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Shastry and Sutherland 
Physica B 108, 1069 (1981)

2D extension:  
the dimer covering is an exact eigenstate

Majumdar-Ghosh model !
a singlet coverings which is an exact 

ground states



J
J’

Experimental realization: SrCu2(BO3)2 

J: AFM intradimer interaction
J’: AFM interdimer interaction

Shastry-Sutherland model: singlet-dimer covering an exact 
ground state for J’/J<0.7 

Smith & Keszler, J. Solid State Chem. 93, 430 (1991) 
Kageyama et al., Phys. Rev. Lett. 82, 3168 (1999)



Kageyama H., et al 2002 
Prog. Theor. Phys. Suppl. 145 
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in a field

like quasi particles 
on the singlet 
background

E

hhcrit

�3J

2

J

2

triplets

singlet

But in this talk we will be interested 
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Triplon dispersion from neutron spectra
Kageyama et al., Phys. Rev. Lett. 
84, 5876 (2000)

Why are triplets localized?k

E

hhcrit

�3J

2

J

2
triplets

singlet

gap

gap

0

Dispersionless band of triplets



Why are triplets localized in orthogonal dimer systems ?
The parity of the singlet and triplet bond is different:

reflexion
triplet even

singlet odd minus sign 
enters

hopping matrix elements not 
allowed by symmetry

−
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a triplon can be created 
next to an existing triplon



Why are triplets localized in orthogonal dimer systems ?
The parity of the singlet and triplet bond is different:

reflexion
triplet even

singlet odd minus sign 
enters

hopping matrix elements not 
allowed by symmetry

−
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a 6th order process 
in J’/J gives a weak 
dispersion
S. Miyahara, K. Ueda. (2003)



pair hopping

Neutron spectra
Kageyama et al., Phys. Rev. Lett. 
84, 5876 (2000)
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 Neutron spectra - better resolution

Gaulin et al. Phys. Rev. 
Lett. 93, 267202 (2004)

Even though there is no external 
magnetic field, the triplet excitations 

split. Why ?

The reason: anisotropic 
 Dzyaloshinskii-Moriya interaction 
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Effects of anisotropy - ESR spectra

H. Nojiri, H. Kageyama, Y. Ueda and M. Motokawa!
J. Phys. Soc. Japan 72, 3243 (2003)

ESR:  splitting of the triplets, 
gap does not closes in the filed
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Effects of anisotropy - ESR, neutron, FIR spectra

H. Nojiri, H. Kageyama, Y. Ueda and M. Motokawa!
J. Phys. Soc. Japan 72, 3243 (2003)

2.8 meV ≈  680 GHz!
3.2 meV ≈ 770 GHz

Gaulin et al. Phys. Rev. 
Lett. 93, 267202 (2004)

that is substantially larger than the singlet-triplet gap. We use
this value since there are no optical phonons with substantial
spectral weight below 100 cm!1 as our transmission mea-
surements show. The energy spectrum can be analyzed sepa-
rately from the dynamic DM effect because of the high pho-
non energy. The calculated energy levels are the same in
Figs. 4 and 5. In these figures only the zero phonon levels of
the triplet T0 and S2 are shown. The levels with one excited
phonon are offset by !"p to higher energies and are not
shown.
In a two dimer system two singlets, two triplets, and a

quintet are present. The ground state is a product of singlets
!SS". The first triplet is a linear combination of !ST" and !TS".
In the two dimer model the singlet-triplet splitting is not
renormalized by the interdimer coupling j2 and the energy of
the triplet excitation is ET0= j1. The second singlet, a bound
state of two triplets, is at ES1=2j1!2#2j2$. To stress the fact
that in the two dimer model with a periodic boundary con-
dition the interdimer bonds are effectively doubled, we write
2j2 explicitly. There are two other bound states of two trip-
lets, a triplet at ET1=2j1! #2j2$ and a quintet at EQ=2j1
+ #2j2$. These energies and the ground state wave function
are slightly changed by the static DM interactions d1 and d2.
The spin states !STi" and !TiS" are strongly mixed by the
interdimer d1 since they are degenerate in any field.
The states are labeled in Fig. 5. The following parameters

were used to fit the energy spectra plotted in Figs. 4 and 5.
The energy of one-triplet sublevels T0m#0$ and T0p#0$ gives
us j1=24.0 cm

!1. To get the singlet S2 at 28.6 cm
!1 we use

2j2=9.8 cm
!1. Triplet levels are split in zero field by 2d1

=1.4 cm!1. The intradimer d2=1.8 cm
!1 induces an avoided

crossing of T0p#+$ and S2. In a simplified picture the one-
triplet excitation is the !ST" (or !TS") state and the excited
singlet is !TT". d2 “flips” the singlet to the triplet state on one
of the dimers and thus couples T0p#+$ to S2.

2. c-axis phonon

The optical c-axis phonon bends the Cu-O-Cu bond in the
c-direction. We assume that the bending action of the phonon
is the same on both dimers, Fig. 7. As a result the dynamic
DM interaction on the dimer (1,2) is qcdQc

%d3c
= #!d3c ,0 ,0$ and on the dimer (3,4) d3c= #0,d3c ,0$; the ori-
entation of the Cartesian coordinates is the same as in Fig.
1(b). The calculated and the measured transition probabilities
as a function of magnetic field are plotted in Figs. 4(b) and
4(d) for two field orientations. In zero field a line at
25.5 cm!1 is present. The area of this line is the only scaling
parameter between the theory and the experiment. Note that
the transition to the triplet level, which anticrosses with S2, is
optically active when B0 &c. When B0 &a there is no anti-
crossing for the optically active triplet level.
The overall agreement between the theory and the experi-

ment is good. There is a disagreement between the intensities
of the middle and lower triplet components in the theory and
in the experiment, Fig. 4(d). In the theory the intensity of the
middle component is approximately three times as strong as
the lower component while in the experiment they are equal.
We tried several changes in our model to make the intensities
of the two triplet components more equal and none of them
helped. These unfruitful changes were the shift of the phonon
frequency, a small out-of-plane component of B0 and an in-
plane component of the interdimer DM vector d1.

3. a-axis phonon

The optical a-axis phonon bends the Cu-O-Cu bond in the
a-direction and creates a dynamic DM interaction in the
c-direction, Fig. 7. If we choose E1 &a the dynamic DM in-
teraction is created on dimer (1,2), qadQa%d3a= #0,0 ,d3a$.
In general, for an arbitrary orientation of E1 in the #ab$
plane, both dimers will acquire a certain d3a. For the time
being we assume E1 &a.

FIG. 5. (Color online) Mag-
netic field dependence of line po-
sitions and line areas in E1 &a po-
larization at 4.4 K; (a), (b) B0 &c;
(c), (d) B0 &a. Solid lines are the
results of the calculation based on
the two dimer model: j1
=24 cm!1, 2j2=9.8 cm

!1, 2d1
=1.4 cm!1, and d2=1.8 cm

!1.
Dashed lines in panels (a) and (c)
are fits with parameters given in
Table I. The solid line in panel (b)
is the sum of two theoretical line
areas of S0 to T0m#0$ and to T0p#0$
transitions shown by dashed lines.
Dashed lines in (d) are eye guides
(see text). The 18 T point a panels
(a) and (b) was measured at 1.8 K.

FAR-INFRARED SPECTROSCOPY OF SPIN… PHYSICAL REVIEW B 70, 144417 (2004)
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T. Rõõm et al., PRB 70, 144417 (2004).



Dzyaloshinskii’s symmetry argument (1958)

J. Phys. Chem. Solids Pergamon Press 1958. Vol. 4. pp. 241-255. 

A THERMODYNAMIC THEORY OF “WEAK” 

FERROMAGNETISM OF ANTIFERROMAGNETICS 

I. DZYALOSHINSKY 

Institute for Physical Problems, Academy of Sciences of the U.S.S.R., Moscow 

(Reckved 19 FeLTuary 1957) 

Abstract-A thermodynamic theory of “weak” ferromagnetism of a-FesOs, MnCO, and Cocos is 
developed on the basis of LANDAU’S theory of phase transitions of the second kind. It is shown that 
the “weak” ferromagnetism is due to the relativistic spin-lattice and the magnetic dipole interactions. 
A strong dependence of the properties of “weak” ferromagnetics on the magnetic crystalline 
symmetry is noted and the behaviour of these ferromagnetics in a magnetic field is studied. 

CERTAIN antiferromagnetic crystals, e.g. ct-FesOs 
and the carbonates MnCO, and Cocos, exhibit 
spontaneous magnetization. The magnitude of 
their magnetic moment is, however, extremely 
small and varies between the limits of 10-2-10-5 
of the nominal value. In a-Fe,O, it represents 
0.02 per cent according to N&EL and PAUTHENET’S 
measurements(l) and in the carbonates, according 
to BOROVIK-ROMANOV and ORLOVA,(~) O-2 per cent 
for MnCO,, and E 2 per cent for Cocos. The 
smallness of the spontaneous moments indicates 
that’we are not dealing here with the usual ex- 
change ferromagnetism when, except in the vicin- 
ity of the Curie point, the spontaneous moment is 
of the same order of magnitude as the nominal 
value. 

In a recent work of YIN-YUAN LI(~) this effect is 
explained by antiferromagnetic domains with mag- 
netized walls. The author himself points out that 
the formation of such domains is not energetically 
advantageous and that it would be possible only 
due to non-uniformities and impurities in a crystal. 
These ferromagnetic properties of the crystal 
would then depend strongly on its purity and 
uniformity, they would vary from sample to 
sample and, would disappear completely in an ideal 
crystal. 

The work reported in reference 2 was carried 
out with very pure crystals and showed that ferro- 
magnetism is still retained and therefore the 
connexion between the weak ferromagnetism and 

any non-uniformities seems very unlikely. It will 
be shown that many properties of the “weak” 
ferromagnetics follow directly from thermo- 
dynamics and may be fully explained in terms 
LANDAU’S theory@*s) of phase transitions of the 
second kind by their magnetic symmetry. 

MAGNETIC SYMMETRY 

Besides the smallness of the spontaneous 
magnetic moment the “weak” ferromagnetism is 
very sensitive to the crystal symmetry. 

We shall consider two isomorphous antiferro- 
magnetics a-Fe,O, and Cr,O,. Both belong to the 

lb  
i 

FICJ. 1. &)-Unit cells of a-FesOs and CrsOs: The large 
circles represent the oxygen ions, the small ones ferric 
ions. (b)-Antiferromagnetic structure of a-FesOs. (c)- 

Antiferromagnetic structure of CrsOs. 

Q 241 

Certain antiferromagnets (�-Fe2O3, CoCO3) 
show weak ferromagnetism (moment ≈ 
0.02-0.0002 of full moment), sensitive to 
crystal symmetry. The Heisenberg 
Hamiltonian is not enough.

242 I. DZYALOSHINSKY 

rhombohedral system and the distribution of their 
atoms possesses DBQd space group symmetry.@) In 
their unit cell there are four Fea+ or Cr3+ ions, 
distributed along the space diagonal of the rhom- 
bohedron (Fig. 1). Neutron diffraction studies of 
SHULL et a1.t’) and BROCKHOUSE@) showed that 
in the antiferromagnetic state the magnetic unit 
cell is identical with the space one. Spins of the 
ions 1, 2, 3 and 4 differ in sign only and their 
sum in the cell is equal to zero, and in cr-FesO, 
sr = -ss = -s3 = sq while in CrsO, sr = -s, 
= ss = -sp (Fig. la and b). Direction of the 
spins with respect to the crystalline axes was not 
determined for CrsO,. Depending on temperature 
a-FesO, may occur in two different antiferro- 
magnetic states: at T < 250°K the spins are along 
the crystal axis (state I), and at 250°K< T<950”K 
they lie in one of the vertical planes of symmetry 
making a small angle with the basal plane (111) 
(state II). 

It appears that CrsO, is not ferromagnetic at all 
and a-FesO, is ferromagnetic only in the state II. 
When, with lowering of temperature, a-FesO, 
changes from the II state into the I state its spon- 
taneous magnetic moment disappears. 

Let us assume that we know the symmetry of 
the antiferromagnetic distribution of the spins 
when their sum in the unit cell is equal to zero. A 
question then arises: is ferromagnetism possible 
with this symmetry? In other words, is it possible 
to change the spin direction or magnitude, without 
departing from the symmetry of the original 
distribution, in such a way as to make the sum of 
the spins in the unit cell non-zero in value? 

Thus, for example, in the II state a-FesO, 
ferromagnetism would arise if all spins leave the 
symmetry plane and rotate towards one another 
(Fig. 2). The possibility of such a rotation depends 

FIG. 2. Projection of ion spins on (1) for a-Fe,O,. 

on whether the magnetic symmetry of the II state 
and the symmetry with the spins rotated are 
identical. 

The symmetry of a magnetic crystal is deter- 

mined not only by the distribution of its atoms but 
also by the average value of the spin at every 
point S(X, y, x). It is known(s) that the vector 
quantity S(X, y, z) may possess in addition to the 
usual symmetry transformations, i.e. axes of rota- 
tion, symmetry planes and translations, also a 
symmetry element R consisting of the change of 
the spin sign s(x, y, z)+-s(x, y, x). This is due 
to the invariance of the equations of mechanics 
with respect to simultaneous change of the sign 
of time and the sign of magnetic fields and 
spins. 

If the spin distribution possesses R by itself, then 
S(X, y, Z) = -s(x, y, Z) = 0 and the crystal is 
paramagnetic. A non-zero value of S(X, y, Z) may 
be, however, invariant with respect to various com- 
binations of R with axes of rotation, planes of 
symmetry and translations. Thus in addition to 
the 230 known space groups, which describe all 
the possible types of symmetry of the distribution 
of atoms in crystals, new “magnetic” space groups 
arise which describe symmetry of the spin distribu- 
tion. 

All groups obtainable in this way have not yet 
been constructed. However, to describe the 
symmetry of a ferromagnetic body we need not 
know the corresponding space group. The 
symmetry of the ferromagnetic and, in general, 
all macroscopic, properties is determined by the 
symmetry class, i.e. by the point group obtained 
from the corresponding space group by replace- 
ment of translations by identical transformations, 
and helical axes and glide surfaces by rectilinear 
axes and planes. AU the possible “magnetic” 
classes were described by TAVGER and ZAITSEV.(~) 
It was found that, in addition to the usual 32 
classes which possess the element R by itself, there 
are also 58 special “magnetic” classes. 

We shall find the classes of symmetry of a-FesO, 
and CrsO, in the antiferromagnetic state. As shown 
earlier, a-FesO, may occur in two antiferro- 
magnetic states: with spins directed along the 
crystal axis (state I) and with spins lying in one of the 
planes of symmetry (state II). From considerations 
of symmetry we should also discuss another pos- 
sible spin orientation, along one of the second- 
order axes (state III). 

Using the description of the space group 
Did given in reference 10 we can easily find to 
which classes the states I, II and III of a-Fe,O, 

Dzyaloshinskii constructed the allowed spin 
invariants (Hamiltonian) taking into account the 
symmetries of the lattice.

HHeis = JS1 · S2

HDM = D · (S1 � S2)



Moriya's perturbational calculation (1960)
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FIG. 3. Deviation of critical Geld curves of several super-
conductors from parabolicity. For clarity the curves for individual
samples of tin and indium are not shown (since the di6'erences in
D amount to 0.0014 or less).

found in dH, /d T' —as temperature is lowered
Whether this behavior will extend into the range
below 1'K remains to be seen."
"It should be pointed out that the work of E. A. Lynton,

B. Serin, and M. Zucker on tin indicates that a value of y in
better agreement with calorimetric data results if critical Geld

The deviation, D(t), of the critical field curve from
parabolicity is defined as the difference between the
true critical field curve and a parabola drawn through
the experimental values of Ho and T, :

H, (g)—(1—gs)

Such curves are shown in Fig. 3 for the materials
discussed here as well as for lead and mercury. It is
clear that the diGerences among tin, indium, and
tantalum are small. The amplitudes of these curves
are sensitive to the choice of Ho and thus are affected
by the uncertainty in the extrapolation to O'K.
Measurements below 1'K will be required before the
differences in amplitude of D(t) for these elements can
be considered to be clearly established. Further
measurements, if extended to suKciently low temper-
atures to yield reliable y values, will also permit the
deduction of the temperature dependence of C„(the
super conducting electronic specific heat) from the
shape of D(t).

IV. ACKNOWLEDGMENTS

It is a pleasure to acknowledge the assistance of
D. K. Finnemore in taking the measurements.
Discussions with Professor C. A. Swenson, Dr. J. I.
Budnick, and Dr. M. Garfinkel have been most helpful.
data are extrapolated to O'K by means of an expression which takes
explicit account of the exponential temperature dependence of
the superconducting electronic speciGc heat.
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Anisotropic Superexchange Interaction and Weak Ferromagnetism
TQRU MORIYA

Bell Telephone Laboratories, 3IIurray Hill, Eem Jersey
(Received May 25, 1960)

A theory of anisotropic superexchange interaction is developed by extending the Anderson theory of
superexchange to include spin-orbit coupling. The antisymmetric spin coupling suggested by Dzialoshinski
from purely symmetry grounds and the symmetric pseudodipolar interaction are derived. Their orders of
magnitudes are estimated to be (Ag/g) and (ng/g) times the isotropic superexchange energy, respectively.
Higher order spin couplings are also discussed. As an example of antisymmetric spin coupling the case of
CuC12 2H~O is illustrated. In CuCl~ 2H20, a spin arrangement which is different from one accepted so far
is proposed. This antisymmetric interaction is shown to be responsible for weak ferromagnetism in o.-Fe&03,
MnCO3, and CrF3. The paramagnetic susceptibility perpendicular to the trigonal axis is expected to increase
very sharply near the Neel temperature as the temperature is lowered, as was actually observed in CrF3.

INTRODUCTION

w KAK ferromagnetism of mainly antiferromag-
netic crystals, represented by cx-Fe203 and the

carbonates of Mn and Co, has been a controversial
problem for a decade. Neel' proposed an explanation

*On leave of absence from Tokyo Metropolitan University,
Tokyo, Japan.

of this phenomena based on an impurity effect, possibly
magnetite. Many years later, Li' proposed a different
explanation based on antiferromagnetic domains with
Inagnetized walls. As he pointed out, however, the
formation of antiferromagnetic domains is not energeti-
' L. Weel, Ann. phys. 4, 249 (1949).' Y. Y. Li, Phys. Rev. 101, 1450 (1956).
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Moriya's perturbational calculation (1960)

ANiso TROpiC sUPERExCHANGE INTERACTioN

Jg, g &'& = 2 ib„(R—R') i'/U, (2.4a)

Dg, s, &"= (4i/U) Lb„„(R—R') C ~ (R.'—R)
—C (R—R')b„„(R'—R)], (2.4b)

rgg &'&= (4/U)LC (R—R')C„(R'—R)
+C ~ (R'—R)C..(R—R')—(C„„.(R—R') C„(R'—R))1]. (2.4c)

The expression for J» (2) has been obtained by Ander-
son. ' We assumed here that the ground state of an ion
is nondegenerate except for being a Kramers' doublet.
e and e' represent the ground states of the ions at E,
and R', respectively, and U is the energy required to
transfer an electron from an ion to its nearest neighbor,
thus making a polar state.
When the orbital level separation in an ion is larger

than the spin-orbit coupling, we can calculate the
transfer integrals b and C by a perturbation method.
The b terms are the ordinary transfer integrals without
spin-orbit coupling and the C terms are given up to
the first order in the spin-orbit coupling as follows:

1„„*(R')C„„(R'—R)=—-i Q b (R'—R)
2 ( m ~, (R')—e„.(R')

1„„(R) b„(R'—R) ~+c(R'—R), (2.5)
e (R)-~„(R) )

with
A

c(R'—R) = — I y„*(r—R')
4m'c' ~

XLgrad V(r) Xp] « „(r—R)dr, (2.6)

where n, n' represent the ground orbital states and
m, m' the excited sta, tes, 1 „(R) the matrix element of
the orbital angular momentum of the ion at R, X the
spin-orbit coupling constant, and q „(r—R) the ground
orbital wave function of the ion at R.
From (2.5) we see that the magnitude of the C

terms is roughly (Ag/g) times that of the b terms where

n„t (R) and n„t*(R)are the annihilation and the creation
operators of the electrons in the state f„t(r R—), etc.
The most important contribution to the superexchange
comes from the conlguration mixing of the polar states
due to the transfer terms of (2.1).By the second order
perturbation calculation we get the usual isotropic
superexchange from the 6' terms, the interaction of the
form (1.1) from the bC terms and pseudodipolar
interaction from the C' terms. We have for the inter-
action between the spins at R and R'

Eg, g &'& =Jg, a &'&(S(R) .S(R'))
+D ..&& LS(R)XS(R')]

+S(R) Fg.a &'& S(R') (2.3)
where the scalar, vector and tensor quantities: Jzz (",
Dg, g &2~, and F~a &'& are given in the case of one electron
per ion as follows:

g is the gyromagnetic ratio and Ag is its deviation from
the value for a free electron. Therefore the orders of
magnitudes of D and 1' are estimated by

D (hg/W) J, F (Ag/g)'J. (2.6)
The contribution of the next importance is the direct

exchange interaction. This has the same form as (2.3)
and the coeKcients of the 6rst two terms Jgg" and
I'gg ' are given as follows:

(2.7)

1 .(R') J..(NN ~m') ~. (2.8)~' e„(R')—e„(R') )
The tensor coeScient I'z& ' of the last term has just
the same form as that which has been discussed by the
previous authors4 though they regarded J to include
superexchange implicitly. The exchange integral is
given by

J~g (ee'mm') = ' rp„*(r~—R)p„*(r2—R')J J
Xq&„(~2—R) y (r~—R')dr&dr2, (2.9)

where «„(r—R), etc., are the orthogonal orbital wave
functions obtained without the spin-orbit coupling.
We see here again that the ratios of Dgg"" and I'gg""
to Jzz '* are approximately given by (2.6). Therefore,
these terms are generally smaller than the corresponding
second order superexchange terms as was shown by
Anderson in the case of isotropic superexchange.
The third order perturbation which include transfer

terms twice and the intra-atomic exchange interaction
gives the same form of coupling as (2.3). The isotropic
6rst term and the anisotropic second and third terms
come from O'Jo, bCJO, and C'Jo terms, respectively,
Jo being the intra-atomic exchange energy. All the
three terms are generally Jo/U times smaller than the
corresponding second order terms.
We shall here show only the coe%cient of the second

term. The first term is given in reference 5.
Day. &'&=—(~/U')(Q„. J„(R')Lb (R—R')
XC „(R'—R)—C„„(R—R')b„„(R'—R)]
+Q„J„„(R)fb „(R'—R)C„„(R—R')

—C„„(R'—R)b„„.(R—R')]}, (2.10)
where J„(R) represents an intra-atomic exchange
integral in the ion at R, etc. We have considered above
the most important three contributions to the super-
exchange interaction. As was seen, all the terms linear
in the spin-orbit coupling have the form (1.1) which is
antisymmetric for the interchange of two spins and the
terms of second order in the spin-orbit coupling have
the pseudodipolar form which is symmetric for the two

ANiso TROpiC sUPERExCHANGE INTERACTioN

Jg, g &'& = 2 ib„(R—R') i'/U, (2.4a)

Dg, s, &"= (4i/U) Lb„„(R—R') C ~ (R.'—R)
—C (R—R')b„„(R'—R)], (2.4b)

rgg &'&= (4/U)LC (R—R')C„(R'—R)
+C ~ (R'—R)C..(R—R')—(C„„.(R—R') C„(R'—R))1]. (2.4c)

The expression for J» (2) has been obtained by Ander-
son. ' We assumed here that the ground state of an ion
is nondegenerate except for being a Kramers' doublet.
e and e' represent the ground states of the ions at E,
and R', respectively, and U is the energy required to
transfer an electron from an ion to its nearest neighbor,
thus making a polar state.
When the orbital level separation in an ion is larger

than the spin-orbit coupling, we can calculate the
transfer integrals b and C by a perturbation method.
The b terms are the ordinary transfer integrals without
spin-orbit coupling and the C terms are given up to
the first order in the spin-orbit coupling as follows:

1„„*(R')C„„(R'—R)=—-i Q b (R'—R)
2 ( m ~, (R')—e„.(R')

1„„(R) b„(R'—R) ~+c(R'—R), (2.5)
e (R)-~„(R) )

with
A

c(R'—R) = — I y„*(r—R')
4m'c' ~

XLgrad V(r) Xp] « „(r—R)dr, (2.6)

where n, n' represent the ground orbital states and
m, m' the excited sta, tes, 1 „(R) the matrix element of
the orbital angular momentum of the ion at R, X the
spin-orbit coupling constant, and q „(r—R) the ground
orbital wave function of the ion at R.
From (2.5) we see that the magnitude of the C

terms is roughly (Ag/g) times that of the b terms where

n„t (R) and n„t*(R)are the annihilation and the creation
operators of the electrons in the state f„t(r R—), etc.
The most important contribution to the superexchange
comes from the conlguration mixing of the polar states
due to the transfer terms of (2.1).By the second order
perturbation calculation we get the usual isotropic
superexchange from the 6' terms, the interaction of the
form (1.1) from the bC terms and pseudodipolar
interaction from the C' terms. We have for the inter-
action between the spins at R and R'

Eg, g &'& =Jg, a &'&(S(R) .S(R'))
+D ..&& LS(R)XS(R')]

+S(R) Fg.a &'& S(R') (2.3)
where the scalar, vector and tensor quantities: Jzz (",
Dg, g &2~, and F~a &'& are given in the case of one electron
per ion as follows:

g is the gyromagnetic ratio and Ag is its deviation from
the value for a free electron. Therefore the orders of
magnitudes of D and 1' are estimated by

D (hg/W) J, F (Ag/g)'J. (2.6)
The contribution of the next importance is the direct

exchange interaction. This has the same form as (2.3)
and the coeKcients of the 6rst two terms Jgg" and
I'gg ' are given as follows:

(2.7)

1 .(R') J..(NN ~m') ~. (2.8)~' e„(R')—e„(R') )
The tensor coeScient I'z& ' of the last term has just
the same form as that which has been discussed by the
previous authors4 though they regarded J to include
superexchange implicitly. The exchange integral is
given by

J~g (ee'mm') = ' rp„*(r~—R)p„*(r2—R')J J
Xq&„(~2—R) y (r~—R')dr&dr2, (2.9)

where «„(r—R), etc., are the orthogonal orbital wave
functions obtained without the spin-orbit coupling.
We see here again that the ratios of Dgg"" and I'gg""
to Jzz '* are approximately given by (2.6). Therefore,
these terms are generally smaller than the corresponding
second order superexchange terms as was shown by
Anderson in the case of isotropic superexchange.
The third order perturbation which include transfer

terms twice and the intra-atomic exchange interaction
gives the same form of coupling as (2.3). The isotropic
6rst term and the anisotropic second and third terms
come from O'Jo, bCJO, and C'Jo terms, respectively,
Jo being the intra-atomic exchange energy. All the
three terms are generally Jo/U times smaller than the
corresponding second order terms.
We shall here show only the coe%cient of the second

term. The first term is given in reference 5.
Day. &'&=—(~/U')(Q„. J„(R')Lb (R—R')
XC „(R'—R)—C„„(R—R')b„„(R'—R)]
+Q„J„„(R)fb „(R'—R)C„„(R—R')

—C„„(R'—R)b„„.(R—R')]}, (2.10)
where J„(R) represents an intra-atomic exchange
integral in the ion at R, etc. We have considered above
the most important three contributions to the super-
exchange interaction. As was seen, all the terms linear
in the spin-orbit coupling have the form (1.1) which is
antisymmetric for the interchange of two spins and the
terms of second order in the spin-orbit coupling have
the pseudodipolar form which is symmetric for the two
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Symmetry point group of SrCu2(BO3)2
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DM - interactions allowed by the symmetry
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Low symmetry phase (T< 395K): 
interdimer:

intradimer:

e.g. K Kodama et al., J. Phys.: Condensed Matt 17, L61 (2005)
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Shastry-Sutherland model + DM interaction

Ground state: 

JR et al PRB 83 024413 (2011)

|s̃⇥A = |s⇥A + �|ty⇥A
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The variational approach and bond-wave spectra 
Step 1: we minimize the energy with a dimer-product variational wave function 
(entanglement within dimers taken care of): 

|�� =
�

bonds

(�s |s� + �1 |t1� + �0 |t0� + �1̄ |t1̄�)(⇥s |s� + ⇥1 |t1� + ⇥0 |t0� + ⇥1̄ |t1̄�)

Step 2: starting from the variational solution, we construct a bond-wave 
hamiltonian analogous to the spin-wave approach:

s and t� bosons are like Schwinger-bosons, 
and condensing one boson (variational 
solution) we get the Holstein-Primakoff 
representation and a 1/M expansion:

s†, s ⇥
⇥

M �
�

µ

t†µtµ ⇥M � 1
2M

�

µ

t†µtµ

S�
j,1 =

i

2

�
t†�,jsj � s†jt�,j

⇥
� i

2
��,⇥,⇤t†⇥,jt⇤,j ,

S�
j,2 = � i

2

�
t†�,jsj � s†jt�,j

⇥
� i

2
��,⇥,⇤t†⇥,jt⇤,j .

quadratic Hamiltonian which can 
be Bogoliubov diagolized: H(2) =

1

2
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Comparison with experiments: neutron spectra at H=0

B. Gaulin et al., !
PRL 93, 267202 (2004)

�q =
⇧

J2 ± J�q ⇤ J ± 1
2
�q

�q =

⇤�
J �D

J
� 2D�

||,s

⇥2

(1� cos a cos b) + 16D�2
⇥ cos2

a

2
cos2

b

2

⌅1/2

bond-wave result: see also: Y. F. Cheng, PRB 75, 144422 (2007)

The triplet dispersion due to 
J’ (6th order process) are 

missing from our treatment.

J. Romhányi, K. Totsuka, K. Penc,  
Phys. Rev. B 83, 024413 (2011).

http://link.aps.org/doi/10.1103/PhysRevB.83.024413
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Quantitative comparison with measured ESR 
& IR spectra: gap in the field

J. Romhányi, K. Totsuka, K. Penc,  
Phys. Rev. B 83, 024413 (2011).

that is substantially larger than the singlet-triplet gap. We use
this value since there are no optical phonons with substantial
spectral weight below 100 cm!1 as our transmission mea-
surements show. The energy spectrum can be analyzed sepa-
rately from the dynamic DM effect because of the high pho-
non energy. The calculated energy levels are the same in
Figs. 4 and 5. In these figures only the zero phonon levels of
the triplet T0 and S2 are shown. The levels with one excited
phonon are offset by !"p to higher energies and are not
shown.
In a two dimer system two singlets, two triplets, and a

quintet are present. The ground state is a product of singlets
!SS". The first triplet is a linear combination of !ST" and !TS".
In the two dimer model the singlet-triplet splitting is not
renormalized by the interdimer coupling j2 and the energy of
the triplet excitation is ET0= j1. The second singlet, a bound
state of two triplets, is at ES1=2j1!2#2j2$. To stress the fact
that in the two dimer model with a periodic boundary con-
dition the interdimer bonds are effectively doubled, we write
2j2 explicitly. There are two other bound states of two trip-
lets, a triplet at ET1=2j1! #2j2$ and a quintet at EQ=2j1
+ #2j2$. These energies and the ground state wave function
are slightly changed by the static DM interactions d1 and d2.
The spin states !STi" and !TiS" are strongly mixed by the
interdimer d1 since they are degenerate in any field.
The states are labeled in Fig. 5. The following parameters

were used to fit the energy spectra plotted in Figs. 4 and 5.
The energy of one-triplet sublevels T0m#0$ and T0p#0$ gives
us j1=24.0 cm

!1. To get the singlet S2 at 28.6 cm
!1 we use

2j2=9.8 cm
!1. Triplet levels are split in zero field by 2d1

=1.4 cm!1. The intradimer d2=1.8 cm
!1 induces an avoided

crossing of T0p#+$ and S2. In a simplified picture the one-
triplet excitation is the !ST" (or !TS") state and the excited
singlet is !TT". d2 “flips” the singlet to the triplet state on one
of the dimers and thus couples T0p#+$ to S2.

2. c-axis phonon

The optical c-axis phonon bends the Cu-O-Cu bond in the
c-direction. We assume that the bending action of the phonon
is the same on both dimers, Fig. 7. As a result the dynamic
DM interaction on the dimer (1,2) is qcdQc

%d3c
= #!d3c ,0 ,0$ and on the dimer (3,4) d3c= #0,d3c ,0$; the ori-
entation of the Cartesian coordinates is the same as in Fig.
1(b). The calculated and the measured transition probabilities
as a function of magnetic field are plotted in Figs. 4(b) and
4(d) for two field orientations. In zero field a line at
25.5 cm!1 is present. The area of this line is the only scaling
parameter between the theory and the experiment. Note that
the transition to the triplet level, which anticrosses with S2, is
optically active when B0 &c. When B0 &a there is no anti-
crossing for the optically active triplet level.
The overall agreement between the theory and the experi-

ment is good. There is a disagreement between the intensities
of the middle and lower triplet components in the theory and
in the experiment, Fig. 4(d). In the theory the intensity of the
middle component is approximately three times as strong as
the lower component while in the experiment they are equal.
We tried several changes in our model to make the intensities
of the two triplet components more equal and none of them
helped. These unfruitful changes were the shift of the phonon
frequency, a small out-of-plane component of B0 and an in-
plane component of the interdimer DM vector d1.

3. a-axis phonon

The optical a-axis phonon bends the Cu-O-Cu bond in the
a-direction and creates a dynamic DM interaction in the
c-direction, Fig. 7. If we choose E1 &a the dynamic DM in-
teraction is created on dimer (1,2), qadQa%d3a= #0,0 ,d3a$.
In general, for an arbitrary orientation of E1 in the #ab$
plane, both dimers will acquire a certain d3a. For the time
being we assume E1 &a.

FIG. 5. (Color online) Mag-
netic field dependence of line po-
sitions and line areas in E1 &a po-
larization at 4.4 K; (a), (b) B0 &c;
(c), (d) B0 &a. Solid lines are the
results of the calculation based on
the two dimer model: j1
=24 cm!1, 2j2=9.8 cm

!1, 2d1
=1.4 cm!1, and d2=1.8 cm

!1.
Dashed lines in panels (a) and (c)
are fits with parameters given in
Table I. The solid line in panel (b)
is the sum of two theoretical line
areas of S0 to T0m#0$ and to T0p#0$
transitions shown by dashed lines.
Dashed lines in (d) are eye guides
(see text). The 18 T point a panels
(a) and (b) was measured at 1.8 K.

FAR-INFRARED SPECTROSCOPY OF SPIN… PHYSICAL REVIEW B 70, 144417 (2004)

144417-5

T. Rõõm et al., PRB 70, 144417 (2004).

http://link.aps.org/doi/10.1103/PhysRevB.83.024413


assuming that

full bond-wave theory gives 
 the same results, linear in D

Hamiltonian describing the hopping of triplets
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The dispersion:

analytical solution:
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Band touching transition of triplons in magnetic field

Berry curvature

|n(k)� is the normalized wave function 
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Band touching transition of triplons in magnetic field
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Band touching transition of triplons in magnetic field

Jω

Γ

X M

−2

+2

0 0

0

0

J−D⊥́

J−2D⊥́

J+D⊥́

J+2D⊥́

Γ

X M

Γ

X M

Γ

X M

hz=0 hz=hc/2 hz=hc hz=3hc/2(b)(a) (c) (d) (e)

h = 0 h = hc

band touching 
transition 

topologically trivialtopologically 
nontrivial 

excitations, finite 
Chern numbers

Note: the ground 
state is trivial all 

the time!



H =

0

B@
t̃†
x,k

t̃†
y,k

t̃†
z,k

1

CA

T

0

B@
J ih

z

+ 2iD�
⇥�1 �DJ

0

2J �3
�ih

z

� 2iD�
⇥�1 J �DJ

0

2J �2
�DJ

0

2J �3 �DJ

0

2J �2 J

1

CA

0

B@
t̃
x,k

t̃
y,k

t̃
z,k

1

CA

How do we understand the Chern numbers?



H =

0

B@
t̃†
x,k

t̃†
y,k

t̃†
z,k

1

CA

T

0

B@
J ih

z

+ 2iD�
⇥�1 �DJ

0

2J �3
�ih

z

� 2iD�
⇥�1 J �DJ

0

2J �2
�DJ

0

2J �3 �DJ

0

2J �2 J

1

CA

0

B@
t̃
x,k

t̃
y,k

t̃
z,k

1

CA

H(k) = J1� d(k) ·Q

d(k) =

0

@
DJ

0

2J sin

kx�ky

2
DJ

0

2J sin

kx+ky

2

h
z

+ 2D0
? cos

kx

2 cos

ky

2

1

A

⇥
Q↵, Q�

⇤
= i�↵��Q

�

Qx =

0

@
0 0 1
0 0 0
1 0 0

1

A

Qy =

0

@
0 0 0
0 0 1
0 1 0

1

A

Qz =

0

@
0 �i 0
i 0 0
0 0 0

1

A

A more appealing form:

Q : generators of an SU(2) 
algebra, T=1 pseudospin

d(k) : a fictitious magnetic field, 
Zeeman splits the T=1 pseudospins

How do we understand the Chern numbers?
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Band touching transition in magnetic field vs ESR
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The crystal structure of Lu2V2O7 and the magnon Hall 
effect. (A) The V sublattice of Lu2V2O7, which is 
composed of corner-sharing tetrahedra. (B) The direction 
of the Dzyaloshinskii-Moriya vector on each bond of the 
tetrahedron. The Dzyaloshinskii-Moriya interaction acts 
between the i and j sites. (C) The magnon Hall effect. A 
wave packet of magnon (a quantum of spin precession) 
moving from the hot to the cold side is deflected by the 
Dzyaloshinskii-Moriya interaction playing the role of a 
vector potential.

Magnetic field variation of the thermal 
Hall conductivity of Lu2V2O7 at various 
temperatures. The magnetic field is 
applied along the [100] direction. The 
solid lines are guides to the eye.

Observation of the Magnon Hall Effect
Y. Onose,1,2* T. Ideue,1 H. Katsura,3 Y. Shiomi,1,4 N. Nagaosa,1,4 Y. Tokura1,2,4

The Hall effect usually occurs in conductors when the Lorentz force acts on a charge current
in the presence of a perpendicular magnetic field. Neutral quasi-particles such as phonons and
spins can, however, carry heat current and potentially exhibit the thermal Hall effect without
resorting to the Lorentz force. We report experimental evidence for the anomalous thermal
Hall effect caused by spin excitations (magnons) in an insulating ferromagnet with a pyrochlore
lattice structure. Our theoretical analysis indicates that the propagation of the spin waves is
influenced by the Dzyaloshinskii-Moriya spin-orbit interaction, which plays the role of the vector
potential, much as in the intrinsic anomalous Hall effect in metallic ferromagnets.

Electronics based on the spin degree of free-
dom (spintronics) may lead to develop-
ments beyond silicon-based technologies

(1); spintronics avoids the dissipation from Joule
heating by replacing charge currents with currents
of themagneticmoment (spin currents). Phenomena
such as the spin Hall effect (generation of a trans-
verse spin current by a longitudinal electric field) in
metals and semiconductors have therefore recently
attracted much attention (2). However, some dis-
sipation is still inevitable because the spin current in
these conducting materials is carried by electronic
carriers. In this sense, achieving spin transport in
insulating magnets may be more promising.

In magnetic insulators, the spin moments are
carried by magnons, which are quanta of mag-
netic excitations. A fundamental question for the
magnon spin current is whether it exhibits the Hall
effect, which is usually driven by the Lorentz
force; therefore, charge-free particles (such as pho-
tons, phonons, and magnons) may be expected not
to lead to it. However, in ferromagnets the Hall
effect proportional to the magnetization—termed
the anomalous Hall effect—can be driven by the
relativistic spin-orbit interaction and does not
require the Lorentz force (3). Moreover, the Hall
effect of photons (4–6) and that of phonons (7–9)
have been already predicted and experimentally
observed. However, the Hall effect of magnons,
which is relevant to spin-current electronics, has
presented an experimental challenge.

We report the magnetic and thermal-transport
properties of an insulating collinear ferromagnet
Lu2V2O7 with a pyrochlore structure. Figure 1A
shows the vanadium sublattice in Lu2V2O7, which
is composed of corner-sharing tetrahedra. This
structure can be viewed as a stacking of alternat-

ing Kagomé and triangular lattices along the [111]
direction. Spin-polarized neutron diffraction sug-
gests that the orbitals of the d electron are ordered
so that they all point to the center of mass of theV
tetrahedron (10); calculations have shown that a
virtual hopping process to the high-energy state
stabilizes the ferromagnetic order of the V spin in
this orbital-ordered state (10). In the pyrochlore
structure, because the midpoint between any two
apices of a tetrahedron is not an inversion sym-
metry center, there is a nonzero Dzyaloshinskii-
Moriya (DM) interaction

HDM ¼ ∑
〈ij〉
D
→

i j : ðS
→
i # S

→
jÞ

whereD
→

ij andS
→
i are, respectively, the DMvector

between the i and j sites and theV spinmoment at
site i. As shown in Fig. 1B, the DM vector D

→
ij is

perpendicular to the vanadium bond and parallel to
the surface of the cube indicated by gray lines,

according to the crystal symmetry. Even starting
from the perfectly collinear ferromagnetic ground-
state spin configuration, theDM interaction affects
the spin wave and gives rise to the thermal Hall
effect as discussed below.

The magnetic, electric, and thermal properties
of Lu2V2O7 are illustrated in Fig. 2. The spon-
taneous magnetization M emerges below Curie
temperature TC = 70K (Fig. 2A). Figure 2B shows
the magnetization curves along various magnetic
field directions at 5 K. The magnetization saturates
at relatively low field (less than 1 T), and the sat-
urated magnetization is isotropic and almost co-
incides with 1 bohr magneton (mB), indicating the
collinear ferromagnetic state with spin S = 1=2
above the saturation field. The resistivity increases
rapidly with decreasing temperature T (Fig. 2C).
The longitudinal thermal conductivity (11) mono-
tonically falls with decreasing temperature (Fig. 2D).
The magnitude is small as compared with usual in-
sulators but comparable with similar orbital-ordered
materials (12). According to theWiedemann-Franz
law, the electric contribution of thermal conduc-
tivity is less than 10−5W/Km below 100 K. There-
fore, the heat current is carried only by phonons
and magnons in this temperature region. From
the analysis of the magnetic field variation of the
thermal conductivity (13), we estimate the mean
free paths of phonons and magnons (lph and lmag,
respectively) at 20 K as lph = 3.5 nm and lmag =
3.6 nm. Because the obtained lph and lmag are
much larger than the V-V distance (0.35 nm), the
Bloch waves of phonons and magnons are well
defined at least at 20 K.

The thermal Hall effect (the Righi-Leduc ef-
fect) is usually induced by the deflection of elec-
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Fig. 1. The crystal structure of Lu2V2O7 and themagnon Hall effect. (A) The V sublattice of Lu2V2O7, which is
composed of corner-sharing tetrahedra. (B) The direction of the Dzyaloshinskii-Moriya vector D

→
i j on each

bond of the tetrahedron. The Dzyaloshinskii-Moriya interaction D
→
i j ⋅ (S

→
i # S

→
j) acts between the i and j sites.

(C) The magnon Hall effect. A wave packet of magnon (a quantum of spin precession) moving from the hot
to the cold side is deflected by the Dzyaloshinskii-Moriya interaction playing the role of a vector potential.
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Lu2V2O7 is a FM insulator 



Thermal Hall conductivity in the frustrated pyrochlore 
magnet Tb2Ti2O7!
M. Hirschberger, J. W. Krizan, 
 R. J. Cava, and N. P. Ong!
arxiv 1502.02006
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FIG. 3: Curves of the thermal Hall conductivity κxy/T vs. H in Tb2Ti2O7 (Sample 2). From 140 to 50 K, κxy/T , is H-linear
(Panel A). Below 45 K, it develops pronounced curvature at large H , reaching its largest value near 12 K. The sign is always
“hole-like”. Panel B shows the curves below 15 K. A prominent feature is that the weak-field slope [κxy/TB]0 is nearly T
independent below 15 K. Below 3 K, the field profile changes qualitatively, showing additional features that become prominent
as T → 0, namely the sharp peak near 1 T and the broad maximum at 6 T.

FIG. 3: Curves of the thermal Hall 
conductivity κxy/T vs. H in Tb2Ti2O7 
(Sample 2). From 140 to 50 K, κxy/T, is H-
linear (Panel A). Below 45 K, it develops 
pronounced curvature at large H, reaching 
its largest value near 12 K. The sign is 
always “hole-like”. Panel B shows the 
curves below 15 K. A prominent feature is 
that the weak-field slope [κxy/TB]0 is 
nearly T independent below 15 K. Below 3 
K, the field profile changes qualitatively, 
showing additional features that become 
prominent as T → 0, namely the sharp 
peak near 1 T and the broad maximum at 6 
T. 
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effect of diagonal 2nd neighbor hopping

B. Gaulin et al., !
PRL 93, 267202 (2004)

The triplet dispersion due to 
J’ (6th order process) are 

missing from our treatment.
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Effect of second neighbor triplon hopping
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Summary

• DM interactions lead to Dirac cone in the excitation 
spectrum!

• Chern numbers ± 2 ➞ topological triplon bands !
• Protected edge states!
• Observable thermal Hall signature!
• Topological effects in plateaux phases of SrCu2(BO3)2  

or other dimer/paramagnetic systems ?!
• How to apply general symmetry arguments?!

• Look for the level crossings in the ESR spectra !
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