
Stephen Parke                           Nu22-KITP                              2/16/2022       #                     1

Stephen Parke
 Theory 

History and present state of 
neutrino oscillation measurements

Interested in how the universe works? Read symmetry, an online magazine about particle physics 
and its connections to life and other areas of science. Published by Fermi National Accelerator 
Laboratory and SLAC National Accelerator Laboratory. symmetrymagazine.org

OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some  
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and  
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to  
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT

Neutrinos weigh almost nothing, and they 
travel close to the speed of light. Neutrino 
masses are so small that so far no experi-
ment has succeeded in measuring them. The 
masses of other fundamental particles come 
from the Higgs field, but neutrinos might get 
their masses another way.

DIVERSE

Neutrinos are created in many processes in 
nature. They are produced in the nuclear 
reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.

 NEUTRINOS
  ARE…
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Art McDonald
SNO

NOBEL 2015 

“for the discovery of neutrino flavor transformations, 
which shows that neutrinos have mass”

~ vacuum
oscillations

Wolfenstein matter
effects dominant flavor 

transformationsSee Smirnov  arXiv:1609.02386

“for the discovery of neutrino oscillations, 
which shows that neutrinos have mass”
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John	Beacom,	The	Ohio	State	University Neutrino	University	Seminar,	Fermilab,	July	2017 13

Energetic	and	Luminous	Gamma	Sources	Exist

Gammas	do	point,	but	they	do	attenuate,	don’t	reveal	parents

Wide	variety	of	point	and
diffuse	sources,	high	fluxes	

Energies	up	to	~ 100	TeV

Neutrinos are Everywhere !
from Big Bang 300 nus / cm^3

2 or more v/c <<1
SuperNovae

> 10^58
Sun’s

~ 10^38 nu/sec

Neutrinos are Forever !!!
(except for the highest energy neutrino’s)

Daya Bay
3 x 10^21 nu/sec

using � ⌘ �m2L/4E

. therefore in the Universe: @N⌫
@t > 0 .

– Typeset by FoilTEX – 18
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OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some  
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and  
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to  
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT

Neutrinos weigh almost nothing, and they 
travel close to the speed of light. Neutrino 
masses are so small that so far no experi-
ment has succeeded in measuring them. The 
masses of other fundamental particles come 
from the Higgs field, but neutrinos might get 
their masses another way.

DIVERSE

Neutrinos are created in many processes in 
nature. They are produced in the nuclear 
reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.

 NEUTRINOS
  ARE…
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Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.

 NEUTRINOS
  ARE…

2

1

3

Interactions:

simple complicated

Propagation:

simplecomplicated

=U
unitary matrix ?

masses
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unitary matrix
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13. Neutrino mixing 43

lepton current in the CC weak interaction Lagrangian, are linear combinations of the LH
components of the fields of three massive neutrinos νj :

LCC = −
g√
2

∑

l=e,µ,τ

lL(x) γα νlL(x) Wα†(x) + h.c. ,

νlL(x) =
3

∑

j=1

Ulj νjL(x), (13.78)

where U is the 3 × 3 unitary neutrino mixing matrix [17,18]. The mixing matrix U can
be parameterized by 3 angles, and, depending on whether the massive neutrinos νj are
Dirac or Majorana particles, by 1 or 3 CP violation phases [40,41]:

U =





c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13





× diag(1, ei
α21
2 , ei

α31
2 ) . (13.79)

where cij = cos θij , sij = sin θij , the angles θij = [0, π/2], δ = [0, 2π] is the Dirac CP
violation phase and α21, α31 are two Majorana CP violation phases. Thus, in the case
of massive Dirac neutrinos, the neutrino mixing matrix U is similar, in what concerns
the number of mixing angles and CP violation phases, to the CKM quark mixing matrix.
The presence of two additional physical CP violation phases in U if νj are Majorana
particles is a consequence of the special properties of the latter (see, e.g., Refs. [39,40]) .

As we see, the fundamental parameters characterizing the 3-neutrino mixing are: i)
the 3 angles θ12, θ23, θ13, ii) depending on the nature of massive neutrinos νj - 1 Dirac
(δ), or 1 Dirac + 2 Majorana (δ, α21, α31), CP violation phases, and iii) the 3 neutrino
masses, m1, m2, m3. Thus, depending on whether the massive neutrinos are Dirac or
Majorana particles, this makes 7 or 9 additional parameters in the minimally extended
Standard Model of particle interactions with massive neutrinos.

The neutrino oscillation probabilities depend (Section 13.2), in general, on the neutrino
energy, E, the source-detector distance L, on the elements of U and, for relativistic
neutrinos used in all neutrino experiments performed so far, on ∆m2

ij ≡ (m2
i − m2

j ),
i %= j. In the case of 3-neutrino mixing there are only two independent neutrino mass
squared differences, say ∆m2

21 %= 0 and ∆m2
31 %= 0. The numbering of massive neutrinos

νj is arbitrary. It proves convenient from the point of view of relating the mixing angles
θ12, θ23 and θ13 to observables, to identify |∆m2

21| with the smaller of the two neutrino
mass squared differences, which, as it follows from the data, is responsible for the solar
νe and, the observed by KamLAND, reactor ν̄e oscillations. We will number (just for
convenience) the massive neutrinos in such a way that m1 < m2, so that ∆m2

21 > 0. With
these choices made, there are two possibilities: either m1 < m2 < m3, or m3 < m1 < m2.
Then the larger neutrino mass square difference |∆m2

31| or |∆m2
32|, can be associated with

the experimentally observed oscillations of the atmospheric νµ and ν̄µ and accelerator

June 18, 2012 16:19
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Parametrization of PMNS:

5

Neutrino Mixing Matrix:

Like the Quark Sector:
The Neutrino Mass Eigenstates, |⌅i⌅, are a Mixture of Flavor States, |⌅�⌅:
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For Majorana Nu’s
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A
Phases �2, �3 are unobservable in oscillation

phenomena, (U�iU
⇥
⇥i).

Important in neutrinoless double beta decay.
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“The” ⇧ Standard Model

• 3 light (mi <1 eV) Majorana Neutrinos: ⌅ only 2 ⇤m2

• Only Active flavors (no steriles): e, µ, ⌃

• Unitary Mixing Matrix:
3 angles (⌅12, ⌅23, ⌅13), 1 Dirac phase (⇤), 2 Majorana phases (�2,�3)

|⇧e, ⇧µ, ⇧⌅⇧Tflavor = U�i |⇧1, ⇧2, ⇧3⇧Tmass

U�i =

�

⇤
1

c23 s23

�s23 c23

⇥

⌅

�

⇤
c13 s13e�i⇤

1
�s13ei⇤ c13

⇥

⌅

�

⇤
c12 s12

�s12 c12

1

⇥

⌅

�

⇤
1

ei�

ei⇥

⇥

⌅

Atmos. L/E µ⇥ ⌃ Atmos. L/E µ⇤ e Solar L/E e⇥ µ, ⌃ 0⇧⇥⇥ decay

500km/GeV 15km/MeV

– Typeset by FoilTEX – 1
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SNO/KamLAND

Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3
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“The” ⇧ Standard Model

• 3 light (mi <1 eV) Majorana Neutrinos: ⌅ only 2 ⇤m2
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|U⌧3|2

|Ue1|2

|Ue2|2 + |Uµ2|2 + |U⌧2|2

– Typeset by FoilTEX – 1

Reactor/Solar ⌫’s
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NuFIT 5.1 (2021)
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�

42.1+1.1
�0.9 39.7 ! 50.9 49.0+0.9

�1.3 39.8 ! 51.6

sin
2 ✓13 0.02246+0.00062

�0.00062 0.02060 ! 0.02435 0.02241+0.00074
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✓13/
�

8.62+0.12
�0.12 8.25 ! 8.98 8.61+0.14

�0.12 8.24 ! 9.02

�CP/
�

230
+36
�25 144 ! 350 278

+22
�30 194 ! 345

�m2
21

10�5 eV
2 7.42+0.21

�0.20 6.82 ! 8.04 7.42+0.21
�0.20 6.82 ! 8.04

�m2
3`

10�3 eV
2 +2.510+0.027

�0.027 +2.430 ! +2.593 �2.490+0.026
�0.028 �2.574 ! �2.410
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⌫1, ⌫2 Mass Ordering:
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(Dialog) In[198]:= SolarNO = Graphics[{Inset[nu1, {0, 0}], Inset[nu2, {0, 0.4}]}]
SolarIO = Graphics[{Inset[nu2, {0, 0}], Inset[nu1, {0, 0.4}]}]

(Dialog) Out[198]=

(Dialog) Out[199]=

(Dialog) In[182]:= NO = Graphics[{Inset[nu1, {0, 0}], Inset[nu2, {0, 0.55}], Inset[nu3, {0, 3}]}]
IO = Graphics[{Inset[nu1, {0, 2.45}], Inset[nu2, {0, 3}], Inset[nu3, {0, 0}]}]
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mass

|�m2
21| = |m2

2 � m2
1| = 7.5 ⇥ 10�5 eV2

L/E = 15 km/MeV = 15, 000 km/GeV

SNO m2 > m1

–solar mass ordering
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(Dialog) In[185]:=

nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu3 = PieChart3D[{490, 20, 490},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu2 = PieChart3D[{353, 294, 353},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu1 = PieChart3D[{157, 686, 157}, ChartStyle % {Cyan, Blue, Red},
PlotTheme % "Business", SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

(Dialog) Out[185]=
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Neutrino Picture of the Sun

⌫e, ⌫µ,⌫⌧ , ⌫1, ⌫2, ⌫3

�m
2
31 & �m

2
32

v
�m

2
ee & �m

2
µµ

E↵ective �m
2
eff for �m

2
31 & �m

2
32

at L/E ⇠ 500 km/GeV = 0.5 km/MeV:

Channel dependent:

�m
2
ee ⌘ m

2
3 � (c212m

2
1 + s

2
12m

2
2) (1)

= c
2
12�m

2
31 + s

2
12�m

2
32 (2)

– Typeset by FoilTEX – 1

which dominates ? 
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– Typeset by FoilTEX –
3

(Dialog) In[184]:=

NOpIO = Graphics[{Inset[nu1, {0, 0}], Inset[nu2, {0, 0.5}], Inset[nu3, {0, 3}],
Inset[nu1, {3, 2.5}], Inset[nu2, {3, 3.0}], Inset[nu3, {3, 0.0}]}]

(Dialog) Out[184]=

8     massive_neutrinos.nb

UPMNS = U23(✓23, 0) U13(✓13, �) U12(✓12, 0)

=

0

@
1

c23 s23
�s23 c23

1

A

0

@
c13 s13e�i�

1
�s13e+i� c13

1

A

0

@
c12 s12
�s12 c12

1

1

A

sij = sin ✓ij, cij = cos ✓ij

⌫1, ⌫2 Mass Ordering:

⌫1 ⌫2 ⌫3

mass

|�m2
21| = |m2

2 � m2
1| = 7.5 ⇥ 10�5 eV2

– Typeset by FoilTEX – 3

UPMNS = U23(✓23, 0) U13(✓13, �) U12(✓12, 0)

=

0

@
1

c23 s23
�s23 c23

1

A

0

@
c13 s13e�i�

1
�s13e+i� c13

1

A

0

@
c12 s12
�s12 c12

1

1

A

sij = sin ✓ij, cij = cos ✓ij

⌫1, ⌫2 Mass Ordering:

⌫1 ⌫2 ⌫3

mass

|�m2
21| = |m2

2 � m2
1| = 7.5 ⇥ 10�5 eV2

– Typeset by FoilTEX – 3

UPMNS = U23(✓23, 0) U13(✓13, �) U12(✓12, 0)

=

0

@
1

c23 s23
�s23 c23

1

A

0

@
c13 s13e�i�

1
�s13e+i� c13

1

A

0

@
c12 s12
�s12 c12

1

1

A

sij = sin ✓ij, cij = cos ✓ij

⌫1, ⌫2 Mass Ordering:

⌫1 ⌫2 ⌫3

mass

|�m2
21| = |m2

2 � m2
1| = 7.5 ⇥ 10�5 eV2

– Typeset by FoilTEX – 3

(Dialog) In[184]:=

NOpIO = Graphics[{Inset[nu1, {0, 0}], Inset[nu2, {0, 0.5}], Inset[nu3, {0, 3}],
Inset[nu1, {3, 2.5}], Inset[nu2, {3, 3.0}], Inset[nu3, {3, 0.0}]}]

(Dialog) Out[184]=
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(Dialog) In[185]:=

nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu3 = PieChart3D[{490, 20, 490},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu2 = PieChart3D[{353, 294, 353},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu1 = PieChart3D[{157, 686, 157}, ChartStyle % {Cyan, Blue, Red},
PlotTheme % "Business", SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

(Dialog) Out[185]=
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Physics of Octant of ✓23
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(Dialog) Out[261]=

(Dialog) Out[262]=
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Out[562]=

In[563]:= cosd = '1.0

ssq23 = 0.4
csq23 = 1 ' ssq23

Jr = (ssq13 , ssq12 , csq12 , ssq23 , csq23)^0.5

Um1sq = ssq12 , csq23 + ssq13 , csq12 , ssq23 + 2 , Jr , cosd
Um2sq = csq12 , csq23 + ssq13 , ssq12 , ssq23 ' 2 , Jr , cosd

Rowm = Um1sq + Um2sq + Um3sq

Ut1sq = ssq12 , ssq23 + ssq13 , csq12 , csq23 ' 2 , Jr , cosd
Ut2sq = csq12 , ssq23 + ssq13 , ssq12 , csq23 + 2 , Jr , cosd

Rowt = Ut1sq + Ut2sq + Ut3sq

nu2plo = PieChart3D[{1000 , Ue2sq, 1000 , Ut2sq, 1000 , Um2sq},
ChartStyle % {Blue, Red, Cyan}, PlotTheme % "Business",
SectorOrigin % {{('3 , Pi ( 2 + 1.05), "Clockwise"}, 0}]

nu1plo = PieChart3D[{1000 , Ue1sq, 1000 , Ut1sq, 1000 , Um1sq},
ChartStyle % {Blue, Red, Cyan}, PlotTheme % "Business",
SectorOrigin % {{('3 , Pi ( 2 + 2.30), "Clockwise"}, 0}]
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What is physics reason the fractional Flavor content

of the Mass Eigenstates, |U↵j|
2
,

is independent of sign of � ?

Summary:

Flavor content of Neutrinos (�) = Flavor Content of Anti-Neutrinos (��)
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Physics of Octant of ✓23
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sin2 ✓23 = 0.60

⌫⌧ dominates

⌫µ dominates

T2K

NO⌫A

The E↵ects of the �CP

Variation of ✓23 and �CP
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Neutrino Oscillation Amplitudes

in vacuum:

Aµe = (2i) [ (s23s13c13) [ c212e
�i�32 sin�31 + s212e

�i�31 sin�32 ]

+ (c23c13s12c12) ei� sin�21 ]

Trivial to see new Symmetry: m2
1 $ m2

2 with ✓12 ! ✓12 ± ⇡/2

See Denton, Minakata, SP arXiv:1604.08167

P (⌫↵ ! ⌫�) = |A↵�|2 (7)

Two Flavors:

A↵↵ = 1 + (2i) s2✓ e+i� sin�

and A↵� = (2i) s2✓c
2
✓ e�i� sin�
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T2K/HK NOvA

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)

Inverted Hierarchy
Normal Hierarchy

sin2 2✓µµ ⌘ 4|Uµ3|2(1� |Uµ3|2) = 0.96 � 1.00

Same L/E as NO⌫A

– Typeset by FoilTEX – 1

DUNE

/ ⇢L sin2 ✓23

⌫µ

⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)
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2 ⇡0’s

Appearance: ⌫µ ! ⌫e ⌫̄µ ! ⌫̄e

Disappearance: ⌫µ ! ⌫µ ⌫̄µ ! ⌫̄µ

Long Baseline @VOM Reactors

P (⌫µ ! ⌫e) + P (⌫̄µ ! ⌫̄e) ⇡ 2 sin2 ✓23 [1 � P (⌫̄e ! ⌫̄e)]

⌫µ ! ⌫µ gives:

|Uµ3|2 $ (1 � |Uµ3|2) degeneracy +!

Normal Ordering — Inverted Ordering

P (⌫µ ! ⌫e) 6= P (⌫̄µ ! ⌫̄e)

in vacuum
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O. Mena & SP    hep-ph/0408070 

sin �NO � sin �IO = tan ✓23 ⇥

8
<

:

0.48 T2K

1.62 NO⌫A
2.60 DUNE

= |Aµe|2

P (⌫̄µ ! ⌫̄e) = |Āµe|2

P (⌫µ ! ⌫e) = |Āµe|2

⌫µ ! ⌫⌧

)

Implies ✓23 = ⇡/4

AND sin � = ±1 !
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Normal Ordering — Inverted Ordering
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Ar from ⇠ 10 km3 of air

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.
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Correlations between
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• We	see	no	strong	asymmetry	in	the	rates	of	appearance	of	νe and	ν̅e
• Disfavor	hierarchy-δ combinations	which	would	produce	that	asymmetry
• Consistent	with	hierarchy-octant-δ combinations	which	include	some	“cancellation.”
– Since	such	options	exist	for	both	octants	and	hierarchies,	results	show	no	strong	preferences.	

Patrick Dunne (p.dunne12@imperial.ac.uk) 23

• O(45%) change in electron-like event 
rate between δCP=+#/2 and δCP=-#/2
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Comparison to T2K

• Clear	tension	with	T2K’s	preferred	region.
• Quantifying	consistency	requires	a	joint	iit	of	the	data	from	
the	two	experiments,	which	is	already	in	the	works.
– Semi-annual	workshops,	regular	joint	group	meetings,	and	a	
signed	joint	agreement.

29
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T2K, Nature 580: BF  90% CL £  68% CL£ 
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Quark

5

FIG. 2: 1-D ��2 for deviation of both UPMNS row (solid) and
column (dashed) normalisations, fitted with all spectral and
normalisation data, when considering new physics that enters
above |�m2| � 10�2eV2.

as |Uµ1| and |Uµ2| only appear in the degenerate com-
bination |Uµ1|2 + |Uµ2|2, they cannot be distinguished
individually. This degeneracy is very weakly broken by
the ⌫µ ! ⌫e appearance experiment T2K [1], and will be
improved upon taking of more data and with future high
statistics NO⌫A [11] results. The addition of this nor-
malisation and sterile data in the 3⌫ unitarity case does
not change anything in the fit. From here on we will
discuss only the main results, as calculated including all
normalisation and sterile search data.

The addition of this sterile search and normalisation
data improves the situation significantly. If we define
the shift in range of allowed values as the ratio of the
di↵erence in 3� ranges without and with unitarity, to
that derived with unitarity, the increase in parameter
space for |Uei|, i = 2, 3 and |Uµi|, i = 1, 2, 3 are all 
10% (4%, 8%, 8%, 7% and 4% respectively), with |Ue1|
taking the majority of the discrepancy in the ⌫e sector,
with an increase of allowed range of 68%, primarily
due to the weaker bounds from KamLAND compared
to the SBL reactors, and that |Ue1|2 forms the bulk of
|Ue1|2 + |Ue2|2 + |Ue3|2. The entire ⌫⌧ sector, however,
may contain substantial discrepancies from unitarity
with shifts in allowed regions of 37%, 46% and 104%
respectively. We have little or no current mechanisms
to directly measure any ⌫⌧ elements and we have not
yet observed any oscillation amplitude peaks, even the
recent 5� discovery of ⌫µ ! ⌫⌧ at OPERA [49] only
sees the tail end of the 1st oscillation maximum and the
observation of 5 events on a background of 0.25 ± 0.05
is not significant spectrally and can be equally be fit by
a flat normalisation discrepancy. The precision we do
have is driven by the fact large deviations here cause
violations of unitarity too large in the ⌫e and ⌫µ sectors,
passed through by the geometric Cauchy-Schwartz

constraints.

We must stress that even if the 3� ranges of the
UPMNS elements agree closely with the unitarity case,
this does not equate to the neutrino mixing matrix
being unitary. In the unitary case the correlations are
much stronger and choosing an exact value for any one
the mixing elements drastically reduces the uncertainty
on the remaining elements. To better understand the
level at which we know unitarity is conserved or not, we
plot the resultant ranges for the normalisation in Fig
(2). We see that the ⌫e and ⌫µ normalisation deviations
from unity are relatively well constrained ( 0.06 and
0.07 at 3� CL respectively), primarily by reactor fluxes
and a combination of precision measurements of the rate
and spectra of upward going muon-like events observed
at Super-Kamiokande [53] and the multitude of long
and short baseline accelerator ⌫µ ! ⌫µ disappearance
experiments. We note the ⌫µ normalisation deviation
from unity is constrained slightly (⇡ 1%) better than
the ⌫e normalisation. This is due to the large theoretical
error, 5%, on total flux from reactors assumed [56]. The
remaining normalisation deviations from unity are all
constrained to be . 0.2 - 0.4 at 3� CL.

For the case of the six neutrino unitarity triangles, we
present the allowed ranges for their closures in Fig. (3).
For the three row triangles the bounds originate from a
combination of the corresponding geometric constraints
along with appearance data in the respective channel.
The column triangles, however, are bound by the geomet-
ric constraints only, and as the column normalisations are
proportionally less known, so too are the column unitar-
ity triangles. Only one triangle does not contain a ⌫⌧
element, the ⌫e⌫µ triangle, and hence it is the only tri-
angle in which it is excluded to be open by more than
0.03 at the 3� CL, compared to between 0.1 - 0.2 at the
3� CL for the remaining triangles. This hierarchical sit-
uation will not improve unless precise measurements can
be made in the ⌫⌧ sector.

If one wishes to proceed with measurements of unitar-
ity, without the assumption of an extended UPMNS ma-
trix and its subsequent Cauchy-Schwartz bounds, then
prospects for improvement are essentially limited to mea-
suring the ⌫e normalisation. Improvement of all ⌫e ele-
ments is possible, especially if the new generation reac-
tor experiments, JUNO [57] and RENO50 [58], proceed
as planned. See discussion by X. Qian et al. [12] for
a detailed discussion of the possible improvements. Sig-
nificant improvement in the ⌫µ sector would require the
measurement of ⌫µ disappearance at the solar mass scale,
well beyond what is currently technologically feasible.
Improvements in the indirect 3+N sterile measure-

ments are much more promising, the Fermilab Short
Baseline Neutrino (SBN) [59] program consisting of the
SBND, MicroBooNE and ICARUS experiments on the
Booster beam, will be capable of probing a wide range

DUNE

T2HK

Credible Intervals at 90%

T2HK+DUNE LM
A

LM
A
-

da
rk

-4 -3 -2 -1 0 1 2 3

∂éee

DUNE

T2HK

Credible Intervals at 90%

T2HK+DUNE

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

∂émm

DUNE

T2HK

Credible Intervals at 90%

T2HK+DUNE

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35

∂me

DUNE

T2HK

Credible Intervals at 90%

T2HK+DUNE

0.0 0.2 0.4 0.6 0.8

∂te

DUNE

T2HK

Credible Intervals at 90%

T2HK+DUNE

0.00 0.05 0.10 0.15 0.20 0.25

∂mt

Figure 6. Comparisons of the expected sensitivities to NSI parameters at DUNE and T2HK,
before and after combining their respective data sets. Darker (Lighter) bands show the results when
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by the dashed lines indicate the allowed regions at 90% CL (taken from the SNO-DATA lines for
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5 Conclusions

Neutrino physics is entering the precision Era. After the discovery of the third mixing angle

in the leptonic mixing matrix, and in view of the precision measurements performed by the
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
approximately 1� |U⌧1|2 + |U⌧2|2 + |U⌧3|2  0.07 at the
99% CL [64], which would bring it closer inline with the
other sectors.

In this paper we have emphasised the fact that
current experimental bounds on unitarity within the 3⌫
paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
UPMNS elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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The CP phase and θ23 octant
Insights on the generation of the matter anti-matter asymmetry

Insights on the flavor puzzle

Chen Fallbacher Mahanthappa Ratz Trautner 2014

Chen Mahanthappa 2009

for the Jarlskog invariant, J ≡ Im(VudVcbV ∗
ubV

∗
cd) = 2.69 × 10−5, in the quark sector also agrees

with the current global fit value.) Potential direct measurements for these parameters at the LHCb

can test our predictions.

As a result of the GJ relations, our model predicts the sum rule [8, 17] between the solar neutrino

mixing angle and the Cabibbo angle in the quark sector, tan2 θ# # tan2 θ#,TBM + 1
2
θc cos δ!, with

δ! being the leptonic Dirac CP phase in the standard parametrization. In addition, our model

predicts θ13 ∼ θc/3
√

2. Numerically, the diagonalization matrix for the charged lepton mass matrix

combined with UTBM gives the PMNS matrix,











0.838e−i178o

0.543e−i173o

0.0582ei138o

0.362e−i3.99o

0.610e−i173o

0.705ei3.55o

0.408ei180o

0.577 0.707











, (22)

which gives sin2 θatm = 1, tan2 θ# = 0.420 and |Ue3| = 0.0583. The two VEV’s, u0 = −0.0593 and

ξ0 = 0.0369, give ∆m2
atm = 2.4 × 10−3 eV2 and ∆m2

# = 8.0 × 10−5 eV2. As the three masses are

given in terms of two VEV’s, there exists a mass sum rule, m1−m3 = 2m2, leading to normal mass

hierarchy, ∆m2
atm > 0 [8]. The leptonic Jarlskog is predicted to be J! = −0.00967, and equivalently,

this gives a Dirac CP phase, δ! = 227o. With such δ!, the correction from the charged lepton sector

can account for the difference between the TBM prediction and the current best fit value for θ#.

Our model predicts (m1,m2,m3) = (0.0156,−0.0179, 0.0514) eV, with Majorana phases α21 = π

and α31 = 0.

Our model has nine input parameters, predicting a total of twenty-two physical quantities:

12 masses, 6 mixing angles, 2 Dirac CP violating phases and 2 Majorana phases. Our model is

testable by more precise experimental values for θ13, tan2 θ# and γ in the near future. δ! is the

only non-vanishing leptonic CP violating phase in our model and it gives rise to lepton number

asymmetry, ε! ∼ 10−6. By virtue of leptogenesis, this gives the right sign and magnitude of the

matter-antimatter asymmetry [18].

Conclusion.—We propose the complex group theoretical CG coefficients as a novel origin of CP

violation. This is manifest in our model based on SU(5) combined with the double tetrahedral

group, T ′. Due to the presence of the doublet representations in T ′, there exist complex CG

coefficients, leading to explicit CP violation in the model, while having real Yukawa couplings and

scalar VEVs. The predicted CP violation measures in the quark sector are consistent with the

current experimental data. The leptonic Dirac CP violating phase is predicted to be δ! ∼ 227o,

which gives the cosmological matter asymmetry.

8

Ma 2016, Ma 2017

Ballet King Pascoli 
Prouse Wang 2016

GUTs typically predict: 
Majorana neutrinos 

Normal mass ordering
θ23 in first octant

“large” θ13 if θ12 and θ23 are large
No light sterile neutrino

For a certain class of flavor groups:
1) δCP is related to the Clebsch-Gordan coefficients
2) Dependence on group and fermion representations

Some predictions
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WHY MEASURE THESE PARAMETERS?
➤ Lepton mixing allows for a new source of CP violation that can be studied with neutrinos 

➤ CPV through δcp may be sufficient source for leptogenesis (Nucl. Phys. B774 (2007) 1) 

➤ Neutrino masses indicate new physics beyond the standard model and electroweak scale 

➤ Precise values of the mixing parameters may indicate or disfavor models of  
flavor symmetries

Predictions from flavor symmetry forms 
with current measurement precision

Nucl. Phys. B, Vol. 894, 733-768 (2015) 6

Predictions from cosδ sum rules for discrete symmetries:
Predictions of flavor symmetry forms 
with projected measurement precision

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⇠ 1 picosecond in Neutrino rest frame !!!
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The CP phase and θ23 octant
Insights on the generation of the matter anti-matter asymmetry

Insights on the flavor puzzle

Chen Fallbacher Mahanthappa Ratz Trautner 2014

Chen Mahanthappa 2009

for the Jarlskog invariant, J ≡ Im(VudVcbV ∗
ubV

∗
cd) = 2.69 × 10−5, in the quark sector also agrees

with the current global fit value.) Potential direct measurements for these parameters at the LHCb

can test our predictions.

As a result of the GJ relations, our model predicts the sum rule [8, 17] between the solar neutrino

mixing angle and the Cabibbo angle in the quark sector, tan2 θ# # tan2 θ#,TBM + 1
2
θc cos δ!, with

δ! being the leptonic Dirac CP phase in the standard parametrization. In addition, our model

predicts θ13 ∼ θc/3
√

2. Numerically, the diagonalization matrix for the charged lepton mass matrix

combined with UTBM gives the PMNS matrix,











0.838e−i178o

0.543e−i173o

0.0582ei138o

0.362e−i3.99o

0.610e−i173o

0.705ei3.55o

0.408ei180o

0.577 0.707











, (22)

which gives sin2 θatm = 1, tan2 θ# = 0.420 and |Ue3| = 0.0583. The two VEV’s, u0 = −0.0593 and

ξ0 = 0.0369, give ∆m2
atm = 2.4 × 10−3 eV2 and ∆m2

# = 8.0 × 10−5 eV2. As the three masses are

given in terms of two VEV’s, there exists a mass sum rule, m1−m3 = 2m2, leading to normal mass

hierarchy, ∆m2
atm > 0 [8]. The leptonic Jarlskog is predicted to be J! = −0.00967, and equivalently,

this gives a Dirac CP phase, δ! = 227o. With such δ!, the correction from the charged lepton sector

can account for the difference between the TBM prediction and the current best fit value for θ#.

Our model predicts (m1,m2,m3) = (0.0156,−0.0179, 0.0514) eV, with Majorana phases α21 = π

and α31 = 0.

Our model has nine input parameters, predicting a total of twenty-two physical quantities:

12 masses, 6 mixing angles, 2 Dirac CP violating phases and 2 Majorana phases. Our model is

testable by more precise experimental values for θ13, tan2 θ# and γ in the near future. δ! is the

only non-vanishing leptonic CP violating phase in our model and it gives rise to lepton number

asymmetry, ε! ∼ 10−6. By virtue of leptogenesis, this gives the right sign and magnitude of the

matter-antimatter asymmetry [18].

Conclusion.—We propose the complex group theoretical CG coefficients as a novel origin of CP

violation. This is manifest in our model based on SU(5) combined with the double tetrahedral

group, T ′. Due to the presence of the doublet representations in T ′, there exist complex CG

coefficients, leading to explicit CP violation in the model, while having real Yukawa couplings and

scalar VEVs. The predicted CP violation measures in the quark sector are consistent with the

current experimental data. The leptonic Dirac CP violating phase is predicted to be δ! ∼ 227o,

which gives the cosmological matter asymmetry.

8

Ma 2016, Ma 2017

Ballet King Pascoli 
Prouse Wang 2016

GUTs typically predict: 
Majorana neutrinos 

Normal mass ordering
θ23 in first octant

“large” θ13 if θ12 and θ23 are large
No light sterile neutrino

For a certain class of flavor groups:
1) δCP is related to the Clebsch-Gordan coefficients
2) Dependence on group and fermion representations

Some predictions

6

FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
approximately 1� |U⌧1|2 + |U⌧2|2 + |U⌧3|2  0.07 at the
99% CL [64], which would bring it closer inline with the
other sectors.

In this paper we have emphasised the fact that
current experimental bounds on unitarity within the 3⌫
paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
UPMNS elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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Figure 1: The upper figure shows the angles, φ and ψ, as a function of the matter potential

for both NO and IO. φ and ψ are the mixing angles θ13 and θ12 in matter respectively. For

ψ, the curves for the two mass ordering are nearly identical. The two lower figures show the

eigenvalues to zeroth order, λ1,2,3, in matter as a function of the matter potential for NO

and for IO. For all our figures, YeρE ≥ 0 is for neutrinos and YeρE ≤ 0 for antineutrinos.

• The size of the perturbing Hamiltonian, Ȟ1, is controlled by the parameter

ε′ ≡ ε s(φ−θ13) s12c12

= s(φ−θ13)s12c12
∆m2

21

∆m2
ee

,
(2.5.4)

which is never larger than 1.4%.

• In vacuum,

s(φ−θ13) = 0 , (2.5.5)

so that the zeroth order Hamiltonian gives the exact result. Also, in the limit where

a → −∞ for NO or a → +∞ for IO s(φ−θ13) → −s13 which is of O(
√
ε). Whereas for

a → +∞ for NO or a → −∞ for IO s(φ−θ13) → c13 ∼ 1, see figure 2.
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CP Violation

2

long baseline neutrino1 oscillation experiments (T2K [7],
NOvA [8], DUNE [9], T2HK [10], T2HKK [11]) as the
size of the CP violation is proportional to �m

2
21, as well

as other parameters. In vacuum, at the first oscillation
peak, L/E ⇠ 0.5 km/MeV, for ⌫µ ! ⌫e:

P (⌫̄µ ! ⌫̄e)� P (⌫µ ! ⌫e) ⇡ ⇡ J

✓
�m

2
21

�m2
31

◆
(3)

where J = sin 2✓12 sin 2✓13 cos ✓13 sin 2✓23 sin � ⇡ 0.3 sin �
is the Jarlskog invariant.

T2K’s data point in the bi-event plane, see Fig 44 of
[12],

N(⌫µ ! ⌫e) = 37 and N(⌫̄µ ! ⌫̄e) = 4

being outside the allowed region (by about 1 �) could
be caused by �m

2
21 being larger than KamLAND value,

twice the KamLAND central value works well. Again,
it is probably a statistical fluctuation but with only one
precision measurement of �m

2
21, other possibilities are

not completely excluded.
The future medium baseline reactor experiment JUNO

(L/E ⇠ 15 km/MeV) will measure �m
2
21 and sin2 ✓12

with better than 1% precision, [13]. However, this exper-
iment is under construction and the precision measure-
ments of the solar neutrino oscillation parameters will
not be available until approximately 5 years from now.
In more than a decade from now, the DUNE & HyperK
proposed experiments will make a precise measurement
of �m

2
21 using solar neutrinos, see [14] and [15] respec-

tively.
In section II, we discuss in detail the e↵ects of chang-

ing �m
2
21 on the oscillation probability. Then in section

III we explain and give the results of a simulation of both
Daya Bay and RENO using 3000 live days of data with
and without systematic uncertainties followed by a con-
clusion.

II. OSCILLATION PROBABILITY

The electron antineutrino disappearance probability,
in vacuum, can be written as

P (⌫̄e ! ⌫̄e) = 1� P13 � P12 with (4)

P13 = sin2 2✓13 (cos
2
✓12 sin

2 �31 + sin2 ✓12 sin
2 �32),

P12 = sin2 2✓12 cos
4
✓13 sin

2 �21,

where ✓12 ⇡ 33� and ✓13 ⇡ 8� are the solar and reactor
mixing angles respectively and the kinematic phases are
given by�jk ⌘ �m

2
jkL/(4E). The P13 term is associated

with the atmospheric oscillation scale of 0.5 km/MeV,

1 In the rest of this paper, when referring to neutrinos, we mean
neutrinos and/or anti-neutrinos.

and the P12 term is associated with the solar oscillation
scale of 15 km/MeV.
Using typical fit values and considering a L/E

range around the first oscillation minimum (L/E =
0.5 km/MeV), we can approximate P13 and P12 as fol-
lows:

P13 ⇡ 0.08 sin2
✓
⇡

2

✓
L/E

0.5 km/MeV

◆◆
(5)

P12 ⇡ 0.002

✓
L/E

0.5 km/MeV

◆2 ✓ �m
2
21

7.5⇥ 10�5 eV2

◆2

.(6)

For �m
2
21 = 7.5⇥10�5 eV2, the P12 term is essentially

negligible for all L/E < 1 km/MeV. This encompasses
the L/E range of all current short baseline experiments.
However, consider the case that �m

2
21 is 3 times larger

than this value, i.e. 22.5⇥ 10�5 eV2, then

P12 ⇡ 0.02

✓
L/E

0.5 km/MeV

◆2 ✓ �m
2
21

22.5⇥ 10�5 eV2

◆2

.(7)

P12 is now no longer negligible compared to P13 at oscilla-
tion minimum (L/E = 0.5 km/MeV) and P12 gets larger
for L/E > 0.5 km/MeV whereas P13 is getting smaller.
In fact, at L/E = 1km/MeV, P12 would be as large as
sin2 2✓13 (0.08) for this value of �m

2
21.

Therefore the short baseline reactor experiments can
constrain �m

2
21 to be less than 2 to 3 times the cur-

rent best fit value depending on the experiment, Daya
Bay or RENO, run time and the confidence level. Set-
ting a lower bound on �m

2
21 will be challenging for these

experiments due to systematic uncertainties. As data
above L/E ⇠ 0.5 km/MeV is important for this con-
strain, the Double Chooz experiment, which has no data
with L/E > 0.5 km/MeV, is not considered.
Since the position of the first oscillation minimum for

P (⌫̄e ! ⌫̄e) is given by

L

E
⇡

2⇡

�m2
ee

, (8)

where �m
2
ee ⌘ c

2
12�m

2
31 + s

2
12�m

2
32 (at least for small

�m
2
21), it is natural to write the disappearance probabil-

ity in terms of �m
2
ee and �m

2
21 as follows, [16] & [17]:

1� P (⌫̄e ! ⌫̄e) ⇡ cos4 ✓13 sin
2 2✓12 sin

2 �21

+sin2 2✓13


sin2 |�ee|+ sin2 ✓12 cos

2
✓12�

2
21 cos(2�ee)

�
1

6
cos 2✓12 sin

2 2✓12 �3
21 sin(2�ee) + O(�4

21)

�
. (9)

For �21 < 0.5, only the first two of the terms of RHS of
eq. (9) are larger than 0.005 and therefore relevant for the
analysis2. Since the experiments of interest, Daya Bay

2 For small �21, the disappearance probability depends on
only three variables; sin2 ✓13, �m2

ee and the combination
�m2

21 sin 2✓12.

where J is Jarlskog Invariant (1986):

At oscillation maximum in vacuum:

P (⌫̄µ ! ⌫̄e)� P (⌫µ ! ⌫e) = ⇡J0

⇣
�m2

21
�m2

ee

⌘

Jarlskog Invariant in Matter:

bJ = J0

⇧�m
2
ij

⇧cm2
ij

⇡
J0

R�R�

(10)

R� =
q

(cos 2✓12 � ac212/�m2
21)

2 + sin2 2✓12 (11)

R� =
q

(cos 2✓13 � a/�m2
ee)

2 + sin2 2✓13 (12)

Better than 0.1% for all values of matter potential ‘a’ !
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FIG. 1. The fractional error in bJ compares two approximate
expressions with the exact expression from [8]. The orange
curves labeled DP are calculated using our approximate ex-
pression given in eqs. 5 and 6. The blue curves labeled WZ
are calculated using the approximate expression from ref. [11]
which is the same as ours without the c213 terms in S12. The
solid curves are for neutrinos and the dashed curves for anti-
neutrinos. The yellow and blue vertical lines are at the so-
lar, cos 2✓12�m2

21/c
2
13, and atmospheric, cos 2✓13�m2

ee, reso-
nances respectively. The downward spikes occur where the
exact and approximate expressions cross. The normal mass
ordering (NO) is assumed.

We have numerically verified that c213 is the optimal cor-
rection, �m2

ee is the optimal atmospheric mass splitting,
and that these results are generally independent of the
mass ordering.

III. ERROR ESTIMATE

In order to better understand the precision of eqs. 5
and 6, we have estimated the error in this expression. By
using the exact Naumov-Harrison-Scott identity [12, 13],

bJ�cm2
32�cm2

31�cm2
21 = J�m2

32�m2
31�m2

21 , (7)

we can express our approximate expression in terms of
the exact matter eigenvalues,

�cm2
32�cm2

31�cm2
21 ⇡ S12S13�m2

32�m2
31�m2

21 . (8)

While the exact eigenvalues have a very complicated an-
alytic form [8] due to the presence of the cos( 13 cos

�1
· · · )

terms, they can be extremely well approximated using
the DMP approach [14]1. Using the expressions from

1
The eigenvalues in DMP [14] are accurate to better than O(✏2)
while the mixing angles are only correct to O(✏) [15] hence the

importance of using the Naumov-Harrison-Scott identity.

FIG. 2. The orange curves are the same as in fig. 1. The green
curves are the analytic approximation of the error using DMP

[14] shown in eq. 10 divided by
Q

i>j �
cm2

ij which makes it a
fractional error.

DMP we have calculated the di↵erence of the square of
the left and right hand sides of eq. 8 as a power series in
s213 and ✏ ⌘ �m2

21/�m2
ee. We find that the zeroth order

term (in ✏ and s213) and the terms proportional to ✏ or
s213 are all zero, confirming our earlier error estimate of
O(✏s213). The first non-zero term correcting eq. 8 is then2

0

@
Y

i>j

�cm2
ij

1

A
2

� S
2
12 S

2
13

0

@
Y

i>j

�m2
ij

1

A
2

⇡ �2✏s213 cos 2✓12 a
2(a � �m2

ee)
2(�m2

ee)
2 . (9)

By propagating the error from the product of �cm2’s
squared to the error in bJ via the Naumov-Harrison-Scott
identity, we find that the fractional error in bJ is approx-
imately given by

� bJ
bJ

⇡
✏s213 cos 2✓12 a(a � �m2

ee)�m2
eeQ

i>j �
cm2

ij

, (10)

up to an overall sign. We plot eq. 10 (note that using
either the exact expression for the denominator or the
approximate expression from DMP is indistinguishable)
in fig. 2. Also shown for comparison is the exact frac-
tional error of eqs. 5 and 6 as in fig. 1.
This error estimate gets the magnitude of the error

correct as well as the general features: the error goes
to zero for small a and peaks at the level of 0.04%. In
addition, the error goes to zero at a = �m2

ee for neutrinos
but not for anti-neutrinos as it is supposed to.

2
At the atmospheric (1-3) resonance both sides of eq. 8 are propor-

tional to s13, this causes additional large fractional errors unless

s213 ⇡ ✏.

P (⌫̄µ ! ⌫̄e)� P (⌫µ ! ⌫e) = ⇡J0

⇣
�m2

21
�m2

ee

⌘

Jarlskog Invariant in Matter:

bJ = J0

⇧�m
2
ij

⇧cm2
ij

⇡
J0

R�R�

(10)

R� =
q

(cos 2✓12 � ac212/�m2
21)

2 + sin2 2✓12 (11)

R� =
q

(cos 2✓13 � a/�m2
ee)

2 + sin2 2✓13 (12)

Better than 0.1% for all values of matter potential ‘a’ !

O(10�3) accuracy !
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JUNO by Nu2024 or Nu2026 
JUNO by Nu2024:

Best measurements of �m
2
21, sin

2
✓12 and �m

2
ee: accuracy )⇠ 0.5%

(JUNO value of sin2 ✓13 will not be more accurate than Daya Bay)

1� P (⌫̄e ! ⌫̄e) = 4c413s
2
12c

2
12 sin

2�21 (13)

+2s213c
2
13

✓
1�

q
1� sin2 2✓12 sin

2�21 cos [2|�ee| ± �(�21)]

◆
(14)

the phase advance/retardation is given by

�(�21) = arctan(cos 2✓12 tan�21)� cos 2✓12�21 = O(�2
21)
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FIG. 2. In the upper left panel we show the oscillated spectra for NO (blue) and for IO (red) for 8
years (2,400 live days) of data using 26.6 GWth with all core-detector baselines set at 52.5 km. No
systematic e↵ects and no backgrounds are included. There are 200 bins between 1.8 and 8.0 MeV,
with a bin size of 31 keV, and 3.0% resolution was used. While�m2

ee [NO] is the input, �m2
ee [IO] is

chosen to minimize the statistical �2 between the two spectra, see right panel (�2
min[IO] = 14.5, see

right panel). The parameters sin2 ✓13, sin2 ✓12 and �m2
21

are from Table I. In the left lower panel,
the di↵erence between the two oscillated spectra in each bin (green), NNO

i �N IO

i , is given, as well

as plus/minus statistical uncertainty in each oscillated bin (orange band), ±
q
NNO

i ⇡ ±

q
N IO

i .
Note, the di↵erence is always within the statistical uncertainty for that bin.

Note that including systematic uncertainties as well as the real distribution of core-reactor
distances and backgrounds will further decrease the di↵erence between the two spectra. But
first let us address the simulation details and systematic uncertainties.

To perform the statistical analysis we create a spectrum of fake data Ndat

i for some set
of oscillation parameters. Next we try to reconstruct this spectrum varying the relevant
oscillation parameters ~p. For each set ~p we calculate a �2 function

�2(~p) = min
~↵

X

i

(Ndat

i �Ni(~p, ~↵))2

Ndat

i

+
X

j

✓
↵j

�j

◆2

+ �2

NL
, (10)

where Ni(~p, ~↵) is the predicted number of events5 for parameters ~p, ~↵ = (↵1,↵2, . . .) are
the systematic uncertainties with their corresponding standard deviations �k. �2

NL
is the

penalty for the non-linear detector response and will be discussed in more detail in Sec. VI.
As in Ref. [32], we included systematic uncertainties concerning the flux, the detector

e�ciency (which are normalizations correlated among all bins, i.e. Ni ! ↵Ni) and a bin-
to-bin uncorrelated shape uncertainty. The shape uncertainty is simply introduced as an
independent normalization for each bin in reconstructed energy, i.e. Ni ! ↵iNi.

In the next section we will discuss in detail how some experimental issues can a↵ect
JUNO’s ability to determine the neutrino mass ordering6. We will concentrate on the impact
of the real reactor core distribution, the inclusion of background events, the bin to bin
flux uncertainty, the number of equal-size energy bins of data and the detector energy
resolution. We leave the discussion of the dependence on the true value of the neutrino

5 The number of events includes the background events extracted from Ref. [32].
6 For a verification of our simulation, see Appendix C.
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FIG. 3. The e↵ects of the real reactor core-detector baseline distribution as well as of the two
types of backgrounds: from the distant reactors Daya Bay (DB) and Huizhou (HZ) as well as from
other sources (accidental, cosmogenic, etc.). Going from the ideal distribution (all cores at 52.5
km) with no backgrounds (blue) to the real distribution (Table III) with all backgrounds (dark
yellow) the �2

min[IO] goes from 14.5 to 9.1, i.e. a reduction of more than 5 units. Here “wo” is
abreviation for “without”.

Reactor YJ-C1 YJ-C2 YJ-C3 YJ-C4 YJ-C5 YJ-C6 TS-C1 TS-C2 DB HZ

Power (GWth) 2.9 2.9 2.9 2.9 2.9 2.9 4.6 4.6 17.4 17.4

Baseline (km) 52.74 52.82 52.41 52.49 52.11 52.19 52.77 52.64 215 265

TABLE III. The thermal power and core-detector baselines for the Yangjiang (YJ) and Taishan
(TS) reactors, see [50]. The total power is 26.6 GWth. The remote reactors Daya Bay (DB) and
Huizhou (HZ) produce background events for the neutrino mass ordering.

B. E↵ect of bin to bin Flux Uncertainties

There is uncertainty related to the exact shape of the reactor ⌫̄e flux, inherent to the flux
calculation. This uncorrelated bin to bin (b2b) shape uncertainty is included in our analysis
by varying each predicted event bin with a certain penalty. The primary purpose of the
TAO near detector is to reduce this bin to bin shape uncertainty, see [53].

The e↵ect of this systematic bias is shown in Fig. 4. The lines labeled “stat only” is
the same as the one labeled “real, all BG” in Fig. 3. We find �2

min
[IO] = 8.5, 7.1 and 5.6,

respectively, for 1%, 2% and 3%. When the b2b systematic uncertainty is not included, we
recall, �2

min
[IO] = 9.1. So if the shape uncertainty is close to 1% (the nominal value), the

sensitivity to the neutrino mass ordering is barely a↵ected. However, for 2% and 3% we see
a clear loss in sensitivity. This is because increasing the uncorrelated uncertainty for each
bin, makes it easier to shift from a NO spectrum into an IO one and vice versa. We use 1%
b2b in the rest of the paper.

10

Real Baseline Distribution + Backgrounds
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FIG. 8. Contours of �2
min[IO] as the oscillation parameters are varied: left panel varying (sin2 ✓12,

�m2
21
) holding (sin2 ✓13, �m2

ee) fixed at their best fit values, right panel varying (sin2 ✓13, �m2
ee)

holding (sin2 ✓12, �m2
21
) fixed at their best fit values. The red cross is the current best fit point

whereas the gray star is the value of the parameters used in [37] (also in [32]). Even for a variation
of about 3� around the best fit values of Tab. I, we see substantial change in the �2

min[IO]. Here
we use the nominal values for resolution, b2b systematics, number of energy bins and exposure
given in Tab. II and include all backgrounds.

VI. NON-LINEAR DETECTOR ENERGY RESPONSE

In a liquid scintillator detector, the true prompt energy, Ep, (positron energy plus me)
is not a linear function of to the visible energy, Evis, in the detector. The main energy-
dependent e↵ects are the intrinsic non-linearity related to the light emitting mechanisms
(scintillation and Cherenkov emission) and instrumental non-linearities. The non-linear
detector response can be modeled by a four parameter function [57–59] which relates the
true prompt energy to the visible detector energy according to

Ep =
Evis

fNL(a1, a2, a3, a4;Ep)
where fNL(a1, a2, a3, a4;Ep) ⌘

a1 + a2 (Ep/MeV)

1 + a3 exp (�a4 (Ep/MeV))
,

(11)

and the coe�cients (a1, a2, a3, a4) are determined by prompt energy calibration techniques.
We use the prompt energy scale calibration curve shown in Fig. 1 of Ref. [57], which can be
well described by the fNL given in Eq. (11) with

ā1 = 1.049, ā2 = 2.062⇥ 10�4, ā3 = 9.624⇥ 10�2, ā4 = 1.184 .

Then the true neutrino energy, E, is then constructed by E = Ep +�M .
To allow for deviations from this calibration, we use in our simulation the reconstructed

prompt energy, E 0
p, given by

E 0
p

Ep
=

fNL(ā1, ā2, ā3, ā4;Ep)

fNL(a1, a2, a3, a4;Ep)
. (12)
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FIG. 9. On the left panel we show the ratio between the reconstructed prompt energy E0
p and the

true prompt energy Ep as a function of the neutrino energy E, for �bias = 0.2% (yellow), 0.4%
(green) and 0.7% (red) and no penalty (magenta) for the best fit to IO for the NO spectra. In blue
we show the line for perfect reconstruction (no NL) as a reference. On the right panel we show the
changes to �2 caused by the addition of the corresponding �2

NL
.

VII. FLUCTUATIONS ABOUT THE MEAN FOR THE NEUTRINO MASS OR-
DERING DETERMINATION

It has been already pointed out that statistical fluctuations are important for JUNO, see
for instance Ref. [34] where they estimate the statistical uncertainty on ��2 by an analytical
expression and a Monte Carlo simulation. The calculation was performed just after the first
measurement of sin2 ✓13 by RENO and Daya Bay, under di↵erent detector resolution and
systematic assumptions. It is timely to reevaluate this here.

We have already shown in Fig. 2 that the di↵erence between the spectra for NO and
IO is smaller than the statistical uncertainty in each bin. We consider here the e↵ects of
fluctuating the number of events in each bin. We evaluate the impact of this fluctuations
on the mass ordering determination by performing a simulation of 60000 JUNO pseudo-
experiments for each exposure and obtain the distributions given in Fig. 10. To generate
this figure, we create a fake data set {N0

i , i = 1, ..., Nbins} using the neutrino oscillation
parameters in Tab. I. The fluctuated spectrum {N f

i , i = 1, ..., Nbins} is generated by creating
normal distributed random values around N0

i ±
p
N0

i . We analyze this fluctuated spectrum
for NO and IO and add the corresponding ��2

⌘ �2

min
[IO]��2

min
[NO] value to a histogram.

Note that here, because of the statistical fluctuations, �2

min
[NO] is not necessarily zero, so

��2 < 0 means �2

min
[NO]> �2

min
[IO], so the wrong mass ordering is selected in this case.

We use the nominal values for the systematic uncertainties and energy resolution given
in Tab. II for three exposures: 4, 8 and 16 years. The corresponding ��2 distributions are
shown in Fig. 10. These distributions are Gaussian (as was proven analytically in Ref. [43])
with corresponding central values ��2 = 3.4, 6.7 and 12.4 and standard deviations 3.4, 4.7
and 6.1, respectively. Our pseudo-experiments reveal that after 8 years in only 31% of the
trials JUNO can determine the neutrino mass ordering at the level of 3� or better. We
also find that there is even a non negligible probability (⇠8%) to obtain the wrong mass
ordering, i.e., ��2 < 0. For a shorter (longer) exposure of 4 (16) years, 5% (71%) of the

17
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FIG. 10. Distributions of the ��2
⌘ �2

min
[IO] � �2

min
[NO] values obtained in the analyses of

60 k trial pseudo-experiments where statistical fluctuations of the trial data have been taken into
account for three di↵erent exposures: 4 (green), 8 (red) and 16 (blue) years. We use the neutrino
oscillation parameters at the values given in Tab. I and take into account the experimental nominal
systematic uncertainties and energy resolution given in Tab. II.

pseudo-experiments rule out IO at 3� or more. In these cases in about 16% (2%) of the
trials the IO is preferred.

VIII. COMBINING JUNO WITH THE GLOBAL FIT

In the previous section we have shown that the significant impact of statistical fluctuations
on top of the detector systematic e↵ects, can make it very challenging for JUNO by itself to
determine at 3� or more the neutrino mass ordering even after 16 years. However, as was
shown in [31], muon disappearance experiments measure8

�m2

µµ ⌘ sin2 ✓12�m2

31
+ cos2 ✓12�m2

32
, (14)

whose relationship to |�m2

ee| is given by

|�m2

ee| = |�m2

µµ| ± cos 2✓12�m2

21
, (15)

the positive (minus) sign is for NO (IO). Therefore, by using muon disappearance measure-
ments we have a constraint on the allowed |�m2

ee|’s for the two mass orderings,

|�m2

ee| [NO]� |�m2

ee| [IO] = 2 cos 2✓12�m2

21
⇡ 0.06⇥ 10�3 eV2 , (16)

i.e. |�m2

ee| [IO] is 2.4% smaller than |�m2

ee| [NO]. Whereas, because of the phase advance
(NO) or retardation (IO) given in Eq. (4), the medium baseline reactor experiments give

8 In fact, there is a small correction to this definition whose leading term depends on

cos � sin ✓13 sin 2✓12 tan ✓23�m2
21 whose magnitude is less than 10�5 eV2. This term is included in all

numerical calculations.
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GLOBAL DATA:
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|�m2

ee| [IO] about 0.7% larger than |�m2

ee| [NO]. Of course, the measurement uncertainty
on |�m2

µµ| must be smaller than this 3.1% di↵erence for this measurement to impact the
confidence level at which the false mass ordering is eliminated. The short baseline reac-
tor experiments, Daya Bay and RENO, measure the same |�m2

ee| for both orderings with
uncertainties much larger than JUNO’s uncertainty.

This physics is illustrated in Fig. 11 where we show the allowed region in the plane �m2

21

versus |�m2

ee| by JUNO for NO (blue) and IO (red) after 2 years of data taking and the
corresponding 1� CL allowed region by the current global fit constraint on |�m2

µµ|. We see
that the global fit and JUNO NO regions overlap while the corresponding IO regions do not.
This tension between the position of the best fit values of |�m2

ee| for IO with respect to NO
gives extra leverage to the data combination.

Therefore, combining JUNO’s measurement of |�m2

ee| with other experiments, in partic-
ular T2K and NOvA, expressed by the current global fits, see Refs. [2–4], turns out to be
very powerful in unraveling the neutrino mass ordering at a high confidence level, as shown
in the left panel of Fig. 12 for 2 years of JUNO data. As we can see �2

min
[IO] combined

(green solid line) turns out to be about 16. As a result with only two years of JUNO data
taking the mass ordering is determined at better than 3� in 99% of the trials, see right
panel of Fig. 12. Of course, the actual value of �2

min
[IO] will depend on the value of |�m2

ee|

measured by JUNO and the updates of the other experiments used in the global fit. In

FIG. 11. The ellipses are the allowed regions for JUNO in the �m2
21

versus |�m2
ee| plane for NO

(blue, 2 and 3� CL) and IO (red, 2 and 3� CL) after 2 years. The best fit for NO (IO) is depicted
by a black star (dot). We assume NO here and the ��2’s are determined with respect to NO best
fit point. We use the neutrino oscillation parameters at the values given in Tab. I and take into
account the experimental nominal systematic uncertainties and energy resolution given in Tab. II.
We also show, as red (for IO) and blue (for NO) bands, the 1� CL allowed regions by the current
global fit constraint on |�m2

µµ|. Note, the not overlap for the allowed regions for IO.
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Summary:

• from Nu1998 to now, tremendous exp. progress on Neutrino 
SM:  more at Nu2022.  May 31-June 4, 2022


• LSND Sterile Nu’s neither confirmed or ruled out at 
acceptable CL: - ultra short baseline reactor exp.


• Great Theoretical progress on understand many aspects of 
Quantum Neutrino Physics:       - Oscillations, Decoherence, 
Osc. Probabilities in Matter, Leptogenesis, …..


• Still searching for convincing model of Neutrino masses and 
mixings: with testable and confirmed predictions !

—microBooNE


