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                   why b! s`+`�

Misiak; Buras, Munz, Bobeth, Urban, !
Asatryan, Asatrian, Greub, Walker, 
Ghinculov, Hurth, Isidori, Yao, 
Gambino, Gorbahn, Haisch, Huber, 
Lunghi, Wyler, Lee, Ligeti, Stewart, 
Tackmann, …

• Sensitive to many extensions of the SM
g̃

• Exclusive modes are experimentally easier (LHCb) but harder to 
bring under theoretical control (factorization, power corrections, ...)

• Inclusive modes require a super-B machine to be fully exploited but 
the theoretical outlook is very impressive

• Some references (inclusive): • Some references (exclusive):

t̃t

W �̃
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Beneke, Feldmann, Seidel, Grinstein, 
Pirjol, Bobeth, Hiller, Dyk, Wacker, 
Piranishvili, Altmannshofer, Ball, 
Bharucha, Buras, Wick, Straub, 
Matias, Lunghi, Virto, Descotes-
Genon, Hofer, Hurth, Mahmoudi, …!

Central values of exclusive global 
fit require non-MFV models 
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                   why b! s`+`�

Everything is known very well (VubVuq contribution is small for 
b→sll but important for b→dll)

SM operator basis:



• Right-handed (V+A):

                   why b! s`+`�

In NP extensions we get more structures (V+A, scalar, tensor)

• Scalar:
QS = [s̄LbR][ ¯̀̀̄ ]

Q0
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typical spectrum

q2

J/ψ

ψ’

Intermediate charmonium resonances contribute via:
B ! (K,K⇤, Xs)  c̄c ! (K,K⇤, Xs) `

+`�

photon pole  
(only K* and Xs)

Contributions of J/𝜓 and 𝜓’ have to be dropped (for different 
reasons in inclusive and exclusive modes)



                   why b! s`+`�

• Multi-objects in the final state (3 for B→K/Xs, 4 for B→K*→Kπ) 
allows to isolate contributions from various operators

•    

HA is not suppressed by the lepton mass!
There are similar contributions from non-SM operators but there is 
no interference between V+A and V-A structures!
We have three observables and those related by CP and isospin
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                   why b! s`+`�

• Multi-objects in the final state (3 for B→K/Xs, 4 for B→K*→Kπ) 
allows to isolate contributions from various operators

•    B ! K⇤`` ! K⇡``
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We have 11 observables and those related by CP and isospin!!
The      observables are functions of all the Wilson coefficients (V+A 
and V-A operators do interfere)!
In the literature one finds various combinations of these 
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                   why b! s`+`�

• Multi-objects in the final state (3 for B→K/Xs, 4 for B→K*→Kπ) 
allows to isolate contributions from various operators

•    B ! K``
d2�K

dq2 d cos ✓`
= a+ b cos ✓` + c cos ✓2`

a ⇠ C7 + C 0
7, C9 + C 0

9, C10 + C 0
10,

CS + C 0
S , CP + C 0

P , m` CT

b ⇠ CS + C 0
S , CP + C 0

P , CT , CT5, m` (C10 + C 0
10)

c ⇠ C7 + C 0
7, C9 + C 0

9, C10 + C 0
10, CT , CT5

In the SM b is suppressed by the lepton mass: huge sensitivity to scalar, 
pseudoscalar, tensor operators (e.g. forward-backward asymmetry)!
We have three observables and those related by CP and isospin!
Advantage: form factors very accessible to lattice QCD 
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q2)OPE is an expansion in                             and breaks down 
at q2 � m2

b

Matthias Neubert CERN-FNAL Summer School, Aug. 2008 11

OPE for inclusive rates

• More realistic picture:

• Model-independent predictions
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theory: inclusive



charmonium troubles

• Optical theorem:

b s b
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[Beneke, Buchalla, Neubert, Sachrajda]

1. This is not a violation of quark-hadron duality (that in the inclusive is 
related to the integral over the real states in the Xs system)!

2. The OPE itself is perfectly fine and it breaks down only at large q2!

3. For q2 ~ mcc the diagram is controlled by resonant long distance 
contributions (think about the hadronic contribution to (g-2)μ)!

4. The problem is that we are not including diagrams corresponding to open 
charm and hadronic decays of the charmonium resonances

�(B̄ ! Xs) ⇠ 10�4

�(B̄ ! Xs`
+`�) ⇠ 10�6



charmonium troubles

•  Three regions:!
0.04 GeV2 < q2 < 1 GeV2!
1 GeV2 < q2 < 6 GeV2!
q2 > 14.4 GeV2

dominated by the photon pole (b→sγ)

• Resonances model using data:!
★ Krüger-Sehgal (e+e- data)!
★ Breit-Wigner ansatz (old approach)!
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q2 cuts

• Kruger-Sehgal mechanism:

• Alternatively use a Breit-Wigner ansatz to parametrize <O2> 

• The impact in the low q2 region is +1.8%, in the high q2 region is -10%
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Fudge factors

• Historically κi ≈ 2. Using NNLO Wilson coefficients one finds κi ≈ 1
[Bobeth, Hiller, van Dyk]



theory: inclusive

The KS mechanism captures the long distance contribution that 
corresponds to cc pair in color singlet state (J/ψ)!

The color octet contribution is non-resonant, is captured by          
Λ2/mc2 power corrections!

!

!

!

    and yields a local contribution proportional to hB̄|b̄�µ⌫G
µ⌫b|B̄i ⇠ �2



Phase space cuts introduce sensitivity to new scales, the rate 
becomes less inclusive and new non-perturbative effects appear

local OPE, optical theorem	


quark-hadron duality

  
HQET
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lle                           cut to 
remove double semileptonic 
decay background

High-q2 region unaffected 
Experiments correct using Fermi 
motion model 
SCETI suggests cuts are universal 
(same for b→sll and b→ulν)

theory: inclusive

Effect of cc resonances can be included using data from ee→hadrons



local OPE, optical theorem	


quark-hadron duality

  
HQET
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Low-q2: theory in excellent shape!

High-q2: the OPE starts to break down and only integrated 
quantities are reliable!

mismatch between partonic and hadronic phase space!
power corrections are larger!
higher charmonium resonances must be integrated over!
things improve dramatically by normalizing the rate to the 
semileptonic rate with the same q2 cut [Ligeti et al.]

theory: inclusive
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dŝ
d�(B̄0 ! Xu`⌫)

dŝ



theory: exclusive (low q2)

The central problem is the calculation of matrix elements:

hK(⇤)``|O(y)|Bi ⇡ hK(⇤)|T Jem
µ (x) O(y)|Bi

if O contains a leptonic current (i.e. O7,9,10) the matrix elements 
reduces to a form factor

At low-q2 the K(*) recoils strongly:

B K
e
e

The large energy of the K(*) introduces three scales: mb2, Λmb and Λ2:
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 Soft Collinear Effective Theory
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{
perturbative

non-perturbative

us-hc factorization is rock solid (inclusive modes, collider physics)

us-c factorization is more problematic (exclusive modes) because 
both collinear and ultrasoft modes have p2~Λ2 and sometimes they 
don’t factorize (zero-bin, messenger modes …)

theory: exclusive (low q2)



For example, the B→Kll rate is given by:
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theory: exclusive (low q2)



The central problem is the calculation of matrix elements:

hK(⇤)``|O(y)|Bi ⇡ hK(⇤)|T Jem
µ (x) O(y)|Bi

if O contains a leptonic current (i.e. O7,9,10) the matrix elements 
reduces to a form factor (lattice, QCD sum rules)

At high-q2 the K(*) doesn’t recoil:

B K (x� y)2 ⇠ 1

q

2
⇠ 1

m

2
b

Grinstein & Pirjol showed how to write a simple OPE in which all 
matrix elements are given in terms of calculable hard coefficients 
and form factors (up to power corrections)

e

e

theory: exclusive (high q2)



b→sll matrix elements are controlled by the large q2

hK(⇤)|O9,10(y)|Bi ⇠ f+(q
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highly non-local

theory: exclusive (high q2)

Does this signal a breakdown of the OPE?
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Note the difference between inclusive and exclusive (high-q2) OPE: 

theory: exclusive (high q2)
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The breakdown of the OPE at 
very large q2 is independent of 
the presence of resonant charm 
loops 

x
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The presence of resonant charm 
loops jeopardize the OPE itself 
and one has to rely on quark-
hadron duality 
[Beylich, Buchalla, Feldmann]



Does the KS mechanism to include resonant effects work?!

For B→Kll these attempts seem to fail: 

theory: exclusive (high q2)

[Zwicky, Lyon]
What is going on? Apparently this seems to be a failure of QCD factorization in 
describing the hadronic B→𝜓cc K process (i.e. color octet contributions might be 
important)

Experimental and theoretical valley 
and peaks do not match

Beylich, Buchalla and Feldmann 
argue that integrating over the high-
q2 region and invoking quark-hadron 
duality yields accurate predictions

Will this persists for the K* and Xs modes?                                                       
Apparently not [Bobeth, Hiller, van Dyk]



• The rate is proportional to                 . Without QED corrections the scale ! is 
undetermined → ± 4% uncertainty

�2
em(µ2)

• Focus on corrections enhanced by large logarithms:
 [WC, RG running]

[Matrix Elements]�em log(m�/mb)
�em log(mW /mb) � �em/�s

inclusive: qed logs

• The differential rate is not IR safe with respect to photon emission the 
results in the presence of a physical collinear logarithm, 
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qed logs: thery vs experiment

• Theory !
include all bremsstrahlung 
photons into the Xs system:

Xs

�+��

B

���

c

e�

e+

B̄

�+��

Xs

B̄

• Experiment (fully inclusive, Super-B only)!
One B is identified; on the other side only 
the two leptons are reconstructed:

• Experiment (Xs system reconstructed as a sum over exclusive states):!
At BaBar (Belle) photons with energies smaller than 30 (20) MeV are not 
resolved. There is an attempt to identify photons emitted inside a small cone 
(35x50 mrad) around the electrons.

• Measured rates are sensitive to the soft photon cutoff and to the size of the cone
Photons inside the cone are included in the definition of the q2.
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qed logs: size of the effect

We calculated the effect of collinear photon radiation and found 
large effects on some observables

Shift on HT is ~70%!only QCD
QCD + QED

HT is smaller than HL (         ):
d2�Xs

dq2 d cos ✓`
=

3

8

⇥
(1 + cos

2 ✓`) HT + 2(1� cos

2 ✓`) HL + 2 cos ✓` HA

⇤

HT ⇠ 2ŝ(1� ŝ)2
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We calculated the effect of collinear photon radiation and found 
large effects on some observables

Size of QED contributions 
to the HT and HL is similar

qed logs: size of the effect
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qed logs: monte carlo
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EM effects have been calculated analytically and cross checked 
against Monte Carlo generated events (EVTGEN + PHOTOS)



qed logs: monte carlo

The Monte Carlo study reproduces the main features of the 
analytical results
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analytical results

qed logs: monte carlo
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definition of observables

At leading order in QED and at all orders in QCD, the double 
differential width is a quadratic polynomial: Γ~a cos2θ+b cosθ+c. 
Γ receives non polynomial log-enhanced QED corrections
Best strategy: measure individual observables (BR, AFB) and use 
Legendre polynomial as projectors
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inclusive: present status

HT [1, 6]ee = (5.34± 0.38) · 10�7

HL[1, 6]ee = (1.13± 0.06) · 10�6

HA[1, 3.5]ee = (�1.03± 0.05) · 10�7

HA[3.5, 6]ee = (+0.73± 0.12) · 10�7

H3[1, 6]ee = (8.92± 1.20) · 10�9

H4[1, 6]ee = (8.41± 0.78) · 10�9

B[1, 6]ee = (1.67± 0.10) · 10�7

B[> 14.4]ee = (2.20± 0.70) · 10�7

HT [1, 6]µµ = (4.03± 0.28) · 10�7

HL[1, 6]µµ = (1.21± 0.07) · 10�6

HA[1, 3.5]µµ = (�1.10± 0.05) · 10�7

HA[3.5, 6]µµ = (+0.67± 0.12) · 10�7

H3[1, 6]µµ = (3.71± 0.50) · 10�9

H4[1, 6]µµ = (3.50± 0.32) · 10�9

B[1, 6]µµ = (1.62± 0.09) · 10�7

B[> 14.4]µµ = (2.53± 0.70) · 10�7

0.75
1.07
1.07
0.92
0.42
0.42
0.97
1.15

Scale uncertainties dominate at low-q2

Power corrections and scale uncertainties dominate at high-q2

±7%
±6%
±5%
±18%
±13%
±9%
±5%
±28%

δth R(μ/e)

Log-enhanced QED corrections at low and high q2 are correlated



QED logs in rk?

Inclusive: at BaBar and Belle the Xs system is reconstructed as sum 
over exclusive final states. Most of the photons are not recovered 
nor searched for. The analysis is performed by letting them be part 
of the hadronic system: log(me,μ/mb) is physical.!

Exclusive: At LHCb the B meson are massively boosted and 
collinear photons can be extremely energetic. LHCb uses PHOTOS 
to put back into the leptons all soft/collinear emissions. This 
procedure is cross checked on J/ψ→(ee,μμ).                                 
There are no log(me,μ/mb) enhanced corrections.$

Given the not-so-great agreement between the analytic calculation 
and the MC simulation, LHCb is pursuing a data-driven approach 
to the reconstruction of missing photons



high-q2: reducing the errors

• Normalize the decay width to the semileptonic B→Xulν rate with the same 
dilepton invariant mass cut:

• Impact of            and             power corrections drastically reduced:1/m2
b 1/m3

b

• The largest source of uncertainty is Vub

R(s0) =

� 1

ŝ0

dŝ
d�(B̄ � Xs⌅+⌅�)

dŝ
� 1

ŝ0

dŝ
d�(B̄0 � Xu⌅�)

dŝ

[Ligeti,Tackmann]

R(14.4)ee =(2.25± 0.12scale ± 0.03mt ± 0.02C,mc ± 0.01mb ± 0.01↵s ± 0.20CKM

± 0.02�2 ± 0.14⇢1 ± 0.08f0
u+fs ± 0.12f0

u�fs) · 10
�3

=(2.25± 0.31) · 10�3

R(14.4)µµ =(2.62± 0.09scale ± 0.03mt ± 0.01C,mc ± 0.01mb ± 0.01↵s ± 0.23CKM

± 0.0002�2 ± 0.09⇢1 ± 0.04f0
u+fs ± 0.12f0

u�fs) · 10
�3

=(2.62± 0.30) · 10�3



present status

World averages (Babar, Belle):
BRexp = (1.58± 0.37)⇥ 10�6 q2 2 [1, 6]

BRexp = (0.48± 0.10)⇥ 10�6 q2 > 14.4

A
exp

FB

=

(
0.34± 0.24 q2 2 [0.2, 4.3]

0.04± 0.31 q2 2 [4.3, 7.3(8.1)]

δexp ≈ 23%

Theory:
BRth = (1.65± 0.10)⇥ 10�6 q2 2 [1, 6]

BRth = (0.237± 0.070)⇥ 10�6 q2 > 14.4

A
th
FB =

(
�0.077± 0.006 q2 2 [0.2, 4.3]

0.05± 0.02 q2 2 [4.3, 7.3(8.1)]

δth ≈ 6%
δth ≈ 30%

δexp ≈ 21%
non-optimal 

binning

non-optimal 
binning

   BR = HT +HL AFB =
3

4

HA

HT +HL

BaBar: 471x106 BB pairs (424 fb-1) 	


Belle: 152x106 BB pairs (140 fb-1) 

711 fb-1 on tape!!



present status
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Constraints in the [R9,R10] plane (                                   ):

B→Xsee B→Xsμμ B→Xsll

Note that                            and  

Ri = Ci(µ0)/C
SM
i (µ0)

Best fits from the exclusive anomaly translate in R9 ~ 0.3 (for the 
single WC fit) or R9 ~ 0.65 and R10 ~ 0.9 (for the                      scenario)

CSM
9 (µ0) = 1.61 CSM

10 (µ0) = �4.26

CNP
9 = �CNP

10



projections

Projected reach with 50 ab-1 of integrated luminosity



projections



inclusive/exclusive interplay

Belle-II projection 
assuming best fit 
scenario

SM prediction

The effects on C9 and C9’ are large enough to be easily checked at Belle II 
with inclusive decays (free of most uncertainties that plague the exclusive 
modes) 

[Hurth, Mahmoudi 1411.2786]



Conclusions

Inclusive calculations are almost at the “end-of-the-road”, are clean but 
require Belle II!

Inclusive modes are sensitive to the treatment of QED radiation. The effect 
can be very large (depending on the observable) and can be exploited to 
test further combinations of Wilson coefficients!

Exclusive modes have a rich phenomenology but are plagued by form 
factor uncertainties (progress from lattice QCD expected), parametric 
uncertainties (light-cone wave functions, …) and power corrections!

LHCb data are in general agreement with the SM predictions with the 
exception of an angular distribution (P5’), the BR at high-q2 and a lepton 
flavor universality breaking ratio (RK)



backup slides



Exclusive: observables (k*)

LHCb measured the complete angular distribution for the K* 
channel:



Exclusive: observables (k*)

All these observables are given by simple formulas in terms of 
helicity amplitudes:

These formulas hold at leading power and receive O(αs) corrections 
(that are included in the numerics)



Exclusive: lhcb results



Exclusive: lhcb results



In the elusive P5’ distribution a 3.7 sigma excess is observed 

Exclusive: lhcb results



Exclusive: lhcb results

Angular distributions in B→K*ll



Branching ratio at high-q2 

Exclusive: lhcb results

At high-q2 the only sensible comparison is between rates 
integrated over a large enough range



Exclusive: lhcb results

Evidence for violation of lepton flavor universality?

Experimentally the ratio is fairly clean (stat dominated)



wilson coefficients fits

[Altmannshofer, Straub 1411.3161]

Deviations in P5’ seem to favor a negative shift in C9 and a smaller 
positive contribution to C9’ 

only BR

only angles only angles

only BR

BR data is compatible with the SM



wilson coefficients fits

[Altmannshofer, Straub 1411.3161]

Deviations in P5’ seem to favor a negative shift in C9 and a smaller 
positive contribution to C9’ 

Dashed contours are obtained doubling some theory uncertainties 
(form factors, non-form factors)



fit results

[Altmannshofer, Straub 1411.3161]



charmonium troubles?

[Altmannshofer, Straub 1411.3161]

Charm loops are included in C9eff using LCSR [Mannel et al]  

Issues in the calculation of charm effects could mimic 
NP in C9 but effects should be:

q2 dependent
lepton flavor universal

In David [Straub]’s words: “interesting hint or cruel coincidence?”

some q2 
dependence

effect seen in both  H0 and H-

What about resonant effects (tail of the J/ψ)?



np interpretation

The deviations in P5’ and RK are difficult to embed in NP models

Large contributions to C9 or C9’ cannot be obtained in any minimal flavor 
violating MSSM and require additional flavor changing couplings (e.g. 
mass insertions in the 2-3 sector):

Z penguins can contribute to C10 but not to 
C9 because the Z current is mostly axial:

JZ
µ / (4s2W � 1)¯̀�µ`+ ¯̀�µ�5`

FC Z’ models: Leptoquarks:



np interpretation

[Hurth, Mahmoudi 1411.2786]

No large effects on C9 and C9’ are seen in the pMSSM



np interpretation

Example: MSSM with mass insertions in the 2-3 sector (Act):

Outside of the dashed circles: color/charge breaking minima!
Blue region: agreement with LHCb is “improved by more than one sigma” 

[Altmannshofer, Straub 1411.3161]



inputs for b→sll



q2

M2
X

q 2
< (m

B �m
X

s ) 2

high-q2

low-q2

Ba
Ba

r
Be

lle

Xs cut

unaffected

• Correction factor added in experimental results

[Ali, Hiller]

• MX cuts required to suppress the b → c l- ν → s l- l+ ν ν background

• Framework: Fermi motion, SCET 

parton level at LO:!
MXs = ms!

bremsstrahlung:!
ms < MXs < mb!

non-perturbative effects:!
phase space (MB-mb = Λ)!
Fermi motion



Xs cut

• New idea: use SCET to describe the Xs system

�2 ⇥ p2
Xs
� �mb ⇥ m2

b

Including NLL corrections

• Universality maintained; estimate shape function uncertainties using B ⇥ Xs�

• Find for B(1 < q2 < 6 GeV2)/10�6

mcut
X = 1.8 GeV: 1.20± 0.15

mcut
X = 2.0 GeV: 1.48± 0.14

NNLL, no mX cut: 1.57± 0.11

• AFB only slightly affected (a-priori nontrivial)

• NNLL reduces µ dependence, effect on q2

spectrum small⇤ expect ⇥(NLL) � ⇥(NNLL)

• If increasing mcut
X above 2 GeV hard⇤ keep mcut

X < mD, normalize to B ⇥ Xu⌅⇤̄

with same cuts:
R = �cut(B ⇥ Xs⌅+⌅�)

�
�cut(B ⇥ Xu⌅⇤̄)

Both shape function (mcut
X ) and mb dependence drastically reduced

Z. Ligeti — p. 18

Effects of mX cut at lowest order

• Define:

�ij =

Z 6 GeV2

1 GeV2
dq2

Z mcut
X

0
dm2

X

d�ij

dq2 dm2
XZ 6 GeV2

1 GeV2
dq2 d�ij

dq2

ij: C2
9 and C2

10, C7C9, C2
7 — different

functionally for each contribution

Dashed: tree level in local OPE [wrong]
Solid: with a fixed shape function model

• Strong mcut
X dependence: Raising it (if possible) would reduce uncertainty

Strong mcut
X dependence: If 1� � is sizable, so is its uncertainty

• Approximate universality of �ij: since shape function varies on scale p+
X/⇥QCD,

Approximate universality of �ij: while �parton
ij varies on scale p+

X/mb ⇤ � ⇥ �ij

Z. Ligeti — p. 15

Effects of mX cut at lowest order

• Define:

�ij =

Z 6 GeV2

1 GeV2
dq2

Z mcut
X

0
dm2

X

d�ij

dq2 dm2
XZ 6 GeV2

1 GeV2
dq2 d�ij

dq2

ij: C2
9 and C2

10, C7C9, C2
7 — different

functionally for each contribution

Dashed: tree level in local OPE [wrong]
Solid: with a fixed shape function model

• Strong mcut
X dependence: Raising it (if possible) would reduce uncertainty

Strong mcut
X dependence: If 1� � is sizable, so is its uncertainty

• Approximate universality of �ij: since shape function varies on scale p+
X/⇥QCD,

Approximate universality of �ij: while �parton
ij varies on scale p+

X/mb ⇤ � ⇥ �ij

Z. Ligeti — p. 15

2

versal soft shape function S [12, 13], i.e.

dΓ[0] = h[0] × J ⊗ S , (3)

a result applied extensively in the study of inclusive
B → Xuℓν̄ and B → Xsγ decays. It was first applied
to B → Xs ℓ+ℓ− in Refs. [14, 15] to study systematically
the effect of the mcut

X on the q2 spectrum and forward-
backward asymmetry. In Ref. [15] it was shown that
the cut on mX leads to a 10 − 30% reduction in the
rate. This reduction is, to a good approximation, univer-
sal among the different short distance contributions and
one can take it into account accurately using experimen-
tal information from B → Xsγ or B → Xuℓν̄, thereby
maintaining the sensitivity to new physics.

The largest irreducible hadronic uncertainties and
universality breaking are expected to come from
O(ΛQCD/mb) power corrections due to subleading shape
functions [16, 17, 18]. In this paper, we extend the anal-
ysis of the three angular observables to incorporate non-
perturbative shape-function effects arising from the mX

cut, including the O(ΛQCD/mb) subleading shape func-
tions.

In Sec. II, we briefly discuss the kinematics and the
angular decomposition, defining the three observables
HT,A,L(q2). In Sec. III, we discuss the separation of the
perturbation series above and below the scale µ ∼ mb,
and our effective Wilson coefficients. In Sec. IV, we
present our results for HT,A,L in the SCET region. The
leading power contribution is given in Sec. IVA, includ-
ing the full NLL and partial NNLL perturbative correc-
tions. The subleading power corrections are presented at
tree level in Sec. IVB. Their numerical impact is inves-
tigated briefly in Sec. V, and we conclude in Sec. VI.

II. ANGULAR DECOMPOSITION AND
KINEMATICS

The triple differential decay rate can be written as [4]

d3Γ

dq2 dp+
X dz

=
3

8

[
(1 + z2)HT (q2, p+

X) + 2zHA(q2, p+
X)

+ 2(1− z2)HL(q2, p+
X)

]
. (4)

Here, q2 = (pℓ+ + pℓ−)2 is the dilepton invariant mass,
p±X = EX ∓ |p⃗X |, and z = cos θ. In B̄0 or B− [B0 or
B+] decay, θ is the angle between the ℓ+ [ℓ−] and the B
meson three-momenta in the ℓ+ℓ− center-of-mass frame.
The q2 spectrum and forward-backward asymmetry are
given by

dΓ

dq2
= HT (q2) + HL(q2) ,

dAFB

dq2
=

3

4
HA(q2) . (5)

The velocity of the B meson is vµ = pµ
B/mB. We

define light-cone vectors n and n̄ such that qµ
⊥ = vµ

⊥ = 0
and p+

X = n · pX , p−X = n̄ · pX . For later convenience, we
also define the leptonic light-cone variables

q+ = n · q = mB − p+
X ,

0
0

0
0

1

1

1

1

2

2

2

2

3

3

3

3

4

4

4

4
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5
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5
p−

X [GeV]p−
X [GeV]

p
+ X

[G
eV

]
p

+ X
[G

eV
]

mX ≤ 2.0 GeV

q2 ∈ [1, 6]GeV2

FIG. 1: Phase space cuts relevant for B → Xs ℓ+ℓ− in the
p±

X plane. The measurements are performed in the orange
(medium) region, where the mX and q2 cuts overlap and
p+

X ≪ p−

X .

q− = n̄ · q = mB − p−X =
q2

mB − p+
X

, (6)

with q2 = q+q−.
The functions Hi(q2, p+

X) in Eq. (4) are independent of
z, and are given by

HT (q2, p+
X) = 2

Γ0

m5
B

(q+ − q−)2

q+
q2 WT (q2, p+

X) ,

HA(q2, p+
X) = −2

Γ0

m5
B

(q+ − q−)2

q+
q2 WA(q2, p+

X) ,

HL(q2, p+
X) =

Γ0

m5
B

(q+ − q−)2

q+
WL(q2, p+

X) , (7)

where

Γ0 =
G2

F m5
B

48π3

α2
em

16π2
|VtbV

∗
ts|2 . (8)

In terms of the usual structure functions in the decom-
position of the hadronic tensor,

Wµν =
1

2mB

1

2π

∫
d4x e−iq·x⟨B|J†µ(x)Jν(0)|B⟩

= −gµνW1 + vµvνW2 + iϵµν
αβvαqβW3

+ qµqνW4 + (vµqν + vνqµ)W5 , (9)

the hadronic structure functions WT,A,L in Eq. (7) are
given by

WT = 4 W1 ,

WA = −2 (q+ − q−)W3 ,

WL = 4 q2 W1 + (q− − q+)2 W2 . (10)

Without any cuts, the phase space limits on q2, p+
X ,

and z are

0 ≤ p+
X ≤ mB −

√
q2 ≤ mB , −1 ≤ z ≤ 1 . (11)

p+
X � p�X =⇥ m2

X � E2
X

XS is a hard-collinear mode:

p±X = EX ± |⇤pX |



Xs cut

�cut(B � Xs⇧
+⇧�)/�cut(B � Xu⇧�̄)

[Lee, Ligeti, Stewart, Tackmann]

[same MX cut]
• Reduce non-perturbative effects by considering:

3

1.4 1.6 1.8 2.0 2.2
0

0.2

0.4

0.6

0.8

1
ij

ij  99,00=

79=

77=

ij 

ij 

!

shape function

local OPE

m
X

cut GeV][

FIG. 2: ηij(m
cut
X , 1GeV2, 6GeV2) as functions of mcut

X . The
dashed curves show the local OPE result, the solid curves
include the leading shape function effects. The uppermost,
middle, and lowest curves are η00,99, η79, and η77, respectively.

Xsφ) ≈ 10×B(B → K(∗)φ). Then B → Xsφ → Xsℓ+ℓ−

is ∼2% of the Xsℓ+ℓ− rate.)
The local OPE results for ηij(mcut

X , q2
1 , q

2
2) are obtained

by replacing f̂ (0)(p+
X) by δ(Λ̄−p+

X) in Eq. (9). Performing
the p+

X integral sets (mB − p+
X) = mb and implies m2

X >
Λ̄(mB − q2/mb). This makes the lower limit on q2 equal
max{q2

1, mb[mB − (mcut
X )2/Λ̄]}, and so the ηij ’s depend

on the shape of dΓij . In Fig. 2 the local OPE results are
shown by dashed lines, and clearly η77 ̸= η99. However,
the local OPE is not applicable for p+

X ∼ ΛQCD.
The universality of ηij found here could be broken by

αs corrections in the H or J functions, or by renormaliza-
tion group evolution, since these effects couple p+

X and q2

and have been neglected so far. We consider these next.

III. CALCULATION AND RESULTS AT O(αs)

A complication in calculating B → Xsℓ+ℓ− compared
with B → Xuℓν̄ is that, in the evolution of the effective

Hamiltonian down to mb, C9(µ) receives a ln(m2
W /m2

b)
enhanced contribution from the mixing of O2. Thus, for-
mally, C9 ∼ O(1/αs), and conventionally one expands
the amplitude in αs, treating αs ln(m2

W /m2
b) = O(1) [13].

In the local OPE this is reasonable, since the nonpertur-
bative corrections are small, and at next-to-leading log
(NLL) all dominant terms in the rate are included. How-
ever, in the shape function region nonperturbative effects
are O(1) and only the rate is calculable, not the ampli-
tude. With the traditional counting, the C2

9 contribution
to the rate would be needed to O(α2

s) before the C2
10

terms could be included.

This would be a bad way to organize the perturbative
corrections (numerically |C9(mb)| ≈ |C10|). It can be cir-
cumvented by using a “split matching” procedure to de-
couple the perturbation series above and below the scale
mb [14]. This allows us to consider the short distance
coefficients Cmix

7 , Cmix
9 , and C10 as O(1) numbers when

organizing the perturbation theory at m2
b and mbΛQCD.

The rate and the forward-backward asymmetry are

d2Γ

dq2dp+
X

=
Γ0

m2
B

H(q2, p+
X)F (0)(p+

X , p−) ,

d2AFB

dq2dp+
X

=
Γ0

m2
B

K(q2, p+
X)F (0)(p+

X , p−) , (11)

where p− = mb − q2/(mB − p+
X). The hard functions

H and K were computed in [14] using soft-collinear ef-
fective theory (SCET) [19, 20] and split matching. This
factorizes the dependence on scales above and below mb

as Γij ∼ H1(µ0)H2(µb)F (0)(µb), with separate µ0 and µb

independence. Up to the order one is working at, H1 is µ0

independent, the µb dependence in H2 and F (0) cancels,
and F (0) is µi independent. The shape function model is
specified at µΛ. The convolution of jet and shape func-
tions at NLL including αs corrections is

F (0)(p+
X , p−) = UH(p−, µi, µb)

{

f̂ (0)
(

p+
X , µi

)

+
αs(µi)CF

4π

[

(

2 ln2 p+
Xp−

µ2
i

− 3 ln
p+

Xp−

µ2
i

+ 7 − π2
)

f̂ (0)
(

p+
X , µi

)

+

∫ 1

0

dz

z

(

4 ln
zp+

Xp−

µ2
i

− 3
)(

f̂ (0)
(

p+
X(1 − z), µi

)

− f̂ (0)
(

p+
X , µi

)

)

]}

,

f̂ (0)(ω, µi) =
eVS(µi,µΛ)

Γ(1 + η)

(

ω

µΛ

)η ∫ 1

0
dt f̂ (0)

[

ω(1 − t1/η), µΛ

]

, (12)

where η = (16/25) ln[αs(µΛ)/αs(µi)], UH was computed in Ref. [19], the one-loop jet function in Ref. [21, 22], and the
shape function evolution up to µi in Refs. [19, 22] (for earlier calculations, see Refs. [15, 23]). The hard coefficients

• At leading power and at order αs, these corrections are a universal 
multiplicative factor:


