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geometry of
CY

( and that of their

•
moduli spaces )

✓ ↳
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families of CY
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properties

Black hole blns (of Xp. )
eg

°

in string theory

÷:*:
• entropy→ C- values



① CY manifolds

② Arithmetic I

③ Arithmetic I :

singularities , mirror symmetry , modularity

④ Attractor mechanism and militants
1-



A
-

CY manifolds : compact kiihlrr with 4=0

(This talk d =3 )

• CY manifolds have parameters Xy

.
It is a theorem that

7 ! Cup to a constant) Cmo) - bump
which is holomorphic (dR=o)
dim H
""'

= dim H
""
= 1



4¥ : quintii in P
"

J 5 - I

PCXy ) =
,
Xi - if KX4X4XT

{ Xi 's homogenous words P "

h
"
= I h

"
a 101

by = 211T 1011=204

mirror quintin h" =L h" Hot
( quotient by a group and blow up!

*



Examples: Huhek + Venit

5 5

PlXeI=fEXi)( E ) - I
i.=/ i-I

{Xi , - - its EPI

Take the quotient by :

Xi → Xiti
,
Xi → ¥

( Bbw up singularities where some
,
Xi

vanish to give a smooth
CY



Hodge numbers : HV
-

I k=2 6=2/51
0 0

0 4kt ' 0 4=1 6=1/102
I 1 I 1

0 4kt I 0

0 0

I



Periodsomdtheosmnislexstruuturlso
there is a canonical way to give
coordinates on the space of complex structures

£ ¥119:*:*
"

µ:p⇒ defines aTB in HY4H
,

• study the variations of the →
complex structure by studyin#in

howH
fy

L H' 1424
• The coordinates on this line

are the periods
-



That is
-

:

H' IX. B) (da
, symplectic

Hs IXIB) (Aa , Bs )
basis

flip - s

So D= Zaha - Taft)pa x

-

homogenous
Periods :

zavej-fa.dk ) words on
moduli space

Jake) = fgadtel-aatwprepotenh.cl
* period, determine the gannets of th moduli#



Fact : The periods satisfy a differential eq
Intuitive reason :

all
a. ¥ ' II . ¥. . 3¥. %¥m④
But at most bz are linearly independent
so there must be linear relations between

the first bot I ⇒ system of linear differential
equations of order b,

If no in cohomology
b
,
= 4 Cone parameter families ) deg 8=4



since the period , are talons over a fixed basis

&tF=o
, fIa=o (exactly)

This system is known as the Picard -Fuchs eq .

• solutions around a singularity one series
•

I any
"

expansion,
which end

n = -I -

and b¥thmiu blinking one allowed
That is : only nguIownhyuknit



5¥ Xp ,
PAL

, 4)⇒

f-⑤045,045,045,0-1 So ,
D= 4€

si = polynomials in q

HqL :L has③ regular singularities
4=0 , 4=6 if =

' 15
→

singular to isolated
LCSL singularity

Iff " anibld "

Xie is s¥h for eto , its



¥7 SE19 - 1) C9E-1KH -1 )

⑤ singularities
4=1 , 4g , 425 oomifsld type
4=0 LCSL

Xq Is for k¥ 1 , kg
,
425
,
0,0



③ Arithmetic I : The Zeta function

let Xp a family of algebraic varieties
St Xie is a CY hrypnmrfo.ie with
defining polynomial PCI , e)

let ye ④
-

Questions :

* how many solutions of PL4Y )=o
are there over A lie Xi GQ )

* how does this number uomo with 4 ?



ITOOHARDI.TT



It makes smn however to " reduce mod p
"

Ip a prime number)

( that is work over finite fields Fpr k¥4 . - )
* We can still learn Ialotf
The fundamental quantities of interest are
Nk = number of alms of PLI , 41=0 over Fpk

Generating function
\ 5×1 exp ( II NII )wta-tm&v

, wands on p⑨ aNote :



" simple " case : X a point

Nk =/ tk

II. INnTk= IT'' = - lsgltt)

⇒ %.int IT)=

Remark : I Ipointlp-7=5
anti :L - functions : I Is = -5,2151

=



Weilcsmjeitnves-lthesrrmsDXalgumrief.SK) is a rational function IDwork )

• Functional equation (Grothendieck,
× /

51µF) = I pd
"" T4 5IT)

smooth
.
Riemann hypothesis IDelight)

5- IT) = RilDRslTI--Rzdt
Rolt) RUT) -- - Red IT)

Ritt ) - polynomiallw , degRi=bi
Do =/ -I , Red IT)= 1- pdt , Rih I1-4IT) , Itiitp"

'



CY

8¥.

Elliptic unite E dine

→ 5ft) = l+9pTtp
Iap7

117111 -pt)

p f- prime of bad reduction

% associated to amsdnlmrfsvm.fm
iyama

-Shimura conjecture
proof : Wiles , Breuil , Conrad, Diamond , Taylor

\

-



•

anhI ITftp.Y-n?nsan-sn-.thoseff
of a modular

form of weights of Po INJCSLK,

N -- conductor ( its prime factors
TT

→ primes of bad reduction)

A



For a smooth CY 3-told X
-

b. =o

[ (TH
Rok)

4- =o

2t)RThp'T)

deg Rst)=b ,

deyRdT)= dey Rat) = h
"



For the mirror quintic 9 Itv : b
,
= 4

For Xu 1¥
R, IT)

9×117=11
-T ) ( I -PT)

" '
II-pit )h

"

Itp'T)

R , IT)= I tape)Ttbp#pTI apcylp'T't p'T"

Apte ) =
- N

'% point, over Fp

2pbply)= Niche ) - Nike )
← points over ttpi

a,bambecsmputedintwmsotthepwi



Frobenius : Xie alg variety ouw Ep

with defining play PCI )
with cseff over Fp



F¥ : CPIC msdp 135--243=3 malt)

If CE Fpk CP
"

-=c
-

If 9
,
G E Eph (Gt PE9P-1CY

let Pl§J= [ Cmyk
,

I1-4MX?
'

- Xnm "

with Cme Rp ,
Xi E Fpk

TIM Pinto# pµy
⇒ PHP) =o XD XP Frob map
-
-

I satisfies same eq as I

* Frobns automorphism fixed points
-

, rational points over #



Then pc×)=o←→ PHP) = 0

-4 It satisfies same eq as I

× ⇒ XP Frob map

/
Frob

YautomorphismYfixed points⇒ precisely the rational

pointsoowFp_



p-adic version of the Lifshitz
fixed point theorem Worm topology
N

,
=

,
HI
"

Tr IFrob * HK1X ) )
4 linear map
induced by Frob
on the homology
of X



Back to the Zeta function :

Rs F)
5×117=11

-T ) ll -PT)
" '

II- p 'T )h
"

Itp'T)

R , IT) = ItaplujttbplyjpftapchpsptpbTY-detl.1-TFrobo.TT
Frob : H

'
→ It

'
4×4 matrix

3 mstruNm
the periods

IR.combei.qwiddrjoompukdbree-Fply.siI
, - - -

, P -I j br morning P .-



13J Arithmetic I

I3D singular cases

13J Mirror ugmmeto
I L- function .



③ singularities . example Exit - t ' 4- 4- =o
-

Mirror quintile at unitsId singularities lie
The tata function is still a rational

function .
However

Rg → f- EPTI I1-9PT tp'T
'

)
- -

G- = (f) e It ↳ him for a rigid oy

ap = path beff in g- expansion of
the

eigenfvm g. found by
Schoen

(unique cusp form of weight 4 of that))
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µ
stub behaviour at inanities !



13.2J Mirror symmetry
As defined the 9-MotionT4 respect HIS
-

Rz IT) ← b%zh"t2
% =

ftp.FPTPITI-zhdhfz
R , IT)= It aplujT-bplyjpT-ap.CH p'T't p'T"

Silt )
" knows

" there are h" KC parameters

but it doesn't depend on these



For the quintic Y and its mirror X :

Rolf 4)
IT ,

e) =-
11 -TX1-pt)

'" II-p'T )
" ' II-p 'T)

¥
Result, E)

Sylt, I =-H -THI-pt) H - p 'T) ( I- p 'T)
where

Rolf
,a) ' II -THI -pT)LtphT)lI- p'T

) + 0154

In fact : S×= § + 0157
JY



In fact : we have the expansion
(PC , XCIFRU 2004

Rs IT, e)
-

4-THI -p TH-pTXtp'D

•

52T
= [ rnf it )

h Io

ro =/ ; the 2L

implement the mirror map :

In progress 1pct "

q= etait ,
f- ¥ III



13.3J L- function 4 modularity
corridor : his .ie/--plTRolp-s , e)

"

where
, except for the bad primes

Rzltiel = It apllelttbplce)kT4apke)p'Ptp
'T"

-
-

Example : mirror quintile ( But
,
Cohen

,
Pc
,

- XD, FRV,
p=5 Rolf E) = 1 Watkins

,
Zoos)

DIET Dottie )= 1-T

plltyTIRslfyf-l-apT-p.IT
'



What are the properties of this object ?① What about ⑨ &③?

µ recall ap & bp depend on 4 !

so how do a , & bp vary with 4 ?



Modularity :

bmoowetettmchionms.ie) = N
"'
thi I

-↳
Ms) Nhs) Us , e)

with the spinor L- function bra genus 2

weight 3
, spinor siegel modular

form of split)

Numerical tests for a functional eq:

N4-4UI = ± Ns , e)
. there are similar tests for other CY
varieties



④ Arithmetic and the attractor

nnehomism

consider solutions of type IIB supergravity
with a spherically symmetric BPS black hole
in 4 dim and a CY 3 -fold in the

extra 6 dimensions

dik - e
""'d the

'""
d I
'

,
I 'Kiya)

• asymptotically flat 1 Minkowski)
✓→ a hlr)-10

• horizon f- 0 414→ - •



10 dim space

formpbx"
* I / I µ" ±:*

with r

ko
>
p

horizon



Type IB soon A is gravity with extra
hell) gauge fields ( extra copies of EM )

so
,
the BH has electric & magnetic charges
@ = (%) a ,b =/ , - , h

"
H

These are integers
b

p =p
"

da - qbp E H' CX, 4)
dad

y= qa A
"
- pb Bb E HS1X

, 2)



supersymmetry premiering BH solutions

satisfy the attractor equations
.

-
°

ds '= - e'
""
dt't e-

'""
de
' I h →o as r→ a)

dt¥= - e
"
tartest µhIYdsystems on

ED % = .ae
" geiae 12h11 them III"

with flow
parameter re

quoi
-
-metric on as zglp) = central change
moduli space = @

K12

5SL
= ZY2E It 8

e-
''
= issue

Variation of the a-structure
with r determined by

these equations



u e-hmsnotohicwllg
d¥p) = - e 1281971 increasing as r→o

= .ae?gei2EIZrIpIleaarZgradient now)

e-structure parameters T④ to an attractor point
4*1which depends only on the Morges of the BH)
where 121 reaches a minimum .

55 Ferrara
,
Kalb ,h

Strominyrv
A

✓
%

sooooo . .÷÷÷÷¥÷÷:÷÷E
at r=o attractor varieties



4¥ and X*=XIy*) have special properties

-

P=pada-qapa.CH?otOHois/iepth''=p44=o-/
• can solve attractor eqs for changes 8

St e. is an attractor point

but the result generically is that tis

If integral !
-

/



the Vale) -_ plane
spanned over IRrank 1
by her &ImRI :*::÷
-

the

Inside HT4H

as

me

TEH
'

#

fµedHd rank 2
crave)



HV manifold has r¥ attractor points

but not the mirror quintin

( Candela ,
de la Ossa

,
9mi

, um straiten

Dec 2015)



In the rank 2 can-

When X=X* is a rank two attractor variety

Hodge structure of H' IX. 1) splits

In turn : the splitting becomes apparent
in the arithmetic structure ofX

Frob
"

f¥;)
RCT) = dit LA - Ttrobp

' )
gator ,

= 11- pat xp'T) ( I - pttp'T
') over Z

H
" Hh ' H30 ④ Has



121T) = ll- pat xp'T) ( I - pttp'T
')

H' '
"

⑦ H
" ' H30 ④ Has

•

- -

( I - dlpt)tplpTf) form for a

recall ellipticcurve rigid cy

Fattened to modular forms
of specific weight and
conductor
(Serre ' conjectures )



( Arithmetic ) strategy :

make tables of R1T ,
4) for many p 44

and look for mnYt factorisation
↳ factorisation which occur

of some polynomial Glee)
with integer bells .

¢ Candela , XD , A Thorne ,
v Strath

,
- )

Conde last XD tu Stratus : to appear
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IH7 # of factorisation into two
-

quarries as quarries over each
Fp

,
7 Ep E3 583

← more difficult to find rank two
lmirrorquinh.TW attractor points on this family



We find that for the HV manifold
there is always a factorisation when

• 7441=0

• 42-664+1=0 : 4±= 3318UP

For p ⇒ g say
- f- = 8 , 4± = 4,5



-1.0 -0.5 0.0 0.5 1.0
0.0
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0.8

1.0 4=-117 4=(0,0/2,1)
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p = 19

' smooth/sing. singularity R(T )

1 singular 1 (1� pT )(1� 20T + p3T 2)

2 smooth 1 + 4pT + 2pT 2 + 4p4T 3 + p6T 4

3 smooth 1� 8T + 242pT 2 � 8p3T 3 + p6T 4

4 smooth (1 + 4pT + p3T 2)(1� 60T + p3T 2)

5 smooth (1 + 4pT + p3T 2)(1� 60T + p3T 2)

6 smooth 1 + 8T � 318pT 2 + 8p3T 3 + p6T 4

7 smooth 1� 44T � 238pT 2 � 44p3T 3 + p6T 4

8 smooth (1� 2pT + p3T 2)(1� 80T + p3T 2)

9 smooth (1 + 4pT + p3T 2)(1� 160T + p3T 2)

10 smooth 1 + 12T + 562pT 2 + 12p3T 3 + p6T 4

11 smooth (1 + 4pT + p3T 2)(1� 140T + p3T 2)

12 smooth 1 + 12T + 82pT 2 + 12p3T 3 + p6T 4

13 smooth 1 + 178T + 1082pT 2 + 178p3T 3 + p6T 4

14 smooth 1 + 12T � 158pT 2 + 12p3T 3 + p6T 4

15 smooth 1 + 42T � 2p2T 2 + 42p3T 3 + p6T 4

16 singular 1
25 (1� pT )(1 + 76T + p3T 2)

17 singular 1
9 (1� pT )(1� 20T + p3T 2)

18 smooth 1� 54T + 322pT 2 � 54p3T 3 + p6T 4

Table 1: The R-factors for ' 2 F19. Note the factorisations into two
quadrics for the five values ' = 4, 5, 8, 9, 11.

<latexit sha1_base64="PlbWNWJ4Bkn7RO8QFPBGJ+4mtYs="></latexit>

4±
← to -117



There is more information in the
tables : there are modular forms

D= ( I- pdpttp'F) ftp.ttpITY

proof of serve conjecture
( ymwali ring Shimura Tamiyama )
"msfivn"ofemgthtwOonemsdnI



For 4=-47 :

do , pq are Fourier coefficients of
a

modular form for Polly)

ft = I tnq
" weights LMFDB

14.2
.
a.a.

fu = Epnq
" weighty iii. a. a. a



similarly : av et

Xp
, pp → coseffs of modular bums

for P
, 134) CTE 9)

( I d) = f) MD34

fq → 39.2 .

b. a

fa → 34.4
.

b. a.



Associated with these modular
forms are l- functions

↳1st ¥ [dyy" fjliy)
q .

- e-try

At y* the periods of
R are given

by simple multiples of
critical values

↳ 11) and L4 (2) bv L4

(expected : Deligne conjecture ) WITH Yangmath
.
AG



Areaofthehsvitoohowgesi@ke-kf414-ITK.TO
) tho

,0,2, 1) 14=1,2

let ↳ =¥ ¥414111

t.IT#)--i4itftiv*tfe-EffTJ



• BH entropy d A

• Mirror symmetry and instanton
numbers : 9=-47
↳ = tfft-fz-z.EE LUI

luk)

• What makes a CY an attractor

variety
Forth com?m ing i. Candela s , Kamala , McGovern

. Candela , XD ,
uomsfratn



So far ! just the tip of the

iceberg

Thank you !


