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Kaplan’s Fermions

Continuum 5D fermions:

/∂ψ(x, s) + γ5∂5ψ(x, s) + m(s)ψ(x, s) = 0

m

!m

s

The zero mode:

ψ0 = φ±(s)u± γ5u± = ±u± [±∂5 + m(s)]φ±(s) = 0

and

φ+(s) = e−m|s|

is the only normalizable state
47



Domain Wall Fermions for QCD

Formulate the 5D Wilson fermions with mass M != 0 in s ε [1, Ls]

1 2 Ls/2 Ls... ...

q(R)

For −2 < M < 0, light chiral modes are bound on the walls.
Only one Dirac fermion without doublers remains.

1 2 Ls/2 Ls... ...

mf

q(R) Fermion mass is introduced by
explicitly coupling mf of the
walls. [Shamir,Furman & Shamir]
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Ward Identity

•                          : Exact chiral symmetry at finite lattice spacing 

∆µ〈Aa
µ(x)O〉 = 2 mf 〈Ja

5(x)O〉+ 2〈Ja
5q(x)O〉+ i〈δa

xO〉

Aa
µ(x) : Axial Current

Ja
5(x) = q̄(x)τaγ5q(x) : Pseudo-scalar density

Ja
5q(x) = −ψ(x,

Ls

2
)τaPLψ(x,

Ls

2
+ 1)

+ ψ(x,
Ls

2
+ 1)τaPRψ(x,

Ls

2
).

lim
Ls→∞

〈Ja
5q(x)O〉 = 0

• Ls →∞ : Exact chiral symmetry at finite lattice spacing.

• Finite Ls: Exponentially suppressed breaking [Furman & Shamir Nucl.Phys.

B439 (1995)]

• Flavor singlet case: 〈J5q(x)O〉 reproduces the anomaly.
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q(x) = PLψ(x,0) + PRψ(x, Ls − 1) (1)

q(x) = ψ(x, Ls − 1)PL + ψ(x,0)PR (2)
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Overlap Fermions

• Develop Kaplan’s idea

• Derive the 4D effective action 

• The overlap formula                                               and   M5<0

e−S(U) = 〈0−|0+〉

e−S(U) = 〈0−|0+〉

Dov(m) =
1 + m

2
+

1− m

2
γ5ε[γ5D(M5)] (8)

D0
ov =

1

2
+

1

2
γ5ε[γ5D(M5)] (9)

DWilson
xy (M5) = (4+M5)δx,y−1

2
[(1−γµ)Uµ(x)δx+µ,y+(1+γµ)U†

µ(y)δx,y+µ] ,

(10)
with mass M5 = O(−1). On the other hand the standard Shamir
implementation of Domain Wall fermions is equivalent to an overlap
kernel,

DShamir(M5) =
a5DWilson(M5)

2 + a5DWilson(M5)
. (11)
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2
+

1

2
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DWilson
xy (M5) = (4+M5)δx,y−1

2
[(1−γµ)Uµ(x)δx+µ,y+(1+γµ)U†

µ(y)δx,y+µ] ,

(10)
with mass M5 = O(−1). On the other hand the standard Shamir
implementation of Domain Wall fermions is equivalent to an overlap
kernel,

DShamir(M5) =
a5DWilson(M5)

2 + a5DWilson(M5)
. (11)



Ginsparg-Wilson Relation

• The overlap satisfies the GW relation

• What about the DWF?

γ5 D + D γ5 = 2 D γ5 D

Renormalization group transformation:

The fixed point operator satisfies (massless case):

γ5 D + D γ5 = 2 D γ5 D

δΨ = γ5(1− 2D)Ψ

δΨ̄ = Ψ̄γ5

γ5 D + D γ5 = 2 D γ5 D

δΨ = γ5(1− 2D)Ψ

δΨ̄ = Ψ̄γ5Luscher symmetry:



Is the GW relation enough?

• Take the overlap formula with M5>0

• It satisfies the GW relation

• It does not have chiral modes!
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with mass M5 = O(−1). On the other hand the standard Shamir
implementation of Domain Wall fermions is equivalent to an overlap
kernel,

DShamir(M5) =
a5DWilson(M5)

2 + a5DWilson(M5)
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γ5 D + D γ5 = 2 D γ5 D

δΨ = γ5(1− 2D)Ψ

δΨ̄ = Ψ̄γ5

γ5 D + D γ5 = γ5 +
1

2
ε[γ5D(M5)] +

1

2
γ5ε[γ5D(M5)]γ5 = 2 D γ5 D

Dov(m) =
1 + m

2
+

1−m

2
γ5εLs[γ5D(M5)] (12)



DWF and the GW relation

• DWF are at hart the same as the overlap

• It’s easy to show that

• The physical quark propagator is

• This is just a particular approximation of the sign 
function

• The GW relation

• The violation is positive for Ls even

γ5 D + D γ5 = 2 D γ5 D

δΨ = γ5(1− 2D)Ψ

δΨ̄ = Ψ̄γ5

γ5 D + D γ5 = γ5 +
1

2
ε[γ5D(M5)] +

1

2
γ5ε[γ5D(M5)γ5] = 2 D γ5 D

Dov(m) =
1 + m

2
+

1−m

2
γ5εLs[γ5D(M5)] (12)

D(M5) =
a5DW (M5)

2 + a5DW (M5)
. (13)D(M5) =

a5DW (M5)

2 + a5DW (M5)
. (13)

D−1
eff = 〈qq̄〉 = D−1

ov − 1

εLs(x) =
∏Ls

s (1 + x)− ∏Ls
s (1− x)∏Ls

s (1 + x) +
∏Ls

s (1− x)

D(M5) =
a5DW (M5)

2 + a5DW (M5)
. (13)

D−1
eff = 〈qq̄〉 = D−1

ov − 1

εLs(x) =
∏Ls

s (1 + x)− ∏Ls
s (1− x)∏Ls

s (1 + x) +
∏Ls

s (1− x)

2γ5∆L ≡ γ5
1

2

[
1− εLs

2
]
= γ5D0

ov + D0
ovγ5 − 2D0

ovγ5D0
ov . (14)

D(M5) =
a5DW (M5)

2 + a5DW (M5)
. (13)

1

Deff
≡ 〈qq̄〉 =

1

1−m

( 1

Dov
− 1

)

εLs(x) =
∏Ls

s (1 + x)− ∏Ls
s (1− x)∏Ls

s (1 + x) +
∏Ls

s (1− x)

2γ5∆L ≡ γ5
1

2

[
1− εLs

2
]
= γ5D0

ov + D0
ovγ5 − 2D0

ovγ5D0
ov . (14)

D(s)
+ = b5(s)DWilson(M5) + 1 and D(s)

− = c5(s)DW (M5) − 1 and the
chiral projectors are P± = (1± γ5)/2.



The DWF approximation

• No flexibility in the approximation

• Only Ls can be changed and hope for the best....

D(M5) =
a5DW (M5)

2 + a5DW (M5)
. (13)

D−1
eff = 〈qq̄〉 = D−1

ov − 1

εLs(x) =
∏Ls

s (1 + x)− ∏Ls
s (1− x)∏Ls

s (1 + x) +
∏Ls

s (1− x)
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Changing the gauge action

• DBW2 gauge action works for quenched (2GeV cutoff)

• Dynamical with 1.7GeV cutoff only a factor of 2 better



Why do we still work with DWF?

• For the overlap it seems there are a lot of tricks one can 
play (Zolotarev, continued fractions, double pass, Nested 
iteration prec. etc.)

• The physical picture is compelling for DWF (Axial current)

• The 5D action is local. New algorithms can exploit this 
feature.

• Dynamical: Easy force computation. (other 5D methods 
have this feature too)

• Computing the inverse is easier than computing the matrix 
and then inverting!

• A little flexibility would not hurt!



The Mobius Fermions

The DWF transfer Matrix (a la Edwards and Heller)

K. Orginos
(Dated: November 3, 2004)

I. DOMAIN WALL FERMIONS: THE TRANSFER MATRIX

The generalized domain wall fermion action is:

SDW = −Ψ̄D(5)
DW Ψ = −

∑
x,x′

Ls−1∑
s=0

[
Ψ̄(x, s) [b5Dw(x, x′) + 1]Ψ(x′, s)

]
+

+
[
Ψ̄(x, s) [c5Dw(x, x′)− 1]P−Ψ(x′, s + 1) + Ψ̄(x, s) [c5Dw(x, x′)− 1]P+Ψ(x′, s− 1)

]−
− mf

[
Ψ̄(x, 0) [c5Dw(x, x′)− 1]P+Ψ(x′, Ls − 1) + Ψ̄(x, Ls − 1) [c5Dw(x, x′)− 1]P−Ψ(x′, 0)

]
(1)

where

P+ =
1 + γ5

2

P− =
1− γ5

2
(2)

and Dw is the Wilson fermion matrix.
When c5 = 0 and b5 = a5 we have the Shamir domain wall fermions. When c5 = b5 = a5 we have the Borici domain

wall fermions. When b5 − c5 = a5 and b5 + c5 = κa5 we have the Neff fermions.
In matrix notation we can write:

D(5)
dwf =


D+ −D− P− 0 · · · 0 m D− P+

−D− P+ D+ −D− P− 0 · · · 0
0 −D− P+ D+ −D− P− 0 · · ·
...

...
m D− P− 0 · · · · · · −D− P+ D+

 (3)

where

D+ = 1 + b5Dw

D− = 1− c5Dw (4)

We will transform from the Ψ̄ and Ψ variables to the χ̄ and χ in such a way that χ(0) is the q field (see axial current
and hermiticity notes) and χ̄(0) is the q̄ field [2]. In order to achieve this transformation we define the following
operators:

Pss′ = δss′P− + δs′,(s+1) mod Ls
P+ (5)

P−1
ss′ = δss′P− + δs′,(s−1) mod Ls

P+ (6)

and the reflection operator

Rss′ = δs′,Ls−1−s (7)

All s-indices run from 0 to Ls − 1. In matrix notation:

P =


P− P+ · · · 0
0 P− P+ · · · 0
...

...
. . .

...
0 0 · · · P+

P+ 0 · · · P−

 (8)

P−1 =


P− 0 · · · P+

P+ P− · · · 0
...

. . . . . .
...

0 0 P+ P−

 (9)
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The generalized domain wall fermion action is:
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]
+

+
[
Ψ̄(x, s) [c5Dw(x, x′)− 1]P−Ψ(x′, s + 1) + Ψ̄(x, s) [c5Dw(x, x′)− 1]P+Ψ(x′, s− 1)

]−
− mf

[
Ψ̄(x, 0) [c5Dw(x, x′)− 1]P+Ψ(x′, Ls − 1) + Ψ̄(x, Ls − 1) [c5Dw(x, x′)− 1]P−Ψ(x′, 0)

]
(1)

where

P+ =
1 + γ5

2

P− =
1− γ5

2
(2)

and Dw is the Wilson fermion matrix.
When c5 = 0 and b5 = a5 we have the Shamir domain wall fermions. When c5 = b5 = a5 we have the Borici domain

wall fermions. When b5 − c5 = a5 and b5 + c5 = κa5 we have the Neff fermions.
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operators:

Pss′ = δss′P− + δs′,(s+1) mod Ls
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All s-indices run from 0 to Ls − 1. In matrix notation:

P =


P− P+ · · · 0
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...

...
. . .

...
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P+ P− · · · 0
...

. . . . . .
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Ls

The DWF transfer Matrix (a la Edwards and Heller)

K. Orginos
(Dated: March 26, 2005)

I. DOMAIN WALL FERMIONS: THE TRANSFER MATRIX

The generalized domain wall fermion action is:

SDW = −Ψ̄D(5)
DW Ψ = −

∑
x,x′

Ls−1∑
s=0

[
Ψ̄(x, s) [b5Dw(x, x′) + 1]Ψ(x′, s)

]
+

+
[
Ψ̄(x, s) [c5Dw(x, x′)− 1]P−Ψ(x′, s + 1) + Ψ̄(x, s) [c5Dw(x, x′)− 1]P+Ψ(x′, s− 1)

]−
− mf

[
Ψ̄(x, 0) [c5Dw(x, x′)− 1]P+Ψ(x′, Ls − 1) + Ψ̄(x, Ls − 1) [c5Dw(x, x′)− 1]P−Ψ(x′, 0)
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(1)

where

P+ =
1 + γ5

2

P− =
1− γ5
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(2)
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D(5)
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−D− P+ D+ −D− P− 0 · · · 0
0 −D− P+ D+ −D− P− 0 · · ·
...

...
m D− P− 0 · · · · · · −D− P+ D+

 (3)
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D+ = 1 + b5Dw

D− = 1− c5Dw (4)
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Rss′ = δs′,Ls−1−s (7)
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0 P− P+ · · · 0
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...
. . .

...
0 0 · · · P+

P+ 0 · · · P−

 (8)

P−1 =


P− 0 · · · P+

P+ P− · · · 0
...

. . . . . .
...

0 0 P+ P−

 (9)
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I. DOMAIN WALL FERMIONS: THE TRANSFER MATRIX

The generalized domain wall fermion action is:

SDW = −Ψ̄D(5)
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(1)

where

P+ =
1 + γ5

2

P− =
1− γ5

2
(2)

and Dw is the Wilson fermion matrix.
When c5 = 0 and b5 = a5 we have the Shamir domain wall fermions. When c5 = b5 = a5 we have the Borici domain

wall fermions. When b5 − c5 = a5 and b5 + c5 = κa5 we have the Neff fermions.
In matrix notation we can write:
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dwf =
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...

...
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 (3)

where

D+ = 1 + b5Dw

D− = 1− c5Dw (4)

We will transform from the Ψ̄ and Ψ variables to the χ̄ and χ in such a way that χ(0) is the q field (see axial current
and hermiticity notes) and χ̄(0) is the q̄ field [2]. In order to achieve this transformation we define the following
operators:

Pss′ = δss′P− + δs′,(s+1) mod Ls
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P−1
ss′ = δss′P− + δs′,(s−1) mod Ls

P+ (6)

and the reflection operator

Rss′ = δs′,Ls−1−s (7)

All s-indices run from 0 to Ls − 1. In matrix notation:

P =


P− P+ · · · 0
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. . .

...
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P+ 0 · · · P−

 (8)
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The DWF transfer Matrix (a la Edwards and Heller)

K. Orginos
(Dated: March 28, 2005)

I. DOMAIN WALL FERMIONS: THE TRANSFER MATRIX

The generalized domain wall fermion action is:

SDW = −Ψ̄D(5)
DW Ψ = −

∑
x,x′

Ls−1∑
s=0

[
Ψ̄(x, s) [b5Dw(x, x′) + 1]Ψ(x′, s)

]
+

+
[
Ψ̄(x, s) [c5Dw(x, x′)− 1]P−Ψ(x′, s + 1) + Ψ̄(x, s) [c5Dw(x, x′)− 1]P+Ψ(x′, s− 1)

]−
− mf

[
Ψ̄(x, 0) [c5Dw(x, x′)− 1]P+Ψ(x′, Ls − 1) + Ψ̄(x, Ls − 1) [c5Dw(x, x′)− 1]P−Ψ(x′, 0)

]
(1)

where

P+ =
1 + γ5

2

P− =
1− γ5

2
(2)

and Dw is the Wilson fermion matrix.
When c5 = 0 and b5 = a5 we have the Shamir domain wall fermions. When c5 = b5 = a5 we have the Borici domain

wall fermions. When b5 − c5 = a5 and b5 + c5 = κa5 we have the Neff fermions.
In matrix notation we can write:

D(5)
dwf =


D+ −P− 0 · · · 0 m P+

−P+ D+ −P− 0 · · · 0
0 −P+ D+ −P− 0 · · ·
...

...
m P− 0 · · · · · · −P+ D+

 (3)

where

D+ = 1 + b5Dw

= 1− c5Dw (4)

We will transform from the Ψ̄ and Ψ variables to the χ̄ and χ in such a way that χ(0) is the q field (see axial current
and hermiticity notes) and χ̄(0) is the q̄ field [? ]. In order to achieve this transformation we define the following
operators:

Pss′ = δss′P− + δs′,(s+1) mod Ls
P+ (5)

P−1
ss′ = δss′P− + δs′,(s−1) mod Ls

P+ (6)

and the reflection operator

Rss′ = δs′,Ls−1−s (7)



The  Mobius overlap

• Overlap:   α=2, a5=0  (Borici)

• DWF:        α=1, a5=1  (Shamir)

The DWF transfer Matrix (a la Edwards and Heller)

K. Orginos
(Dated: November 3, 2004)

I. DOMAIN WALL FERMIONS: THE TRANSFER MATRIX

The generalized domain wall fermion action is:

SDW = −Ψ̄D(5)
DW Ψ = −

∑
x,x′

Ls−1∑
s=0

[
Ψ̄(x, s) [b5Dw(x, x′) + 1]Ψ(x′, s)

]
+

+
[
Ψ̄(x, s) [c5Dw(x, x′)− 1]P−Ψ(x′, s + 1) + Ψ̄(x, s) [c5Dw(x, x′)− 1]P+Ψ(x′, s− 1)

]−
− mf

[
Ψ̄(x, 0) [c5Dw(x, x′)− 1]P+Ψ(x′, Ls − 1) + Ψ̄(x, Ls − 1) [c5Dw(x, x′)− 1]P−Ψ(x′, 0)

]
(1)

where

P+ =
1 + γ5

2

P− =
1− γ5

2
(2)

and Dw is the Wilson fermion matrix.
When c5 = 0 and b5 = a5 we have the Shamir domain wall fermions. When c5 = b5 = a5 we have the Borici domain

wall fermions. When b5 − c5 = a5 and b5 + c5 = κa5 we have the Neff fermions.
In matrix notation we can write:

D(5)
dwf =


D+ −D− P− 0 · · · 0 m D− P+

−D− P+ D+ −D− P− 0 · · · 0
0 −D− P+ D+ −D− P− 0 · · ·
...

...
m D− P− 0 · · · · · · −D− P+ D+

 (3)

where

D+ = 1 + b5Dw

D− = 1− c5Dw (4)

We will transform from the Ψ̄ and Ψ variables to the χ̄ and χ in such a way that χ(0) is the q field (see axial current
and hermiticity notes) and χ̄(0) is the q̄ field [2]. In order to achieve this transformation we define the following
operators:

Pss′ = δss′P− + δs′,(s+1) mod Ls
P+ (5)

P−1
ss′ = δss′P− + δs′,(s−1) mod Ls

P+ (6)

and the reflection operator

Rss′ = δs′,Ls−1−s (7)

All s-indices run from 0 to Ls − 1. In matrix notation:

P =


P− P+ · · · 0
0 P− P+ · · · 0
...

...
. . .

...
0 0 · · · P+

P+ 0 · · · P−

 (8)

P−1 =


P− 0 · · · P+

P+ P− · · · 0
...

. . . . . .
...

0 0 P+ P−

 (9)

3

or

D(5)
DWP =


γ5Q− (P− −m P+) γ5Q+ · · · 0

0 γ5Q− γ5Q+

...
...

...
. . . . . .

γ5Q+ (P+ −m P−) 0 · · · γ5Q−

 (25)

and

D(5)
DWP =


γ5Q−M− γ5Q+ · · · 0

0 γ5Q− γ5Q+

...
...

...
. . . . . .

γ5Q+M+ 0 · · · γ5Q−

 (26)

with

M− = P− −m P+ (27)
M+ = P+ −m P− (28)

Note M−M+ = −m. Now if we define

T−1 = −Q−1
− Q+ (29)

we get

D(5)
DWP = γ5Q−


M− −T−1 · · · 0

0 1 −T−1
...

...
...

. . . . . .
−T−1 M+ 0 · · · 1

 = γ5Q−UD5L (30)

with

D5 =


M− − T−LsM+ 0 · · · 0

0 1 0
...

...
...

. . . . . .
0 0 · · · 1

 (31)

L =
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. . .
...

...
...

. . . . . . 0
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U =
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...

...
...

. . . . . .
0 0 · · · 1

 (33)
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Lss′ = δss′ − δs0T
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Uss′ = δss′ − T−1δs′, s+1 (36)
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Uss′ = δss′ − T−1δs′, s+1 (36)
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A. The transfer Matrix

The transfer matrix T was defined as:

T−1 = −Q−1
− Q+ (59)

Q+ = γ5

[
D+ P+ −D− P−

]
=

= γ5

[
P+ + b5DwP+ − P− + c5DwP−

]
=

= P+ + P− + b5HwP+ + c5HwP− = 1 + b5HwP+ + c5HwP+ − c5HwP+ + c5HwP− ⇒
Q+ = 1 + c5Hw + (b5 − c5)HwP+ (60)

with Hw = γ5Dw. Similarly

Q− = γ5

[
D+ P− −D− P+

]
=

= γ5

[
P− + b5DwP− − P+ + c5DwP+

]
=

= −P+ − P− + b5HwP− + c5HwP+ = −1 + b5HwP− + c5HwP− − c5HwP− + c5HwP+ ⇒
Q− = −1 + c5Hw + (b5 − c5)HwP− (61)

or

Q± = c5Hw ± 1 + (b5 − c5)HwP± (62)

So

T−1 = −Q−1
− Q+ =

=
1

1− c5Hw − (b5 − c5)HwP−

[
1 + c5Hw + (b5 − c5)HwP+

]
=

1 + HT

1−HT
⇒[

1 + c5Hw + (b5 − c5)HwP+

][
1−HT

]
=

[
1− c5Hw − (b5 − c5)HwP−

][
1 + HT

]
⇒

2c5Hw + (b5 − c5)Hw =
[
2 + (b5 − c5)Hw(P+ − P−)

]
HT ⇒

HT =
1

2 + (b5 − c5)Hwγ5
(b5 + c5)Hw (63)

or

HT = (b5 + c5)γ5
Dw

2 + (b5 − c5)Dw
(64)

If we define α = b5 + c5 and a5 = b5 − c5 we get the transfer matrix to be

HT = α
1

2 + a5Hwγ5
Hw (65)

II. SOME FORMULAS

D = (b5 + c5)
Dw

2 + (b5 − c5)Dw
= α

Dw

2 + a5Dw
(66)

HT = γ5D (67)

T−1 =
1 + HT

1−HT
(68)

[1] R. G. Edwards and U. M. Heller, Phys. Rev. D63, 094505 (2001), arXiv:hep-lat/0005002.
[2] The 0 index refers to the s index of the 5th dimension
[3] see axial current and hermiticity notes
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With a little high school algebra we get
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P−1 1
Ddwf (1)

Ddwf (m)P = L−1(1)diag(Dov(m), 1, · · · , 1)L(m) (69)

or

P−1 1
Ddwf (1)

Ddwf (m)P =



Dov(m) 0 0 · · · · · · · · · 0
−(1−m)T−Ls/2+1 1

T−Ls/2+T Ls/2 1 0 0 · · · · · · 0
−(1−m)T−Ls/2+2 1

T−Ls/2+T Ls/2 0 1 0 · · · · · · 0
...

...
. . . . . . . . . · · · ...

−(1−m) 1
T−Ls/2+T Ls/2 0 · · · · · · 1 0 · · ·

...
...

. . . . . . . . . . . .
...

−(1−m)TLs/2−1 1
T−Ls/2+T Ls/2 0 · · · · · · · · · 0 1


(70)

P−1 1
Ddwf (m)

Ddwf (1)P = L−1(m)diag(Dov(m), 1, · · · , 1)L(1) (71)

P−1 1
Ddwf (m)

Ddwf (1)P =



D−1
ov (m) 0 0 · · · · · · · · · 0

(1−m)T−Ls/2+1 1
T−Ls/2+T Ls/2 D−1

ov (m) 1 0 0 · · · · · · 0
(1−m)T−Ls/2+2 1

T−Ls/2+T Ls/2 D−1
ov (m) 0 1 0 · · · · · · 0

...
...

. . . . . . . . . · · · ...
(1−m) 1

T−Ls/2+T Ls/2 D−1
ov (m) 0 · · · · · · 1 0 · · ·

...
...

. . . . . . . . . . . .
...

(1−m)TLs/2−1 1
T−Ls/2+T Ls/2 D−1

ov (m) 0 · · · · · · · · · 0 1


(72)

[1] R. G. Edwards and U. M. Heller, Phys. Rev. D63, 094505 (2001), arXiv:hep-lat/0005002.
[2] The 0 index refers to the s index of the 5th dimension
[3] see axial current and hermiticity notes

γ5 D + D γ5 = 2 D γ5 D

δΨ = γ5(1− 2D)Ψ

δΨ̄ = Ψ̄γ5

γ5 D + D γ5 = γ5 +
1

2
ε[γ5D(M5)] +

1

2
γ5ε[γ5D(M5)γ5] = 2 D γ5 D

Dov(m) =
1 + m

2
+

1−m

2
γ5εLs[γ5D(M5)] (12)

7

P−1 1
Ddwf (1)

Ddwf (m)P = L−1(1)diag(Dov(m), 1, · · · , 1)L(m) (69)

or

P−1 1
Ddwf (1)

Ddwf (m)P =



Dov(m) 0 0 · · · · · · · · · 0
−(1−m)T−Ls/2+1 1

T−Ls/2+T Ls/2 1 0 0 · · · · · · 0
−(1−m)T−Ls/2+2 1

T−Ls/2+T Ls/2 0 1 0 · · · · · · 0
...

...
. . . . . . . . . · · · ...

−(1−m) 1
T−Ls/2+T Ls/2 0 · · · · · · 1 0 · · ·

...
...

. . . . . . . . . . . .
...

−(1−m)TLs/2−1 1
T−Ls/2+T Ls/2 0 · · · · · · · · · 0 1


(70)

P−1 1
Ddwf (m)

Ddwf (1)P = L−1(m)diag(Dov(m), 1, · · · , 1)L(1) (71)

P−1 1
Ddwf (m)

Ddwf (1)P =



D−1
ov (m) 0 0 · · · · · · · · · 0

(1−m)T−Ls/2+1 1
T−Ls/2+T Ls/2 D−1

ov (m) 1 0 0 · · · · · · 0
(1−m)T−Ls/2+2 1

T−Ls/2+T Ls/2 D−1
ov (m) 0 1 0 · · · · · · 0

...
...

. . . . . . . . . · · · ...
(1−m) 1

T−Ls/2+T Ls/2 D−1
ov (m) 0 · · · · · · 1 0 · · ·

...
...

. . . . . . . . . . . .
...

(1−m)TLs/2−1 1
T−Ls/2+T Ls/2 D−1

ov (m) 0 · · · · · · · · · 0 1


(72)

εLs =
T−Ls − 1
T−Ls + 1

=
(1 + HT )Ls − (1−HT )Ls

(1 + HT )Ls + (1−HT )Ls
(73)

[1] R. G. Edwards and U. M. Heller, Phys. Rev. D63, 094505 (2001), arXiv:hep-lat/0005002.
[2] The 0 index refers to the s index of the 5th dimension
[3] see axial current and hermiticity notes



What do we gain?

• Keep a5 fixed

• Tune the scale α

• Shift the eigenvalues to better 
fit the approximation window
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Ward Identity

• The axial current is now more complicated 

∆µ〈Aa
µ(x)O〉 = 2 mf 〈Ja

5(x)O〉+ 2〈Ja
5q(x)O〉+ i〈δa

xO〉

Aa
µ(x) : Axial Current

Ja
5(x) = q̄(x)τaγ5q(x) : Pseudo-scalar density

Ja
5q(x) = −ψ(x,

Ls

2
)τaPLψ(x,

Ls

2
+ 1)

+ ψ(x,
Ls

2
+ 1)τaPRψ(x,

Ls

2
).

lim
Ls→∞

〈Ja
5q(x)O〉 = 0

• Ls →∞ : Exact chiral symmetry at finite lattice spacing.

• Finite Ls: Exponentially suppressed breaking [Furman & Shamir Nucl.Phys.

B439 (1995)]

• Flavor singlet case: 〈J5q(x)O〉 reproduces the anomaly.

∆µ〈Aa
µ(x)O〉 = 2 mf 〈Ja

5(x)O〉+ 2〈Ja
5q(x)O〉+ i〈δa

xO〉

Aa
µ(x) : Axial Current

Ja
5(x) = q̄(x)τaγ5q(x) : Pseudo-scalar density

Ja
5q(x) = −ψ(x,

Ls

2
)τaPLψ(x,

Ls

2
+ 1) + ψ(x,

Ls

2
+ 1)τaPRψ(x,

Ls

2
)

lim
Ls→∞

〈Ja
5q(x)O〉 = 0

• Ls →∞ : Exact chiral symmetry at finite lattice spacing.

• Finite Ls: Exponentially suppressed breaking [Furman & Shamir Nucl.Phys.

B439 (1995)]

• Flavor singlet case: 〈J5q(x)O〉 reproduces the anomaly.

∆µ〈Aa
µ(x)O〉 = 2 mf 〈Ja

5(x)O〉+ 2〈Ja
5q(x)O〉+ i〈δa

xO〉

Aa
µ(x) : Axial Current

Ja
5(x) = q̄(x)τaγ5q(x) : Pseudo-scalar density

Ja
5q(x) = −ψ(x,

Ls

2
)τaPLψ(x,

Ls

2
+ 1) + ψ(x,

Ls

2
+ 1)τaPRψ(x,

Ls

2
)

Ja
5q(x) = q̄mp(x)τaγ5qmp(x)

lim
Ls→∞

〈Ja
5q(x)O〉 = 0

• Ls →∞ : Exact chiral symmetry at finite lattice spacing.

• Finite Ls: Exponentially suppressed breaking [Furman & Shamir Nucl.Phys.

B439 (1995)]

• Flavor singlet case: 〈J5q(x)O〉 reproduces the anomaly.

1 2 Ls/2 Ls... ...

mf

q(L) q(R)

J5(q)
ja
µ(x, s) =

1

2

[
Ψ(x + µ̂, s)(1 + γµ)U

†
x+µ̂,µtaΨ(x, s)−Ψ(x, s)(1− γµ)Ux,µtaΨ(x + µ̂, s)

]
.

(7)

+ −

ja
µ(x, s) =

1

2

[
Ψ(x + µ̂, s)(1 + γµ)U

†
x+µ̂,µtaΨ(x, s)−Ψ(x, s)(1− γµ)Ux,µtaΨ(x + µ̂, s)

]
.

(7)

+ −

q(x) = P−ψ(x,0) + P+ψ(x, Ls − 1) (15)

q(x) = ψ(x, Ls − 1)D−P−+ ψ(x,0)D−P+ (16)

qmp(x) = P−ψ(x,
Ls

2
+ 1) + P+ψ(x,

Ls

2
) (17)

qmp(x) = ψ(x,
Ls

2
)D−P−+ ψ(x,

Ls

2
+ 1)D−P+ (18)

q(x) = P−ψ(x,0) + P+ψ(x, Ls − 1) (15)

q(x) = ψ(x, Ls − 1)D−P−+ ψ(x,0)D−P+ (16)

qmp(x) = P−ψ(x,
Ls

2
+ 1) + P+ψ(x,

Ls

2
) (17)

qmp(x) = ψ(x,
Ls

2
)D−P−+ ψ(x,

Ls

2
+ 1)D−P+ (18)



Chiral symmetry breaking

• The size of                  measures chiral symmetry breaking

• Let’s use for the operator 

• Assume at long distances 

• The proportionality constant is the residual mass
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2
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2
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5(x) = q̄(x)τaγ5q(x) : Pseudo-scalar density

Ja
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Ls

2
)τaPLψ(x,
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2
+ 1) + ψ(x,
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2
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2
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Ja
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lim
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• Finite Ls: Exponentially suppressed breaking [Furman & Shamir Nucl.Phys.
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• Flavor singlet case: 〈J5q(x)O〉 reproduces the anomaly.

V
5
4
5d

O = Ja
5(0)

V
5
4
5d

O = Ja
5(0)

Ja
5q ∼ Ja

5

V
5
4
5d

O = Ja
5(0)

Ja
5q ∼ Ja

5

Mres =

∑
x,y〈Ja

5q(y, t)Ja
5(x,0)〉∑

x,y〈Ja
5(y, t)Ja

5(x,0)〉

∣∣∣∣∣
t≥tmin

. (19)
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Residual mass and the GW

• The violation of the GW relation is related to the residual 
mass

D(M5) =
a5DW (M5)

2 + a5DW (M5)
. (13)

D−1
eff = 〈qq̄〉 = D−1

ov − 1

εLs(x) =
∏Ls

s (1 + x)− ∏Ls
s (1− x)∏Ls

s (1 + x) +
∏Ls

s (1− x)

2γ5∆L ≡ γ5
1

2

[
1− εLs

2
]
= γ5D0

ov + D0
ovγ5 − 2D0

ovγ5D0
ov . (14)

Mres =

∑
x,y〈Ja

5q(y)J
a
5(x)〉∑

x,y〈Ja
5(y)J

a
5(x)〉

=
Tr∆L

1
D†

ovDov

TrGπ
(20)

εLs(x) =
∏Ls

s (1 + αsx)− ∏Ls
s (1− αsx)∏Ls

s (1 + αsx) +
∏Ls

s (1− αsx)

1
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[1− ε2

Ls
(x)] =

∏Ls
s (1 + αsx)

∏Ls
s (1− αsx)[∏Ls

s (1 + αsx) +
∏Ls

s (1− αsx)
]2

x =
1

as



Even-odd preconditioning

• The mobius extra terms do not allow 5d even-odd preconditioning

Even - Odd preconditioning 4D Even - Odd preconditioning

L s

Even-Odd preconditioning for Domain Wall Fermions

K. Orginos
(Dated: November 24, 2003)

The standard way of doing even-odd preconditioning with 4D Wilson fermions directly applies to Domain Wall
Fermions (DWF) by simple generalization to 5D. For DWF though there is an other way of doing even-odd precon-
ditioning restricting it on the 4D space only. This approach may have some implementation advantages but it is
problematic if the 5th dimension is spread out in many processors.

I. THE METHOD

We split the 4D space in even and odd sites according to value of

η = (−1)nx+ny+nz+nt (1)

with η = 1 is even and η = −1 is odd. In this space the fermion matrix is

QDWF =
(

Qee Qeo

Qoe Qoo

)
=

(
Qee 0
0 Qoo

)
×

(
1 0

Q−1
oo Qoe 1

)
×

(
1 0
0 1 − Q−1

oo QoeQ−1
ee Qeo

)
×

(
1 Q−1

ee Qeo

0 1

)
(2)

Note that

det [QDWF ] = det
[
1 − Q−1

oo QoeQ−1
ee Qeo

]× det [Qee]× det [Qoo] . (3)

This is because

det
[(

1 Q−1
ee Qeo

0 1

)]
= det

[(
1 0

Q−1
oo Qoe 1

)]
= 1. (4)

Furthermore, detQee and detQoo do not depend on the gauge field hence can be ignored in a dynamical simulation.
In order for this method to be practical one has to show that Q−1

ee and Q−1
oo can be computed fast. In order to

show that this is possible I will explicitly do an L5 = 4 example. Following the convensions of [1]

Qee =


M0 − 1−γ5

2 0 1+γ5
2 mf

− 1+γ5
2 M0 − 1−γ5

2 0
0 − 1+γ5

2 M0 − 1−γ5
2

1−γ5
2 mf 0 − 1+γ5

2 M0

 , (5)

where M0 = 5−M5 and mf the fermion mass. Factorizing out the M0 we get

Qee = M0 ×


1 − 1−γ5

2M0
0 1+γ5

2M0
mf

− 1+γ5
2M0

1 − 1−γ5
2M0

0
0 − 1+γ5

2M0
1 − 1−γ5

2M0
1−γ5
2M0

mf 0 − 1+γ5
2M0

1

 . (6)

Now we can factorize Qee as following

Qee = M0 ×


1 0 0 0
0 1 0 0
0 0 1 0

1−γ5
2M0

mf 0 0 1

×


1 − 1−γ5

2M0
0 1+γ5

2M0
mf

− 1+γ5
2M0

1 − 1−γ5
2M0

0
0 − 1+γ5

2M0
1 − 1−γ5

2M0

0 1−γ5
2M2

0
mf − 1+γ5

2M0
1

 . (7)

Qee = M0 ×


1 0 0 0
0 1 0 0
0 0 1 0

1−γ5
2M0

mf 0 0 1

×


1 0 0 0
0 1 0 0
0 0 1 0
0 1−γ5

2M2
0

mf 0 1

×


1 − 1−γ5

2M0
0 1+γ5

2M0
mf

− 1+γ5
2M0

1 − 1−γ5
2M0

0
0 − 1+γ5

2M0
1 − 1−γ5

2M0

0 0 − 1+γ5
2M0

1−γ5
2M3

0
mf 1

 . (8)

For the 4d preconditioning the even-even and odd-odd are non-
trivial they do not depend on the gauge fields and can be inverted 
with few extra flops



Residual Mass: Quenched 

• Quenched 2GeV cutoff 

• Almost  40% speedup
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• Change the scale as we change Ls

• Speed up approaches a factor of infinity!
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What’s best for Dynamical

• Define a metric for efficiency

• Ask: What is the cost for given residual mass

• Tested Mobius and Continued Fraction 5D algorithms

• Use RBC dynamical light mass configurations                   
(25cnfs  Mπ~500MeV)

• Open question: How small chiral symmetry can we tolerate?

• We do not have to have exact chiral symmetry to do QCD

with R. Brower, R. Edwards,  B. Joo,T. Kennedy, H. Neff and U. Wenger 



Residual Mass: dynamical





Dependence on Ls

LHPC data on MILC lattices



• Checks if m2
π = C(mq + mres)

LHPC data on MILC lattices



Mobius and Zolotarev

• An other approximation to the sign function

• The error in the approximation

• The error is zero for x=∓1/αs

• Zolotarev: Find  αs so that the approximation is optimal 

in a given interval

Mres =

∑
x,y〈Ja

5q(y)J
a
5(x)〉∑

x,y〈Ja
5(y)J

a
5(x)〉
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Tr∆2
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D†
ovDov

TrGπ
(20)
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4
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=
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εLs(x) =
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s (1 + αsx)− ∏Ls
s (1− αsx)∏Ls

s (1 + αsx) +
∏Ls

s (1− αsx)

1

4
[1− ε2

Ls
(x)] =

∏Ls
s (1 + αsx)

∏Ls
s (1− αsx)[∏Ls

s (1 + αsx) +
∏Ls
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]2

x =
1
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• Single zeros produce negative error. 

• The residual mass is not positive! 

• Possibility of exceptional configurations for m>0

• The problem can be fixed: Use double zeros
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No free lunch theorem

• The Zolotarev Mobius operator is badly conditioned

• The cost of the calculation explodes if any of the αs > 5

• Zolotarev is impractical for Mobius

• We need to find a preconditioner that solves the problem

• We do have some ideas we are exploring....



Improved HMC for DWF

• Achieve good accuracy of chiral symmetry

• Increasing Ls also causes acceptance problems

• HMC scales with  

• Avoid critical slowing down as we approach the chiral limit

• This seems most important

Two objectives:

V
5
4
5d



Current algorithms

• Fleming - Vranas and RBC (old)

• Dawson and RBC (new)

What has been done?
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One crutial observation to make this work is that if have to invert the domain wall operator on a general vector

b =


b0

b1
...

bLs−1

 (84)

then the solution vector is

χ = χ0 +


0

b1
...

bLs−1

 (85)

where χ0 is the inverse of the operator on the vector

b =


b0

0
...
0

 (86)

IV. HYBRID MONTE CARLO

A. The standard formulation

detD†
ovDov =

∫
dφ0 · · · dφLs−1dφpv

0 · · · dφpv
Ls−1e

−φ†P† 1
D
†
dwf

1
Ddwf

Pφ − φpv†P†D†
pvDpvPφpv

(87)

with Dpv = Ddwf (1). We are working in the basis where the effective chiral modes appear at s = 0.
With the above formulation we need to integrate stochasticly over the Pauli-Vilards field in order to recover the

overlap determinant. As a result large forces apear in the molecular dynamics evolution. The chiral diterminant is a
result of cancelations. This may lead to inefficient hybrid montecarlo algorithm.

B. A step in the right direction

We can rewrite the overlap determinant by combining the Pauli-Vilards matrix and the domain wall matrix:

detD†
ovDov =

∫
dφ0 · · · dφLs−1e

−φ†P†D†
pv

1
D
†
dwf

1
Ddwf

DpvPφ

(88)

This idea results a smaller forces and a little more efficient HMC as RBC has shown.
Let’s see how the action looks like in this formulation.

S(φ†,φ) = φ†0
1

D†
ov

1
Dov

φ0 +

+
Ls−1∑
s=1

[
φs + (1−m)T−Ls/2+s 1

T−Ls/2 + TLs/2

1
Dov

φ0

]†
×

[
φs + (1−m)T−Ls/2+s 1

T−Ls/2 + TLs/2

1
Dov

φ0

]
(89)

It is obvious we still have to integrate over the φs fields with s = 1 · · · Ls in order to recover the representation of the
desired action

S(φ†,φ) = φ†0
1

D†
ov

1
Dov

φ0 (90)

We need to get rid of the redundant degrees of freedom not only because we expect larger than needed forces in HMC
but also because a 5D algorithm scales anfavorably with increased Ls. The 5D hybrid monte carlo scales with V 5/4

5d .
We can reduce the cost to V 5/4

4d × Ls if design a 4D HMC that uses Ls only as an intermediate step for computing
the inverse of Dov and the molecular dynamics force.
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New HMC algoritms

• Luscher SAP algorithm

• Hasenbusch algorithm

• Hopefully new DWF preconditioners can be found...
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D. Preconditioned Hybrid Monte Carlo

Assume we want to simulate a fermion system whose action is

det[M†M ] =
∫
Dφe−φ† 1

M†
1

M φ (100)

And assume that Mp is a matrix that approximates M that can be inverted cheaply. Mp is then a good preconditioner
of M . We can now write the determinant of M as

det[M†M ] = det[M†
pMp]× det

[
M† 1

M†
p

1
Mp

M

]
=

∫
DφDψe

−φ† 1
M

†
p

1
Mp

φ−ψ†Mp
1

M†
1

M Mpψ
(101)

This the basic idea Luscher [4] and Hassebusch are exploiting in thier HMC algorithms. Let’s define the “precondi-
tioned” action

Sp = φ† 1
M†

p

1
Mp

φ (102)

and the correcting action

Sc = ψ†Mp
1

M†
1
M

Mpψ (103)

Since Mp is a good approximation of M the forces generated by the action Sc are small allowing for large time step
(see Wingarden and Sexton). For that reason we can use a larger time step for Sc than for Sp. If we can tune the
time step ratio of correction term versus preconditioned term to be small we can get a significant speed up in the
algorithm.

[1] R. G. Edwards and U. M. Heller, Phys. Rev. D63, 094505 (2001), arXiv:hep-lat/0005002.
[2] The 0 index refers to the s index of the 5th dimension
[3] see axial current and hermiticity notes
[4] Luscher further reduses the correction expression the reduce number of degrees of freedom in ψ

Try to accelerate the approach to the chiral limit



Conclusions

• Dynamical chiral fermions with good chiral symmetry 
require enormous resources

• We need every possible algorithmic trick we can get

•  We are working on improving HMC and preconditioners 
for the DWF operators

• Future looks promising!

H. Nueberger:  My main message in this paper is that in the 
context of dynamical fermion simulations there are many 
alternatives and tricks that have not been yet explored, and it might 
be a waste to exclusively focus on the most literal numerical 
implementations of the recent theoretical advances on the topic of 
chiral symmetry on the lattice.  


