea [DPTY i cut open

the map on the boundary §DPT4 — §PT9—1
1s the Whitehead product

WARWICK
l’k- WHITEHEAD Ann. of Math. 42, 409-428 (1941)

26




WHITEHEAD PRODUCTS

two defects collectively

delime 2 hind mp(X, x0) X mg(X, 20)  —  Tprq—1(X, 2o)

think of a “p-defect” linking a “q-defect” in RP +q+l

surround the “p-defect” with a S? x §1

cut this open alonga SP \V S9 to givea [DPTY i cut open

the map on the boundary §DPT4 — §PT9—1
1s the Whitehead product

( Y )_>( 7330) S

P " Dt
V557 R W
(Ip,ﬁlp) — (X,CU()) 6

| 7 77/ oIPT1 (X, z0)
WARWICK WHITEHEAD Ann. of Math. 42, 409-428 (1941)
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DISCLINATION LOOPS AND HEDGEHOG CHARGE

line and point defects coexist what 1s the hedgehog charge
of a disclination loop?

classify using both 71 (X ) and 75(X)

TKALEC ET AL Science 333, 62—65 (2011)

WARWICK
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MOVING A HEDGEHOG AROUND A DISCLINATION

the wicked ways of an evil experimentalist

hedgehog
p € mo(RP?, )

—1 € m (RP?, zp)

disclination loop

what’s its charge?

WARWICK
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WARWICK
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MOVING A HEDGEHOG AROUND A DISCLINATION

WARW ICK

images: Sabetta Matsumoto
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MOVING A HEDGEHOG AROUND A DISCLINATION
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images: Sabetta Matsumoto
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MOVING A HEDGEHOG AROUND A DISCLINATION
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images: Sabetta Matsumoto
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MOVING A HEDGEHOG AROUND A DISCLINATION
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images: Sabetta Matsumoto
33




MOVING A HEDGEHOG AROUND A DISCLINATION
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images: Sabetta Matsumoto
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MOVING A HEDGEHOG AROUND A DISCLINATION

WARW ICK

images: Sabetta Matsumoto
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MOVING A HEDGEHOG AROUND A DISCLINATION

motion of the hedgehog removes charge |[—1,p| =2p

from the disclination loop
Whitehead product

disclination loops only carrya Z/27

hedgehog charge

: DA/ T I JANICH Acta Appl. Math. 8, 65-74 (1987)
WARWICK pp :
&«- GPA, CHEN, MATSUMOTO, KAMIEN Rev. Mod. Phys. 84, 497-514 (2012)
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MOVING A HEDGEHOG AROUND A DISCLINATION

motion of the hedgehog removes charge |[—1,p| =2p
from the disclination loop
Whitehead product
disclination loops only carrya Z/27
hedgehog charge
there are four types of linked or unlinked, and even
disclination loops: or odd hedgehog charge
WA w ICK JANICH Acta Appl. Math. 8, 65-74 (1987)

GPA, CHEN, MATSUMOTO, KAMIEN Rev. Mod. Phys. 84, 497-514 (2012)
36




TOPOLOGY OF DISCLINATION LOOPS

Neighbourhood of a disclination loop is a torus S x S* there are 1 types of
Each meridian is a non-trivial map S! — RIP? disclination loop

Disclination loops are characterised by how this local texture
changes around the torus

S — map=V (St RP?)

WHITEHEAD Ann. Math. 47, 460-475 (1946)

JANICH Acta Appl. Math. 8, 65-74 (1987)

WA RW I WK NAKANISHI, HAYASHI & MoORI Commun. Math. Phys. 117, 203-213 (1988)
WA wlc K BECHLUFT-SACHS & HIEN Commun. Math. Phys. 202, 403—-409 (1999)
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TOPOLOGY OF DISCLINATION LOOPS

Neighbourhood of a disclination loop is a torus S x S* there are 1 types of
Each meridian is a non-trivial map S! — RP? disclination loop

Disclination loops are characterised by how this local texture
changes around the torus

S — map=V (St RP?)

Evaluation at a marked point of the meridional
cycle gives a fibration

map’ Y (S!, RP?) — map(~Y (S, RP?) — RP?

WHITEHEAD Ann. Math. 47, 460-475 (1946)

JANICH Acta Appl. Math. 8, 65-74 (1987)

WA RW I WK NAKANISHI, HAYASHI & MoORI Commun. Math. Phys. 117, 203-213 (1988)
WA wl(‘ N BECHLUFT-SACHS & HIEN Commun. Math. Phys. 202, 403—-409 (1999)
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TOPOLOGY OF DISCLINATION LOOPS

Neighbourhood of a disclination loop is a torus S x S* there are 1 types of
Each meridian is a non-trivial map S! — RP? disclination loop

Disclination loops are characterised by how this local texture
changes around the torus

S — map=V (St RP?)

Evaluation at a marked point of the meridional
cycle gives a fibration

map’ Y (S!, RP?) — map(~Y (S, RP?) — RP?

. — mo(RP?) — my (mapl™ " (SY, RP?)) — m; (map—D(S1, RP?)) — 1 (RP?) — - -

WHITEHEAD Ann. Math. 47, 460-475 (1946)

JANICH Acta Appl. Math. 8, 65-74 (1987)

WA RW I WK NAKANISHI, HAYASHI & MoORI Commun. Math. Phys. 117, 203-213 (1988)
WA wl(‘ N BECHLUFT-SACHS & HIEN Commun. Math. Phys. 202, 403—-409 (1999)
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TOPOLOGY OF DISCLINATION LOOPS

Neighbourhood of a disclination loop is a torus S x S* there are 1 types of
Each meridian is a non-trivial map S! — RP? disclination loop

Disclination loops are characterised by how this local texture
changes around the torus

S — map=V (St RP?)

Evaluation at a marked point of the meridional
cycle gives a fibration

map’ Y (S!, RP?) — map(~Y (S, RP?) — RP?

. — mo(RP?) — my (mapl™ " (SY, RP?)) — m; (map—D(S1, RP?)) — 1 (RP?) — - -

1|
Whitehead\A

product i (RPQ )

WHITEHEAD Ann. Math. 47, 460-475 (1946)

JANICH Acta Appl. Math. 8, 65-74 (1987)

WA RW I WK NAKANISHI, HAYASHI & MoORI Commun. Math. Phys. 117, 203-213 (1988)
WA wl(‘ N BECHLUFT-SACHS & HIEN Commun. Math. Phys. 202, 403—-409 (1999)
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TEXTURES

textures are non-trivial maps 5% — RP?

characterised by a Hopf charge h € m3(RP?) =7Z

Smalyukh et al, Nature Materials 2010 Experimental data: Ackerman and Smalyukh

think of a texture as a point defectin R* (5%)

what about line defects?

WARWICK
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GEDANKEN EXPERIMENT: HEDGEHOG LOOPS

think of a line defectin R* (5*) a hedgehog loop

orange sphere measures P € 7o (R]PQ)

blue circle measures o € M (RIP)2)

enclose in a 3-sphere and
measure a Hopf index h € m3(RP?)

Whitehead product 7 (RP?) x ma(RP?) — 73 (RP?)
p ¢ [p,al =2pq

hedgehog loop only carries a Hopf charge mod 2p

WARWICK
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GEDANKEN EXPERIMENT: HEDGEHOG LOOPS

think of a line defectin R* (5*) a hedgehog loop

orange sphere measures P € 7o (R]PQ)

blue circle measures o € M (RIP)2)

enclose in a 3-sphere and
measure a Hopf index h € m3(RP?)

Whitehead product 7 (RP?) x ma(RP?) — 73 (RP?)
p ¢ [p,al =2pq

hedgehog loop only carries a Hopf charge mod 2p

periodic textures in RS> 27

WARWICK
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