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§ 0. Introduction

and motivation
Holography

supergravity

4D N=4 SYM <mmm) (or superstring)
(SU(N), 2) on AdSz X S°>

the gauge theory as a candidate of quantum gravity?

v’ BPS operators

. ¥ Wilson loops
So far: v’ integrability

v etc...
What we need next?

e deeper understanding of the theory mathematically.
“ EX P E Rl M E NT ! —> mztzl:ngt;nst;Tnerically simulate
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Wonattio gemateebametry?

lattice gauge theory )

> lattice: a network of discrete objects

» flat space-time appears in the “continuum limit”.

» not merely a technique to compute something

» a definition of the field theory (up to sign-problem)

Is lattice only way to create space-time?

NO!

» tachyon condensation from non-BPS D-instantons to Dp-branes

» Matrix (appears in my talk soon)
» other smart ways in the future
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Hybrid discretization of 4d N=4 SYM
(Plan of Today’s Talk)

Lattice formulation of
2d N=(8,8) SYM with plane-wave like deformation

@ lattice continuum limit

Continuum
2d N=(8,8) SYM with plane-wave like deformation
expand around
fuzzy sphere solution

4d N=4 SYM on R? x S / ®
large N limit
(matrix continuum limit)
— 2
4d N=4 SYM on R? X R§ / ?

@ 8 - 0 limit

4d N=4 SYM on R* ®
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§ 1. lattice formulation for 2d N=(8,8)

SYM with plane-wave like deformation
Euclidean 2d N=(8,8) SYM (dimensional reduction of 10D N=1 SYM)

1 1
S —fdszr( %+ (D X’ - X’ , X712
gzd 2
1
+ ELPT(Dl +vy, D)W + EWTVI [XI,LV])
whereu=1,2, I,] =3,4,---,10.

fields A, : gauge field
X! : 8 scalarfields
Y :16-componentspinor

O 2 SUSY Q4
symmetries 16 supersymmetries and
SO(8) R-symmetry SU2)g

to be manifest



Field redefinition (BTFT form)

X; (i=3,4) |
X''= B, (A=1,23) ¥y — {$+#'p+rfr)(+,4ﬂ7+
C; ¢+, ¢_ —ﬂ!p—L!X—A!n—
P+
You) o (a) [ ™) (@+) L sU(2) doublets c | :su(2) triplet
(o X—-A —n_ Q- v

| i -
QiAu =Yy, Qx¥xp = TiDpdx, QFPip = §DHC T S

. 1 7
Q:I:H;J — [Q'):I:a wqaul = 5 [Os l!):I:,u} B QDMH:?

1 -~
QeX; = p4i:  Qip+i = F[X;,04], Qxps; = —E[X;;, C1F h;,
| QE=1{Q+.Q-}=0

_ 1 1
h;, = s P —|C, px;| £ = [X;,n+].
Qthi = [P, pxi] F 5 [C o2l £ 5 [Xi 4] Up to gauge trans.

1
Q+Ba = x+4, Qix+a ==x[p+,Bsl, Qxxta = —5[3,41 C]F Ha,
1 1
Q+Hj = [+, xxAl £ 5 [Bant] F 5 [C, X+A]

Q+C =n+, Qint==%[¢+,Cl, Qnt=7F |p4.¢ |,
R+t =0, Qo+ = Fn+. _
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Action in Q,Q_-exact form

So = Q+Q-F

1 1
FO = — [ d® Tr{~iBa®4 — S eapcBa[Bp, Bl
924 s
1
— YWy — PyiP—i — X+AX—A — 177+77—},

By = 2(—D1 X5 — Dy Xy), ®y = 2(—D1Xs + Dy Xs),
®3 = 2(—Fio + i[ X3, X4))

manifestly invariant under Q. -transformation
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deformation of (). (to obtain plane-wave like deformation)

. 1 ~
Q+Ay = V1, Qi¥i,=FiD,uds, Qi = §D“C F Hy,

(A) i 1 i M
QrH, = [¢ps,%5,] F 3 [C, Y] F §D/ﬂ7:|:‘|'?'¢:|:m
— 1 ~
Q+Xi = priy, Qipti = F[Xi, 0], Qxpsi= _E[Xia C] F hi,
(X) < - 1 1 M
Qzhi = [¢+, pxi] F 5 [C, pxi] £ 5 [ X, 1] +?Pifu
= 1
Q+Ba = x+a, Qix+a = £[d+,Ba], QzXx+a= —§[BA, C] F Ha,
(B) = 1 1 M
| QeHa = [fx, xza] £ 3 [Ba,ns] F 3 [C, X4 yFg XA
— 2M
Q+C =1, Qins==x[ds,C] +g 01,
(C) = M
QN+ = F ¢4, o] i?C, Q+p+ =0, Qxdr=TFns
Nilpotency generatorsof SU(2)z
Qi = (infinitisimal gauge transformation by +¢.) by B
P - _ . M
{Q4+,Q-} = (infinitisimal gauge transformationby C) - 3 Jo.<—
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corresponding deformation of the action

- (Q+Q_ _ %) (Fo+ AF) = Sy + AS

2 2
88 = [ dta (BT (B + X2) ~F e XalXs, X + - (X2)

% 51 9
2M 2M AM M
—¢+u¢—u + Tp-l—ip—i + TXJFAX—A — gmn—
4zM
— TB?’ (Fi2 + [ X3, X4]) }

2% This action is not exact w.r.t Q4 but invariant by the Q-transformation.



explicit form of the action
2 [ 5 1 5, 1 5 1 > 1 2
Sp = ngd yTr {2F12 + - (DuXa)® + 5 (DpX)? — X, X

1 12 l M

__[Xa,X?,] +2(3X + ﬁabc[Xb c])
M2 2M

_|.HXZ —z?XT(F12+z[X3= ])}=

2 _
Sp = ?/dzy_l'r {iwra(;f’a)rsp,u%bm - —%bra(aa)aﬁ[Xaa

— —’Gf)ra(%)m[ i» Ysal — m?‘%bra@braa }

2 - 2

g
2 > _ (0) — fuzzy sphere configuration
o= 24 W{-WH o ..o .

{3177} = =241

(MMMM2M2M2MM)
My =\ —— =5 ) ) ) ’
" 9'’9’3’3 9’9’ 9’3
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Lattice formulation of this theory
(Sugino’s formulation)

continuum M z
theory cont — Q—I—Q— 3 cont

Xi(x),Bo(X), Y4, (x)etc...

« A, - U, (linkvariables) }

e othersare site variables /

* (4 transformationto the lattice variables. _L_
U,(x)

lattice theory

M
Slat = (Ql_ﬁthft — ?> Flat
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Important properties

(1 The lattice theory preserves 2 supercharges Q+ .

(@ fuzzy S# is still Q-invariant solution

3 All the scalar flat directions are lifted up by the mass
deformation, that is, the fuzzy sphere solution is an isolated
solution.

4 We do not need any fine tuning in taking the lattice
continuum limit.

We can take this limit safely!

Lattice formulation of
mass deformed 2d N=(8,8) SYM

@ lattice continuum limit

Continuum
mass deformed 2d N=(8,8) SYM
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§ 1.5 From matrix to fuzzy sphere
(preparation to the next step)

Let us consider a matrix model with the action,

2
= —T?‘[ (i[X;, X;]1+ HE;:ijk) ] X;:nk X nk hermitian matrix
Expanding the matrix X; around a classical solution as
X, = uZi +A4;, [Zi,fj] = ifijkzk

we obtain

1 ~ "
¢ g_rr[ (iu[Li A;] — in[L;, A ] + pei Ay + i[Ai,Aj])ZI
0



X, = uL; + A;

specific solution

ii =1, L?) , ng) : spin j representation ofsu(2) (n =2+ 1)
D ;U : ()
L;y7, Ly | = i€, Ly .
| [ Ly ] H L?)
r>=JGFOGEI+D lj,r 21> |
LN, r>=rljr> L?)
expand A; by fuzzy spherical harmonics
2j ] B
A=) ), ami®T),
J=0m=-]
. j
PP = Y ()T | ><jr]
rri=—j

satisfying

[L(_j),ﬁ%j)] =JJFm)JLtm+ 1)1"}%’21
L92,5] = g + 7Y

PPN e
(752) = "y ),
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fuzzy spherical harmonic spherical harmonics
)"}(J'J') Vs Y (Q)
jm

m

o - B / angular momentum operatom\

|~+ T m | Jm+1 _
LiYjm(Q) = Fm)J £ m+ 1)Ypee(Q)

[ () U] G(JJ)
LYY =mY.
S e L3Y(Q) = mY),, (Q)

()2 pUN] — 53
102, 70D| = jg + 1P, L2V () = U + DYm(Q)

1 e
—trn, [(Y}gr‘z)> Y:](}?T‘Zg] = 5JJ’6mm"

- A [(Y (D) Y100 ()] = 875600

N

mapping rule

4

A > L
7D < > Vm(Q)
1

Etrn < 5> JdQ
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different point

1 N Ny / -|- \
“trn {(ygﬂggl) y}ggg;};%} [ 42 (Y11 (D) Yoy Vs ()}
—(—1 J1+25 2] 1)(2.] 1 (2J2+ 1)(2J3+ 1)
(—1)1120, /(275 + 1)(273 + 1) S 41

X lemlj J,l J,Q J,3 X leml J10
ARSI 7 7 Jomo,Jam3 JQO J30

IR / J

J.l J2 J.3 ( 1) J1+2j\/ CJlo
J g 7 n(2J1+1) 420,730

Y(” ) gives a matrix regularization of Y, (1)

/claim \

5 = L[ GulE A - ulE, 4] + e+ 1404

defines a theory on fuzzy S with radius 1/u, which is a matrix regularization
of a theory on S? defined by the action,

1 1. , .
° = Q_QfdQ [Z (3.11:[:15‘43‘(9) — ipL;Ai(82) + pepAr(2) +i[A;(2), Aj(Q)])z]

- 4
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Continuum limit of matrix regularization

Let us consider the case j > 0(1) and look around the north pole;

J,] —s>=|s>» (sK)) >
Around this region,
Lyljoj—s>~ /(25 + Vsl j—s+1>
hi—s>~ (i D (s +1)]i—s—1>

We can regard L as the anihilation/creation operator of harmonic oscillator on |s >>;

Ly ; I_ als >>=/sls — 1 >>

a = a' = ,

V211 v2)+1 aT|3 >>= s+ 1lls+1>>

In fact,
2L 2' 28

1 _ 3 s s <) —
a,a'l|ls >>= — ) s > § >>rv |8 >>
0. allls >>= =2 11j. Srpls >~

=) [0,0'] =1
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Mapping to Moval plane

aand aT can be regarded as the coordinate of Moyal plane as
V20a=E¢+in=_
V20ad =&—in= {1

where [£, 7] = i©

Fuzzy spherical harmonics around the north pole

(”) =v2J+1 Z C” ,Jm|s >> << S|

5,8'= +1/2
. 9 =2 /5“/1 *
ZVAT Y Y (0,0)]s ><< s 4+ m) J
s=0
Stereographic transformation
For small @,

¢ = RO, (T = Rhe™¥
Combining it with ¥¢ and ¥, the non-commutativity becomes
2 2 (3’ 3
=(2j+1)R2=£(M) ("EZHLREM)
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Continuum limit

: . . . _2(3 2
Jj — oo, M — 0, with fixing G_Z(E)

In this limit, the Hilbert space becomes the Moyal plane with noncommutativity 0,

and the fuzzy spherical harmonics can be expanded by plane wave; ( )

Gy | FmoV2T (9)e'T* for J < 3J.

Jm d2” m MJ . —
2’”9\/_f (2 32( ~? 6(1q| = =5)e et for J > e

As a result, a matrix ¢ can be regarded as a field on R5:
.. d2é‘ e
b= om@YE) > [ L a(@)e”
I (27)

Je
() =(2m)%6%(q) S V2T + 1450
J=0

3 /6

2
T2 m

Z ieim(bngﬁlzi agl.m
7]

|q]
meZ HEARAY
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§ 34D N=4 U(k) SYM on R”*2 x fuzzy S"2

We repeat the same procedure done in the toy model.

Consider the following specific fuzzy sphere solution:

M |
X (y) = Sk ® LY, (N =k(2j+1) = kn)

1

2 1 1 1 -
Sp = g2/d2yTr {2F122 +35 (DPuXa)® + 5 (DuXi)® — 2 X5, X

1 1 /M ; -
— 5 [XCH X@E]Q —I_E (ng + Eﬁabc[xb- )(f'])
M?_, 2M |
+ G XP — 5 Xy (Fio +ilXs, X4])},

2 7 — _ 1_—
SF= 3 f d?yTr {z%(wrs@wsa = 5¥ra(0a)aplXa, gl

1 L
_ Ewm(w)m[é‘f@, Psal — gmrwmwm’ }



Expand the fields by fuzzy spherical harmonics vector fuzzy

spherical harmonics
Auly) = (2 )2‘4 u(p)e’V = Z/(2 )2 Ay g (p) @ PPy

Xa(y) = ?111@ ® Le(zj) + / an(p)eip'y
2

M () dp - | o-p(37) ip-
= —1,® Ly " + Z V).Jm.(p) ® YJm a € py}
3 me/.(z )2 f ’
d?p = P (47) ip-
(y) = Py — o (y /1) oY
X = | &5 )zx(p)e Z/(z )2 Xigm(p) ® ¥ jn e
d2p ~ k(57)
UVraly) = | ——=Uralp e%py — Yak, m (D) ®Y JJ zpy
W (2 2o ) ﬁ%/@ 2

W)= (2 )2[':(?9)6‘"?’@’—2/ (2m )zum(p)w(”) e'PY \

- spinor fuzzy
c(y) = (27 )QC(p)e?py = Z/(Q )2(_)’”3(1’) ®Y(”) Y spherical harmonics

Repeating the discussion for the toy model, we obtain the action of
(matrix regularized) 4d N=4 SYM on R? x S(Z.D

by inserting this expansion in the action.
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Toward explicit expression

(1) action of L?) to the fuzzy spherical harmonics (6a =1 [ng), : D
8aY 3 = in[J(I + 1)TI0
8a¥ 7, (iiya = W + 10,0752,
02799 = _ (7 4+ )79,

3 P 30y P
(0 x ij + ij)a = p(J + 1)YJm(jj)a,’

(=i (0a)ap %+ 2508) Tingiins = 5 (7 + 3 ) Tinier

(2) vertex coefficients

~Jym (57) 1 -G\ oG5 oGi)
ﬂ‘bmz(jj):hm?»(jj) ;tr” {(Yhml) YJ2m2YJ3m-3}’

- 3 229 W1
8J1m1(57) — 1 o(37) ' ve2 yP3
D 2, e { (252,) P sa51a® Bonstira)

Jam2(37)p2:J3m3(ii)pz — Zin Jimy
3
S .. .. .. = o= - P1 P2 rP3
E11m1(id)p1;Jama(ii)p2;Jams(ii)ps = bz . Eabcntr” {YJlml(jj)aYngg(jj)bYJ3'm3(jj)c} )
a,0,c=

2Jym1 (55)k1 — 1 oK1 t o2 o-(37)
FJ1m1(9) — “tr (Y > )Y R

Joma(jj)k2;J3m3(57) Z n Jimi(jida) ~ Jama(ji)a” Jamsz [’

sJ1m1(jj)K1 — a 1l o1 toro o3 }
thﬂjj)ﬂzikme,(jj)%_ ﬁz > "aﬁntr”{(YJlml(jj)a) Y 1oma(ii)8Y Jsma(is)af

~

4
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explicit form of the action of the modes (1)

The kinetic part

2n d?

Ki P

S n — —ztl’;b (zﬂ)‘?
9 Jom

_1\ym 2 _ ~
X{( 1) ('p2 -+ (%) J(J + 1)) A;,:.._J—m.(_p)A;.r.,J'rn.(p)

2

_1ym+1 2 - .
+ %Z (pz + (%) (J + .'92)(*} + 1)) V}O—m(_p)v,vin.(p)
P

—1)ym 2M2

+(2)(ﬂ92+(3) J(J + 1)"‘) 1, — m( p)X ]?n(P)
2M 2M _

+ T(_1)TnplXT,J—?n(_p)AQ,J?n(p) - ?(_1)mp2X?.J?11(_p)A1.Jm(p)}r

: 2 d?
S}?‘” = jtl’;‘; b Z

g2 ") (2m)? S,

iﬁ-(—l)ﬂl_l N M 3 . 3 ~ ~
X{ > (}):UJ (,Y;U);‘, + ? (‘u‘f(J + Z) + my — Z) 5?’5) Jtr{);r*“f—gn(_p)‘u‘}sﬂjm(p)}s

M

|r| 2n m 2 = .
ssit =23t [ o5 )gz{( 1) ( - () TG+ 1)) c.;_fr,(—z))cJ.rn(zJ>}
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explicit form of the action of the modes (2)

bosonic 3-point interactions

§3 — 2n d?p d?q d°r
5= otry,
92 (2m)2 (2m)2(2m)

5(2m)25%(p+q+ 1) >

JimoJomoJzms

cJ1i—mi(7) i A i .
{( e Jomo(j7);Jz3m3(57) ZU(QIJ - TF-L)A;I.,J]_'IT?1(g))Au,Jz?ﬂ.Q(q)AU,J3?T13(?)

myRJ1i—mi(is) Y P2
N PZP (=1™D D rama(Giye; J3ﬂ?-3(j-j}93(q*”' B T”)A”-Jl”?'l(p)VJ:zm:a(Q) Jsm?,(?)
2.03

J —_ —~ — —
+ ( 1)m1(_'];,”21(]}5-3}?13”130J)(Q}t - TH)A}L fl-m1(p)X-.i,sz.z(Q)X?‘.,J37n3(r)

/ pJ3—m3(is)
+ — Z( 1)?113 J2(J2 +1)D Jim1(i3)p1;Jama(ii)pa=0 ]lml(p)Au szg(’?)A;L J3m3(7)
/ pl2—m207)
— —Z( 1):?12 J3(Jz +1)D Jamz (i) p3=0;J1m1(ii)p1 Jlml(p)Aﬂ fg???Q(Q)A;i J3???3(T)
m J3—m ¥, v v
+ — Z( 1) 3\f Jo(J> + l)Dmel(iE,});)l JQm.z(jj)pQ:OVJ[?l]-.?'rll(p)XiuJ’ZmQ(Q)XLJSm?,(T)

/ m2(j7) VA4 ¥ Y :
- Z( 1)’“2 J3(J3 + 1)DJ§m3(§j)p3—O Jim1(Gi)p1 Jll-m_l(p)X'i,szz(Q)Xi,,}37n3(?)
M

+i Z p1(J1 + 1)511m1(u)p1 Joma(33)p2;d3ms(57)p3 flml(p) Jz?rlz(Q) Jsms( r)
p1 P2:P3

+ —( 1)ym ﬁj;mzl(i%}}y%(jj)f?ﬁJlm1(P)ﬁl,Jz-:nz(G)Aﬁdz,fjg,mg,(”")

- %( 1MERTAD R (0 Az (DA sy (1)

+ —( Ve D X iy () X3 1y (@) Xa s ()

-2 Cmeped 7Jlml(p)i‘f’.a;,bmg(q)ic”s“;m(v-)},
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explicit form of the action of the modes (3)

fremionic 3 point Interactions

§3 — 2n d%p d?q d3r
F= St
g2 "J (2m)2(2n)2(27)2

(27)%6%(p+ g+ ) >

JimikiJomokoJzms

my—1 Fl1—mi1(ji)r1 A .
{th’l( 1) o Z Jomos(77)k2; }3?713(33)(7“)?3erlml('U)d5J2mg(q)Aﬂe-'meE.(!)

mi—1 2J1-m1(7)m 5 Y2 v :
+ “"‘1( 1) r Z Jomo(jj)ko;Jamsz(77) (%)'FS "!}?'Jlﬂ'r.l(p)djsJQm2((I)X%‘-1J3m3(T)
i,7,8

mi1—1 }1—'”1103')*\1 P3 .
Firna(=1)™1" Z Jamo(5j)k2;Jama(ii)ps FJ'l””’?l(p)q'( "27’12((;)1/"3?”3(?)

ghost 3-point interactions

3 — 2ntr d?p d?q d?
T g2 BT (2m)2(2m)2 (2m)

S(2m22(p+q+1) >

JimqJamoJamsz

mi ’“]1—”’?1(JJ) e n) A = -
{( 1)™ }2?732(,’)) Jam3(jj) Jlml(P)A;L,JQmQ(g)(',}3m.3(f)

m "Jl m1(j7) = A ,
—(=1)"p JQJ,EQ(JJ) Jams(j7) J"l?li!l(p)C‘JzT'HQ(Q)AjL,JE'HJ.3(?)

m3RJ3—m3(jj) = )17 P2 = .
+ — \/Jl(jl_l'l)( 1) *D Jlm1(1J)Pl_O;J2T'”2(jj)p;_>c'jl”’-1(p)VJQ???Q(Q)CJBT”S(?)

m3fy AJ3—m3(ji)
Js(Js +1)(—1) Jlml(ll)ﬂl Jama(jj)pa=0 jlml(T)PJQ?HQ(?))FJ:.»}H]?,(Q)}~
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explicit form of the action of the modes (4)

bosonic 4-point interactions

2 d?p  d2q d?r
S% = —Ztr;. p
g

2m)?5%(p+q+ 7+
(2m)2 (2m)? (2'”)2(2 )2( R ratr+s Ilmg,]2m§3-m3.]4m4

m Jm(]g) “J m(j7)
{ng( nre Jima(57); 12"?2(}}) ]3?713(}_])J41n4(JJ)

x (7A~l Jimaq (p)AQ Jg?ng(q)ﬁl ]37”3(7')1'42 J41n4(5)
+ A, J]ml(p)A2 Tyma (@) Az, J3m3(7)A1 Jama(8)
A,u, Jlml(p)Xa J?_TTIQ(q)Aﬂ J3m3("")X:' J4m4('5)
+ A,u Jlml(p)-X Jg?ng(q)XT ngg(r')Au J4m4(5)

1~
- EXE,J]_HL]_ (p)X ',.Ig'mg(Q)Xi,,]:i*nt_g("r')Xj.J4.fra4(‘5)

1~ — — —
+ 7X-i Jlml(p)X'JQmQ((J)Xj J31113(7')X1:,J4m4(5))
n Z Z (— 1)1n1+rn3+m+1DJ1 —-m1(77) @J3_m3(jj)

Jomz(37)pa;J—m(57)p" Jama(ii)pa; Jm(ii)p
P2P4 Jmp

X (*A;(.Jlml (p) V‘OQZ,Y;Q(Q)A,LL 13!n3(T)V£4n14(5))

my1+mz+m+1.7J1 my(j7) /d3—m3(j35)
+ p;4 J%:p( ) D»’zmz(ﬂ)pz, J=m(G)p P Tm(ii)p; Jamaliies

X (+A~;¢,J1 ml(p)v,f);HQ(Q)V}Tm‘l(T)A;.t.,.131n3(8)) }

_ymitmztmt1aJ1-mi1(G7) Ad3—m3(77)
" P§4 J%z.o( Y D rama(i)p2id-m(i3)p P Jama(ii)pa: dm(ii)e

X (_‘-_Xr_—i..jlnll(p)ﬁj’jﬁynz(Q)"rX‘:’i ;3?1?3(?“)1/%],4(3))

my+ma+m+17J1-m1(ii) I
* .0%;4 JZ ( 1) DJ’Z’”Z(JJ)PQ ]—J‘n(jj)pD.]n](jj)ﬁ;,]4?n4(jj)p4
mp

% (X s D)V, DV o (DK s (9))

—_1)y-m+1 g ) N g g g
+ Z Z( 1)” 8-]1'?7?-1(JJ‘)PlFJZmQ(JJ)PZiJ'm(JJ)05-13?"3(.},3)03§J4"14(J.'?)P4;-]—'m(JJ)P
P1P2P3P4 Jmp

1p P P
5 (S DV OV DV, ()
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§ 4. Matrix continuum limit

Continuum
mass deformed 2d N=(8,8) SYM
expand around
fuzzy sphere solution Lo
We are now Y o /@ S ST
HERE I 4d N=4 SYM on R? X S§

: . . . _2/(3 2
— @ j — oo, M — 0, with fixing 0_;(3)

4d N=4 SYM on R? x R% / ® 0 /
QUESTION

Can we tak imit safely?

) Tree level: OK.
(2 Quantum mechanically: NON-TRIVIAL
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If the deformation by the mass parameter M causes
soft breaking of 16 supersymmetry, there is no problem:

Superficial degrees of divergence of a graph
Hperta & Vere &rap Ep --- # of bosonic external lines

D =4 —Ep _EEF Ep --- # of fermionic external lines
The most severe UV divergences come from Ez = 2 (A?)

possible structure of the divergent terms:

0 (Mp (log%)q) (p,q=12,-)

* The leading term is canceled because of the original 16 SUSY.
* The next leading terms vanish in the continuum limit:

1

A\?
MP (1085) ~ MP(logn)? -0 sinceM xn 2 - 0.

Unfortunately, the situation is not so simple:

* The parameter M is indeed a soft mass in 2d theory but is it really soft in 4d theory?
* The 4d theory is non-commutative gauge theory. UV/IR mixing?

* Theremaining SUSY is only two.

* |Is the continuoustheory really atheory on R? X Rg ?

We should check if there is no additional divergence at least perturbatively.
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Result of perturbative comuutation SO(4) momentum!

Effective action of X ,-2 at the 1-loop level

9aa D f (2n )2( DD |:*I'»trk (Xim (P gmm(=P)) = tr g (X ym (D)) tr i (XE,J—m(_p))]

Jom i=5.6

T

X5 [ln (A+0.0510)(p* + u?) - (pz +u?) In(p? + u?) + (p® + u?) + 0.854]

/1-Ioop correction to the effective action of scalar2 in 4d N=4 SYM \

4
i [ iz [ 00 60)) = tr (@ -)Dtr (6 0))]

1 2 1, > >
X == [ln(/\)p P In(p=) +p ]

(U J

There is no additional divergence
to the two-point function at least in the 1-loop level.

We can strongly expect to obtain 4d N=4 SYM!!
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Comments

* We also calculated the other 2-point functions
and confirmed that the situation is the same. ﬂ

* Honestly speaking, we should confirm that we
need only wave function renormalization in the

continuum limit, but it is quite hard task even
at the 1-loop level. 5

* |t would be better to check it numerically. 5

= Q

* Itis believed that we can take the limit of
® — 0 smoothly for 4d N=4 SYM. E
mmm) \We can take the commutative limit safely.
(the final step is OK!)

b b
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This sequence is complete!

Lattice formulation of
mass deformed 2d N=(8,8) SYM

@ lattice continuum limit

Continuum /
mass deformed 2d N=(8,8) SYM
expand around
fuzzy sphere solution

4d N=4 SYM on R? X §% / ®

large N limit
(matrix continuum limit)

4d N=4 SYM on R? x R% /@/ ¢) /
@ O - 0 limit
sdN=asymonR* £/ o/ /)

It’s time to perform numerical experiment for 4d N=4 SYM !!
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Future works

1. Check if this sequence really work.
2. We can (hopefully) carry out numerical simulation of 4d N=4
SYM with finite rank gauge group.
1. %-problem
2. AdS/CFT correspondence
3. 4d N=4 SYM as a quantum gravity

3. We can formulate other theories using the same method.
4. Connection to ()-background? (The deformation is quite

similar to that introduced by Nekrasov to discretize the
instanton moduli space of 4d N=2 SYM.)
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1-loop correction to the effective action of X; ;, (p) :

planar graphs non-planar graphs
d?p (-1)™
f ! 5 (1) ktr g (X?',J-m(p}X-i,J—m(_P)) —try (X?',Jm (p)) try, (X'E,J—-m(_?)))
I (2m)° 4w i=5,6

2 2j
_ 0924 _ 94d X (AJ13~,+ >y B,;J;(JI,JQ)H
4 S J1=0 Jo=1
Notation
an= (Wi = (B u+do+d. sw=(E)sm=(¥) ru+d
C(J) = (%)26'0) - (g)z (J+1)(J + %), D(J) = (%)2 D(J) = (g)z J(J + 1),
E(J) = (%)QE(J) = (%)2(J+ 1)2,  F(J) = (g)zﬁu) = (%)QJE, e (%)252,
L(A, B;p) = =

_\/(92)2+2(A+B)p + (A - B)?
xlog(p sl \/(p2)2+2(A+B)P2+(AB)2)
p2+ A+ B+ /22 + 2(A+ B)p? + (A B)2

26/1/2012 KITP Talk 33



_ (M| 4p? - AQJ) A(J)s 152 - A(J)
Ass= ){ 3;32+E<J}'"(<ﬁ2+ﬁ<i)})+352+A*_(J)

L A 4 PP
+ (j +A(J))|n(~Q+A(J})2 352 4 A(J)

IN(3) + (2 4+ A(J) — 1) |n§

(P A5 -RI(I+1) -3 o [P+ —/ A2+ -4 A1)+
V@ + AN +57 - 34N +§  \PHAD+3+H/PHADP+5P 540+
p2-2J(J+1)+% . (ﬁ?+££(*1)+1—\/(§9+A"(,,r))2+2p —2A(J)+1
V@2 + A2+ 22 —2A(0) + 1 \P+AW)+1+y/ (P+A))2+2i2-2A())+1
M M
—_— = , — - =Uu
3 Pu=Pw 3
M-0
2 (M2 2 (M2
= u (?) 2 u (?)
+u?){In (—) + In In (—) In 0
v : 3 (p? + u?)? 3 (p? + u?)?
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Main part We like to evaluate the following expression in the limit of

Jj — ©0,M — 0 with fixing u = 'pu M:u
Jio Jil Byi(J1,J2) = (%)2:2; :Zil(:zj + 1)(2J1 + 1)(2J2+ 1) {Jl J;? ﬂz
{[fj(;jfll)) - 2.;31 1] In B(J2) + [(Jﬁ j)é(éll - QJ;;;lJ 0G0
* {_i(-;fj—JII; 2 ;Ji‘}i-'l- 1)} In D(Js) + 2J21+ n E(Js) — 2J21+ Cln F(Js)

3

3

<|-

+(5

|-

T E)LL(A(Jl),B(Jz):P)

(P2 4+ A(J1))? 1 25 1 > 1 1,
Jo(2J2 + 1) 2J2+1( 3P +2(J1+§)(J1+5)(J2+§) JQ(J2+§)

5 +2J(J+1)(J> +
) LA, C(12);ip)

(72 + A(J1))? 1
(Jo+1)(2J2+1) 2J2+1

+2J(J+1)(J2+ E) + §J1(J1 +1) - 5(0’2 +1)(J> - 5))]

D=3+ D+ 3002 +2)|

(~2+2(J1+ Y+ 22+ 2) = (4 D2+ 2)?

+ (%)QL(A(JQ, D(J2);p) ,
A 2
y _(pJQTJjﬂ))) — Jz(J21+ 5 (J(J +1) = 1(1 + 1)) ]
+ (%)2L(A(J1) E(J2):p)
y 2;2-_::1) (~2+A(J)) (J1+J2+J+2)(h—J(gEi}f)—é%}:-igl-)l-J+1)(J1+J2—J+1)}
+ (gf L(A(J1),F(J2);p)
y -2J22Ji1 (@ + A(D) - (J1tJa+J+1) (1= fg}zgzilfl)Jﬁ”’?H)(th ””
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[1] log part

M\2 & Jy Jn J
(%) I:;DIQZ_l(2J+1)(2J1+1){ ; }}
. 1. b+l 1 Ja+2/3] Jo+ 1 h+2/3 _ J+1
X{(p +A(Jl))[J2|nJ2—}—1f3 J2+1In 7 J 'IZIHJ2+1,(’3+('12+1)|”—J2 Te'ln—Jr2 }
\ J | J
| |
— 902) h(J2)

formulae

2
Z(zg+1)(2J1+1){ L ﬁ’} =1

J1=0 o
2
| K=Y S (2y+1)(2J1+1){J1 72 j} A(I1)g(J2)
- O.f,)l_ 0+ | 3> (o222 DY U +1)
- /(D =, JEI( )

— —

2j 2j 2 2 2 2
= ( > Q(Jz}) +u 3 (1- 2 E D) o)+ (F) X somdon+ () 3 o)

Jo=1 Jr=1 2j(G+1) Jr=1 Jo=1

- (% + u?) ( 3 y(.fg)) + Y g(J2)A(J2)
\ .fgzl \.f2=1 |

|

= (0.2042 = 3.413
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[2] L-part  We separate the region of (J,/,) into

Regionl: <1+, <] —J<1i—]2=]
Regionll: Jp<)1+=4,-J</1—]2=]

UJg =0(°) (0<e<1/2)) J
In this region, Wigner 6j-symbol can be approximated as
{Jl Jo J}ZE g 1 1
Jog m2j+1(J1+ o+ I)(=J1+Jo+ I)(J1 = Jo+ T)(J1 + T2 = J)

We can estimate the summation by the integral,

2, 5 >
L — partleson 1~ =(p2 4+ u f du du
[ ]reglon I N(P ) w<ugFup<up, —uug—up<u 1au2

uiu2

X
\/(P2 + (u1 4+ u2)?)(P? + (u1 — u2)?)((u1 + u2)? — u?)(u? — (ug — uz)?)
[P a3 = V@2 A (u +u2)?) (0 + (w1 — u2)?)
p? 4 02 4+ 02 + /(02 4 (u1 + u2)2) (P + (u1 — u2)?)

M
=4(p? + u?) (In up — %In(p;2 +u?)+1 - In(2)) (uB ) (g)]B)
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Region Il

In this region, Wigner 6j-symbol can be approximated as

Jy o Ja J 1 1 J! Fa¥ A s (J-A J+ A 14+ X r2
{:f j :} T+ 12+ 1)227 (] + A)I(J - ) [“J’Xml_x)i(_”( )(J-?')(l-x)]

. _ 1 LU+ ) L+,
By using ) (A—h—]z:X—i ’j(j+1) =7 )

1. L(A00.BUY) =~

2. X<1

(JH? r(]—A (] + A) _
> ZAZ” U+M)'U- A)'ZT( D ( r ) J—r) 1
We see the most singular part of the summation is
2)
1

t si | 2 2
L part]Rh S = 42 +0%) S L

—~—

n=Jg/2 " A
= 4(p® + u?) (In (Zgw) —In(up) + |”(2))

(We can show the other contributions vanish in the continuum limit.)
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