Avalanches in elastic interfaces and sandpiles:
mean field theory and beyond

P Le Doussal collab: K.Wiese, A. Rosso

LPTENS A. Dobrinevski
M. Delorme, T. Thiery

- analytical calculations from first principles of avalanche observables

precise predictions, test numerics (and experiments!)
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ll. avalanche dynamics: mean field theory and Brownian Force Model (BFM)

- Results from BFM and ABBM: shape, size-duration, local sizes, g-asymmetry
- scaling relations, avalanche exponents, distribution at one loop and beyond

- shape at one loop: fixed duration, fixed size

lll. towards a unified theory of avalanches in sandpiles and interfaces !
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d
elastic interface: z(if) F(z,u)F(z',u') = §(z — &) Ao(u — )

nodu(z,t) = Vau(z,t) + m*(w(t) — u(z,t)) + F(u(z,t), )
Long-range elasticity = mw driving force Ly ~1/m
m — 0 critical

(=V2 +m?)u(z) — /dd:c’c(:c,:c’)u(:c’) SR v=2 dy.=4

C(Q) — (q2 + /-1’2)7/2 C(O) = m2 LR v = 1 dyc=2



d
elastic interface: i(i,};) F(z,u)F(z',u') = §(z — &) Ao(u — )

nodeu(z,t) = Vau(z,t) + m*(w(t) — u(z,t)) + F(u(z,1), )

9 .
Long-range elasticity f=m”w driving force m not renormalized
(—Vz +m?)u(z) — /ddw’c(f”"”,)“(x,) SR 7=2 dy.=4 drive fixed distance
from criticalit
C(Q) — (q2 + /-1’2)7/2 C(O) = m2 LR v = 1 dyc=2 4

Middleton theorem - monotonicity (%:to) 20 Vx _, (1) =0V
w(t) >0 Vit >t Vt > tg

c(xz,z') <0

V(z,2' £ ) - partial order, memory loss, Middleton states

if driven forward from infinite left , stopped driving at w

w(t) interface converges to Middleton state U(:E; w)
A i unique leftmost metastable state (for a fixed w)
w u(x,t) =00 u(x;w)
t

g u(w) = L_d/wu(w, w)

should be tested in experiments (when possible!)
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w(t) = vt v— 0" - “
N ik



deﬁnition of ava|anche = motion from a Middleton state to “the next one”

- smooth disorder discrete set W;  y,,, —w; ~ L~¢
size S = [ da(ulawl) —u@,w) = Lu(w]) — uw))

u(w) /[ u(w' > w) p(S) =) 8(S—Si)d(w—wi)  S> 5
- rough disorder: avalanche any small scales

u Wi Wit1

A
- Avalanches in steady state: N
w(t) = vt v— 0" - )
i \\\ — V[ “‘.
10 20 W = ’l_)t

- Avalanches following a kick: W(t) = wd(t)

at rest in Middleton state u(w=0) at t<0 o v‘
o g W\
A w(t) S = Ld/ w(t)dt = L*(u(w) — u(0)) MJ |
0 ST
w oooooooooooo *wﬂw ..... ‘f .f. \!.mm ........
y in limit w=0A+ same as steady state avalanches
0 = > p(S) = 0w Puy(S)|w=0+




Functional RG and field theory PLD, EPL (2006)  PLD, KW, EPL (2007)

c Alw) = Ap(w)

(u(w) — w) (u(w) — w') =m *LA(w — w')

renormalized disorder

A lat
A (W) ~m_so m€_2CA*(me) correlator

obeys a differential FRG equation
FRG fixed point: as m is varied



Functional RG and field theory PLD, EPL (2006)  PLD, KW, EPL (2007)

Alw) = Ap(w)

renormalized disorder

A lat
A (W) 2m_yo M2 A* (wm®) correlator

(u(w) — w)(u(w) — w") =m *L¢A(w — ')

obeys a differential FRG equation
FRG fixed point: as m is varied

A*(v) = edq(v) + €2da(u) + .. € =dy.—d

~

All universal observables can be obtained in perturbation in  A™(u) ie.in €

Allows to calculate depinning critical exponents: two independent exponents

Ferrero (2013)

u ~ QZC SR (= %(1+0.1433e) e=4—d SRd=1 ¢ =1.250 £ 0.005

Z LR 0.39735¢ e=2—d z =1.433 £ 0.007
xr~1

) LR d=| predicts 0.4 confirmed numerics
2=2- g 0.0432¢°

Rosso, Krauth C = 0.39..

fracture: Ponson, Santucci,..

—0.1133¢2



FRG fixed point at depinning: numerics and experiments

. . 14
numerics: interface 4 s
_ _ _ + RF m=0071, L =512+ [
driven quasi-statically os* RBm =007, L =512rx:  ©
- 0.004 +
. * 0.002 |
by quadratic well o6 % ORI
™ *t* >|7 -0.002 ji
A. Rosso,PLD,KW = % Ol
04 I * > ggg: I;f ,f RF m = 0.071, L = 512
condmat/0610821 ", oo1 [ ErGE 2 igop dymamics
% ¥4 g 2-loop statics« -
02 |k "y 0012 | B
*"wm oo, 1' > 3 4 5
0 L L *WMWW “
Aw) i ] 2 3 4 5
o A
A©) 0 _
10 ; contact line experiment:  E. Rolley, S. Moulinet, PLD,KW

EPL, 87 (2009) 56001

Fig. 6: Inset: The disorder correlator A(w) for iso/Si at v = 1pm/s
up to w = 35um, and then at v = 10pm/s for w > 35um, with
error-bars as estimated from the experiment. Main plot: The rescaled
disorder correlator A(w)/A(0) (green/solid) with error bars (red).
The dashed line is the 1-loop result from equation (6).
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Avalanches : Two characteristic scales:

(52)  |A'(0*)]

large size cutoff: Sm = —— ~ C m_(d+C)
; ™ 0(8) m* S
relaxation time of Nm .
large avalanches: Tm — 5 >~ C+MT
(e’

from linear response function
at q=0 and small frequency

1/Ry . > q° + m? + iwnm, + ..

1 _ i
Nm  Of
o
Sm — T
Mean field : m#4
log(m) corrections in d=d_uc
d Z duc )
Tm — &

15



avalanche size density  p(.S) = po P(S) £0 <S> — Ld smooth disorder

S
p(S) = B Puy(S) o (S) = L—,jp(S/Sm) P(S) = {5) (S/Sm)
S 52
FRG yields d=d,.  pmr(s)= S——

2fs3/2



avalanche size density p(S) — pOP(S) £0 <S> — Ld smooth disorder
L (5)
2 S2.
FRG yields d=d PMF(S) = ! e /4
2y/ms3/2 vg = 0.577216
_ . _2—37}36
d=4—¢€ (S) B A 1 031/2_%35 A=1-"
W Bo1+ 20+ 1)
9 4
d = 1 C = ﬁ
1 avalanche exponent: )
- €
= -:r*:+-+r++_+.+_—*ﬁ--4;#_de%:|‘* 3 € 5 — ]_ —|— —_
0.1} = 6
| ) 2 12
® 001 ¢ . ! agrees to (J(e) with Narayan-Fisher conjecture
® 0,001 ) 2
. L=1000m=0.01  + | Teonj =
 L=2000 m=.005 |
0.0001 £ 4000 me0.02 1 ] d+¢
B sivcd S s ol —=1.08 £ 0.02
fe0p b —— 0 2B
1e-05 0.0001 0.001 001 01 1 10 NF=1.11

S



Mean-field theory of avalanche dynamics
for driven interfaces



mean field theory of elastic interfaces:
the Brownian Force Model (BFM)

“theorem”: -for d > dy. the joint velocity distribution of all ’ll(:l?, t)
in an avalanche are described by the BFM

single avalanche, monotonicity v — 0" w =0"
large scale, only velocity, not position NOT a MFT for depinning

- for d < dyc the joint velocity distribution can be obtained in perturbation
around the BFMin d =d,. — €

BFM  ndsu(z,t) = Viu +m?(w(t) — u(z,1)) + Vi(z, )€(z, 1)

() =0 5(33, t)f(:l?’, t,) — 205(1(33 o CIZ,)(S(t o t,)
u(x,t) >0




mean field theory of elastic interfaces:
the Brownian Force Model (BFM)

“theorem”: -for d > dy. the joint velocity distribution of all ’ll(:l?, t)
in an avalanche are described by the BFM

single avalanche, monotonicity v — 0" w =0"
large scale, only velocity, not position NOT a MFT for depinning

- for d < dyc the joint velocity distribution can be obtained in perturbation
around the BFMin d =d,. — €

BFM  ndsu(z,t) = Viu +m?(w(t) — u(z,1)) + Vi(z, )€(z, 1)

(t) 2 0 &z, ), t) = 206%(x — 2')5(t — 1)
Wz, t) 2 0 oc=-A0") =0,
renormalized disorder

Mo — NMm

log(m) diverg.at d_{uc}

- interface does not “revisit”’ same disorder

- renormalized disorder is rough (cusp) and locally Brownian

A(0) — A(u) = olu| + O(A"(0)) -

neglect, higher order in €



mean field theory of elastic interfaces:
the Brownian Force Model (BFM)

“theorem”: -for d > dy. the joint velocity distribution of all ’[L(ZE, t)
in an avalanche are described by the BFM

single avalanche, monotonicity v — 0" w =0"
large scale, only velocity, not position NOT a MFT for depinning

- for d < dyc the joint velocity distribution can be obtained in perturbation
around the BFMin d =d,. — €

BFM  ndsu(z,t) = Viu +m?(w(t) — u(z,1)) + Vi(z, )€(z, 1)

(t) 2 0 &z, ), t) = 206%(x — 2')5(t — 1)
Wz, t) 2 0 oc=-A0") =0,
renormalized disorder

Mo — NMm

log(m) diverg.at d_{uc}

time derivative of exact equation of motion +/u(x,t)¢(x,t) = 0. F(u(z,t), x)

Ot F (u(z,t), )0y F(u(z’,t'), ') = u(x,t)0p0uF (u(x,t),z)F(u(x’,t"),z')

= Az, t) A (u(z,t) — u(z,))0%z — ') = a(z, )y A'(0)sgn(t — t')6%z — ') + O(A") +..

neglect, higher order in €



dynamical action:

S =So + Sais
SO — / ﬁxt(nat — V?B + mz)rdazt
xt
1 _ ,
Sais = —3 Umtumt’atat’A(v(t_t ) + U:ct_uxt’)-
xtt!
expansion in derivatives: OOy A(v(t — 1) + gt — Uger)
— (’U -+ ’L.l,wt)at/A/(’U(t — t,) + Uqrpt — u:z:t’)
— (’U + umt)A'(O+)8t/sgn(t — t,) + ...
this is BFM
.
Sdis -7 «[vtt’ 'U':rtuxt(v + U'xt) (302) A(U) — —O'|U| + Areg('lt)

1 .. . :
" 5/ ligt iy (v-+itgr) (v-+iiar ) Al (v(t—t ) Ftizrrr)
xtt’

T

this is small, arises to O(d_c-d)



exact solution of BFM:

noyi(x,t) = Vi +m?(w(t) — u(z,t)) + /u(z, t)é(x, t)

| - center of mass obeys ABBM model : Lou(t) = /ddzz: u(zx, t)

nd,LYu(t) = m?(L%i( )+ \/La(t)

Fokker-Planck equation methods



exact solution of BFM:

noyi(x,t) = Vi +m?(w(t) — u(z,t)) + /u(z, t)é(x, t)

| - center of mass obeys ABBM model : Lou(t) = /ddrz; u(zx, t)

nOL%i(t) = m*(L%i(t) )+ y/ L4a(®)
Fokker-Planck equation methods

|l - exact formula for generating function (Laplace transform of multi-point correlations)

Obtained from dynamical field theory, MSR action

dizdt(z.t)u(z,t) _ [ dixdtf(z,t)i(z,t)
] A @DURY = ¢ () = mPi(t)

t(x,t) solution of the “instanton equation” :

(n0 + Vf, — m2)u + o0’ = —A(z, 1) i(z, +00) = 0



BFM: center of mass observables following a finite kick ~ W(t) = wd(t)
, T o LixS _ ,m?L%wi
- size distribution g :/0 dti(t) Az, t) = M\0(t) e = e
—m’i 4 ot® = —\
dimensionless units Ld .
w _(S—wL%) - “single” avalanche regime
m4 2ﬁ53/ - fixedw L — o0
converges to Gaussian
L@ g independent avalanches along x
p(S) = 0w Pu(S) A~ 5T T =3/2

=0t = 0 /mS3/2°



BFM: center of mass observables following a finite kick ~ W(t) = wd(¢)
: C . o0 La\NS __ m? L%wa
- size distribution S :/ dtu(t) )\(.’E, t) _ )\H(t) & = €
: —m2ii + oi® = —\

dimensionless units

d
o P (S) ’UJL e~ (S_Z“;d)z - “single” avalanche regime p
= — — w~ L~
Sm m4 W 2ﬁS3/2 - fixedw L — o0
converges to Gaussian
L@ g independent avalanches along x
p(S) = OwPu(S)|lw=0+ = 2ﬁ53/26 P~ S5 T=23/2
djc T

- duration distribution P T — wLe~wL"/(e” —1) -fixedw L — 00

Lnics o w( ) o 4 Siﬂhz (T/2) converges to Gumbel

Tm = W maximum of w LAd independent events
Ld

4 sinh?(T'/2)



BFM: center of mass observables following a finite kick ~ W(t) = wd(¢)
: C . o0 La\NS __ m? L%wa
- size distribution S :/ dtu(t) )\(.’E, t) _ )\H(t) & = €
: —m2ii + oi® = —\

dimensionless units

d
o P (S) L /UJL e~ (S_Z“;d)z - “single” avalanche regime [
Sm:m W 2\/7?33/2 -fixedw L — o0 v
converges to Gaussian
L@ g independent avalanches along x
S) = O Py (S w= — 4 8T —
P8) = OuPalS)umoe = 5 eame ¥ ~ ST =32
d /T
- duration distribution P, (T) = wLe~wL"/(e” —1) -fixedw L — 00
w o 1.2 converges to Gumbel
- U 4 sinh”(7T'/2 5
units - 7, = W ( / ) maximum of w LAd independent events
(T) i= 0 Py (T) & T
= —0+= ~ 1 o= 2
P WA 0T Y sinh®(T/2)
: t : T—t : T—1
- shape at fixed duration  rdz;, = 4sinh(3)sinh(757) w(Smh(T) >
sinh (%) sinh (%)
symmetric for w->0 skewed to beginning at finite w
-10int PT) 5 o7 coth(T/2) — 4 ~ T2 v =2 ~T  largeT



BFM: local or g-dependent observables

local size distribution

g% = / dz(2)S ()

example

S(’b — /dd_lzzszl:O,m

L 2
¢\ — ¢ _ —T
p(8?) = ——p(S/Sh) p(s) = —K1/3(2s/V3) ~ 57T
(S m) s 4
Td — =
? 73
finite g- asymmetry
'il-_T Q'l.l'q,tlﬂ'—q.tl’l.l'T 9
A Alty) = ==Lt 20 12
\ 115} U_T/2Uq,0U—q,0UT /2
\\ i
\\
\\ 110k FIG. 7: Plot of the asymmetry ratio A defined in equation (291). The
\\ - different curves are for ¢> = 0 (solid gray), ¢ = 0.2 (dotted red),
\\ ¢> = 1.703 (dashed blue), and ¢*> = 10 (dot-dahed, green). The
. 1050 maximum of A at t; = —7'/2 is attained for ¢*> = 1.703 (dashed
e RN - blue) The plot is for 7" = 1.
e
L .""lll'i'd;-‘"‘,n 18]
—04 —02 0.2 04 = T




Beyond Mean-field theory



First step beyond MFT: Generalized Narayan-Fisher relations

idea : densities upon varying f(x,t) have a m=0 limit
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p(S) = awa(S) |w:0+ density of avalanches per unit w w(t) o wé(t)

look instead at density of avalanches per unit force f = m2w

p(S) = 05 Pu(S) w0t = —50(S)
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First step beyond MFT: Generalized Narayan-Fisher relations

idea : densities upon varying f(x,t) have a m=0 limit

p(S) — 8wa(S) |w:0+ density of avalanches per unit w w(t) = UKS@)
look instead at density of avalanches per unit force f = m2w
1

pf(S) — afp’w(s)‘w:m- — WP(S)
Now, assume that ,Of(S) has a finite limitas m — 0 ,Of(S) — AS™7

Ld equivalent to say that pg ~~ m?
T—2 2
= S ~ m T =2

p(S) — S_gp(s/sm) 9

Sm = csm™ 4T p(g) ~ 7T d—+ ¢

more general: e.g. local sizes exponent

2
Pf = P T¢:2

) de +
af'mtef“ Aottt =0 = (flat) S[a.aA] ¢ C

has m=0 limit TMF,d—1 — 4/3




distribution of velocity in an avalanche

Consider stationary driving

w(t) = vt
- Mean-field (BFM) gives (dimless units)

( . tot)— 1+ L%

U . tot

P.(z toty _ —Uu
A S
Ld tot
(") = 0y Py (") y=o+ = tot e

,at ot

= L% = /ddx u(x,t)

areal velocity has units

tot __
V%" = S/ Tm
- regime

v~ 1/Ld transition
“ABBM”’:

ve = 1/L°

interface still stops at discrete times
,&tot _ Ld’U + Ld/2§

2

P ~e s

v < Ve

- fixed v large L:



distribution of velocity in an avalanche

Consider stationary driving

w(t) = vt
- Mean-field (BFM) gives (dimless units)

(utot)—l-i—Ldv oo

P.(z toty _ —U
A S
Ld - tot
p(a*") = Oy Py(U*%) [y=o+ = tot e

- Beyond mean-field:

: L@
restoring units: p(utot

,at ot

= L% = /ddx u(x,t)

p(,&,tot) ~ (,&,tot) —a

) = (,Utot)zp(’& * [V )

areal velocity has units

tot __
vm T Sm/Tm
CreEme oy~ 1/ L%  transition ]
ABBM”: oo = 1/L
V < V. interface still stops at discrete times

,&tot _ Ld’U —|—Ld/2§

52

P() ~e s

- fixed v large L:

velocity exponent  ayr =1

2

we have calculated p(u) 5 =1 — Z¢
9

to one-loop



distribution of velocity in an avalanche

Consider stationary driving gtot — rdg — /ddaz iz, t) areal velocity has units
_ tot
w(t) = vt it = S, [T
- Mean-field (BFM) gives (dimless units) .
- regime d "
) - v~1/L% transition ;
- tot\—1+ L% ABBM™: Ve = 1/L
P (gtot) — (@) —qtot
(% (’U, ) — F(Ld’U) € V < V. interface still stops at discrete times
rd - fixed v large L: 1t = L% + Ld/2§
L) = B, Py (i) g = ——e ¢
vl v v= tot P(g) ~ e 2

- Beyond mean-field: p(’&tOt) ~ (’[LtOt)_a velocity exponent  ayp =1

d
restoring units:  p(410%) = ft 2p(ut0t/vfgt) we have calculated p(u) ;-1 _ ge
(v53") to one-loop
GNF argument: TR , )
a—
p(i™) = 9P, e = (U )T vmT = g
has m=0 limi . d+(—z
as m=u fimit |-loop agrees with GNF
. 2
More: local velocity exponent ag =2 —
de +C—2




Long Range elasticity: c(q) = (q2 + /L2)7/2 ,u’y — m2
_ 4 —(d+¢) _ 2 —Z
Sp=0u/p” ~ p Ty = Nu/W" ~
, T—2 2 B
generalized NF: SM ~ m T = 2 d+C

P(S) P(Ss) P(T) P () P(us)

ST S, ¢ T T i, ¢
short-ranged elasticity (SR) | 7 = 2 — % T = 2 — ﬁ vy=1+ d_gﬂ a=2-— d-}-CL—z ag =2 — #
long-ranged elasticity (LR) | 7 = Flc Te = & — dd,1+c y=1+ d“;“ a=2-— d+é_z as =2 — ﬁ

dll ¢ z T Té o a as | v
1| 1.25] 1.433 || 1.11{ 0.4 | 1.17| —0.45| 12.9| 1.57
SR| 2{| 0.75| 1.56 || 1.27| —0.67| 1.48| 0.32 | 4.47 | 1.76
31(0.34| 1.74 || 1.40] —3.88| 1.77| 0.75 | 3.43| 1.92
LR| 1| 0.39| 0.74 || 1.28] —0.56| 1.53| 0.46 | 4.86 | 1.88
2 1.6

TABLE II: Critical exponents obtained via the scaling relations. For
the localized avalanche exponents we consider a point, ds = 0.
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Shape at fixed duration
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independent of m,T




Shape at fixed duration S = cgm (@10

m — 0 .
, S t T Tm = Cr M
Ld <u>T = —— 3( ) )
™T™m Tm Tm
d
- short time near beginning ¥ << 7, Ld <U>T ~ t’Y—l Y= + C
Z

independent of m,T

- universal form both short times 1 <K Tm

Mean-field: SMF(t,T) — 2T£E(1 — £E) L = t/T
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Fig. 1: Diagrammatic representation of the 1-loop corrections
to the shape at fixed duration (28) (similarly for (34)). Solid
lines are response functions, doubled for dressed ones, defined
in [27]; they account for the non-vanishing expectation of
in Eq. (13). Dashed lines are g-vertices, the other vertices are
o. Internal times and the loop momentum are integrated over.
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independent of m,T <

- universal form both short times 1 <K Tm

Mean-field: SMF (t, T) = 2T£E(1 — x) L = t/T

Beyond mean-field: S(t, T) — 2(T£B(1 — $))7_1f(33)



Shape at fixed duration S = cgm (@10

m — 0 .
. Sm t T Tm = C+MTN
Ld<u>T — 3( 9 )
™ Tm Tm
d
- short time near beginning ¥ << 7, Ld <U>T ~ t’Y—l Y= + C
independent of m,T <
- universal form both short times 1 <K Tm
Mean-field: SMF(t,T) — 2T£E(1 — £E) L = t/T
Beyond mean-field: S(t, T) — Q(Tx(l — x))'y_lf(x)
(S ~ T B _16 Eh SR:i e=4—d  dy,=4
f(z) = N exp( dye 9 (z)) LR: e=2—4d dye = 2

c= 2/0 dr(x(1— )" f(x)

l—xz, xln(2z) (x+1)In(x+1)

hz) = Lia(1 = 2) — L (=5 =)+ = 7 + =

2
Nep = e—§(-1+75= 5 —2(1n2)?)



1 d+¢

s(t,T) ~ T Mzl —2))" ' exp(A(z — 5)) 1T
A SR: d =1
A = —0.084031—-—c¢ h'(1/2) v=1o7=£001
duc Yiloop = 2 — g ~ 1.66

Evolution of the average avalanche shape
with the universality class
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L. Laurson et al. Nat. Commun. 4 (2013) 2927

QEW numerics SR elasticity d= I A — 008
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Lasse Laursont, Xavier llla2, Ste’phane Santucci3, Ken Tore Tallakstad4, Knut Jorgen Malay4 & Mikko J. Alavai

L. Laurson et al. Nat. Commun. 4 (2013) 2927

QEW numerics SR elasticity d= I A — 008
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Normalized shape minus normalized MF shape

solid lines: theory

MF points: numerical simulation
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Shape at fixed size

Mean-field: fo(t) = oe " , Y =2

Long range, no eddy currents
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independent of m
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Shape at fixed size

6(0)s = - (2-) fcn (s;)i> [ 58 — 1
Mean-field: fo(t) = 2te™"

Beyond mean-field:

f(t) = folt) = 50£(t) . v=2-73 [ dt S f(t) =0
i) = 2o [W (262 4 1) erfi(t) + 2vg (1 — £2) — 4

3
— 217 (2t + 1) oF (1, 1; 5 2;t2>

— 2t (ﬁt erfe(t) — Ei (—t°) )] .



F(t) 2o 240071

Fig. 3: The shape at fixed size, as given by Eq. (37). Mean
field (black solid line). The remaining curves are for ¢ = 2:
small S/S,, = 07 limit (red dashed) and S/S,, = 1, 10, 30
(green dot-dashed, cyan dotted, and blue dashed).
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ABBM model + relaxation:

m'/,(t)+a/ ds f(t—s)u(s) = F(u(t))+m*|w(t)—u(t)].

— 00

Middleton OK => avalanches sizes unchanged,

splitted in subavalanches (aftershocks)
<u(t)|S>

exactly solvable
by the “instanton” equation

analytical calculation of
the shape at fixed avalanche size
for exponential kernel

asymmetry in shapes (Zapperi
et al.) in Barhausen noise from
eddy currents



From sandpiles to interfaces
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y n.neighbors



Sandpile models integer height z(x,1)

1) BTW model xtopplesif z(x,t) > z. 2(z,t+1) = z(x,t) — 2d

Ze =2d—1 Z(y,t—l—l):Z(y,t)—l—l
y n.neighbors

? periodic depinning, CDW Narayan Middleton (1994)
Fedorenko,PLD,Wiese (2008)



Sandpile models integer height z(x,1)

1) BTW model xtopplesif z(x,t) > z. 2(z,t+1) = z(x,t) — 2d

Ze =2d—1 Z(y,t—l—l):Z(y,t)—l—l
y n.neighbors

? periodic depinning, CDW Narayan Middleton (1994)
Fedorenko,PLD,Wiese (2008)

2) Stochastic sandpiles - rice pile model  z.(x) random
same rule chosen at each toppling

- Mannamodel z.=1 two grains given

at randomly chosen neighbors y



Sandpile models integer height z(x,1)

1) BTW model xtopplesif z(x,t) > z. 2(z,t+1) = z(x,t) — 2d

Ze =2d—1 Z(y,t+1):Z(y,t)—|—1
y n.neighbors

? periodic depinning, CDW Narayan Middleton (1994)
Fedorenko,PLD,Wiese (2008)

2) Stochastic sandpiles - rice pile model  z.(x) random
same rule chosen at each toppling

- Mannamodel z.=1 two grains given

at randomly chosen neighbors y
Manna class

? (random field) depinning, interface Paczuski, Boettcher, (1996)
Alava Lauritsen (2001) ...

toppling <=> activity

common framework = absorbing phase transitions



1) directed percolation (DP)

fy Iy : I o
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seed
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1) directed percolation (DP) -

i o o ROREI A SRR t ° |

B death diffusion offspring coalescence
. . . ~ — —VL ~ — |
inactive phase active phase L~ pp) i~ =pe)

upper-critical dim. dc=4

Orp(x,t)=ap(x,t) —bp(x,1)* + V3p(x,t) +n(z,t)V/ p(r,t)

(n(z, t)yn(z’,t')) = 64z — 2")o(t — t')




1) directed percolation (DP) -
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upper-critical dim. dc=4

Orp(x,t)=ap(x,t) — bp(x,t)> + Vp(x, 1) +n(z, )/ p(z, 1)

+ vp(x,t)p(x, t) (n(e, tyn(a’, #)) = 5*(z —)3(t ~ 1)

(975 gb(l’, t) :(VQ — 7712),0(213, t) infinite number of absorbing states
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conserved” directed percolation (C-DP) conservation of number of grains



1) directed percolation (DP)

ty Iy Iy t o

B death diffusion offspring coalescence
. . . ~ . — UV ~ L —I/”
inactive phase active phase L~ pp) i~ =pe)

upper-critical dim. dc=4

Orp(x, t)=ap(x,t) = bp(x,t)* + V3p(x,t) +n(z, )/ p(z, 1)

+ vp(xz,t)o(x,t) (n(z. thn(a’ 1)) = 6%(x — 2")5(t ¥

&%jﬁ(l’, t) :(VQ — mQ)p(x, t) infinite number of absorbing states

€ b} . . : f .
conserved’ directed percolatlon (C-DP) conservation of number of grains

conjecture: Manna class <=> C-DP Vespignani, Dickmann, Munoz, Zapperi (1998)

C-DP effective field theory for Manna sandpiles Bonachela, Alava, Munoz (2009)
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2
] . ] .F($,t)=p($,t)—¢($,t)— arm
define force and velocity fields g
pla, t):=u(z,1) . interface height
| IS total number of topplings
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C-DP maps exactly to interface depinning !
PLD, K. Wiese arXiv 1410.1930
Orp(,t)=ap(z,t) — bp(x,t)* + V=p(z, 1)

+n(x, t)\/ p(x,t) +vp(z, t)o(z, t)
Orp(x,t)=(V* —m?)p(z, 1) .

2
] . ] .F($,t):p($,t)—¢($,t)— arm
define force and velocity fields g
pla, t):=u(x,t) . interface height
| IS total number of topplings
along the line v = b Fai(z.t) = F(u(z,t),2) u(z,t) — u(z,t = 0) = f(f dt’p(x, t)

Opu(z,t) = [V2 — m2]u(~”€a t) + Flu(z,t),z) + f(x) guenched random force landscape is

Orstein-Uhlenbeck process
OuF(u,z) = —yF(u,z) + 1(z, v)

F(u,z)F(u, 2") —)Wuﬁu/>>15d(x — 2" Ao(u — u')

. : : —|ul
=> a single BIG universality class for: Ag(u) = c
2y
- interface depinning (quenched edwards wilkinson)
- stochastic sandpile models => same (avalanche, transition..) exponents !

- conserved directed percolation (reaction-diffusions etc..)



Conclusion

- precise theory avalanches for elastic interfaces /with Middleton theorem
- correct MFT is BFM, reproduces ABBM for center of mass, L,w dependence

- exact solution BFM using instanton equation: many observables for
arbitrary non-stationary driving w(t), finite q assymetry etc..

in progress: many more observables, spatial shape, P(l),

other joint distributions, LR elasticity etc.. M.Delorme 1.Thiery

- beyond MFT: scaling relations avalanche exponents

lloop calculation of scaling functions of many observables
avalanche shape at fixed T, at fixed S U-shape, joint S, T, second shape etc..

in progress: avalanche correlations T.Thiery

- open questions: finite v, non-monotonous, away from Middleton, etc..

- FRG for stochastic sandpiles, reaction-diffusion models, epidemics ..
- generalizations, stochastic PDE for quenched KPZ, glasses, yielding?

- BTW sandpiles <=> periodic depinning ??
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