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| Transport what I

@ spin S spin current  spin™~ 2 Jim SXSp,
Im
® energy E_~ > J*P sesP energy current  j g~ = 3 dy, S;(8,,xS,)
n,op n

( magnetothermal j= jEnergy—h' j Spin )

| Transport why I

® Energy / heat conductivity: kinetic approach
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| Elementary Excitations in Heat Transport I

Hess, Biichner, WB, et al., PRL 98, 027201 (07)
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Yamashita, Nakata, Kasahara, et al., Nature Phys. 5, 44 (09)

U(1)-liquid, spinons; ~T32
+ impurities: ~T
Nave, Lee, PRB 76, 235124 (07)

nodal-Z, d-wave, spinons: ~T
Grover, Trivedi, Senthil, et al.
PRB 81, 245121 (10)

~ molecular A lattice Z -liquid, visons: ~e&7
Qi, Xu, Sachdev, PRL 102, 176401 (09)
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| Elementary Excitations in Heat Transport I
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| Beyond Kinetic Approaches I

® correlation functions
CS;‘E(t) = Re(jS;‘E(t) jsﬂz>

Drude weight & regular conductivity

s|E( l|2 J‘dt C ( ) iot

—ptl2 Cged () + |<5|E((0)

® C finite - perfect conductor

H=JX(SS/,;+S/S{,;+AS/S/,,)
I

H,Jg]=0

XXZ: infinite heat conductivity

] -::nﬂ:

¥
Yo

® Tools

ED: tJ arbitray, butN~20
tDMRG: N~200 but tJ<15

Quantum Typicality: tJ arbitrary & N~36...

(... QMC, TMRG, perturbation theory)

2o

cons <JS|EQcons>
<Qc0n32>

Mazur, Physica 43, 533 (69)
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but spin Drude weight nontrivial
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| Spin Drude Weight I

® Bethe A T=0/ Shastry, Sutherland, PRL 65, 243 (90)
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| High-T Spin Drude Weight I
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® NEES bounds Prosen, PRL 106, 217206 (11)
Prosen, ea, PRL 111, 057203 (13)

C;(A=1)/2=0 Carmelo, ea, arXiv:1407.0732 (14)
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Steinigeweq, ea, PRE 87, 012118 (13)
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® IDMRG

Prosen, ea, PRL 111, 057203 (13)

1) = zero / non-zero ~ 50 / 50

incomplete: ~ X3

(A=

n

C.

Bonfim, ea, PRL 69, 367 (92); PRL 70, 249 (93)
® Master eqn Znidaric, PRL 106, 220601 (11)

i ; Sirker, ea, PRL 103, 216602 (09)
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| Heat Transport in Heisenberg Chains: Large Mean Free Paths I

N. Hlubek, C. Hess, et al. PRB 81, 020405R (2010) & Purely magnetlc mean free path
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Spin Transport in Heisenberg chains: indirect

@ Indirect access of spin-current correlations: O(1)-NMR on Sr,CuQO,

18 Thurber, Hunt, Imai, Chou, PRL 87, 247202 (2001)
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@ Magnetic transport in spin chains

® Quantum typicality

@ High-T spin-Drude weight of the XXZ-chain

® Energy dissipation in the XXZ-chain: staggered fields

@ Kitaev-XXZ-chain: connecting integrable points

break
integrability
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® Quantum typicality
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- - Goldstein, et al., PRL 96, 050403 (06
| Quantum Typlca"ty I I Popescu, et. al., Nat. Phys. 2 (06)( )
® Concept: “properties” of a single pure state
= “properties” of the full statistical ensemble

_ Trle M)} _ 2 (nle il ),|n>

—BH B [3|—|
Trie ™) 2., (nle” random
pure state |y)

PH/2 ;ri\: o—PH/2
_ (e j(t)je Iw>+E(M)

(wle )
W)= a,[k)
) _Nla,P unitarily invariant distribution
P(la,°)=Ne " ~equipartition dim.-sphere surface

phase random €[0,2 )

J/d,: effective dimension ~ Controlled

c E(ly)) = Vi) N ® draw several states
\/Tr{e_B(H_Eo)} proor doy= ® increase dimension
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| Quantum Typicality Il I

® Rewrite
15 pure state: |@g(t))=e ' HI-AH/2 .
P Pg(t)) ) (a0 lap(0)
C(t)— &, (0)] by (0) + E
2™ pure state: |qq(t))=e~HtjePH/2 (dp(0)|Dg(0))
p L op(t)=e " je [p)

® Numerical gain
® exact diagonalization unnecessary
® time & temperature dependence generated by eg. Runge-Kutta

® memory required for only 2 states and j, H sparse matrices

increase Hilbert-space dimensions
current dim ~10'° = ~33...36 spins

- by several orders of magnitude w.r.t ED increase ~ 10?

- without restrictions
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® High-T spin-Drude weight of the XXZ-chain

® ... in pursuit since 1990 is C.(p=0)
for the isotropic Heisenberg chain finite?

[1] Shastry, Sutherland, PRL 65, 243 (90)
+ ~85 papers up to 2015

_ ‘XX Il
H=J le (SI'Slu1*+S{ Sf.1+AS{ S.y)

BA~X¥ED ¥ tDMRG ¥ QMC...
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| Quantum typical way I

isotropic point above isotropic point
I 10"
107 A=1.0 (B=0) = A=1.5 (B=0)
— L=18 (ED) -
s i — {DMRG "
s | 107 F
O -
-2 -3 ] ] 1 | 1 1
107 1070 10 20
tJ t]

® ED cannot reproduce tDMRG

{DMRG data: courtesy of Karrasch, Heidrich-Meisner, Moore, et al. PRL 108, 227206 (12), PRB 87, 245128 (13), 89, 075139 (14)
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| Quantum typical way I

isotropic point above isotropic point
1 10 (R 10"E _1.5 (B=
10 F A=1.0 (B=0) s A=1.5 (B=0)
. — L=18 (ED)
2 ! x L=18
= | — (DMRG 10°F
© -
-2 I -3
107, 107,

tJ

® single pure state reproduces ED
® need 'small' systems to observe error
® less interaction < larger error

( ® error can be reduced by average over )
small number of pure states
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| Quantum typical way I

isotropic point above isotropic point
.10-]
10" A=1.0 (B=0) : A=1.5 (B=0)
. - — L=18 (ED) :
~ [ x L=18...0 L=33(k=0) "
S i 107 F
O B
20 3
10 0 10 0

® single pure state reproduces tDMRG
® proof of concept for QTY

® note log scale
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| Long Time Limit I
full p ED

® below and above isotropic point ® Drude weight: finite size scaling
_ _ A___
L=33 (B=0) S oot x%kmmLA—k“‘f J
""""" norm (a.u.) | o 1 even  odd
— (3]
~, 0.05- -
S N
@)
[t,.t,] |
| |
Il 0 =
100 0 1/30 1/20 UL 1/10
® norm = const. - RK4 works
® long time limit: not reached by tDMRG ® D for L <20, full p; for L > 20 single state
® long time limit: finite size cotrolled ® 1/L fitsto 20< L <33
® define Drude Weight ® A=1.0 the odd-site fit L <19 [4,5]
) ® A=0.5 analytic lower bound [3]

t—t

[3] Prosen etal., PRL 106, 217206 (11)

[1] Karrasch, et al., PRL 108, 227206 (12) ibid. 111, 057203 (13)
[2] “ PRB 89, 075139 (14) [4] Heidrich-Meisner, WB, et al. PRB 68, 134436 (03)
[3] Karrasch, et al. PRB 90, 155104 (14) [5] Karrasch, et al., PRB 87, 245128 (13)




| Drude Weigth vs. Anisotropy I

_ — Bethe ansatz
(B=0) lower bound
0.1 m RK, L=30
- e RK, extrpol
: A tDMRG Karrasch et al., PRL 108, 227206 (12)
2 0.05
) | A" mpg
0 I I I ] I ] ] 1 ‘_._._._._:
0 0.5 1 1.5
anisotropy A
® All extrapolated values above rigorous lower bound ~ Frosen &t & e 208, 80 208 (1a)

® 0.4<A<1.5: agree with Bethe-ansatz zotos, PRL 82, 1764 (99)

® A<0.4: still above lower bound but below Bethe-ansatz
<> high degeneracy at small A
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| Lower Temperatures I

o
-
~, ® limiting condition:
r = p(H—
5{” 1<dq=e O oc2

® single pure state reproduces

XX %% x AAAA . .
n*u N 1 intermediate temperature
l!!‘lf‘ﬂciaggglllllll!! _
tIDMRG ... if T>J

(a) B J=1.0 (A=1.0) B
| - . | ® finite C.(p=1) consistent with

(b) B J=2.0 (A=1.0) upper bounds from

Carmelo, et al., arXiv:1407.0732 (14)

® Lower T potentially require

x‘ gnti;:
L] eoee?
o0 — L=16 (ED)
L=16

L=24
=28

L=30

L=32 (k=0)
tDMRG

— tDMRG

pure state averaging

+¢ & ® p X

40
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® Energy dissipation in the XXZ-chain: staggered fields
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® Case of energy current dissipation: study dc conductivities

+ASESE )+BY () S

+1 1+1 I

H=JX(S|S[,1+S/S{,
| {DMRG avail.

Huang, et al., PRB 88 115126 (13)
Karrasch, et al., PRB 88 195129 (13)

[jg.H]=0

® Perturbation theory DC rates: memory functions

Trelz)= Z— Nil7(()/

\ﬁf—}

=vy(z) relaxation rate

® y(2): z»0 (Markov), B«1,A, and T>1,A,B

o« AB
{_A_\
1 %, .. . (AB)?
= — H, |(t H oC
© -t il Hal (il Mg = 270
'~ force-force
o (1+2A?) correlation
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| Energy Current Decay at =0 I

0.2 B/] 0.%
B/J=0.6 o~ S OCI/BZ :
[_’,:0 O 57 S ﬂ/ E
A=0.5 0 3t - \-EO 3
A G ALL L LTI TTITTTTT LT Py
0.04 — L-14(ED) » L=30(k=0)
o L:] 8 — tDMRG
0.02F Y ° L=22

%,
“*Mmmmw

_quz{l% vu"nggeunFaﬂﬂaaﬂg¢ﬂﬁﬂﬂﬁﬂﬂﬁﬂﬂﬂ

1

50
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T

, B/I=0
0.02_— nﬂﬂﬂﬂ,gnnn
o[ B=02 R cnnnnanaza
0 200
t]
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IDMRG: Karrasch, etal., PRB 88 195129 (13)

3
K. /BJ

CE(t) / sum rule

@ j_ not conserved: [jz,H]~AB
- K_finite. Perturbation

theory: k_oc(1+2A%)/(BA)?

® ED agrees well with QTY

® QTY: ~no finite size effects N>22
cut-off t sufficient

® tDMRG available only up to short
times: agrees with ED & QTY

0.5 A 2 =
7% T 170 2
]l: ﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂ ;D:ﬂ(}ﬂﬂﬂ ~ TY : g
50 PE %\’0 Q W
° ;‘-\ o
o %oq «<1/A” R ~
| o %o, A=0.5 > 10 ™
0.5 o °°o° ‘!UJ
B < ooﬂoo
°o¢¢¢¢ﬂ:1 0 °°°°°°Doo°ooooooo
%0
0 I | 1 ! o.°°°ﬁ°°°?°°¢¢¢oooooopoo
0 50 100
tJ
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| Spin and Energy Current Decay at finite T I

o energy, B J=1 A=-0.85 @ even for rather small T, QTY
= B/]=0.2 B/J=0.1 for small L=14 still ~ED
:‘-)& 0.02 Y “eog - - ® Again: ED & QTY reproduce
S e nnnﬂnﬂﬂ = >0.
S s “3358885\555555 tDMRG already for L=14 & T>0.2
O energy BJ 4 B/J 0.2
S ] ’ ) s @ Again: QTY ~no finite size effects
< 3T « =14 =30 N>22, & cut-off t sufficient
< 0.002 s L=22  — tDMRG
&
. P tennnnnannanspsRnanannaRRNERRARE; ﬂ
Extract finite-T

spin, B J=5 B/J=0.2 dc conductivities
shifted by 0.015

N'_a -

> o )
=, 0.02 ",

U “.'l!!n

ﬂﬂﬂ]’[ﬂﬂﬂﬂﬂﬂﬂﬂnﬂﬂﬂﬂﬂﬂﬂuﬂﬂﬂﬂﬂﬂﬂﬂ

00000000000000009?
0 | 1 1 1 | 1 1 1
0 100 200
tJ
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| T-Dependence of dc Energy Conductivity I

1
C - —m L=24, ;=517 -
EREUIIUUERRY 58 f= e ftrivially for T>>J: k ~1/T
i :L:28 ~8+a. @] L=28, 13 5t
L —0c E(Elé :% o —o L=24, ;=101
ST I e B\ O Le2t=ioe @ broad max at T~J
~, | l i‘ : *\ N\ 4 -4 (DMRG
¥ ,F : A RN\ T oo @ for T<J: cut-off t cannot be reached
L : Mo N —
dg; : ‘\A\ Ke 5. = lOWer bound
: : AN
: : AN . ? < 2
ol . B/J=02 A\\ ® at T<J: power law?, exponent <1.4 "
lower bound | A=-0.95 ' @ tDMRG underestimate = no finite size
o1 1 Tl/IJI 0 effect: cut-off t too small
0.8

o t3:20’l?:2]4/]
@ above B | o t=101=107/]
A t=51=54/]

— Lorentzian ® low-w sensitive to cut-off t

@ frequency domain

® line shape not Lorentzian:
no simple Drude behavior

%5 0 0.5

®/J
h'; Technische Universitét {DMRG: Huang, et al., PRB 88 115126 (13) Institut fir Theoretische Physik m
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@ Kitaev-XXZ-chain: connecting integrable points

Kitaev

" Jy ,|,

N.v.\ chain ® ® o ® ®

-J Fy+Z
@ |ntegrable =————p

i
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| Kitaev chain I

® spectrum at Kitaev point: p-wave SC

L/2
_ X X Y oY
H= _1(J182|_182|+J282|82|+1) /2 . .
B H= 2 (¢ ,C Cp*+€ d.d,)
k=0 ' '
7 oz :
SyuS21 Zplnvar. <. :J_rl\/Ji+J§+2Jl J,cos2k
Saket, ea, PRB 87, 174414 (2013)
Jl;r&J2 SOP

Feng, ea, PRL 98, 087204 (07)
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| Kitaev chain I

® spectrum at Kitaev point: p-wave SC

L/2
_ X X Y ¥
H—;ulszl—lszl““JzSzISzlﬂ) /2 . .
L/2 H= 2 (€ .G G+ A dy)
_ k=0 ' ’
= > h
I=1

€ 4 :il\/Jf+J§+2Jl J,cos2k

two-site
energy density

energy (no spin) current

q j,=IH.hg]

C(®) / sum rule

® [nfinite temperature energy-current . ® exact| - (d)L=16 X
. . . — ® exact
autocorrelation of bare Kitaev chain B | X num. | |-
3 g [ I
Cy, =y (0) = 1250(®) Drude weight 3 T :
AP e PR 5 00 O 0 O T
+%(2—31) 1—(2—%) regular part ~ w e T-I_J(' -~ .Ll

®/ (21,0 ®/ 21,
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| Kitaev-Heisenberg chain I

© 4 parameter model @ spectrum at Kitaev point: p-wave SC
L/2
H=I§(J18§|_18§|+J28?2’|S?2’|+1) /2 . .
L L/2 H= 2 (ek,+ckck+€k,-dkdk)

z _ k=0
+ HHSB(J&A) +B ZI: S| = I; h,

€ 4 :il\/Jf+J§+2Jl J,cos2k

two-site
energy density

energy (no spin) current

q j,=IH.hg]

C(®) / sum rule

® [nfinite temperature energy-current . ® exact| - (d)L=16 X
. . . — ® exact
autocorrelation of bare Kitaev chain B | X num. | |-
3 g [ I
Cy, =y (0) = 1250(®) Drude weight 3 T :
AP e PR 5 00 O 0 O T
+%(2—31) 1—(2—%) regular part ~ w e T-I_J(' -~ .Ll

®/ (21,0 ®/ 21,
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| Kitaev-Heisenberg chain I

® Two addtl. integrable points

® ] bond — T
J=J=0, J=J=-2] - e 2bonds| | ®3=1,=21;
Chaloupka, Jackeli, Khaliullin, g
PRL 105, 027204 (10) f“-_m
spectra agree =
® Suppression of low-w weight %
at all integrable points
C(w>0)~w?
Herbrych, et al. PRB 86, ®/ (41,0 ®/ (41,
115106 (12) 3 3
I'1vs. 2 site unit cell
L —

@ Integrable points and quantum Jotssonian @) J=J,=-21; (®)J,=],=;
chaotic regions (I
level-spacing distribution =
Poisson @ integrable vs.

Wigner @ non-integrable

Rabson, ea, PRB 69, 054403 (04)
Modak, ea, PRB 90, 075152 (14)
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| Kitaev-Heisenberg chain I

e Off integrability J,=J,=-J, 0.04 EERCETRY = NPT
a — Z001m =
E 10 * ol=14
® »#0: C(w) # f(L) W [ 4 E il 3*\* - s |oL=16
'_:“a H 7] N
® w=0: D~et = ho = *
» 3 I i 2 | 1T A {DC value
® peak at ~0: broadened Drude & 16
L
(width # with A) *
® weak remnants of ~»? 0% 05 o -C:.l (l) Ol.l

o/ (4J;) o/ (41J;1)

e Off integrability J =2J,

Q
® signatures of topological = J,=-0.03J,
gap even at f=0 g  J,=-0.05J,
® for —J,>0.14 3 ) 3 » J,;=0.10J,
high-T in-gap excits. ~J;3 o) o J,=-0.14],

< perturb. theor.

o / Kitaev gap
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