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FIG. 2. Sketch of classes of initial states for L = 12. We
distinguish the initial states by their interaction energy. For
E/V = 2, there are three di↵erent types of initial states.
Those states with V = 0 that have only isolated holes are
exact quantum-scar states.

density operators n̂i. In this form the constraint is just
an on/o↵ flag for each matrix element depending on the
existence of neighboring vacant sites.

Time evolution and expectation values of energy eigen-
states are obtained by exact diagonalization [73, 74]
where eigenvalue decomposition of the Hamiltonian is
calculated using LAPACK [75]. The time average c(t)
of the autocorrelation is obtained as a weighted average
of values at times tiJ = 10↵i with 0.05  tiJ  t and
↵ ⇡ 0.04 where the weight of a point at time ti is the
length of the time interval ti+1 � ti. In principle, this
leads to an overestimate of the long-time value, which,
however, does not a↵ect our analysis since we are consid-
ering the dynamics over many decades in time. Note that
the plateaus in c(t) without a time average are obscured
by large temporal fluctuations [40].

Disorder averages of the time average of the autocor-
relation are taken over samples of di↵erent disorder re-
alizations and all initial configurations equivalent under
symmetry transformation (mainly translation symmetry)
in the clean model. The latter is just done to reduce the
number of necessary disorder realizations. The number
of disorder samples is chosen such that the uncertainty of
the average is smaller than the linewidth in the respective
plots.

IV. LONG-LIVED DYNAMICS IN THE
PRESENCE OF DISORDER

A. Clean case

As mentioned above, ĤKCM hosts metastable states in
the V > J limit, where many initial states show a plateau
in the density autocorrelation function c(t). This behav-
ior has been discussed in [40], which we here recapitulate
to lay the ground for the discussion of the disorder case.
We will focus on results for L = 12 and a high filling of
⌫ = 3/4.

Before going further, we want to illustrate the under-

FIG. 3. Dynamics of the constrained model: c(t) for all initial
product states plotted for a system of L = 12 sites for di↵erent
interaction strength and disorder strength. The results are
averaged over the groups of initial states according to the
classification from Fig. 2 and 20 disorder samples.

lying physics of the existence of the plateaus in the re-
laxation dynamics, which also gives insight into the non-
thermalizing behavior in the presence of small disorder
strength. In Figs. 3(a)-(c) and 4(a)-(c), we present the
time evolution of the density autocorrelation function
c(t) computed for the model with constraint and with-
out constraint, respectively. The results are computed
for three interaction strengths, V/J = 1, 4, 16.
As already shown in Ref. [40], a su�ciently large ratio

of V/J causes metastable dynamics, as clearly seen in
Fig. 3(b). Specifically, c(t) develops a plateau for those
initial states that involve one horizontal dimer and one
isolated hole (solid orange lines). Increasing V/J leads to
longer plateaus (note the logarithmic scale on the time
axis). The emergence of this slow dynamics becomes par-
ticularly evident by comparison to the data for the model
without a kinetic constraint, where such plateaus are ab-
sent.
Moreover, the KCM exhibits completely frozen states,

namely those with only isolated holes, for which c(t) = 1
for all times [see the solid blue lines in Figs. 3(a)-(c)].
These correspond to exact quantum-scar states with no
hybridization with the rest of the spectrum and zero en-
tanglement. The density autocorrelations for all other
initial states decay quickly on a time scale set by (V/J)2

[40].

1. Perturbative estimate of time scales

In order to guide the following discussion of the com-
bined e↵ect of disorder and interactions, we provide a
discussion of the relevant time scales for the decay of the
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Figure 5. (a) The overlap between eigenstates of the PXP
model and |Z3i state as a function of energy E reveals another
special band of eigenstates. (b) Same plot but zoomed in
around energy E = 0. Black dots mark individual eigenvalues,
while the blue curve is a Gaussian convolution of the overlap
probability |hZ3| (E)i|2 viewed as a function of energy. This
reveals a number of peaks subdividing the interval between
the highest overlap states. Both plots are for L = 30 in the
zero-momentum and inversion symmetric sector together with
the ±2⇡/3 momentum sectors.

comes �E ! 1.33 in the middle of the spectrum. Fig. 4
shows the finite-size scaling of the energy gaps between
the four special eigenstates closest to the energy E = 0.
All the gaps accurately follow the finite size scaling
�Ei = 1.337+ci /L2, where a linear term is absent. Con-
stants ci depend on the chosen pair of eigenstates, with
c1 = 0.582 corresponding to the gap between the special
state at E = 0 and the closest one with non-zero energy.
In contrast, the distance between special eigenstates at
the edge of the spectrum, e.g., the ground state (0th
special eigenstate), which always belongs to the zero-
momentum sector, and the first special eigenstate that
lives in ! -momentum sector is �E0 ! 0.96. This behav-
ior should be contrasted with the AKLT model,64 where
the special excited states are equidistant in energy.

Finally, we note that in addition to the special states
identified via the overlap with |Z2" state, there are fur-
ther states that also violate the ETH but more weakly.
To identify some of them, in Fig. 5(a) we plot the over-
lap of PXP eigenstates with |Z3" product state. Here we
can also observe the existence of a band of states with
anomalously high overlap. In contrast to the Z2 case,
this band is less clearly separated from the bulk of the
spectrum. A natural question is whether the set of spe-
cial states revealed by |Z2" intersects with that of |Z3".
Cross comparison of overlaps (not shown) reveals that
these two sets of special states are di↵erent from each
other. Zooming in on the overlap plot around energy
E = 0, shown in Fig. 5(b), we can observe several “mini-
towers” between the highest overlap states. This feature
will give rise to more complicated dynamics in the Z3
case, which is discussed in the following Section.

Figure 6. Quantum fidelity shows periodic in time revivals
for |Z2i and |Z3i initial product states. In contrast, |Z4i initial
state shows a complete absence of revivals. Data is for system
with L = 24 sites with periodic boundary conditions.

D. Dynamical signatures of special eigenstates

Anomalously high overlaps of special eigenstates with
product states like |Z2" or |Z3" make them amenable to
a simple experimental probe – global quench. In partic-
ular, the quench from |Z2" state was studied experimen-
tally in Ref. 36 and in numerical simulations on small
systems.66Ð68 We initialize the system at time t = 0 in
the state |" (0)" = |Zk ", and then follow the evolution
of this initial state with the PXP Hamiltonian, Eq. (5),
|" (t)" = exp(# iHt) |" (0)". This evolution is determined
by how |" (0)" is decomposed in terms of the system’s
eigenstates.

Figs. 3(b) and 5(a) demonstrate that there are a few
eigenstates with high overlaps and constant energy sep-
aration in the middle of the band where the overlaps are
largest (see Fig. 4). Therefore, we expect that quantum
quench from |Z2" or |Z3" product state will give rise to co-
herent oscillations, with a frequency determined by the
energy separation between the towers of special states
in Fig. 3 or Fig. 5. These oscillations in the dynam-
ics can be observed by measuring the expectation values
of certain local observables,36,39 or more generally, using
the quantum fidelity (or return probability) defined as
| $Zk | exp(# iHt) |Zk " |2.

Fully consistent with the expectations described above,
fidelity for quenches from |Z2", |Z3" initial states shown in
Fig. 6 reveals pronounced periodic revivals. The period of
these revivals is given by TZ2 = 2! /�E! , where �E! !
1.33 is the energy separation between the |Z2" special
states. We note that revivals of a local observable – the
density of domain walls – were found in Ref. 36 for the
|Z2" case. The frequency of these revivals is identical
to the frequency found here using quantum fidelity. By
contrast, for |Z4" initial state, we do not observe any
revivals in the fidelity. This is in agreement with the
absence of anomalously high overlaps between eigenstates
and |Z4" product state.
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FIG. 1. Kinetic constraints realized in a gas of Rydberg atoms.
(a) Schematic representation of the laser-induced coupling between
ground and Rydberg states with Rabi frequency! and detuning
" , where coherence between the atomic states is lost at a rate#.
Each atom can be effectively described as an Ising pseudospin. In
the incoherent regime# ! ! , the dynamics of an atom reduces to
incoherent state changes (spin ßips) at a rate$i (" ). (b) Interaction
potentialV(|ri " rj |) between two excited atoms at positionsri and
rj (red line) and excitation rates$i (" ) for " > 0 (blue line) and
" = 0 (gray line). The excitation rate for" = 0 drops to zero for
interatomic distances|ri " rj | below the blockade radiusrb (blockade
constraint), whereas it peaks at the facilitation radiusrfac for " > 0
(facilitation constraint). This leads to blockaded dynamics, shown
in (c), and to facilitated dynamics, shown in (d), respectively. In
(c), excitation of individual atoms occurs at the resonant rate until
the distance between adjacent excitations approaches the blockade
radius. The third spin from the left is excited at a strongly reduced
rate as it is located within the blockade radius. In (d), a seed excitation
enables further excitations at the facilitation distancerfac.

$ i (" ) for an atom depends on the state of all the atoms in
its vicinity and on the detuning" of the excitation laser
from resonance. For the resonant case" = 0 (in practice,
" # #), the interactions between an atom and its neighbors
lead to ablockade constraintresulting in anticorrelated dynam-
ics [9,16]: The more excited atoms there are in the vicinity,
the smaller$i , leading to a spatially inhomogeneous local
excitation rate and an overall slowing down of the relaxation
process as the number of excitations in the systems grows. The
interparticle distance below which this blockade constraint
becomes important is given by the (incoherent) blockade
radiusrb = (C6/ ! #)

1
6 . By contrast, for" > 0 the off-resonant

single-atom excitation rate is small, but now afacilitation
constraintappears [10]: An excited atom somewhere in the
system shifts atoms contained within a shell of radiusrfac

and width%rfac into resonance, whererfac = (C6/ ! " )
1
6 , which

corresponds to the van der Waals interaction compensating
the laser detuning [12,17Ð22], and%rfac = rfac

6" # . We will show
that this leads to strikingly different features in the excitation
dynamics in comparison to the case of resonant excitation.

In our experiments the conditions of Fig.1are realized with
magneto-optical traps (MOTs) of87Rb atoms that are excited

to repulsively interacting 70SRydberg states [23]. The roughly
spherical atomic clouds have a Gaussian density proÞle with
widths between 45 and 160µm and contain between 104

and 1.2 $ 106 atoms at typical temperatures around 150µK.
We control the (effective) number of atoms and hence the
density of the clouds (keeping their size and shape constant)
by depumping a fraction of the atoms in theF = 2 hyperÞne
ground state to theF = 1 state using a resonant laser pulse
of duration up to 2µs (for details, see Ref. [24]). This state
lies 6.8 GHz below theF = 2 state (the ground state for the
Rydberg excitation process) and hence does not couple to
the Rydberg excitation lasers. After the depumping pulse, we
infer the effective atom number by exciting a few Rydberg
atoms (less than 10, in order to avoid interaction effects)
on resonance and measuring the total growth rate, which
in the noninteracting, incoherent regime is proportional to
the atom number. Excitation to the 70S Rydberg state (for
whichC6 = h $ 869.7 GHzµm6) is achieved by a two-photon
process with laser beams near 420 nm (waist 10 or 40µm) and
1013 nm (waist 110µm), and the 420 nm laser detuned by
660 MHz from the 6P3/ 2 excited state. Depending on the sizes
and propagation directions of those beams, we can realize two
geometries: an effective one-dimensional (1D) geometry, in
which the 420 nm laser is focused to a waist of around 10µm
(comparable to the blockade and facilitation radii) and the
1013 nm intersects the 420 nm beam and the atomic cloud at
a 45%angle; and a three-dimensional (3D) geometry, in which
the 420 nm laser has a waist of 40µm and copropagates with
the 1013 nm laser. The combined decoherence rate due to the
laser linewidths and residual Doppler broadening is estimated
to be# = 2& $ 0.7 MHz. After an excitation pulse of up to
100µs, the Rydberg atoms are Þeld ionized and detected by
a channeltron with an overall detection efÞciency' of around
40%. The experiments are repeated 100 times for each set of
parameters in order to obtain the mean number and variance.

We simulate the dynamics of our laser-driven Rydberg
gas in the limit of strong dissipation using the equation [15]
ú( =

!
i $ i (|ri &'gi | + | gi &'ri | " |ri &'ri | " |gi &'gi |)( , where(

encodes the probability of the system to be in one of its classical
conÞgurations (products of the local spin states|ri &and|gi &).
In order to account for the inhomogeneity of the atomic cloud
we distributed the atomic positions according to a Gaussian
proÞle in close approximation to the experimental situation.
The spatially inhomogeneous laser proÞle was accounted for
by using a locally varying Rabi frequency for the calculation
of the value of the rate function$i for each individual atom. In
the simulation only atoms inside an effective excitation volume
Vexc were considered. This excitation volume was deÞned as
the region in which the free ßipping rate of an atom was
at least 10% (3D data) or 5% (1D data) of the maximum
rate. The simulations where conducted by implementing a
classical kinetic Monte Carlo algorithm, and the results were
averaged over 1000 runs (1D data) or 100 runs (3D data).
In the simulations the residual thermal motion of the atoms
(average velocity around 120 nmµs" 1 for a MOT temperature
of 150µK) is neglected.

We now proceed to investigate the nonequilibrium dynam-
ics of our system under the action of the two constraints
introduced above. As a Þrst step we set" = 0, thus realizing
the blockade constraint, and verify that the dynamics of our

040701-2
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expected critical exponent! ! 1.05(5) (see the main panel in
Fig.5). As a side remark, note thatµ ! " c, so that the product
(n " #ni )Lµ takes a Þnite value at the transition point. Inter-
estingly, we have recovered the values ofWc/ J = 2 and! = 1
known from the single-particle transition [80,81], which sug-
gests that the Fock-space delocalization-localization transition
is driven by the divergent localization length in the single-
particle states.

We carry out the same scaling-collapse procedure for the
3AM. Here, the best up-to-date estimate for the critical dis-
order strength isWc/ J # 16.54 [98], which is obtained using
the transfer-matrix method for the midspectrum states of the
single-particle Hamiltonian. In the inset in Fig.5, we show
the scaling collapse, obtained by retaining only the data sets
with L ! 12 (see the inset in Fig.4). We then Þndµ !
0.50(5),Wc/ J = 16.3(2), and the expected critical exponent
! ! 1.60(5) (see the inset in Fig.5). The estimates of the
critical point Wc/ J ! 16.3(2) and the critical exponent! !
1.60(5) are quite close to the valuesWc/ J = 16.54, ! = 1.572
obtained with the transfer-matrix method [98], where much
larger system sizes (up toL = 64) were considered. We at-
tribute the small differences between the estimates to residual
Þnite-size effects. Additionally, the many-body Slater deter-
minant can contain a fraction of single-particle states whose
energy lies close to the band edge. Since these states localize
for a much weaker disorder, it is, in principle, possible that
n " #ni saturates to a small, but Þnite, value in the vicinity
of the critical point, in contrast to the scaling ansatz. For the
system sizes that we considered, however, we do not Þnd clear
evidence for this effect.

The presented results for the AAM and the 3AM con-
Þrm that the occupation distance accurately captures the
transitions. Thus, remarkably, by exploiting Fock-space lo-
calization, the transition points can be determined from the
distributions of the simple-to-calculate quantityni . More-
over, the advances in characterizing MBL also feed back
into devising hitherto unexplored approaches for disordered
noninteracting models (see also [103Ð105]).

IV. RESULTS FOR INTERACTING MODELS

We now turn our attention to the interacting model in
Eq. (3), considering values of the Þlling in the range 1/ 10 "
n " 2/ 3, L " 30, and 104 disorder realizations (see the Ap-
pendix for details). We impose periodic boundary conditions.
For a given disorder realization, we use the shift-and-invert
method [48,106] to efÞciently extract the six eigenstates clos-
est to the target energy$ = 1.

The main panel in Fig.6 shows n " #ni as a function
of disorder strength forn = 1/ 3 (for other values ofn, the
behavior is similar). ForW/ J < 3.6, there is a clear decay
towards zero, while forW/ J > 4.2, there is a slow saturation
to a Þnite value. However, the decay in the delocalized phase
has a character different from the one previously observed
for the noninteracting models. In particular, as seen in the
inset in Fig.6, the decay of the average occupation distance
is not algebraic, but exponential. This is a consequence of
the exponential decay of the ßuctuations according to the
eigenstate thermalization hypothesis [4Ð6,107].

FIG. 6. 1D interacting fermions, Eq. (3) ($ = 1, V/ J = 1, n =
1/ 3): n " #ni as a function ofW/ J for L = 9, 12, 15, 18, 21. The
arrow speciÞes increasing system size, and the shaded area indicates
the estimated range of the transition point. Inset: Log-log plot of the
data from the main panel as a function ofL in the delocalized regime
(red symbols,W/ J = 1.2Ð3.6, in steps of 0.2) and in the localized
phase (blue symbols,W/ J = 4.2, 5.0, 6.0). The arrow speciÞes in-
creasing disorder strength.

The exponential dependence onL in the delocalized phase
suggests that, for the interacting system, the scaling collapse
of the data in Fig.6 is of the KT type. We also add that the
KT form of the scaling is inspired by the recent literature
on the phenomenological renormalization group theories of
the MBL transitions [52Ð54]. To verify this hypothesis, in
Fig. 7 (main panel), we Þrst displayn " #ni as a function of
J/ W. Then, in the inset, we plot the same data as a function
of the variable ln(L/ %), where%= exp(" a/

$
J/ W " J/ Wc)

is the KT length, withWc and a being Þtting parameters.
Evidently, a KT-like scaling for the occupation distance
is consistent with our data, and the collapse is of similar

FIG. 7. 1D interacting fermions, Eq. (3), with $ = 1, V/ J =
1, n = 1/ 3: n " #ni as a function ofJ/ W for L = 9, 12, 15, 18, 21.
The arrow speciÞes increasing system size, and the shaded area
indicates the estimated range of the transition point. Inset: Scaling
collapse of the data from the main panel in the delocalized phase as a
function of ln(L/ %), where%= exp(" a/

$
J/ W " J/ Wc) with Þtting

parametersWc/ J = 4.1(2) anda = 1.00(5). For the scaling collapse
all the data in the ergodic regime, i.e., withJ/ W > J/ Wc, are used.

235112-4
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The level spacing ratiosn is deÞned as [9,11,53]
sn = min(! n, ! n+ 1)/ max(! n, ! n+ 1) with ! n = En ! En! 1,
where theEns denote the consecutive eigenenergies. For an
ergodic system,sn has a Wigner-Dyson distribution, reßecting
the presence of level repulsions, so that"s# $ 0.53. A local-
ized system on the other hand has uncorrelated eigenvalues
resulting insn having a Poisson distribution and"s# $ 0.386.

The eigenstates on the Fock space also carry signa-
tures of ergodicity breaking [49,54,55]. The qth participa-
tion entropy of an eigenstate|" # deÞned viaSP

q (|" #) =
1

q! 1 ln [
!

# | "" |##|2q] scales as [49]

SP
q (|" #) = aq ln NH + bq ln ln NH . (7)

In the ergodic phaseaq $ 1 as a consequence of the ein-
genstate being spread over the entire Fock space, whereas
in the MBL phaseaq < 1 indicating that the support of the
eigesntate is a vanishing fraction of the Fock space dimension
in the thermodynamic limit.7

Numerically analyzing the two diagnostics using exact
diagonalization we obtain the MBL phase diagram in the$-%
plane shown in Fig.3. We emphasize that the density of states
is a Gaussian with a width proportional to

%
N. Hence, any

Þnite energy density corresponds to the edges of the spectrum
where only a vanishing fraction of the eigenstates live in the
thermodynamic limit [see Fig.3(a)]. It is the middle of the
spectrum,$ = 0, deÞned via Tr[H], which determines the
generic dynamical behavior of the system.

The critical%can be obtained from the mean level spacing
ratio by collapsing the data for variousN onto a common
function ofg[(%! %c)N1/ &]. Such an exercise leads to the set
of critical %c at different energy densities shown by the black
circles in Fig.3(b). Representative plots of the raw data of the
mean level spacing ratios in the spectral bulk and edges are
shown in Figs.3(c)and3(d), respectively.

The critical line in the%-$ plane so obtained shows a
good agreement with that of the deviation ofa1 from 1, the
second diagnostic for the MBL transition. For the EastREM,
a clear MBL phase emerges at$ = 0 with a transition to
the ergodic phase at%c $ 0.17. This is qualitatively different
from the QREM where at$ = 0 the model is ergodic at all
Þnite values of%. Additionally, in the spectral edges (Þnite
$), the transition from the MBL to ergodic phase occurs at a
larger value of%in the EastREM compared to the QREM; this
indicates a parametric increase of the robustness of localized
phase in the presence of the constraints.

B. Nonergodic dynamics

As a dynamical signature of ergodicity breaking, we study
the autocorrelation function

A(t ) =
1
N

N"

i= 1

"" 0|' z
i (t )' z

i (0)|" 0#, (8)

7The participation entropies carry the same information as an in-
verse participation ratio deÞned asI =

!
# | "" |##|4 & N! a'

H where
a' = 1 in the delocalized phase and< 1 in the many-body localized
phase.

FIG. 3. Localization phase diagram of the EastREM in the%-$
plane. (a) The total density of states( (E) is a Gaussian with
a variance&N (N being the system size) such that in terms of
energy densities$ = E/N, the fraction of eigenstates at all Þnite$
is vanishingly small in the thermodynamic limit. Note that$ = 0
corresponds to the middle of the spectrum and since the spectral
properties are symmetric about$ = 0 we only show$ > 0. (b) The
ergodic region (blue) is characterized by the Þrst participation ratioÕs
volume law coefÞcient in Eq. (7), a1 $ 1 as shown by the color
map, whereasa1 < 1 in the MBL phase (light region). While we
do not show the results fora2 for brevity, the critical line obtained
from them is similar to the one froma1. The black dots show the
critical %extracted from the level spacing ratios for the EastREM,
whereas the red squares denote the critical%line for the QREM [43].
The black dashed line denotes the result obtained from a numerical
treatment of the FSA (Sec.VI C). (c) and (d) Representative plots of
the mean level spacing ratio"s#versus%for different system sizesN
for the bulk and edges of the spectrum, respectively. All the data was
averaged over 1000 disorder realizations and the statistical error bars
estimated using 500 bootstrap resamplings.

where the initial state is chosen to be the domain wall state
|" 0#= | (( á á á((

# $% &
N/ 2

)) á á á))
# $% &

N/ 2

#. The DW state has an exten-

sive connectivity ofN/ 2 on the Fock-space graph, so that
arrested dynamics starting from this initial state, if present,
cannot be due to a subextensive connectivity of the initial
state. At the same time, it contains an extensively large block-
aded segment of down spins thus proving to be a convenient
choice for clearly demonstrating the effect of the constraints.
We stress that our choice of the initial state is not special;
the phase diagram in Fig.3(a)shows that there exists a phase
whereall the eigenstates are localized.

We employ the kernel polynomial method [56] using
Chebyshev polynomials which allows us to evolve systems
with N = 20 up to very long times,t & 104. The results for
A(t ) are shown in Fig.4. For%< %c, A(t ) saturates to a Þnite
values at long times. The saturated value does not depend
on system size, suggesting that the system retains memory
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How Does a Locally Constrained Quantum System Localize?
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At low energy, the dynamics of excitations of many physical systems are locally constrained. Examples
include frustrated antiferromagnets, fractional quantum Hall fluids, and Rydberg atoms in the blockaded
regime. Can such locally constrained systems be fully many-body localized? In this Letter, we answer this
question affirmatively and elucidate the structure of the accompanying quasilocal integrals of motion. By
studying disordered spin chains subject to a projection constraint in thez direction, we show that full many-
body localization (MBL) is stable at strongz-field disorder and identify a new mechanism of localization
through resonance at strong transverse disorder. However, MBL is not guaranteed; the constraints can
ÒfrustrateÓthe tendency of the spins to align with the transverse fields and lead to full thermalization or
criticality. We further provide evidence that the transition is discontinuous in local observables with large
sample-to-sample variations. Our dynamical phase diagram is accessible in current Rydberg atomic
experiments which realize programmable constrained Ising Hamiltonians.
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At low energy, the dynamics of many physical systems
are restricted to Hilbert spaces with local constraints. For
example, the canonical spin-ice compound Dy2Ti2O7 has
Ising-like magnetic moments that obey a local ice rule at
low temperature[1,2]. Electronic systems such as fractional
quantum Hall liquids andp-wave superconductors[3Ð10]
are believed to host quasiparticles with non-Abelian sta-
tistics, which produce a topologically degenerate manifold
of states within which the low energy dynamics are
constrained. Finally, Rydberg excitations of cold atomic
chains [11,12] are energetically forbidden to occupy
adjacent sites in the blockaded regime.

Little is known about the dynamical phases of locally
constrained systems in isolation[13Ð16]. Although their
Hilbert space lacks a tensor product structure, there is a
notion of locality because the influence of local measure-
ments decays exponentially in space[13]. This suggests
that constraints pose no impediment to local thermalization,
as was numerically verified in pinned non-Abelian anyon
chains[13] and in dimer models[14]. But what of the
effects of spatial disorder? In unconstrained systems,
quenched disorder can localize quantum particles and
prevent the transport necessary for equilibration in isolation
[17], a phenomenon known as many-body localization
(MBL) [18Ð60]. In this Letter, we show that constraints
pose no impediment to localization and present a model
exhibiting new constraint-driven MBL and thermal phases
(Fig. 1).

Local constraints have two opposing effects on poten-
tially MBL systems. The constraints disallow certain
intermediate states, blocking perturbative relaxation chan-
nels and yielding more robust localization. This is the case

for theÒdiagonal MBLÓphase in Fig.1. However, when the
constraints are transverse to the disorder, they may frustrate
localization by forbidding extremal eigenstates of the
disorder potential, effectively decreasing the energy detun-
ing between adjacent spins. This effect partly underlies
the robust energy transport in strongly disordered pinned
non-Abelian anyon chains[16,61Ð67], and leads to the
Òconstrained thermalÓ phase in Fig. 1. Surprisingly,
such frustration does not preclude localizationÑ in the

FIG. 1. Infinite temperature dynamical phase diagram of the
constrained Ising model in Eq.(1) in which adjacent spins are
forbidden to both point along! z (inset). The mean level spacing
ratio [r ] distinguishes the localized region with Poisson level
statistics (blue,!r" " 0.39) from the thermalizing region with
random matrix level statistics (red,!r " " 0.53). At largeWz=Wx,
the localization transition approaches the dashed line (see text),
while at smallWz=Wx, the transition line intersects thex axis at
gx=Wx " 1 (black dot).
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in the thermodynamic limit is lacking. We show below that
the situation is much clearer for disordered constrained
models.

For disordered PXP models we observe a linear depend-
enceWT!L" ! L as shown in Figs.1(a)Ð1(c). The disorder
strengthW#!L", describing the drift of the crossing point
with system size, shows a clear curvature at smallL
suggesting theW#!L" ! WC $ c=L scaling. However, for
L ! 20 for ! % 1 (L ! 22 for ! % 2) this curvature vanishes
andW#!L" starts to grow linearly with the system sizeL
[see Figs.1(a)and1(b)]. Importantly, for! % 2 the interval
of system sizes for which the linear driftW#!L" ! L is
observed is wider than for! % 1. Increasing the radius of
the blockade further, to! % 5, we still seeÑ Fig. 1(c)Ñ a
linear dependenceWT!L" ! L. The curvature of theW#!L"
curve, observed for smaller system sizes disappears for
! % 5. Instead, we observe a linear driftW#!L" with a small
oscillation on top of it for all available system sizes.

These conclusions are further supported by the deriva-
tives! WT=! L, ! W#=! L shown in the insets of Fig.1. The
derivative! WT=! L clearly approaches a constantwT with
the increasing system size. The derivative! W#=! L
decreases withL for ! % 1, 2, oscillates around a constant
for ! % 5, and is bound from below by! WT=! L. This is
consistent with a linear drift of the both disorder strengths
WT!L" ! wTL and W#!L" ! w#L with wT " w# at suffi-
ciently largeL (see also[67]). A similar analysis can be
performed for entanglement entropy with the same
conclusions.

Superimposing results for various constraint radii! as
shown in Fig.1(d), we observe that they fall on top of a
universal curve if the crossing pointsW#!L" are rescaled by
factor f that increases approximately logarithmically with
! . This is surprising: one could expect that the larger!
implies a smaller number of spin flips for a given spin
configuration enhancing localization in the system. In fact,
exactly the opposite is true. To see that, consider a spin
configuration with maximal number of spins up for given!

which is roughly equal toL=!1 $ ! ". To perform a
transition to a spin configuration with all spins shifted
by one lattice site, it suffices to act2L=!1 $ ! " times with
the kinetic term of the Hamiltonian(1). Hence, the kinetic
term becomes more effective with increasing the radius of
constraint favoring delocalization at larger! (see also[66]).
However, this is not the ultimate reason of why we observe
delocalization in the constrained models as we show below.

A constrained model with U(1) symmetry.Ñ Consider a
system of spinless fermions with Hamiltonian

H %
XL

i%1

Pi !c
 
i ci$ 1 $ c 

i$ 1ci "Pi$ 2$ ! $
XL

i%1

hi ni !2"

wherec 
i (ci ) are fermionic creation (annihilation) oper-

ators, the particle number operator isni % c 
i ci , the

projectorsP!
i %

Q i#1
j %i# ! !1 # nj " assure that the particles

are separated by at least! sites, hi are independent,
uniformly distributed random variables in the interval
&#W=2; W=2' and PBC are imposed. The model(2) maps,
via the Jordan-Wigner transformation, to a model analo-
gous to disordered PXP model(1) with Sx

i replaced by a
spin-flip termSx

i S
x
i$ 1 $ Sy

i S
y
i$ 1 in the kinetic term. Hence,

(2) is a natural extension of the constrained model(1) that
has theU!1" symmetry and preserves the total magneti-
zationSz %

P L
i%1 Sz

i (or equivalently, the total number of
particlesN %

P L
i%1 ni ). We consider a fillingN=L % 1=

!! $ 2". The model(2) (for ! % 1) can be viewed as a
strong interaction limit of theXXZspin chain[83] (see[84])
and may be realized experimentally by the Rydberg
dressing technique[45,85Ð88].

In contrast to the PXP models, the kinetic term of the
constrained model(2) does not become more effective
when the constraint radius! is increased. Indeed, due to the
particle number conservation, roughlyL=2 actions of the
kinetic term are needed to reach an arbitrary Fock state
from a given starting Fock state (see also[66]). Based on

(a) (b) (c) (d)

FIG. 1. The ergodic-MBL crossover in disordered PXP(1) models. Panels (a)Ð(c): disorder strengthsWT andW# as functions of
system sizeL. Solid lines denote fits of the formW!L" % aL $ b $ c=L $ d=L2 [both forWT!L" andW#!L"], dashed lines correspond
to W#!L" % aL $ b. The insets show derivatives of data with respect toL. Panel (d) showsW#!L" rescaled by a factorf , obtained by
minimizing the distance between theW#!L"=f curves for all the values of the constraint radius! considered in this work.
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The level spacing ratiosn is deÞned as [9,11,53]
sn = min(! n, ! n+ 1)/ max(! n, ! n+ 1) with ! n = En ! En! 1,
where theEns denote the consecutive eigenenergies. For an
ergodic system,sn has a Wigner-Dyson distribution, reßecting
the presence of level repulsions, so that"s# $ 0.53. A local-
ized system on the other hand has uncorrelated eigenvalues
resulting insn having a Poisson distribution and"s# $ 0.386.

The eigenstates on the Fock space also carry signa-
tures of ergodicity breaking [49,54,55]. The qth participa-
tion entropy of an eigenstate|" # deÞned viaSP

q (|" #) =
1

q! 1 ln [
!

# | "" |##|2q] scales as [49]

SP
q (|" #) = aq ln NH + bq ln ln NH . (7)

In the ergodic phaseaq $ 1 as a consequence of the ein-
genstate being spread over the entire Fock space, whereas
in the MBL phaseaq < 1 indicating that the support of the
eigesntate is a vanishing fraction of the Fock space dimension
in the thermodynamic limit.7

Numerically analyzing the two diagnostics using exact
diagonalization we obtain the MBL phase diagram in the$-%
plane shown in Fig.3. We emphasize that the density of states
is a Gaussian with a width proportional to

%
N. Hence, any

Þnite energy density corresponds to the edges of the spectrum
where only a vanishing fraction of the eigenstates live in the
thermodynamic limit [see Fig.3(a)]. It is the middle of the
spectrum,$ = 0, deÞned via Tr[H], which determines the
generic dynamical behavior of the system.

The critical%can be obtained from the mean level spacing
ratio by collapsing the data for variousN onto a common
function ofg[(%! %c)N1/ &]. Such an exercise leads to the set
of critical %c at different energy densities shown by the black
circles in Fig.3(b). Representative plots of the raw data of the
mean level spacing ratios in the spectral bulk and edges are
shown in Figs.3(c)and3(d), respectively.

The critical line in the%-$ plane so obtained shows a
good agreement with that of the deviation ofa1 from 1, the
second diagnostic for the MBL transition. For the EastREM,
a clear MBL phase emerges at$ = 0 with a transition to
the ergodic phase at%c $ 0.17. This is qualitatively different
from the QREM where at$ = 0 the model is ergodic at all
Þnite values of%. Additionally, in the spectral edges (Þnite
$), the transition from the MBL to ergodic phase occurs at a
larger value of%in the EastREM compared to the QREM; this
indicates a parametric increase of the robustness of localized
phase in the presence of the constraints.

B. Nonergodic dynamics

As a dynamical signature of ergodicity breaking, we study
the autocorrelation function

A(t ) =
1
N

N"

i= 1

"" 0|' z
i (t )' z

i (0)|" 0#, (8)

7The participation entropies carry the same information as an in-
verse participation ratio deÞned asI =

!
# | "" |##|4 & N! a'

H where
a' = 1 in the delocalized phase and< 1 in the many-body localized
phase.

FIG. 3. Localization phase diagram of the EastREM in the%-$
plane. (a) The total density of states( (E) is a Gaussian with
a variance&N (N being the system size) such that in terms of
energy densities$ = E/N, the fraction of eigenstates at all Þnite$
is vanishingly small in the thermodynamic limit. Note that$ = 0
corresponds to the middle of the spectrum and since the spectral
properties are symmetric about$ = 0 we only show$ > 0. (b) The
ergodic region (blue) is characterized by the Þrst participation ratioÕs
volume law coefÞcient in Eq. (7), a1 $ 1 as shown by the color
map, whereasa1 < 1 in the MBL phase (light region). While we
do not show the results fora2 for brevity, the critical line obtained
from them is similar to the one froma1. The black dots show the
critical %extracted from the level spacing ratios for the EastREM,
whereas the red squares denote the critical%line for the QREM [43].
The black dashed line denotes the result obtained from a numerical
treatment of the FSA (Sec.VI C). (c) and (d) Representative plots of
the mean level spacing ratio"s#versus%for different system sizesN
for the bulk and edges of the spectrum, respectively. All the data was
averaged over 1000 disorder realizations and the statistical error bars
estimated using 500 bootstrap resamplings.

where the initial state is chosen to be the domain wall state
|" 0#= | (( á á á((

# $% &
N/ 2

)) á á á))
# $% &

N/ 2

#. The DW state has an exten-

sive connectivity ofN/ 2 on the Fock-space graph, so that
arrested dynamics starting from this initial state, if present,
cannot be due to a subextensive connectivity of the initial
state. At the same time, it contains an extensively large block-
aded segment of down spins thus proving to be a convenient
choice for clearly demonstrating the effect of the constraints.
We stress that our choice of the initial state is not special;
the phase diagram in Fig.3(a)shows that there exists a phase
whereall the eigenstates are localized.

We employ the kernel polynomial method [56] using
Chebyshev polynomials which allows us to evolve systems
with N = 20 up to very long times,t & 104. The results for
A(t ) are shown in Fig.4. For%< %c, A(t ) saturates to a Þnite
values at long times. The saturated value does not depend
on system size, suggesting that the system retains memory
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studying disordered spin chains subject to a projection constraint in thez direction, we show that full many-
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At low energy, the dynamics of many physical systems
are restricted to Hilbert spaces with local constraints. For
example, the canonical spin-ice compound Dy2Ti2O7 has
Ising-like magnetic moments that obey a local ice rule at
low temperature[1,2]. Electronic systems such as fractional
quantum Hall liquids andp-wave superconductors[3Ð10]
are believed to host quasiparticles with non-Abelian sta-
tistics, which produce a topologically degenerate manifold
of states within which the low energy dynamics are
constrained. Finally, Rydberg excitations of cold atomic
chains [11,12] are energetically forbidden to occupy
adjacent sites in the blockaded regime.

Little is known about the dynamical phases of locally
constrained systems in isolation[13Ð16]. Although their
Hilbert space lacks a tensor product structure, there is a
notion of locality because the influence of local measure-
ments decays exponentially in space[13]. This suggests
that constraints pose no impediment to local thermalization,
as was numerically verified in pinned non-Abelian anyon
chains[13] and in dimer models[14]. But what of the
effects of spatial disorder? In unconstrained systems,
quenched disorder can localize quantum particles and
prevent the transport necessary for equilibration in isolation
[17], a phenomenon known as many-body localization
(MBL) [18Ð60]. In this Letter, we show that constraints
pose no impediment to localization and present a model
exhibiting new constraint-driven MBL and thermal phases
(Fig. 1).

Local constraints have two opposing effects on poten-
tially MBL systems. The constraints disallow certain
intermediate states, blocking perturbative relaxation chan-
nels and yielding more robust localization. This is the case

for theÒdiagonal MBLÓphase in Fig.1. However, when the
constraints are transverse to the disorder, they may frustrate
localization by forbidding extremal eigenstates of the
disorder potential, effectively decreasing the energy detun-
ing between adjacent spins. This effect partly underlies
the robust energy transport in strongly disordered pinned
non-Abelian anyon chains[16,61Ð67], and leads to the
Òconstrained thermalÓ phase in Fig. 1. Surprisingly,
such frustration does not preclude localizationÑ in the

FIG. 1. Infinite temperature dynamical phase diagram of the
constrained Ising model in Eq.(1) in which adjacent spins are
forbidden to both point along! z (inset). The mean level spacing
ratio [r ] distinguishes the localized region with Poisson level
statistics (blue,!r" " 0.39) from the thermalizing region with
random matrix level statistics (red,!r " " 0.53). At largeWz=Wx,
the localization transition approaches the dashed line (see text),
while at smallWz=Wx, the transition line intersects thex axis at
gx=Wx " 1 (black dot).
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in the thermodynamic limit is lacking. We show below that
the situation is much clearer for disordered constrained
models.

For disordered PXP models we observe a linear depend-
enceWT!L" ! L as shown in Figs.1(a)Ð1(c). The disorder
strengthW#!L", describing the drift of the crossing point
with system size, shows a clear curvature at smallL
suggesting theW#!L" ! WC $ c=L scaling. However, for
L ! 20 for ! % 1 (L ! 22 for ! % 2) this curvature vanishes
andW#!L" starts to grow linearly with the system sizeL
[see Figs.1(a)and1(b)]. Importantly, for! % 2 the interval
of system sizes for which the linear driftW#!L" ! L is
observed is wider than for! % 1. Increasing the radius of
the blockade further, to! % 5, we still seeÑ Fig. 1(c)Ñ a
linear dependenceWT!L" ! L. The curvature of theW#!L"
curve, observed for smaller system sizes disappears for
! % 5. Instead, we observe a linear driftW#!L" with a small
oscillation on top of it for all available system sizes.

These conclusions are further supported by the deriva-
tives! WT=! L, ! W#=! L shown in the insets of Fig.1. The
derivative! WT=! L clearly approaches a constantwT with
the increasing system size. The derivative! W#=! L
decreases withL for ! % 1, 2, oscillates around a constant
for ! % 5, and is bound from below by! WT=! L. This is
consistent with a linear drift of the both disorder strengths
WT!L" ! wTL and W#!L" ! w#L with wT " w# at suffi-
ciently largeL (see also[67]). A similar analysis can be
performed for entanglement entropy with the same
conclusions.

Superimposing results for various constraint radii! as
shown in Fig.1(d), we observe that they fall on top of a
universal curve if the crossing pointsW#!L" are rescaled by
factor f that increases approximately logarithmically with
! . This is surprising: one could expect that the larger!
implies a smaller number of spin flips for a given spin
configuration enhancing localization in the system. In fact,
exactly the opposite is true. To see that, consider a spin
configuration with maximal number of spins up for given!

which is roughly equal toL=!1 $ ! ". To perform a
transition to a spin configuration with all spins shifted
by one lattice site, it suffices to act2L=!1 $ ! " times with
the kinetic term of the Hamiltonian(1). Hence, the kinetic
term becomes more effective with increasing the radius of
constraint favoring delocalization at larger! (see also[66]).
However, this is not the ultimate reason of why we observe
delocalization in the constrained models as we show below.

A constrained model with U(1) symmetry.Ñ Consider a
system of spinless fermions with Hamiltonian

H %
XL

i%1

Pi !c
 
i ci$ 1 $ c 

i$ 1ci "Pi$ 2$ ! $
XL

i%1

hi ni !2"

wherec 
i (ci ) are fermionic creation (annihilation) oper-

ators, the particle number operator isni % c 
i ci , the

projectorsP!
i %

Q i#1
j %i# ! !1 # nj " assure that the particles

are separated by at least! sites, hi are independent,
uniformly distributed random variables in the interval
&#W=2; W=2' and PBC are imposed. The model(2) maps,
via the Jordan-Wigner transformation, to a model analo-
gous to disordered PXP model(1) with Sx

i replaced by a
spin-flip termSx

i S
x
i$ 1 $ Sy

i S
y
i$ 1 in the kinetic term. Hence,

(2) is a natural extension of the constrained model(1) that
has theU!1" symmetry and preserves the total magneti-
zationSz %

P L
i%1 Sz

i (or equivalently, the total number of
particlesN %

P L
i%1 ni ). We consider a fillingN=L % 1=

!! $ 2". The model(2) (for ! % 1) can be viewed as a
strong interaction limit of theXXZspin chain[83] (see[84])
and may be realized experimentally by the Rydberg
dressing technique[45,85Ð88].

In contrast to the PXP models, the kinetic term of the
constrained model(2) does not become more effective
when the constraint radius! is increased. Indeed, due to the
particle number conservation, roughlyL=2 actions of the
kinetic term are needed to reach an arbitrary Fock state
from a given starting Fock state (see also[66]). Based on

(a) (b) (c) (d)

FIG. 1. The ergodic-MBL crossover in disordered PXP(1) models. Panels (a)Ð(c): disorder strengthsWT andW# as functions of
system sizeL. Solid lines denote fits of the formW!L" % aL $ b $ c=L $ d=L2 [both forWT!L" andW#!L"], dashed lines correspond
to W#!L" % aL $ b. The insets show derivatives of data with respect toL. Panel (d) showsW#!L" rescaled by a factorf , obtained by
minimizing the distance between theW#!L"=f curves for all the values of the constraint radius! considered in this work.
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KCM: Hardcore bosons on a triangular ladder

Particle

Constraint: Particles can only move into 
sites that have joint empty neighbour

Long-lived density autocorrelations

 Royen, Mondal, Pollmann, FHM, arXiv:2310.00482  
Lan, van Horssen, Powell, Garrahan, PRL 121, 040603 (2018) 

C(t) =
1

L !
i

#$0! !ni(t) !ni ! $0$

#(1 %#)
%

#

1 %#

Normalised & averaged density autocorrelations

3

FIG. 2. Sketch of classes of initial states for L = 12. We
distinguish the initial states by their interaction energy. For
E/V = 2, there are three di ! erent types of initial states.
Those states with V = 0 that have only isolated holes are
exact quantum-scar states.

density operators öni . In this form the constraint is just
an on/o! ßag for each matrix element depending on the
existence of neighboring vacant sites.

Time evolution and expectation values of energy eigen-
states are obtained by exact diagonalization [73, 74]
where eigenvalue decomposition of the Hamiltonian is
calculated using LAPACK [75]. The time average c(t)
of the autocorrelation is obtained as a weighted average
of values at times ti J = 10! i with 0.05 ! t i J ! t and
! " 0.04 where the weight of a point at time ti is the
length of the time interval t i +1 # t i . In principle, this
leads to an overestimate of the long-time value, which,
however, does not a! ect our analysis since we are consid-
ering the dynamics over many decades in time. Note that
the plateaus in c(t) without a time average are obscured
by large temporal ßuctuations [40].

Disorder averages of the time average of the autocor-
relation are taken over samples of di! erent disorder re-
alizations and all initial conÞgurations equivalent under
symmetry transformation (mainly translation symmetry)
in the clean model. The latter is just done to reduce the
number of necessary disorder realizations. The number
of disorder samples is chosen such that the uncertainty of
the average is smaller than the linewidth in the respective
plots.

IV. LONG-LIVED DYNAMICS IN THE
PRESENCE OF DISORDER

A. Clean case

As mentioned above, öHKCM hosts metastable states in
the V > J limit, where many initial states show a plateau
in the density autocorrelation function c(t). This behav-
ior has been discussed in [40], which we here recapitulate
to lay the ground for the discussion of the disorder case.
We will focus on results for L = 12 and a high Þlling of
" = 3 / 4.

Before going further, we want to illustrate the under-
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FIG. 3. Dynamics of the constrained model: c(t) for all initial
product states plotted for a system of L = 12 sites for di ! erent
interaction strength and disorder strength. The results are
averaged over the groups of initial states according to the
classiÞcation from Fig. 2 and 20 disorder samples.

lying physics of the existence of the plateaus in the re-
laxation dynamics, which also gives insight into the non-
thermalizing behavior in the presence of small disorder
strength. In Figs. 3(a)-(c) and 4(a)-(c), we present the
time evolution of the density autocorrelation function
c(t) computed for the model with constraint and with-
out constraint, respectively. The results are computed
for three interaction strengths, V/J = 1 , 4, 16.

As already shown in Ref. [40], a su" ciently large ratio
of V/J causes metastable dynamics, as clearly seen in
Fig. 3(b). SpeciÞcally, c(t) develops a plateau for those
initial states that involve one horizontal dimer and one
isolated hole (solid orange lines). IncreasingV/J leads to
longer plateaus (note the logarithmic scale on the time
axis). The emergence of this slow dynamics becomes par-
ticularly evident by comparison to the data for the model
without a kinetic constraint, where such plateaus are ab-
sent.

Moreover, the KCM exhibits completely frozen states,
namely those with only isolated holes, for whichc(t) = 1
for all times [see the solid blue lines in Figs.3(a)-(c)].
These correspond to exact quantum-scar states with no
hybridization with the rest of the spectrum and zero en-
tanglement. The density autocorrelations for all other
initial states decay quickly on a time scale set by (V/J )2

[40].

1. Perturbative estimate of time scales

In order to guide the following discussion of the com-
bined e! ect of disorder and interactions, we provide a
discussion of the relevant time scales for the decay of the

V/J = 1

V/J = 4

V/J = 16

Time tJComputed in all computational basis states

Immobile  
vacancies
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KCM: Hardcore bosons on a triangular ladder
3horizontal dimers

energy

E = 0
E = 2V

E = 4V

E = 5V

none one two

FIG. 2. Sketch of classes of initial states for L = 12. We
distinguish the initial states by their interaction energy. For
E/V = 2, there are three di↵erent types of initial states.
Those states with V = 0 that have only isolated holes are
exact quantum-scar states.

density operators n̂i. In this form the constraint is just
an on/o↵ flag for each matrix element depending on the
existence of neighboring vacant sites.

Time evolution and expectation values of energy eigen-
states are obtained by exact diagonalization [73, 74]
where eigenvalue decomposition of the Hamiltonian is
calculated using LAPACK [75]. The time average c(t)
of the autocorrelation is obtained as a weighted average
of values at times tiJ = 10↵i with 0.05  tiJ  t and
↵ ⇡ 0.04 where the weight of a point at time ti is the
length of the time interval ti+1 � ti. In principle, this
leads to an overestimate of the long-time value, which,
however, does not a↵ect our analysis since we are consid-
ering the dynamics over many decades in time. Note that
the plateaus in c(t) without a time average are obscured
by large temporal fluctuations [40].

Disorder averages of the time average of the autocor-
relation are taken over samples of di↵erent disorder re-
alizations and all initial configurations equivalent under
symmetry transformation (mainly translation symmetry)
in the clean model. The latter is just done to reduce the
number of necessary disorder realizations. The number
of disorder samples is chosen such that the uncertainty of
the average is smaller than the linewidth in the respective
plots.

IV. LONG-LIVED DYNAMICS IN THE
PRESENCE OF DISORDER

A. Clean case

As mentioned above, ĤKCM hosts metastable states in
the V > J limit, where many initial states show a plateau
in the density autocorrelation function c(t). This behav-
ior has been discussed in [40], which we here recapitulate
to lay the ground for the discussion of the disorder case.
We will focus on results for L = 12 and a high filling of
⌫ = 3/4.

Before going further, we want to illustrate the under-

FIG. 3. Dynamics of the constrained model: c(t) for all initial
product states plotted for a system of L = 12 sites for di↵erent
interaction strength and disorder strength. The results are
averaged over the groups of initial states according to the
classification from Fig. 2 and 20 disorder samples.

lying physics of the existence of the plateaus in the re-
laxation dynamics, which also gives insight into the non-
thermalizing behavior in the presence of small disorder
strength. In Figs. 3(a)-(c) and 4(a)-(c), we present the
time evolution of the density autocorrelation function
c(t) computed for the model with constraint and with-
out constraint, respectively. The results are computed
for three interaction strengths, V/J = 1, 4, 16.
As already shown in Ref. [40], a su�ciently large ratio

of V/J causes metastable dynamics, as clearly seen in
Fig. 3(b). Specifically, c(t) develops a plateau for those
initial states that involve one horizontal dimer and one
isolated hole (solid orange lines). Increasing V/J leads to
longer plateaus (note the logarithmic scale on the time
axis). The emergence of this slow dynamics becomes par-
ticularly evident by comparison to the data for the model
without a kinetic constraint, where such plateaus are ab-
sent.
Moreover, the KCM exhibits completely frozen states,

namely those with only isolated holes, for which c(t) = 1
for all times [see the solid blue lines in Figs. 3(a)-(c)].
These correspond to exact quantum-scar states with no
hybridization with the rest of the spectrum and zero en-
tanglement. The density autocorrelations for all other
initial states decay quickly on a time scale set by (V/J)2

[40].

1. Perturbative estimate of time scales

In order to guide the following discussion of the com-
bined e↵ect of disorder and interactions, we provide a
discussion of the relevant time scales for the decay of the
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Kinetic constraints and disorder 3

FIG. 2. Sketch of classes of initial states for L = 12. We
distinguish the initial states by their interaction energy. For
E/V = 2, there are three di ! erent types of initial states.
Those states with V = 0 that have only isolated holes are
exact quantum-scar states.

density operators öni . In this form the constraint is just
an on/o! ßag for each matrix element depending on the
existence of neighboring vacant sites.

Time evolution and expectation values of energy eigen-
states are obtained by exact diagonalization [73, 74]
where eigenvalue decomposition of the Hamiltonian is
calculated using LAPACK [75]. The time average c(t)
of the autocorrelation is obtained as a weighted average
of values at times ti J = 10! i with 0.05 ! t i J ! t and
! " 0.04 where the weight of a point at time ti is the
length of the time interval t i +1 # t i . In principle, this
leads to an overestimate of the long-time value, which,
however, does not a! ect our analysis since we are consid-
ering the dynamics over many decades in time. Note that
the plateaus in c(t) without a time average are obscured
by large temporal ßuctuations [40].

Disorder averages of the time average of the autocor-
relation are taken over samples of di! erent disorder re-
alizations and all initial conÞgurations equivalent under
symmetry transformation (mainly translation symmetry)
in the clean model. The latter is just done to reduce the
number of necessary disorder realizations. The number
of disorder samples is chosen such that the uncertainty of
the average is smaller than the linewidth in the respective
plots.

IV. LONG-LIVED DYNAMICS IN THE
PRESENCE OF DISORDER

A. Clean case

As mentioned above, öHKCM hosts metastable states in
the V > J limit, where many initial states show a plateau
in the density autocorrelation function c(t). This behav-
ior has been discussed in [40], which we here recapitulate
to lay the ground for the discussion of the disorder case.
We will focus on results for L = 12 and a high Þlling of
" = 3 / 4.

Before going further, we want to illustrate the under-
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FIG. 3. Dynamics of the constrained model: c(t) for all initial
product states plotted for a system of L = 12 sites for di ! erent
interaction strength and disorder strength. The results are
averaged over the groups of initial states according to the
classiÞcation from Fig. 2 and 20 disorder samples.

lying physics of the existence of the plateaus in the re-
laxation dynamics, which also gives insight into the non-
thermalizing behavior in the presence of small disorder
strength. In Figs. 3(a)-(c) and 4(a)-(c), we present the
time evolution of the density autocorrelation function
c(t) computed for the model with constraint and with-
out constraint, respectively. The results are computed
for three interaction strengths, V/J = 1 , 4, 16.

As already shown in Ref. [40], a su" ciently large ratio
of V/J causes metastable dynamics, as clearly seen in
Fig. 3(b). SpeciÞcally, c(t) develops a plateau for those
initial states that involve one horizontal dimer and one
isolated hole (solid orange lines). IncreasingV/J leads to
longer plateaus (note the logarithmic scale on the time
axis). The emergence of this slow dynamics becomes par-
ticularly evident by comparison to the data for the model
without a kinetic constraint, where such plateaus are ab-
sent.

Moreover, the KCM exhibits completely frozen states,
namely those with only isolated holes, for whichc(t) = 1
for all times [see the solid blue lines in Figs.3(a)-(c)].
These correspond to exact quantum-scar states with no
hybridization with the rest of the spectrum and zero en-
tanglement. The density autocorrelations for all other
initial states decay quickly on a time scale set by (V/J )2

[40].

1. Perturbative estimate of time scales

In order to guide the following discussion of the com-
bined e! ect of disorder and interactions, we provide a
discussion of the relevant time scales for the decay of the
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Immobile vacancies

Horizontal to 
vertical dimer flips

L=12

 Royen, Mondal, Pollmann, FHM, arXiv:2310.00482 



13

Removing the constraint: Less Localised 4
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FIG. 4. Dynamics of the unconstrained model: øc(t) for all
initial product states are plotted for a system of L = 12 sites
for di ! erent interaction strength and disorder strength with-
out the kinetic constraint. The results are averaged over the
groups of initial states according to the classiÞcation from
Fig. 2 and 20 disorder samples.

metastable states. These clearly depend onV and the
basic mechanism can be extracted from considering ini-
tial states with one horizontal dimer and one hole (see
the state with E = 2V in Fig. 2).

For an isolated hole to be able to move, a horizontal
dimer needs to Þrst ßip into a vertical dimer which in-
volves an energy cost of! E = 2V . The vertical dimer
can then propagate through the system and can absorb
and reemit the hole, with eventually returning to the
subspace with one horizontal dimer. There are several
possible intermediate states that involve three connected
vacancies. The lowest-order process involves a state with
a trimer and E = 4V (see Fig.2) and leads to a contri-
bution in the order of J 4/V 3. Going through an interme-
diate state with vacancies in a triangle leads toJ 5/V 4.
Note that the motion of a horizontal dimer itself in a
background of occupied sites goes withJ 3/V 2. These
simple arguments are consistent with the dependence of
the plateau width of the metastable states atW = 0 [see
Fig. 3(b)] on the interaction strength (not shown here).

In summary, the perturbation theory argument ex-
plains the dependence of the plateau length onV and
the sensitivity of di " erent types of initial states to the
constraint. Since we can therefore view single holes as
heavy objects with a small tunneling amplitude, the ad-
dition of disorder should lead to a rapid localization.

B. Disorder and interactions

We next discuss the e" ect of disorder on the time de-
pendence of the autocorrelation functions. These are

FIG. 5. Fraction of metastable states as a function of W
for (a) constrained model and (b) unconstrained model for
L = 12 , 16, 20 and V = 4 J . We consider the dynamics to
be metastable when øc(t thresh ) > ! with ! = 0 .15 and t thresh =
500/J . The results do not quantitatively depend on the choice
of ! and t thresh for reasonable choices of these parameters.

shown in Figs. 3(d)-(i) and Figs. 4(d)-(i) for the con-
strained and unconstrained model, respectively. We show
averages over those initial states that have the same con-
Þgurations according to Fig.2. Remarkably, even disor-
der strengths substantially smaller than the bare band-
width W ! J ! 4J prevent the density autocorrelations
from decaying over many decades for all initial states in
the presence of constraints [see Figs.3(d)-(f)]. Increasing
the disorder strength leads to a higher long-time satura-
tion value of øc(t). As we shall show later, the density
autocorrelations do not decay at all for the system sizes
considered. Therefore, on Þnite system sizes, disorder
leads to nondecaying dynamics. We stress the di" erence
to the deÞnition of metastable dynamics used here which
refers to long-lived correlations that eventually decay al-
ready on Þnite systems.

For the model without a kinetic constraint, there are
noticeably less states that acquire plateaus in øc(t) [see,
e.g., Fig. 4(e)], which also requires higher values ofW .
The di" erence between the two cases is best illustrated
by plotting the fraction of metastable initial states as a
function of disorder strength shown in Fig. 5 for three
system sizesL = 12, 16, 20 and both models atV = 4J .
We consider a state to be metastable whenc(t thresh ) > !
with tthresh = 500/J and ! = 0 .15. In this analysis,
we are sensitive to density autocorrelations that remain
large in the short-time regime, but at times larger than
the generic decay time set by (V/J )2 [40]. Clearly, the
kinetic constraints lead to a short-time plateau of øc(t) for
an order of magnitude smaller values ofW than in the
case without kinetic constraints. Increasing system size
suppresses the metastable states in both cases, yet much
more signiÞcantly so in the case without a constraint.

Cij = 1

L=12

 Royen, Mondal, Pollmann, FHM, arXiv:2310.00482 
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Removing the constraint: Less Localised, Later localisation 4
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FIG. 4. Dynamics of the unconstrained model: øc(t) for all
initial product states are plotted for a system of L = 12 sites
for di ! erent interaction strength and disorder strength with-
out the kinetic constraint. The results are averaged over the
groups of initial states according to the classiÞcation from
Fig. 2 and 20 disorder samples.

metastable states. These clearly depend onV and the
basic mechanism can be extracted from considering ini-
tial states with one horizontal dimer and one hole (see
the state with E = 2V in Fig. 2).

For an isolated hole to be able to move, a horizontal
dimer needs to Þrst ßip into a vertical dimer which in-
volves an energy cost of! E = 2V . The vertical dimer
can then propagate through the system and can absorb
and reemit the hole, with eventually returning to the
subspace with one horizontal dimer. There are several
possible intermediate states that involve three connected
vacancies. The lowest-order process involves a state with
a trimer and E = 4V (see Fig.2) and leads to a contri-
bution in the order of J 4/V 3. Going through an interme-
diate state with vacancies in a triangle leads toJ 5/V 4.
Note that the motion of a horizontal dimer itself in a
background of occupied sites goes withJ 3/V 2. These
simple arguments are consistent with the dependence of
the plateau width of the metastable states atW = 0 [see
Fig. 3(b)] on the interaction strength (not shown here).

In summary, the perturbation theory argument ex-
plains the dependence of the plateau length onV and
the sensitivity of di " erent types of initial states to the
constraint. Since we can therefore view single holes as
heavy objects with a small tunneling amplitude, the ad-
dition of disorder should lead to a rapid localization.

B. Disorder and interactions

We next discuss the e" ect of disorder on the time de-
pendence of the autocorrelation functions. These are

FIG. 5. Fraction of metastable states as a function of W
for (a) constrained model and (b) unconstrained model for
L = 12 , 16, 20 and V = 4 J . We consider the dynamics to
be metastable when øc(t thresh ) > ! with ! = 0 .15 and t thresh =
500/J . The results do not quantitatively depend on the choice
of ! and t thresh for reasonable choices of these parameters.

shown in Figs. 3(d)-(i) and Figs. 4(d)-(i) for the con-
strained and unconstrained model, respectively. We show
averages over those initial states that have the same con-
Þgurations according to Fig.2. Remarkably, even disor-
der strengths substantially smaller than the bare band-
width W ! J ! 4J prevent the density autocorrelations
from decaying over many decades for all initial states in
the presence of constraints [see Figs.3(d)-(f)]. Increasing
the disorder strength leads to a higher long-time satura-
tion value of øc(t). As we shall show later, the density
autocorrelations do not decay at all for the system sizes
considered. Therefore, on Þnite system sizes, disorder
leads to nondecaying dynamics. We stress the di" erence
to the deÞnition of metastable dynamics used here which
refers to long-lived correlations that eventually decay al-
ready on Þnite systems.

For the model without a kinetic constraint, there are
noticeably less states that acquire plateaus in øc(t) [see,
e.g., Fig. 4(e)], which also requires higher values ofW .
The di" erence between the two cases is best illustrated
by plotting the fraction of metastable initial states as a
function of disorder strength shown in Fig. 5 for three
system sizesL = 12, 16, 20 and both models atV = 4J .
We consider a state to be metastable whenc(t thresh ) > !
with tthresh = 500/J and ! = 0 .15. In this analysis,
we are sensitive to density autocorrelations that remain
large in the short-time regime, but at times larger than
the generic decay time set by (V/J )2 [40]. Clearly, the
kinetic constraints lead to a short-time plateau of øc(t) for
an order of magnitude smaller values ofW than in the
case without kinetic constraints. Increasing system size
suppresses the metastable states in both cases, yet much
more signiÞcantly so in the case without a constraint.

Fraction of metastable states 

 Royen, Mondal, Pollmann, FHM, arXiv:2310.00482 
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FIG. 4. Dynamics of the unconstrained model: øc(t) for all
initial product states are plotted for a system of L = 12 sites
for di ! erent interaction strength and disorder strength with-
out the kinetic constraint. The results are averaged over the
groups of initial states according to the classiÞcation from
Fig. 2 and 20 disorder samples.

metastable states. These clearly depend onV and the
basic mechanism can be extracted from considering ini-
tial states with one horizontal dimer and one hole (see
the state with E = 2V in Fig. 2).

For an isolated hole to be able to move, a horizontal
dimer needs to Þrst ßip into a vertical dimer which in-
volves an energy cost of! E = 2V . The vertical dimer
can then propagate through the system and can absorb
and reemit the hole, with eventually returning to the
subspace with one horizontal dimer. There are several
possible intermediate states that involve three connected
vacancies. The lowest-order process involves a state with
a trimer and E = 4V (see Fig.2) and leads to a contri-
bution in the order of J 4/V 3. Going through an interme-
diate state with vacancies in a triangle leads toJ 5/V 4.
Note that the motion of a horizontal dimer itself in a
background of occupied sites goes withJ 3/V 2. These
simple arguments are consistent with the dependence of
the plateau width of the metastable states atW = 0 [see
Fig. 3(b)] on the interaction strength (not shown here).

In summary, the perturbation theory argument ex-
plains the dependence of the plateau length onV and
the sensitivity of di " erent types of initial states to the
constraint. Since we can therefore view single holes as
heavy objects with a small tunneling amplitude, the ad-
dition of disorder should lead to a rapid localization.

B. Disorder and interactions

We next discuss the e" ect of disorder on the time de-
pendence of the autocorrelation functions. These are
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FIG. 5. Fraction of metastable states as a function of W
for (a) constrained model and (b) unconstrained model for
L = 12 , 16, 20 and V = 4 J . We consider the dynamics to
be metastable when øc(t thresh ) > ! with ! = 0 .15 and t thresh =
500/J . The results do not quantitatively depend on the choice
of ! and t thresh for reasonable choices of these parameters.

shown in Figs. 3(d)-(i) and Figs. 4(d)-(i) for the con-
strained and unconstrained model, respectively. We show
averages over those initial states that have the same con-
Þgurations according to Fig.2. Remarkably, even disor-
der strengths substantially smaller than the bare band-
width W ! J ! 4J prevent the density autocorrelations
from decaying over many decades for all initial states in
the presence of constraints [see Figs.3(d)-(f)]. Increasing
the disorder strength leads to a higher long-time satura-
tion value of øc(t). As we shall show later, the density
autocorrelations do not decay at all for the system sizes
considered. Therefore, on Þnite system sizes, disorder
leads to nondecaying dynamics. We stress the di" erence
to the deÞnition of metastable dynamics used here which
refers to long-lived correlations that eventually decay al-
ready on Þnite systems.

For the model without a kinetic constraint, there are
noticeably less states that acquire plateaus in øc(t) [see,
e.g., Fig. 4(e)], which also requires higher values ofW .
The di" erence between the two cases is best illustrated
by plotting the fraction of metastable initial states as a
function of disorder strength shown in Fig. 5 for three
system sizesL = 12, 16, 20 and both models atV = 4J .
We consider a state to be metastable whenc(t thresh ) > !
with tthresh = 500/J and ! = 0 .15. In this analysis,
we are sensitive to density autocorrelations that remain
large in the short-time regime, but at times larger than
the generic decay time set by (V/J )2 [40]. Clearly, the
kinetic constraints lead to a short-time plateau of øc(t) for
an order of magnitude smaller values ofW than in the
case without kinetic constraints. Increasing system size
suppresses the metastable states in both cases, yet much
more signiÞcantly so in the case without a constraint.
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Short digression: Occupation distance for disordered systems
DETECTING DELOCALIZATION-LOCALIZATION É PHYSICAL REVIEW B 104, 235112 (2021)

FIG. 3. AAM: n ! ! ni as a function ofW/ J for L = 16, 32, 64,
128, 256, 512, 1000, 20 000. The arrow speciÞes increasingL, and
the dashed line denotes the transition point [80]. Inset: Log-log plot
of the data from the main panel as a function ofL deep in the delo-
calized regime (W/ J = 0.02Ð1.62, in steps of 0.2, red), close to the
transition (W/ J = 1.82Ð2.22, in steps of 0.02, yellow being the tran-
sition point), and deep in the localized phase (W/ J = 6.02Ð12.02, in
steps of 2, blue). The arrow indicates increasing disorder strength.

target energy window. For each disorder realization out of (up
to) 104 samples, we take one such many-body eigenstate with
" " (0.9995, 1.0005).

In the main panel in Fig.3, we plotn ! ! ni as a function
of disorder strength for different system sizes. As expected, in
the delocalized phase (W/ J < 2), this quantity quickly decays
to zero forL # $ , while in the localized phase (W/ J > 2), it
saturates to a Þnite value. This saturation is reached for system
sizes larger than the localization length. For the largest system
sizes, we observe saturation in almost the whole localized
phase except for a tiny window around the transition, where
the localization length diverges.

To get further insights, in the inset in Fig.3, we plotn ! ! ni
as a function ofL in log-log scale for different disorder
strengthsW/ J. ForL > 200, the decay is governed by a power
law L! # with # % 0.5 for all values ofW/ J < 2. Remarkably,
exactly at the transition point, the decay is governed by a dif-
ferent exponent,#c % 0.25, revealing the different nature of
the single-particle wave functions at the critical point [82Ð90].
In the localized regime, the saturation is reached already for
L % 1000 even for values ofW/ J close to the transition point.
To summarize, for the AAM, there is a remarkable difference
in the behavior of the occupation distance when comparing
the localized and delocalized phases. The power-law decay of
n ! ! ni in the metallic phase and its saturation to a constant in
the localized regime are clearly reminiscent of the behavior of
the inverse participation ratio in the single-particle problem.

The corresponding analog of Fig.3 for the 3AM is dis-
played in Fig.4. Here, n ! ! ni clearly decays to zero for
L # $ in the delocalized phase (W/ J < 16). Oppositely,
in the localized regime, there is a clear onset of saturation
for L % 20Ð36 forW/ J > 17. The trends are less clear for
Wc/ J % 16Ð17, i.e., close to the estimated transitionWc/ J %
16.54 [98]. We observe that for allL values considered here,
the decay in the delocalized phase is governed by a power
law L! #, but the exponent# now depends on the disorder

FIG. 4. 3AM: n ! ! ni as a function of W/ J for L3 =
43, 63, 83, 103, 123, 203, 283, 363. The arrow speciÞes increasing
system size, and the dashed line denotes the transition point esti-
mated from other measures,Wc/ J % 16.54 [98]. Inset: Log-log plot
of the data from the main panel as a function ofL in the delocalized
regime (W/ J = 0.02Ð16.02 in steps of 2, red), at the estimated tran-
sition point [98] (Wc/ J % 16.54, yellow), and in the localized phase
(W/ J = 17.02, 18.02Ð40.02 in steps of 2, blue). The arrow speciÞes
increasing disorder strength.

strength, most likely due to the limited system sizes available.
At the estimated transition point [98], we Þnd that the decay
is governed by the exponent#c % 0.75(5).

We next perform a scaling collapse of the data in Fig.3,
focusing on the delocalized phase and the vicinity of the
transition point. For this purpose, in Fig.5, we replot the
data using the dimensionless variablesw = L1/ $(W ! Wc)/ J
and (n ! ! ni )Lµ for thex andy axes, respectively. To get the
best-quality estimate of the exponent$, the scaling collapse
needs to be performed for system sizes in the scaling regime.
Therefore, we include only systems withL ! 256, which isa
posteriori justiÞed by the results (see the inset in Fig.3). For
the AAM, we then Þndµ & 0.25(5),Wc/ J = 2.00(5), and the

FIG. 5. AAM: Scaling collapse of n ! ! ni for L = 256,
512, 1000, 20000 and Þtting parametersWc = 2.00(5)J, µ =
0.25(5), $ = 1.05(5). Inset: Scaling collapse for the 3AM using
L3 = 123, 203, 283, 363 with Þtting parametersWc = 16.3(2)J, µ =
0.50(5), $ = 1.60(5).

235112-3

Wc,AA/J - 2.00(5)

HOPJAN, ORSO, AND HEIDRICH-MEISNER PHYSICAL REVIEW B104, 235112 (2021)

expected critical exponent! ! 1.05(5) (see the main panel in
Fig.5). As a side remark, note thatµ ! " c, so that the product
(n " #ni )Lµ takes a Þnite value at the transition point. Inter-
estingly, we have recovered the values ofWc/ J = 2 and! = 1
known from the single-particle transition [80,81], which sug-
gests that the Fock-space delocalization-localization transition
is driven by the divergent localization length in the single-
particle states.

We carry out the same scaling-collapse procedure for the
3AM. Here, the best up-to-date estimate for the critical dis-
order strength isWc/ J # 16.54 [98], which is obtained using
the transfer-matrix method for the midspectrum states of the
single-particle Hamiltonian. In the inset in Fig.5, we show
the scaling collapse, obtained by retaining only the data sets
with L ! 12 (see the inset in Fig.4). We then Þndµ !
0.50(5),Wc/ J = 16.3(2), and the expected critical exponent
! ! 1.60(5) (see the inset in Fig.5). The estimates of the
critical point Wc/ J ! 16.3(2) and the critical exponent! !
1.60(5) are quite close to the valuesWc/ J = 16.54, ! = 1.572
obtained with the transfer-matrix method [98], where much
larger system sizes (up toL = 64) were considered. We at-
tribute the small differences between the estimates to residual
Þnite-size effects. Additionally, the many-body Slater deter-
minant can contain a fraction of single-particle states whose
energy lies close to the band edge. Since these states localize
for a much weaker disorder, it is, in principle, possible that
n " #ni saturates to a small, but Þnite, value in the vicinity
of the critical point, in contrast to the scaling ansatz. For the
system sizes that we considered, however, we do not Þnd clear
evidence for this effect.

The presented results for the AAM and the 3AM con-
Þrm that the occupation distance accurately captures the
transitions. Thus, remarkably, by exploiting Fock-space lo-
calization, the transition points can be determined from the
distributions of the simple-to-calculate quantityni . More-
over, the advances in characterizing MBL also feed back
into devising hitherto unexplored approaches for disordered
noninteracting models (see also [103Ð105]).

IV. RESULTS FOR INTERACTING MODELS

We now turn our attention to the interacting model in
Eq. (3), considering values of the Þlling in the range 1/ 10 "
n " 2/ 3, L " 30, and 104 disorder realizations (see the Ap-
pendix for details). We impose periodic boundary conditions.
For a given disorder realization, we use the shift-and-invert
method [48,106] to efÞciently extract the six eigenstates clos-
est to the target energy$ = 1.

The main panel in Fig.6 shows n " #ni as a function
of disorder strength forn = 1/ 3 (for other values ofn, the
behavior is similar). ForW/ J < 3.6, there is a clear decay
towards zero, while forW/ J > 4.2, there is a slow saturation
to a Þnite value. However, the decay in the delocalized phase
has a character different from the one previously observed
for the noninteracting models. In particular, as seen in the
inset in Fig.6, the decay of the average occupation distance
is not algebraic, but exponential. This is a consequence of
the exponential decay of the ßuctuations according to the
eigenstate thermalization hypothesis [4Ð6,107].

FIG. 6. 1D interacting fermions, Eq. (3) ($ = 1, V/ J = 1, n =
1/ 3): n " #ni as a function ofW/ J for L = 9, 12, 15, 18, 21. The
arrow speciÞes increasing system size, and the shaded area indicates
the estimated range of the transition point. Inset: Log-log plot of the
data from the main panel as a function ofL in the delocalized regime
(red symbols,W/ J = 1.2Ð3.6, in steps of 0.2) and in the localized
phase (blue symbols,W/ J = 4.2, 5.0, 6.0). The arrow speciÞes in-
creasing disorder strength.

The exponential dependence onL in the delocalized phase
suggests that, for the interacting system, the scaling collapse
of the data in Fig.6 is of the KT type. We also add that the
KT form of the scaling is inspired by the recent literature
on the phenomenological renormalization group theories of
the MBL transitions [52Ð54]. To verify this hypothesis, in
Fig. 7 (main panel), we Þrst displayn " #ni as a function of
J/ W. Then, in the inset, we plot the same data as a function
of the variable ln(L/ %), where%= exp(" a/

$
J/ W " J/ Wc)

is the KT length, withWc and a being Þtting parameters.
Evidently, a KT-like scaling for the occupation distance
is consistent with our data, and the collapse is of similar

FIG. 7. 1D interacting fermions, Eq. (3), with $ = 1, V/ J =
1, n = 1/ 3: n " #ni as a function ofJ/ W for L = 9, 12, 15, 18, 21.
The arrow speciÞes increasing system size, and the shaded area
indicates the estimated range of the transition point. Inset: Scaling
collapse of the data from the main panel in the delocalized phase as a
function of ln(L/ %), where%= exp(" a/

$
J/ W " J/ Wc) with Þtting

parametersWc/ J = 4.1(2) anda = 1.00(5). For the scaling collapse
all the data in the ergodic regime, i.e., withJ/ W > J/ Wc, are used.
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Back to KCM & disorder: Eigenstate properties

Delocalization-Localization crossover occurs much later than with constraint ) Wc ' +(10J)
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FIG. 7. Delocalization-localization state diagram in the
W ! V plane extracted from the normalized disorder-averaged
occupation distance ! n i

1! " , which is represented according to
the color scale, for (a) the constrained and (b) the uncon-
strained model, both for L = 16. Here, ! = 3 / 4 and the ! n i

1! "
is averaged over 20 disorder realizations, leading to a statisti-
cal variation of less than 0.03.

transitions [72], including the known critical behavior of
transitions in non-interacting models.

In Figs. 7(a) and (b), we plot ! ni / (1 ! " ), which is
averaged over 20 disorder realizations, as a colour plot
in the W ! V parameter space for di! erent system sizes
for " = 3 / 4. These state diagrams show that disorder
a! ects the system di! erently for the constrained and un-
constrained cases. In the former, the transition sets in
at values of W that are an order of magnitude smaller
than in the latter case [compare the lines in the Þgures,
indicating equal values of! ni / (1 ! " )].

In the limit of small values of V , neither system be-
comes Anderson localized for all values ofW since even
in the absence of particle-hole interactionsV = 0, hard-
core bosons are interacting particles. Large values ofV
favor localization and therefore, the localized region wins
over the delocalized one there.

The Þnite-size dependence of the occupation distance
is illustrated in Fig. 8 for V = 4J . In the unconstrained
model, the occupation distance already approaches its
asymptotic value of ! ni = 0 .25 in the range W ! 10J ,
indicating delocalization. In the constrained model, the
data do not reach the limiting value anywhere yet, sup-
porting the presence of much larger Þnite-size e! ects and
the presumably larger extension of the localized phase.

We have also studied the distribution of the half-chain
entanglement entropy [79] computed in eigenstates. The
SvN is calculated from a bipartition of the system into
A and B subsystems (here of equal length) and calculat-
ing the reduced density matrix of one of the subsystems
(ö#A/B = Tr B/A |$ "#$ |), as

SvN = ! Tr[ö#A lnö#A ]. (6)

Our results for the distribution P(SvN ) sampled over
eigenstates and disorder realizations displayed in Fig.9
further corroborate the notion that the constrained
model tends to localize much faster. Already atW/J =

FIG. 8. System-size dependence of the disorder-averaged"ni

for (a) constrained model and (b) unconstrained model, both
for V = 4 J and L = 12 , 16, 20 sites averaged over (at least)
400, 30, 5 disorder conÞgurations, respectively.

2, there is a broad distribution around a small mean
value, with a larger additional peak at SvN = 0 stemming
from the fully localized states. At W/J = 10, P(SvN ) of
the constrained model has the typical shape for a many-
body localized system [77], with a maximum at SvN = 0,
tails, and a local maximum at SvN $ 0.7 $ ln 2 (related
to two-body resonances [77]), while the unconstrained
model still exhibits a broad distribution around much
larger values of SvN . Even at W/J = 20, the uncon-
strained model does not show the sharp global maximum
at small values ofSvN yet.

Other quantities, such as the gap ratio [80], lead to
the same picture (results not shown here). The analysis
of the gap ratio is, however, plagued by regions with a
vanishing density of states (that is, gaps in the many-
body spectrum).

In conclusion, both the analysis of the time-
dependence of autocorrelations and of measures of a
delocalization-localization transition yield the same pic-
ture, namely, the kinetic constraints signiÞcantly favor
localization. A scaling analysis of the stability of the lo-
calized phase is beyond the scope of our work and left for
future work, similar to the case of the localized phase in
the East-random energy model [67].

VI. CONCLUSIONS

In our work, we provided numerical evidence that a cer-
tain type of kinetic constraints in cooperation with inter-
actions leads to an enhanced tendency towards localiza-
tion in the presence of uncorrelated disorder. We estab-
lished this result by primarily considering the time evo-
lution of density autocorrelations corroborated by mea-
sures for an eigenstate localization transition such as oc-
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FIG. 9. Distribution of the half-chain entanglement entropy
SvN computed in eigenstates and sampled over 20 disorder re-
alizations and eigenstates for L = 16 and (a)-(c) constrained,
(d)-(f) unconstrained model for V = 4 J . We show results for
W/J = 2 , 10, 20 and plot the data versus SvN /L .

cupation distance of density distributions and entangle-
ment entropy. Our conclusion relies strongly on the di-
rect comparison to particles that live on the same lattice
topology yet are not subject to the kinetic constraints.

On Þnite systems, the crossover to localization occurs
typically at an order of magnitude smaller values of dis-
order in the presence of the kinetic constraints, compared
to when these are absent.

While our study is subject to the limitations of exact
diagonalization and therefore, small system sizes, they
still suggest more stable localization in our KCM than
in the absence of kinetic constraints. Putting this onto
more theoretical grounds and on a broader data basis in
terms of examples of KCMs is left for future work.

Based on our results, it seems likely that other mech-
anisms will also render many-body systems more sus-
ceptible to disorder, at least in the sense of long-lived
correlations in the time domain. These include ßat-band
systems [81Ð83], systems with frustration [84, 85], and
systems with emergent particle excitations with a nar-
row bandwidth such as heavy fermions or polarons in
electron-phonon systems [86, 87].

We acknowledge useful discussions with K. Hazzard,
I. Lesanovsky, D. Luitz, and L. Vidmar. This work was
funded by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) Ð 499180199, 436382789,
493420525 via FOR 5522 and large-equipment grants
(GOEGrid cluster). This research was supported in part
by the National Science Foundation under Grant No.
NSF PHY-1748958.

The data shown in the Þgures will be made available
as ancilla Þles on the arxiv.
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FIG. 2. Sketch of classes of initial states for L = 12. We
distinguish the initial states by their interaction energy. For
E/V = 2, there are three di↵erent types of initial states.
Those states with V = 0 that have only isolated holes are
exact quantum-scar states.

density operators n̂i. In this form the constraint is just
an on/o↵ flag for each matrix element depending on the
existence of neighboring vacant sites.

Time evolution and expectation values of energy eigen-
states are obtained by exact diagonalization [73, 74]
where eigenvalue decomposition of the Hamiltonian is
calculated using LAPACK [75]. The time average c(t)
of the autocorrelation is obtained as a weighted average
of values at times tiJ = 10↵i with 0.05  tiJ  t and
↵ ⇡ 0.04 where the weight of a point at time ti is the
length of the time interval ti+1 � ti. In principle, this
leads to an overestimate of the long-time value, which,
however, does not a↵ect our analysis since we are consid-
ering the dynamics over many decades in time. Note that
the plateaus in c(t) without a time average are obscured
by large temporal fluctuations [40].

Disorder averages of the time average of the autocor-
relation are taken over samples of di↵erent disorder re-
alizations and all initial configurations equivalent under
symmetry transformation (mainly translation symmetry)
in the clean model. The latter is just done to reduce the
number of necessary disorder realizations. The number
of disorder samples is chosen such that the uncertainty of
the average is smaller than the linewidth in the respective
plots.

IV. LONG-LIVED DYNAMICS IN THE
PRESENCE OF DISORDER

A. Clean case

As mentioned above, ĤKCM hosts metastable states in
the V > J limit, where many initial states show a plateau
in the density autocorrelation function c(t). This behav-
ior has been discussed in [40], which we here recapitulate
to lay the ground for the discussion of the disorder case.
We will focus on results for L = 12 and a high filling of
⌫ = 3/4.

Before going further, we want to illustrate the under-

FIG. 3. Dynamics of the constrained model: c(t) for all initial
product states plotted for a system of L = 12 sites for di↵erent
interaction strength and disorder strength. The results are
averaged over the groups of initial states according to the
classification from Fig. 2 and 20 disorder samples.

lying physics of the existence of the plateaus in the re-
laxation dynamics, which also gives insight into the non-
thermalizing behavior in the presence of small disorder
strength. In Figs. 3(a)-(c) and 4(a)-(c), we present the
time evolution of the density autocorrelation function
c(t) computed for the model with constraint and with-
out constraint, respectively. The results are computed
for three interaction strengths, V/J = 1, 4, 16.
As already shown in Ref. [40], a su�ciently large ratio

of V/J causes metastable dynamics, as clearly seen in
Fig. 3(b). Specifically, c(t) develops a plateau for those
initial states that involve one horizontal dimer and one
isolated hole (solid orange lines). Increasing V/J leads to
longer plateaus (note the logarithmic scale on the time
axis). The emergence of this slow dynamics becomes par-
ticularly evident by comparison to the data for the model
without a kinetic constraint, where such plateaus are ab-
sent.
Moreover, the KCM exhibits completely frozen states,

namely those with only isolated holes, for which c(t) = 1
for all times [see the solid blue lines in Figs. 3(a)-(c)].
These correspond to exact quantum-scar states with no
hybridization with the rest of the spectrum and zero en-
tanglement. The density autocorrelations for all other
initial states decay quickly on a time scale set by (V/J)2

[40].

1. Perturbative estimate of time scales

In order to guide the following discussion of the com-
bined e↵ect of disorder and interactions, we provide a
discussion of the relevant time scales for the decay of the
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FIG. 4. Dynamics of the unconstrained model: øc(t) for all
initial product states are plotted for a system of L = 12 sites
for di ! erent interaction strength and disorder strength with-
out the kinetic constraint. The results are averaged over the
groups of initial states according to the classiÞcation from
Fig. 2 and 20 disorder samples.

metastable states. These clearly depend onV and the
basic mechanism can be extracted from considering ini-
tial states with one horizontal dimer and one hole (see
the state with E = 2V in Fig. 2).

For an isolated hole to be able to move, a horizontal
dimer needs to Þrst ßip into a vertical dimer which in-
volves an energy cost of! E = 2V . The vertical dimer
can then propagate through the system and can absorb
and reemit the hole, with eventually returning to the
subspace with one horizontal dimer. There are several
possible intermediate states that involve three connected
vacancies. The lowest-order process involves a state with
a trimer and E = 4V (see Fig.2) and leads to a contri-
bution in the order of J 4/V 3. Going through an interme-
diate state with vacancies in a triangle leads toJ 5/V 4.
Note that the motion of a horizontal dimer itself in a
background of occupied sites goes withJ 3/V 2. These
simple arguments are consistent with the dependence of
the plateau width of the metastable states atW = 0 [see
Fig. 3(b)] on the interaction strength (not shown here).

In summary, the perturbation theory argument ex-
plains the dependence of the plateau length onV and
the sensitivity of di " erent types of initial states to the
constraint. Since we can therefore view single holes as
heavy objects with a small tunneling amplitude, the ad-
dition of disorder should lead to a rapid localization.

B. Disorder and interactions

We next discuss the e" ect of disorder on the time de-
pendence of the autocorrelation functions. These are

FIG. 5. Fraction of metastable states as a function of W
for (a) constrained model and (b) unconstrained model for
L = 12 , 16, 20 and V = 4 J . We consider the dynamics to
be metastable when øc(t thresh ) > ! with ! = 0 .15 and t thresh =
500/J . The results do not quantitatively depend on the choice
of ! and t thresh for reasonable choices of these parameters.

shown in Figs. 3(d)-(i) and Figs. 4(d)-(i) for the con-
strained and unconstrained model, respectively. We show
averages over those initial states that have the same con-
Þgurations according to Fig.2. Remarkably, even disor-
der strengths substantially smaller than the bare band-
width W ! J ! 4J prevent the density autocorrelations
from decaying over many decades for all initial states in
the presence of constraints [see Figs.3(d)-(f)]. Increasing
the disorder strength leads to a higher long-time satura-
tion value of øc(t). As we shall show later, the density
autocorrelations do not decay at all for the system sizes
considered. Therefore, on Þnite system sizes, disorder
leads to nondecaying dynamics. We stress the di" erence
to the deÞnition of metastable dynamics used here which
refers to long-lived correlations that eventually decay al-
ready on Þnite systems.

For the model without a kinetic constraint, there are
noticeably less states that acquire plateaus in øc(t) [see,
e.g., Fig. 4(e)], which also requires higher values ofW .
The di" erence between the two cases is best illustrated
by plotting the fraction of metastable initial states as a
function of disorder strength shown in Fig. 5 for three
system sizesL = 12, 16, 20 and both models atV = 4J .
We consider a state to be metastable whenc(t thresh ) > !
with tthresh = 500/J and ! = 0 .15. In this analysis,
we are sensitive to density autocorrelations that remain
large in the short-time regime, but at times larger than
the generic decay time set by (V/J )2 [40]. Clearly, the
kinetic constraints lead to a short-time plateau of øc(t) for
an order of magnitude smaller values ofW than in the
case without kinetic constraints. Increasing system size
suppresses the metastable states in both cases, yet much
more signiÞcantly so in the case without a constraint.
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FIG. 6. Diagonal ensemble expectation value cdiag of the den-
sity autocorrelator for (a) L = 12 for all groups of initial
states. In (b) and (c) we show the inÞnite-temperature aver-
ages for L = 12 , 16, 20 for (b) the constrained model and (c)
the unconstrained model.

Another noteworthy e! ect of the constraint is to a! ect
the plateau height of c(t) for the di ! erent groups of ini-
tial states as deÞned in Fig.2. The comparison of, e.g.,
Figs. 3(b) and Fig. 4(b), shows that in the presence of the
constraint, the states with one hole and one horizontal
dimer are the most susceptible to disorder, while in the
absence of the constraint, these states exhibit the low-
est values and states with three vacancies in neighboring
sites have the largestc(t) in the plateau. The sequence of
plateau values for the unconstrained model öHun results
from the interplay of available hopping processes versus
the interactions that favors clusters of vacancies and is
thus subject to details of the values ofW and V .

One immediately wonders about the temporal exten-
sion of the plateaus in øc(t) at W > 0 [40, 42] and whether
they persist to inÞnite times as expected for many-body-
localization. While deÞnite statements about the ther-
modynamic limit are di " cult, we can compute the diag-
onal ensemble expectation values [76] of the autocorrela-
tor, cdiag . Figure 6(a) contains the data for L = 12 and
the di! erent groups of initial states.

The di! erence to the unconstrained model is the most
obvious from the comparison of Figs.6(b) and 6(c) that
display the inÞnite-temperature average over all states for
di! erent system sizes. Using such data, we can demon-
strate that there is no decay on Þnite systems (ad-hoc

measured byc(! ) > 0.1 for L = 20 data) for W/J !
0.4á10! 4, as shown in Fig.6(b) for the constrained model.
For the unconstrained case [see Fig.6(c)], the density au-
tocorrelations acquire a nonzero long-time value for or-
ders of magnitude larger values ofW/J ! 7.74. The
dependence ofcdiag on W from Fig. 6(b) resembles the
one of the fraction of states with metastable shown in
Fig. 5(a) as it increases at around the same value of
W . However, the diagonal ensemble misses information
about metastable states on Þnite systems, which are cap-
tured in Fig. 5(a).

The temporal and long-time behavior of c(t) is
markedly di! erent from the stretched exponential decay
of autocorrelations suggested for the prethermal-MBL
regime [28], which may thus be restricted to much smaller
values ofW/J . While here we focus on the emergence of
non-decaying autocorrelations (averages and for individ-
ual initial computational basis states), there is possibly
another interesting regime at weaker disorder. Given the
di! erent dynamics of initial states, some classes of those
lead to non-decaying dynamics for smaller values of dis-
order than others. The remaining fast decaying states
may be su" cient to ensure delocalization for all states
eventually. Substantiating this scenario is left for future
work.

V. LOCALIZATION-DELOCALIZATION
TRANSITION

So far, we have established that the kinetic constraints
lead to non-decaying density auto-correlations for much
smaller values ofW compared to the case without con-
straints. We now complement this picture by study-
ing the Þnite-size eigenstate transition from a delocalized
regime to a putative many-body localized regime.

To that end, we compute the occupation distance
[71, 72] that is extracted from distributions of local den-
sities "öni # sampled over sites, disorder realizations, and
eigenstates. The distributions exhibit a bimodal struc-
ture in the localized regime, while they are normal-
distributed around the average Þlling in the delocalized
case [77, 78].

The occupation distance ! ni is computed from each
eigenstate expectation value of the onsite densityni =
"" |öni |" # as the distance from the closest integer (|" # de-
notes an eigenstate of the Hamiltonian). The deÞnition
reads

! ni = |ni $ [ni ]|. (5)

If the states are localized in nature, the average! ni taken
over disorder, sites and eigenstates goes close to zero and
is practically system-size independent, while if the states
are extended,! ni approaches the Þlling# for # % 1/ 2 or
1 $ # for # > 1/ 2 [71, 72], where # = N/L . The average
of ! ni over sites and all eigenstates for a given parameter
set has been shown to capture delocalization-localization
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