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Measurement of the fractal 
dimension of fracture surfaces 

Fracture energy vs 
fractal dimension 



A powerful predictive theory: 
Linear Elastic Fracture Mechanics 
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Predicting the stability of cracks in an idealized elastic homogeneous solid 
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But no hint on the actual value of fracture energy Gc 

A powerful predictive theory: 
Linear Elastic Fracture Mechanics 

A.A. Griffith 1920 
J.R. Rice 1968 

Predicting the stability of cracks in an idealized elastic homogeneous solid 

Silica glass Paper Aluminum 

Fracture energy 7 J/m2 100 J/m2 10 kJ/m2 



Let’s have a closer look at the tip of cracks 
Crack in a paper sheet 
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5 mm 

 pz ≈ 2mm

 pz ≈ 5nm
Crack in an aluminum alloy (SEM) 

 pz ≈100µm

LP and E. Bouchaud 2014  

Crack propagation as a damage coalescence process taking 
place within some fracture process zone at the crack tip 



Statistical properties of crack roughness 
as a probe of the microscopic failure 

processes… 
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as a probe of the microscopic failure 
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Goal: Providing a statistical description of the roughness of cracks 
 

         Using it for (i) exploring the dissipative failure mechanisms 
                 (ii) tracing back the history of the failure of a material 
          



Outline: 

1- Roughness exponents: A signature of the failure 
mechanisms? 

Persitent vs anti-persitent crack paths 
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Outline: 

1- Roughness exponents: A signature of the failure 
mechanisms? 

3- Application: Measuring material toughness from the 
post-mortem analysis of fracture surfaces  
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The roughness exponent as a signature of 
the failure mechanisms  
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ζ = 0.65
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Drawing paper

J. Kertész et al. 1993, T. Engøy et al. 1994, S. Santucci et al. 2007 

Interpretation of the value of the 
exponents: Crack paths in 2D thin sheets  
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Corps du rapport. 
 

 Préambule. 
 

Avant   d’attaquer   le   travail   effectué   pendant   le   stage,   je   vais   décrire   rapidement   dans   un  
premier temps le polystyrène, puis ensuite la machine de traction électromécanique 
indispensable à mon stage. 

I. Le polystyrène.  
 

Le  polystyrène  est  un  matériau  synthétique  que  l’on  obtient  par  polymérisation  du styrène, 
un  monomère  produit  à  partir  du  pétrole,  mais  que  l’on  peut  aussi  retrouver  dans  certaines  
plantes. On distingue plusieurs sortes de polystyrène : 

- Le polystyrène cristal. 
- Le polystyrène choc. 
- Le polystyrène expansé. 

 

 

Polystyrène expansé. 

 

Le polystyrène utilisé dans le cadre de ce stage est le polystyrène expansé. Il est conçu via 
pétrochimie. On mélange un gaz (butane ou propane en règle général) avec du polystyrène 
cristal (dont je ne détaillerai pas le procédé de fabrication). Des perles de polystyrène cristal 
injectées dans des pré-extenseurs. Le butane va alors les   faire  gonfler   jusqu’à  50  fois   leurs  
volume   initial   sous   l’effet  de   la   température  et  de   la  pression.  Elles  sont  ensuite   introduits  
dans des moules où les perles expansées vont  alors  s’agglomérer  et  « se coller » entre elles et 
prendre la forme du moule.  On  peut  alors  créer  à  l’aide  de  ces  moules  n’importe  quelle  forme.  

Fracture profile of a sheet of expanded polystyrene 

Key 
assumption:  
 pz << dgrain
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Interpretation of the value of the 
exponents: Crack paths in 2D thin sheets  

Δh ~ δxH 

with H ≈ 0.5 

LP et al. 2014 

Simulation of the process of crack propagation via cohesive zone model 
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based models 
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The materials 
One representative sample of each major class of failure mechanisms 

(a) Ductile: aluminum alloy (4% copper) 
(b) Quasi-brittle: Mortar 
(c) Brittle: Glass ceramics 

Beyond the value of the roughness exponent: 
Full statistics of fracture surfaces Materials

A sample per main fracture behavior:

(a) Ductile: Aluminum alloy (4 wt% copper)

(b) Quasi-brittle: Mortar

(c) Brittle: Sintered glass beads ceramic
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Origin of the fat tail statistics?  

Abnormally large 
height fluctuations 

Where are these steep cliffs 
located on the fracture surface? 

Aluminum alloy 



Spatial organization of the largest fluctuations 

Operator 

We consider the full fracture surface, described by a height field h(x), function of a two-

dimensional in plane vector x. Our first step is to introduce a quantity ωε(x) that measures the

intensity of the local height variations of the fracture surface on a scale ε:

ωε(x) =
1

2
log

(
〈δh(x, δx)2〉|δx|=ε

)
− Ωε, (1)

where δh(x, δx) = h(x+δx)−h(x) is the local “slope” of the surface in the direction δx, and Ωε is

chosen such that the average of ωε(x) over all x is zero. Note that the average of the slopes is done

over a circle of radius ε. This new field ωε(x) has several interesting properties, like isotropy and

robustness to measurement artifacts. Maps of ωε for three different fracture surfaces are presented

on the lower panel of Fig. 1 and compared with the original off-plane height map h in the top panel.

The three sample fracture surfaces are selected from materials showing a wide range of fracture

behavior, namely an aluminum alloy, a mortar, and a sintered glass beads ceramic. Strikingly, the

largest values of ωε (lighter grey), corresponding to steep cliffs on the fracture surface, are spatially

correlated and form a network of rough lines for the aluminum and the mortar fracture surfaces.

For the ceramic fracture surface, smaller patterns are visible.

The visually correlated patterns in Fig. 1 can be quantified by computing the spatial correla-

tions of ωε, which we further average over all directions,1 i.e. Cε(δr) = 〈ωε(x)ωε(x+δx)〉x,|δx|=δr.

This quantity is shown in Fig. 2 as a function of the distance δr for different observation scales
1We assume, for simplicity, that fracture surfaces are statistically isotropic. This is only approximately correct,

since the one expects the roughness in the direction parallel to the crack propagation and perpendicular to it to be

different.29 The extension of our results to a multifractal Family-Vicsek scaling, relevant to describe anisotropic frac-

ture surfaces on short length scales, is left for a future study.

3

Aluminum (ε = 3µm) Mortar (ε = 50µm) Ceramics (ε = 50µm) 



Qualitatively: For the aluminum and mortar 

For the ceramics 
Large scale features, long-range correlation of ω 

Absence of large scale features 

Spatial organization of the largest fluctuations 

Operator 

We consider the full fracture surface, described by a height field h(x), function of a two-

dimensional in plane vector x. Our first step is to introduce a quantity ωε(x) that measures the
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log
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where δh(x, δx) = h(x+δx)−h(x) is the local “slope” of the surface in the direction δx, and Ωε is

chosen such that the average of ωε(x) over all x is zero. Note that the average of the slopes is done

over a circle of radius ε. This new field ωε(x) has several interesting properties, like isotropy and

robustness to measurement artifacts. Maps of ωε for three different fracture surfaces are presented

on the lower panel of Fig. 1 and compared with the original off-plane height map h in the top panel.

The three sample fracture surfaces are selected from materials showing a wide range of fracture

behavior, namely an aluminum alloy, a mortar, and a sintered glass beads ceramic. Strikingly, the

largest values of ωε (lighter grey), corresponding to steep cliffs on the fracture surface, are spatially

correlated and form a network of rough lines for the aluminum and the mortar fracture surfaces.

For the ceramic fracture surface, smaller patterns are visible.

The visually correlated patterns in Fig. 1 can be quantified by computing the spatial correla-

tions of ωε, which we further average over all directions,1 i.e. Cε(δr) = 〈ωε(x)ωε(x+δx)〉x,|δx|=δr.

This quantity is shown in Fig. 2 as a function of the distance δr for different observation scales
1We assume, for simplicity, that fracture surfaces are statistically isotropic. This is only approximately correct,

since the one expects the roughness in the direction parallel to the crack propagation and perpendicular to it to be

different.29 The extension of our results to a multifractal Family-Vicsek scaling, relevant to describe anisotropic frac-

ture surfaces on short length scales, is left for a future study.
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Spatial correlations of ω 

Aluminum 
  

Mortar 
  

Ceramics 

Revealing a cut-off length ξAl ≈180µm
ξMortier ≈ 500µm
ξCéramique ≈ 50µm

C(δr) = ω(r )ω(r +δr ) r ,δr =δrCharacterized by its correlation function 



Spatial correlations of ω 

Aluminum 
  

Mortar 
  

Ceramics 

Revealing a cut-off length ξAl ≈180µm
ξMortier ≈ 500µm
ξCéramique ≈ 50µm

C(δr) = ω(r )ω(r +δr ) r ,δr =δrCharacterized by its correlation function 

ξ ≈  pz
ξ of the order of the 

process zone size 



Spatial correlations of ω 

C(δr) = ω(r )ω(r +δr ) r ,δr =δrCharacterized by its correlation function 

Defining two distinct ranges of length scales: 

δr < ξ Typical scales of 
damage processes ω(r )ω(r +δr ) r ,δr =δr ≈ −λ log(δr /ξ )



Spatial correlations of ω 

C(δr) = ω(r )ω(r +δr ) r ,δr =δrCharacterized by its correlation function 

δr < ξ

δr > ξ ω(r )ω(r +δr ) r ,δr =δr ≈ 0

Defining two distinct ranges of length scales: 

ω(r )ω(r +δr ) r ,δr =δr ≈ −λ log(δr /ξ )



Roughness exponents 

δh(r,δr ) q r ,δr =δr
~ δrζqNatural extension of the roughness exponent: 

Computed for the two ranges of length scales  δr < ξ
δr > ξ

       















       


 


  



Roughness exponents at large scales 

Mortar and ceramics:  ζq / q ≈ 0.45

One well-defined 
roughness exponent 

Low variations with q            Consistent with (i) a mono-affine behavior  
                                    (ii) a Gaussian distribution 
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Roughness exponents at small scales 

Multi-affine 
Spectrum: 

Simple multi-affine model:  

ζq / q ~ H −
λ
2
(q−1) where λ given by    ω(r )ω(r +δr ) r ,δr =δr ≈ −λ log(δr)

J.F. Muzy and E. Bacry 2002 

Multi-affine 
spectrum  

Spatial correlation 
of slopes 

Slope consistent 
with the spatial 
correlations of 

height fluctuations 

       















       


 


  

δr < ξ

       















       


 


  

       















       


 

  



Cluster and spatial organization of the largest fluctuations 
Aluminum 

Threshold 
pth 



Aluminum 

D ≈ 1.7 
independent of 
the material 

Rg 

Cluster and spatial organization of the largest fluctuations 
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Surface vs caracteristic length of clusters 

Aluminum Mortar Ceramics 

lx 

lz 

Fractal geometry of clusters 
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Fractal geometry of clusters Aluminum 

Threshold 
pth 

D ≈ 1.7 
independent of 
the material 

Rg 

Cluster and spatial organization of the largest fluctuations 

Aluminum Mortar 

Ceramics 

lx 

lz 

P(S) ~ S-α with α ≈ 2.2 
independent of the material 

Power law distributed clusters 
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Aluminum 

Threshold 
pth 

D ≈ 1.7 
independent of 
the material 

Rg 

Cluster and spatial organization of the largest fluctuations 

Aluminum Mortar 

Ceramics 

lx 

lz 

P(S) ~ S-α with α ≈ 2.2 
independent of the material 

Cut-off length of the 
cluster size distribution 
consistent with ξ 

ξ ≈ 30 μm 

Fractal geometry of clusters 

Power law distributed clusters 



Aluminum 

Threshold 
pth 

D ≈ 1.7 
independent of 
the material 

Rg 

Cluster and spatial organization of the largest fluctuations 

lx 

lz 

P(S) ~ S-α with α ≈ 2.2 
independent of the material 

Interpretation: 
Clusters reminiscent of the 
process of damage coalescence 

Fractal geometry of clusters 

Power law distributed clusters 
Cut-off length of the 
cluster size distribution 
consistent with ξ 



Full statistics of 2D fracture surfaces: Summary 

Operator ω 
•  Characterized the local intensity of height fluctuations δh 
•  Defined a cut-off length ξ  
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δr > ξ 
•  ω uncorrelated: ⟨ω(x)ω(y)⟩ = 0 
•  Mono-affine Gaussian roughness with ζ = 0.45
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Operator ω 
•  Characterized the local intensity of height fluctuations δh 
•  Defined a cut-off length ξ  
 
δr > ξ 
•  ω uncorrelated: ⟨ω(x)ω(y)⟩ = 0 
•  Mono-affine Gaussian roughness with 
 
δr < ξ 
•  Long range correlations of ω, with 
•  Multi-affine spectrum of the roughness 

  Consistent with the spatial correlations of ω 
•  Universal geometrical properties of clusters of largest fluctuations 

ω(r )ω(r +δr ) r ,δr =δr ≈ −λ log(δr)

ζ = 0.45

Full statistics of 2D fracture surfaces: Summary 
S. Vernède, LP and J.P. Bouchaud, 2014 



Towards a unified description of 2D fracture surfaces? 

Three different failure behavior 
Ductile – quasi-brittle - brittle 
 
One description 
•  δr < ξ            Roughness signature of damage 
•  δr > ξ            Roughness signature of the propagation of a brittle crack front 
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Towards a unified description of 2D fracture surfaces? 

Three different failure behavior 
Ductile – quasi-brittle - brittle 
 
One description 
•  δr < ξ            Roughness signature of damage 
•  δr > ξ            Roughness signature of the propagation of a brittle crack front 

Application 
•  Length ξ        characteristic size of the dissipative failure mechanisms 
•  Post-mortem measurement of the fracture energy 

S. Vernède and LP, French Patent 2014 

See A. Needleman’s talk 



Application: Post-mortem measurement of fracture 
toughness 

b=25 mm 

Same steel (A508) broken at 
different temperatures 

Effect of temperature on 
fracture properties 

Temperature 
(°C) 

σY (MPa) 
Yield 
Stress 

JIC (kJ/m2) 
Fracture 
energy 

Rc (µm)       
Plastic 

process zone 

-253° 1300 2.5 16 

-175° 770 11.3 215 

-150° 680 16 380 

S. Chapuliot et al. 2005 

Rc ~
JIc
σY
2

Plastic process zone: 
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Fields ω of local height fluctuations  
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Anti-persistent 
crack path 

Persistent 
crack path 

Fracture of 
3D solids 

Fracture of 
2D thin sheets 

ζ ≈ 0.40 
β ≈ 0.50 

H ≈ 0.50 

ζ ≈ 0.75 
β ≈ 0.60 

H ≈ 0.65 

Roughness signature of 
damage 

 pz << dµstructure  pz >> dµstructure

Crack growth direction governed 
by damage nucleation 

Crack growth direction 
governed by elasticity 

Towards a unified description of fracture surfaces? 

δr > Lpz δr < Lpz 

Roughness signature of 
the propagation of a 
brittle crack front 


