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G. Jackeli and G. Khaliullin (2009)

edge-sharing IrO6 octahedra
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A family of Li2IrO3 compounds

! ÐLi2IrO 3

Singh et al., PRL 108, 127203 (2008) Takayama et al., PRL 114, 077202 (2015)

! ! Li2IrO3

Na2IrO3: Singh, Gegenwart, PRB 82, 064412 (2010)
RuCl3: Majumder et al.  PRB 91, 180401(R) (2015)

! ! Li 2IrO 3

Modic et al. , Nat. Comm. 5, 4203 (2014)
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(10,3)

(9,3)

(8,3)

A.F.Wells, 1977
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(10,3)

(9,3)

(8,3)

• equal bond length 
• 120˚ bond angles



SchŠßi 
symbol

alternative 
names

atoms per 
unit cell

Inversion
Lieb 

theorem
space group

(10,3)a
hyperoctagon 

K4 lattice
4 ✗ ✗ I432 (214)

(10,3)b hyperhoneycomb 4 ✓ ✗ Fddd (70)

(10,3)c - 6 ✗ ✗ P312 (151)

(9,3)a - 12 ✓ ✗ R-3m (166)

(9,3)b - 24 ✓ ✗ P42 / nmc (137)

(8,3)a - 6 ✗ ✗ P6222 (180)

(8,3)b - 6 ✓ ✓ R-3m (166)

(8,3)c - 8 ✓ ✗ P63 / mmc (194)

(8,3)n - 16 ✓ ✗ I4 / mmm (139)

(6.3) honeycomb 2 ✓ ✓  
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Tricoordinated lattices in 3D



6

3D Kitaev models
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Spin fractionalization and Majorana fermions

7

Majorana fermions cj

“spinons”
flux loops “visons” 
(static and gapped)

•  Hilbert space split into two separate 

sectors: 2N = 2N/2 ⇥ 2N/2

joining Majoranas

öujk = ia!
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Majorana fermions cj

“spinons”
flux loops “visons” 
(static and gapped)
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•  Hilbert space split into two separate 
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Kitaev,  Annals of Physics Õ06
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Kitaev spin liquids in 2D

Jz

Jx

Jy

Jx + Jy + Jz = const.

gapped spin liquid
Toric code

gapless spin liquid
Dirac cones

H = i
!

! ! bond
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Kitaev spin liquids in 2D

Jz

Jx

Jy

Jx + Jy + Jz = const.

gapped spin liquid
Toric code

gapless spin liquid
Dirac cones

H = i
!

! ! bond

J! cj ck

is impossible, even if we introduce new terms in the Hamiltonian. On the other hand, the
eight copies of each phase (corresponding to different sign combinations of Jx,Jy,Jz) have
the same translational properties. It is unknown whether the eight copies of the gapless
phase are algebraically different.

We now consider the zeros of the spectrum that exist in the gapless phase. The momen-
tum q is defined modulo the reciprocal lattice, i.e., it belongs to a torus. We represent the
momentum space by the parallelogram spanned by (q1,q2)—the basis dual to (n1,n2). In
the symmetric case (Jx = Jy = Jz) the zeros of the spectrum are given by

ð34Þ

If |Jx| and |Jy| decrease while |Jz| remains constant, q* and #q* move toward each other
(within the parallelogram) until they fuse and disappear. This happens when
|Jx| + |Jy| = |Jz|. The points q* and #q* can also effectively fuse at opposite sides of the par-
allelogram. (Note that the equation q* = #q* has three nonzero solutions on the torus.)

At the points ±q* the spectrum has conic singularities (assuming that q* „ #q*)

ð35Þ

7. Properties of the gapped phases

In a gapped phase, spin correlations decay exponentially with distance, therefore spa-
tially separated quasiparticles cannot interact directly. That is, a small displacement or
another local action on one particle does not influence the other. However, the particles

Jx Jz= =0Jy Jz= =0

=1,Jx =1,Jy

=1,Jz Jx Jy= =0

gapless

gappedAz

Ax Ay

B

Fig. 5. Phase diagram of the model. The triangle is the section of the positive octant (Jx, Jy, Jz P 0) by the plane
Jx + Jy + Jz = 1. The diagrams for the other octants are similar.

20 A. Kitaev / Annals of Physics 321 (2006) 2–111
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Kitaev models in 3D

SchŠßi symbol Majorana metal TR breaking Peierls instability

(10,3)a  

(hyperoctagon)

(topological)  

Fermi surface

(topological)  

Fermi surface
✓

(10,3)b  

(hyperhoneycomb)
Fermi line Weyl nodes ✗

(10,3)c Fermi line
topological  

Fermi surface
✗

(9,3)a Weyl nodes Weyl nodes ✗

(9,3)b - - ✗

(8,3)a
(topological)  

Fermi surface

(topological)  

Fermi surface
✓

(8,3)b Weyl nodes Weyl nodes ✓
(8,3)c Fermi line Weyl nodes ✗

(8,3)n gapped gapped ✗

(6,3)a 

(honeycomb)
Dirac points gapped NA ✗
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(10,3)a – Majorana Fermi surface
M.H., S. Trebst, PRB 89, 235102 (2014)

Jz

Jx

Jy

gapped spin liquid

gapless spin liquid
with Majorana Fermi surface

Jx + Jy + Jz = const.

H = i
!

! ! bond
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(10,3)a – Majorana Fermi surface
M.H., S. Trebst, PRB 89, 235102 (2014)
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! ! bond
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stable Majorana Fermi surface throughout the gapless region
Z2 spin liquid with spinon Fermi surface

Jz

Jx

Jy

Jx + Jy + Jz = const.

(10,3)a – Majorana Fermi surface
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Spin-Peierls BCS instability

Majorana fermions  ck
→ perfect nesting

complex fermion fk
→ BCS pairingk0

M.H., S. Trebst, A. Rosch, arXiv:1506.01379 (2015)

natural BCS-type instability for time-reversal invariant systems
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Spin-Peierls BCS instability

Majorana fermions  ck
→ perfect nesting

complex fermion fk
→ BCS pairingk0

Fermi surface centered around k0/2

order parameter has finite momentum k0: ! ! " f  
k 0 + q f  

k 0 ! q #

spontanous breaking of translational symmetry 

↪︎ spin-Peierls transition

additional breaking of rotation symmetry possible

M.H., S. Trebst, A. Rosch, arXiv:1506.01379 (2015)

order parameter distribution

natural BCS-type instability for time-reversal invariant systems
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Spin-Peierls BCS instability

k0

M.H., S. Trebst, A. Rosch, arXiv:1506.01379 (2015)

Perfect nesting condition is destroyed by TR breaking

BCS instability cut-off at low temperatures

Time-reversal breaking stabilizes Majorana Fermi surface

�����������������	

breaking TR
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(10,3)b – Fermi line 
Mandal,  Surendran, PRB  79, 024426 (2009)

Lee etal., PRB 89, 014424 (2014)
Kimchi,  Analytis,  Vishwanath, PRB 90, 205126 (2014) 

Nasu,  Udagawa,  Motome, PRL  113, 197205 (2014 )

Jz

Jx

Jy

Jx + Jy + Jz = const.

gapped spin liquid

gapless spin liquid
Fermi line
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!
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Symmetries in Majorana systems

! (k) = ! ! (! k)Particle-hole symmetry

k0 is the reciprocal lattice vector of the sublattice 

M.H., S. Trebst, PRB 89, 235102 (2014)



Sublattice symmetry ! (k) = ! ! (k ! k0)
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Symmetries in Majorana systems

! (k) = ! ! (! k)Particle-hole symmetry
hyperhoneycomb

!a1
!a2

~a3

k0 = 0

k0 is the reciprocal lattice vector of the sublattice hyperoctagon

~a3

!a1

!a2

k0 = ( q2 + q3)/ 2

M.H., S. Trebst, PRB 89, 235102 (2014)
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Symmetries in Majorana systems

! (k) = ! ! (! k)Particle-hole symmetry

Time-reversal symmetry ✏(k) = ✏(! k + k0)

k0 is the reciprocal lattice vector of the sublattice 

• separated points (2D) 
• lines (3D)

k0 != 0 : generic band Hamiltonian

k0 = 0 : particle-hole symmetry at each k

• lines (2D) 
• surfaces (3D)

hyperoctagon

k0 = ( q2 + q3)/ 2

hyperhoneycomb

k0 = 0

M.H., S. Trebst, PRB 89, 235102 (2014)
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Kitaev models in 3D

SchŠßi symbol Majorana metal TR breaking Peierls instability

(10,3)a  

(hyperoctagon)

(topological)  

Fermi surface

(topological)  

Fermi surface
✓

(10,3)b  

(hyperhoneycomb)
Fermi line Weyl nodes ✗

(10,3)c Fermi line
topological  

Fermi surface
✗

(9,3)a Weyl nodes Weyl nodes ✗

(9,3)b - - ✗

(8,3)a
(topological)  

Fermi surface

(topological)  

Fermi surface
✓

(8,3)b Weyl nodes Weyl nodes ✓
(8,3)c Fermi line Weyl nodes ✗

(8,3)n gapped gapped ✗

(6,3)a 

(honeycomb)
Dirac points gapped NA ✗



Touching of two bands in 3D is generically linear 

Weyl nodes are sources/sinks of  Berry ßux
with charge/chirality sign[!v 1 á(!v 2 ! !v 3)]

Weyl nodes

19

Weyl physics

öH = !v 0 á!q 1 +
3X
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!v j á!q " j
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kxky

kz

bulk BZ

Weyl nodes are sources/sinks of  Berry ßux
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Touching of two bands in 3D is generically linear 

kxky

kz

bulk BZ

Fermi arc
Surface BZ

Weyl nodes are sources/sinks of  Berry ßux
with charge/chirality sign[!v 1 á(!v 2 ! !v 3)]

protected surface states: Fermi arcs

Wan et al., PRB 83, 205101 (2011)

Weyl nodes

topological semi-metal with protected  surface states
(metallic cousin of the topological insulator)

19

Weyl physics

öH = !v 0 á!q 1 +
3X

j =1

!v j á!q " j
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Weyl spin liquids

Heff = ! J
!

hj,k i

! !
j ! !

k ! "
!

hj,k,l i

! "
j ! #

k ! !
l

external magnetic Þeld in (1,1,1)-direction
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Weyl spin liquids
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j ! !
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j ! #

k ! !
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! > 0

external magnetic Þeld in (1,1,1)-direction
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Breaking time-reversal reduces line to a  pair of gapless Weyl nodes 

Weyl nodes are pinned to zero energy due to inversion symmetry

! > 0

20

Weyl spin liquids

Heff = ! J
!

hj,k i

! !
j ! !

k ! "
!

hj,k,l i

! "
j ! #

k ! !
l

external magnetic Þeld in (1,1,1)-direction



Sources/sinks of  Berry ßux with chirality sign[!v 1 á(!v 2 ! !v 3)]

sink

source
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non-zero Chern number for surface surrounding a Weyl node
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Topology of  Weyl spin liquids



slab geometry

surface Brillouin zone
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Topological surface states – Fermi arcs



slab geometry

! = 0 ! = 0 .01

topologically protected gapless surface states

surface Brillouin zone
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Topological surface states – Fermi arcs



SchŠßi symbol Majorana metal TR breaking Peierls instability
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Fermi surface
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Fermi surface
✗
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Fermi surface
✓

(8,3)b Weyl nodes Weyl nodes ✓
(8,3)c Fermi line Weyl nodes ✗

(8,3)n gapped gapped ✗

(6,3)a 

(honeycomb)
Dirac points gapped NA ✗
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Kitaev models in 3D

explicit breaking of 
time-reversal symmetry
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spontaneous breaking of 
time-reversal symmetry

explicit breaking of 
time-reversal symmetry
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Kitaev models in 3D

spontaneous breaking of 
time-reversal symmetry

Weyl spin liquid with inversion 
and time-reversal symmetry

explicit breaking of 
time-reversal symmetry
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Conclusion

• 3D Kitaev models show rich behavior 
depending on the underlying lattice structure

• Z2 spin liquid with - Majorana Fermi surface

- Fermi line

- Weyl nodes (Weyl spin liquid)
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Conclusion

• 3D Kitaev models show rich behavior 
depending on the underlying lattice structure

• Z2 spin liquid with - Majorana Fermi surface

- Fermi line

- Weyl nodes (Weyl spin liquid)

C(T) ! T2

C(T ) ! abulk áL3 áT 3 + asurf áL2 áT

Fermi surface: C(T) ! T

Fermi line:

Weyl nodes:

• Can be distinguished experimentally by 
e.g. specific heat measurements


