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 Why EFT for nuclear physics?
Ultimate goal: predictive, systematically improvable and computationally efficient !
                       QCD-based theory for nuclei, nuclear reactions and nuclear matter 

lattice QCD 

??

EFT for forces & currents !
+ ab-initio few-body !

methods 

matching (validation)

Notice: predictive requires the theory to come with uncertainty estimates!  



 How few is few (& how many is many)?

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē17

[Q4]HB,NN, GW PWA �1.13 3.69 �5.51 3.71 5.57 �5.35 0.02 �10.26 1.75 �0.58

[Q4]HB,NN, KH PWA �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �0.37

[Q4]covariant, data �0.82 3.56 �4.59 3.44 5.43 �4.58 �0.40 �9.94 �0.63 �0.90

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW, Ref. [?] �1.13 3.69 �5.51 3.71 5.57 �5.35 0.02 �10.26 1.75 �5.80 1.76 �0.58 0.96
fit to KH, Ref. [?] �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26
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”�2/datum” (np, 0-200 MeV) = 1.8R=1.2 fm ! 0.8R=1.1 fm ! 0.6R=1.0 fm ! 0.7R=0.9 fm ! 0.8R=0.8 fm ,

while the results for pp channels are:

”�2/datum” (pp, 0-200 MeV) = 8.2R=1.2 fm ! 2.2R=1.1 fm ! 0.6R=1.0 fm ! 0.7R=0.9 fm ! 2.1R=0.8 fm .
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Commonly used ab-initio few- and many-body methods:

Lippmann-Schwinger & Faddeev-Yakubovski equations, No Core Shell Model,!
Quantum Monte Carlo, Lorentz Integral Transform, Coupled cluster, nuclear 
lattice simulations, self-consistent Gorkov Green’s functions, many-body 
perturbation theory, hyperspherical harmonics, … 

The applicability range of many-body methods is typically restricted by the size of 
the model space (convergence). For A > ~ 6, nuclear forces must be softened via 
appropriate UTs (induced many-body forces…) 

A = 2:  trivial!
A = 3:  can be solved on a PC (both discrete & continuum states)!
A = 4:  requires supercomputing (scattering so far only at low energies…)!
A > 4:  so far, only discrete states (with very few exceptions)…

A ~ 50:  some results available (converged?)  



 
EFTs for nuclear physics

A = 0,1: Chiral perturbation theory

A > 1: Pionless EFT (Q << Mπ);  chiral EFT (Q ~ Mπ)

A >> 1: In-medium chiral EFT;  EFTs using collective DOFs (e.g. to!
            describe deformed nuclei)



 

Chiral perturbation theory

Ideal world [                       ], zero-energy limit: non-interacting massless GBs !
(+ strongly interacting massive hadrons) 

Real world [                            ], low energy: weakly interacting light GBs !
(+ strongly interacting massive hadrons) 

expand about the ideal world (ChPT)

mu = md = 0

1

mu, md ⌧ �QCD

1



 Chiral Perturbation Theory
Chiral Perturbation Theory: expansion of the scattering amplitude in powers of

Q = 
momenta of pions and nucleons or Mπ  ~ 140 MeV

hard scales [at best Λχ = 4πFπ ~ 1 GeV] Manohar, Georgi ’84

Tool: Feynman calculus using the effective chiral Lagrangian 

Weinberg, Gasser, Leutwyler, Meißner, ... 

Le� = L⇥ + L⇥N

LEC N2LO fits ⇧ + ⌅+ ⌃
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low-energy constants
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ci N̄Ô(2)[⇤]N +
⇧

i
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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Pion-nucleon scattering up to Q4 in heavy-baryon ChPT

Order Q4:

Order Q3:

Order Q2:

Order Q:
� �i/�

n
⇥, �i = O(1)

Le� = L� + L�N
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
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very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)
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while the GW partial wave analysis yields
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(4.8)
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Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.

054006-8

H. KREBS, A. GASPARYAN, AND E. EPELBAUM PHYSICAL REVIEW C 85, 054006 (2012)

0 50 100 150 200
0

5

10

δ 
[d

eg
re

e]

0 50 100 150 200
-10

-5

0

0 50 100 150 200

-2

0

2

0 50 100 150 200

-2
-1
0

δ 
[d

eg
re

e]

0 50 100 150 200
-2

-1

0

0 50 100 150 200
0

15

30

0 50 100 150 200
pLab [MeV/c]

0

0.1

0.2

δ 
[d

eg
re

e]

0 50 100 150 200
0

0.04

0.08

0 50 100 150 200
pLab [MeV/c]

0

0.1

0.2

0 50 100 150 200
pLab [MeV/c]

-0.2

-0.1

0

S11

S31

P11

P33P13P31

D13 D33 D15

D35

FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
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respectively, because of a different power counting schemes in
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that the extracted values for the ci , d̄i , and even some of the
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see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
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are in a good agreement with the ones determined from the
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keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
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 Determination of the πN LECs

FIG. 5: ⇡+p ! ⇡+p di↵erential cross section at T
⇡

= 43.3 MeV as a representative example of
the quality of our fits (carried out to all available data for T

⇡

< 100 MeV). In the upper panel,
the orange, pink and red (dotted, dashed and solid) bands refer to Q2, Q3 and Q4 results in the
covariant approach including theoretical uncertainties, respectively. In the lower panel the orange,
pink and red (dotted, dashed and solid) bands refer to Q2 + �1, Q3 + �1 and Q4 + �1 results in the
covariant approach including theoretical uncertainties, respectively. Experimental data of Ref. [63]
are taken from the GWU-SAID data base [61].
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π+p → π+p !
Tπ = 43.3 MeV

Q2

Q3

Q4

Siemens et al., !
PRC 94 (2016) 014620

Pion-nucleon LECs can be reliably extracted from:!
          — πN PWA [Fettes, Meißner, Alarcon, Camalich, Gasparyan, EE, Krebs, Deliang, …], !
          — Roy-Steiner analysis of πN scattering [Hoferichter, Ruiz de Elvira, Kubis, Meißner, Yao, Gegelia, …]  !

          — or directly from πN scattering data [Wendt, Ekström, Siemens, Bernard, EE, Gasparyan, Krebs, Meißner, …]

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē17

[Q4]HB,NN, GW PWA �1.13 3.69 �5.51 3.71 5.57 �5.35 0.02 �10.26 1.75 �0.58

[Q4]HB,NN, KH PWA �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �0.37

[Q4]covariant, data �0.82 3.56 �4.59 3.44 5.43 �4.58 �0.40 �9.94 �0.63 �0.90

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW, Ref. [?] �1.13 3.69 �5.51 3.71 5.57 �5.35 0.02 �10.26 1.75 �5.80 1.76 �0.58 0.96
fit to KH, Ref. [?] �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

T = V + V G0T = V + V G0V + V G0V G0V + . . .

”�2/datum” (np, 0-200 MeV) = 1.8R=1.2 fm ! 0.8R=1.1 fm ! 0.6R=1.0 fm ! 0.7R=0.9 fm ! 0.8R=0.8 fm ,

while the results for pp channels are:

”�2/datum” (pp, 0-200 MeV) = 8.2R=1.2 fm ! 2.2R=1.1 fm ! 0.6R=1.0 fm ! 0.7R=0.9 fm ! 2.1R=0.8 fm .
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Nuclear EFTs (A > 1)

const. Not suppressed by χ symmetry…
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4He 8Be 12C 16O

LO [Q0], in MeV �28.0(3) �57(2) �96(2) �144(4)
NLO [Q2], in MeV �24.9(5) �47(2) �77(3) �116(6)
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A new, soft scale associated with nuclear binding !
!

has to be generated dynamically !
(need resummations...) 
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Nonrelativistic nucleon-nucleon scattering (uncoupled case): 

where and

effective-range function

 Pionless EFT

If         satisfies certain conditions,     is a meromorphic function of     near the origin!
          

effective range expansion (ERE):

such that

The analyticity domain depends on the range         of         defined as 

(for strongly interacting nucleons              )M = M�

� 2
⇢
M�

�⇥
,

pi
�⇥

,
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Both ERE & π-EFT provide an expansion of NN observables in powers of          , have the 
same validity range and are based on the same principles ERE  ~ π-EFT



Scattering amplitude (S-waves):

Effective Lagrangian:  for                only point-like interactions

 Pionless EFT



Scattering amplitude (S-waves):

Effective Lagrangian:  for                only point-like interactions

 Pionless EFT

Natural case

~Q0 ~Q1 ~Q2

+

T1=

T0=

T2=

The EFT expansion can be arranged 
to match the above expansion for T. 

Using e.g. dimensional or subtractive 
ragularization yields:

perturbative expansion for T;!
scaling of the LECs: 
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p2 + l2 + i⇥
⇥ mQ (1)

In the KSW approach the scattering amplitude is calculated as an expan-
sion in small parameter

A = A�1 +A0 +A1 + · · · . (2)

Below we give the expressions of the perturbative amplitudes up to NLO.
They coincide with the corresponding results of the KSW approach up to
(small) higher order corrections.

The leading order amplitude has the form
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with n - the number of space-time dimensions and µ the scale parameter.
In Eq. (3) renormalization is performed by subtracting the loop integral at
p2 = �⌅2 with the result

IR(p, ⌅) = I(p)� I(i ⌅) = �m(⌅ + i p)

4⇧
+O(p2, ⌅2). (5)

The NLO correction to the amplitude consists of five contributions. First
we give the result of the two diagrams with NLO contact interaction vertex
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Scattering amplitude (S-waves):

Effective Lagrangian:  for                only point-like interactions
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Large scattering length: Kaplan, Savage, Wise ’97

Keep       fixed,  i.e. count               :

~Q-1 ~Q0 ~Q1

Notice:  perturbation theory for      breaks down as it has a pole at                          

KSW expansion (DR+PDS or subtractive renormalization                                        )

 Pionless EFT



 Pionless EFT: (some) applications
Butler, Chen, Kong, Ravndal, Rupak, Savage, …

Braaten, Hammer, Meißner, Platter, von Stecher, Schmidt, Moroz, …

Bedaque, Bertulani, Hammer, Higa, van Kolck, Phillips, … 

Phillips lineEfimov effect (3-body spectrum)

Astrophysical reactions

Efimov physics and universality in few-body systems with large 2-body scatt. 
length (e.g. Phillips/Tjon „lines“)

Halo-nuclei

Parity violation Schindler, Springer …  any many other topics… 

Braaten, Hammer, Phys. Rept 428 (06) 259 



 
How to go beyond ERE?
Goal: EFT for NN scattering at typical momenta Q ~ Mπ

How to test whether or not pion dynamics is treated properly? 

Are pions perturbative?



 Modified Effective Range Expansion (MERE)

is meromorphic in

Two-range potential:     

modified effective range function

Jost function for Jost solution for 

Per construction,       reduces to     for !
and is meromorphic in 

Haeringen, Kok ’82

Beyond π-less EFT:  higher energies, 
low-energy theorems (LETs)…

What are low-energy theorems?

with



Example: proton-proton scattering

where                             ,                ,                            ,

Coulomb phase shift Sommerfeld factor Digamma function

 MERE and low-energy theorems



Example: proton-proton scattering

where                             ,                ,                            ,

Coulomb phase shift Sommerfeld factor Digamma function

 MERE and low-energy theorems

MERE and low-energy theorems
Long-range forces impose correlations between the ER coefficients (low-energy theorems)
Cohen, Hansen ’99; Steele, Furnstahl ‘00

The emergence of the LETs can be understood in the framework of MERE:

meromorphic  for can be computed if the !
long-range force is known

− approximate              by first 1,2,3,…  terms in the Taylor expansion in !
− calculate all “light” quantities!
− reconstruct           and predict all coefficients in the ERE



 LETs for NN S-waves

1S0 partial wave a [fm] r [fm] v2 [fm3] v3 [fm5] v4 [fm7]

NLO KSW from Ref. [23] fit fit −3.3 18 −108

LO Weinberg fit 1.50 −1.9 8.6(8) −37(10)

Nijmegen PWA −23.7 2.67 −0.5 4.0 −20

Table 1
Predictions for the coefficients in the effective range expansion of the 1S0 phase shifts (low-
energy theorems) with perturbative and non-perturbative treatment of the OPE potential in
comparison with the values from the Nijmegen PWA (extracted using the Nijm II potential
[41,42]).

is also observed in LO KSW and (nonrelativistic) Weinberg approach and is well-
known to be largely cured by the inclusion of the subleading contact interaction.
In all other channels, the deviations between the theory and Nijmegen PWA are
consistent with the expected corrections from higher-order terms in the expansion
of the potential and also indicate that these corrections can be taken into account
perturbatively.

In addition to the predicted energy dependence of the phase shifts, the proper in-
clusion of the pion-exchange physics can be tested in theoretical predictions for the
coefficients in the effective range expansion

p2l+1 cot δl(p) = −
1

a
+

1

2
rp2 + v2p

4 + v3p
6 + v4p

8 + . . . , (23)

where a, r and vi denote the scattering length, effective range and shape parameters,
respectively, and l is the orbital angular momentum. The energy dependence of
the two-particle scattering amplitude near threshold is driven by the long-range
tail of the interaction which imposes correlations between the coefficients in the
effective range expansion [23]. These correlations are determined by the long-range
interaction and may be regarded as low-energy theorems (LETs). In tables 1 and
2, the LETs in the KSW and Weinberg approaches are confronted with the results
of the Nijmegen PWA for the 1S0 and 3S1 partial waves, respectively. Since in the
KSW approach the LO S-wave amplitude does not involve effects due to OPE,
one needs to go to at least NLO in order to test the LETs in this framework. The
analytic expressions for the S-wave shape parameters at NLO in the KSW scheme
can be found in Ref. [23]. Clearly, the modified version of the KSW approach
discussed in section 3 yields the same results for vi modulo terms of order 1/m
and higher. The LETs are known to be strongly violated in the KSW approach [23],
see tables 1 and 2. The non-perturbative treatment of the OPE potential leads to
an improved description of the LETs in the 1S0 channel. It is, however, still rather
poor at LO which should not come as a surprise given that the long-range part
of the OPE potential generates only a small contribution to the 1S0 phase shift.
One may, therefore, expect that the LETs are strongly affected by the two-pion
exchange contributions in this partial wave. In the 3S1 channel, in contrast, the
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3S1 partial wave a [fm] r [fm] v2 [fm3] v3 [fm5] v4 [fm7]

NLO KSW from Ref. [23] fit fit −0.95 4.6 −25

LO Weinberg fit 1.60 −0.05 0.8(1) −4(1)

Nijmegen PWA 5.42 1.75 0.04 0.67 −4.0

Table 2
Predictions for the coefficients in the effective range expansion of the 3S1 phase shifts (low-
energy theorems) with perturbative and non-perturbative treatment of the OPE potential in
comparison with the values from the Nijmegen PWA [43].

LETs are well reproduced at LO in the Weinberg approach. The discrepancy for
v2 in the 3S1 channel should not be taken too seriously given the very small value
of this coefficient. We further emphasize that the errors quoted for v3,4 refer to
the estimated uncertainty of our numerical extraction of these parameters from the
phase shifts.

5 Summary and conclusions

In this paper we applied the manifestly Lorentz-invariant form of the effective La-
grangian to the problem of nucleon-nucleon scattering without relying on the non-
relativistic expansion. The LO contribution to the scattering amplitude in the result-
ing modifiedWeinberg approach can be obtained by solving the LS-type of integral
equation (8) with the kernel given by the OPE potential and derivative-less contact
interactions. Contrary to its nonrelativistic counterpart, this equation is renormal-
izable, i.e. all UV divergences generated by its iterations can be absorbed by redef-
inition of the two LO contact interactions. The explicit appearance of the nucleon
mass in the propagators, however, makes it necessary to perform additional, finite
subtractions in order to restore the proper scaling of the renormalized contributions
in accordance with the power counting. Such additional subtractions only affect the
values of the LECs accompanying the LO contact interactions. Consequently, the
LO equation is renormalizable and consistent in the EFT sense.

In the case of perturbative pions, the new approach is shown to reproduce the
well-known results of the NR KSW framework modulo terms of a higher order in
the 1/m-expansion. When pions are treated non-perturbatively as suggested in the
Weinberg scheme, the formulation we propose, being renormalizable, offers the ap-
pealing possibility to remove the UV cutoff in the way compatible with the princi-
ples of EFT. We have analyzed two-nucleon scattering at LO in the modified Wein-
berg approach. We found that the integral equation does not possess a unique solu-
tion in the 3P0 partial wave similarly to the Skornyakov–Ter-Martirosyan equation
for spin-doublet nucleon-deuteron scattering. One possible way to fix the solution
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FIG. 4. The 3S1 phase shift for NN scattering. The solid line is the Nijmegen multi-energy fit
[20], the long dashed line is the LO effective field theory result, the short dashed line is the NLO

result, and the dotted line is the NNLO result. The dash-dotted line shows the result of including
the parameter ζ5 which is higher order in the power counting.
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.

Solving the beta functions in Eq. (9) perturbatively, we find that the quantities in the square

and curly brackets are separately µ independent, and the quantities in curly brackets vanish

at NNLO. ζrad
3 includes the radiation pion contributions to the amplitude. The expression

for ζrad
3 in the 3S1 channel is obtained from Eq. (C37) by interchanging the spin singlet and

spin triplet labels.

The LO amplitude ASS
−1 has a pole at p = iγ corresponding to the deuteron bound state.

The deuteron has binding energy B = 2.22 MeV, so γ =
√

MB = 45.7 MeV. The remaining

coefficients, ζ1 − ζ4 are fixed using the same procedure as in the 1S0 channel:

NLO : ζ1 = 0.327; ζ2 = −0.0936; (29)

NNLO : ζ1 = 0.432; ζ2 = −0.0818; ζ3 = 0.165; ζ4 = 0.399;

The 3S1 phase shift is shown in Fig. 4. The LO phase shift (long dashed curve) has no free
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Fleming, Mehen, Stewart, NPA 677 (2000) 313

pion exchange seems to require a non-perturbative treatment!

see also: Birse, Phys. Rev. C74 (2006) 014003
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What is the applicability range of the potential approach?
Strictly speaking, below π production threshold, i.e.!
(if desired, radiative pions can be included perturbatively…) 
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How to derive nuclear forces from the effective chiral Lagrangian?
Irreducible time-ordered diagrams Weinberg ’90; van Kolck et al. ’93; Pastori, Piarulli et al. 07-16

Decouple pion states via a suitable UT in the Fock space EE, Glöckle, Krebs, Meißner
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extension
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ChPT

define via matching

Are nuclear potentials well-defined (i.e. finite)?

UV finite

not necessarily 
UV finite

So far, it was always possible to renormalize nuclear forces by systematically 
exploiting their unitary ambiguity…
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How about current operators?
Include coupling to external sources (local χ-symmetry)                   , eliminate 
pion fields and read off the current operators

 Chiral EFT for nuclei

5

where N denotes the nucleon field, v is the nucleon four-velocity and D is to the covariant derivative. We refer the
reader to Ref. [13] for more details on the notation and explicit expressions for the pion-nucleon Lagrangian. The
above term must be taken into account as it generates a relativistic 1/m2-contribution to the single-nucleon axial
vector current ~A1N at order Q. In the MUT, we use the equation of motion for the nucleon field

i v ·DN = �gAS · uN +O(Q2), (2.3)

or, equivalently, perform a field redefinition

N ! N � 1

m2
(D2 � (v ·D)2)N (2.4)

to eliminate the term in Eq. (2.2) in favor of the new vertex

�gA
1

m2
N†(D2 � (v ·D)2)S · uN + h.c. , (2.5)

which does not involve the time derivative of the nucleon field but a series of higher-order terms which are irrelevant
for our present application.

B. “Strong” unitary transformations

After the elimination of the various terms involving time derivatives as described in the previous section, the canonical
formalism can be applied straightforwardly to derive the e↵ective Hamiltonian H corresponding to the Lagrangian
in Eq. (2.1), which governs the pion-nucleon dynamics in the presence of external fields. In general, the chiral EFT
Hamiltonian H[a, v, s, p] depends on external axial vector, singlet vector, flavour vector, scalar and pseudoscalar

sources aaµ, v
(s)
µ , vaµ, s and pa, respectively. All these sources are functions of space and time.

Next, one has to integrate out pion fields, i.e. to decouple the purely nucleonic subspace of the Fock space from the
rest. This is achieved via a suitably chosen unitary transformation on the Fock space. Following Okubo [60], the
unitary operator UOkubo can be parametrized in terms of an operator A = �A⌘. Here and in what follows, ⌘ and �
denote projection operators onto the purely nucleonic and the remaining parts of the Fock space with the properties
⌘2 = ⌘, �2 = �, ⌘� = �⌘ = 0 and ⌘ + � = 1. The requirement of decoupling of the ⌘-subspace of the Fock space,
⌘U†

OkuboHsUOkubo� = �U †
OkuboHsUOkubo⌘ = 0, leads to the nonlinear decoupling equation for the operator A,

�(Hs � [A, Hs]�AHsA)⌘ = 0 . (2.6)

Here, Hs is defined as

Hs := H[0, 0, s = mq, 0], (2.7)

where mq is light quark mass which we will express in terms of physical pion mass via the relation

2Bmq = M2
⇡ +O(M4

⇡). (2.8)

From here on, we work in the isospin limit mq = mu0md. The LEC B can be extracted from quark condensate in the
isospin limit

h0|ūu|0i = h0|d̄d|0i = �F 2B(1 +O(mq)) , (2.9)

where F denotes the pion decay constant in the chiral limit. The solution of the decoupling equation and the
computation of the operators UOkubo and ⌘U†

OkuboHUOkubo⌘ are carried out perturbatively within the chiral expansion.
This is most easily achieved by counting the inverse powers of the hard scale as explained in Ref. [11]. Specifically, the
various terms in the interaction part of the Hamiltonian HI can be classified according to the inverse mass dimension
 of the corresponding coupling constants,

HI =
X



H() with  = d+
3

2
a+ b+ c� 4 . (2.10)

[see Krebs, EE, Meißner, to appear]

Can one combine currents calculated by the JLab-Pisa group with Bochum-Bonn !
nuclear forces?

This would be inconsistent (currents & forces correspond to different choices of 
the basis states)

Where does chiral physics come into play?
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contact interactions

multiple GB !
exchange (ChPT)

The potential is expected to converge at large 
distances (r ~ Mπ and beyond). The long-range !
tail of the force controls the energy behavior of 
the amplitude in the near-threshold region.

What is the breakdown distance of the chiral 
expansion of the long-range potential?

Naively (just NDA): r ~ (4πFπ)-1 ~ 0.2 fm!
However, this seems too optimistic…
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Same arguments  apply  to all MS-like 
graphs: enhanced & analytically calcu-
lable (in the static approximation), e.g.:
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Rb ~ 0.8 fm  (but good convergence of the χ expansion for r > 1fm)
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Kolck, Pavon Valderrama, Ruiz Arriola, Nogga, Timmermanns, EE, Meißner, Entem, Machleidt, Yang, Elster, Long, Gegelia, ... 

Lippmann-Schwinger eq. is linearly divergent, need infini-!
tely many CTs to absorb UV divergences from iterations!
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How to renormalize the Schrödinger equation?
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Include short-range operators in the potential according to NDA 
Introduce a finite UV regulator R ~ Rb (Λ ~ 500 MeV)
Solve the LS equation & tune the bare LECs Ci(R) to NN data (implicit renormalization)
(Numerical) self-consistency checks via error analysis and Rb variation
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 Chiral EFT for nuclei

Commonly used approach  EGM, EM, EKM, Gezerlis et al.’14, Piarulli et al.’15, Carlsson et al.’16, … 

See: Lepage, „How to renormalize the Schrödinger equation“,  nucl-th/9607029 and talk@INT in 2000 

Include short-range operators in the potential according to NDA 
Introduce a finite UV regulator R ~ Rb (Λ ~ 500 MeV)
Solve the LS equation & tune the bare LECs Ci(R) to NN data (implicit renormalization)
(Numerical) self-consistency checks via error analysis and Rb variation

Do calculated observables show residual regulator dependence? 
Yes, this is an unavoidable feature of this approach. The residual cutoff dependence 
measures the impact of (neglected) higher-order contact terms and can be 
systematically eliminated by going to higher orders.
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Figure 4: Cutoff dependence of the phase shifts calculated at N2LO (left panel) and N3LO (right
panel). Dashed-double-dotted, solid, dashed-dotted, dashed and dotted lines show the results for
R= R1, . . . ,R5 as defined in Eq. (2.8), respectively. For remaining notation see Fig. 3.

order-Q5 contributions to the TPE potential. The obtained results suggest – fully in line with the
Weinberg power counting [1] – that the theoretical uncertainty at NLO and N3LO is dominated by
the neglected TPE contributions at orders Q3 and Q5, respectively. Indeed, if certain order-Q4 and
order-Q6 contact interactions would have to be promoted to lower orders in violation with naive
dimensional analysis as suggested e.g. in [66, 83, 82], the inclusion of the order-Q3 and order-Q5

TPE contributions alone would not result in the improved accuracy of the fits at N2LO and N4LO.
I now briefly address the residual cutoff dependence of our results. Fig. 4 shows the np phase

shifts at N2LO and N3LO for all considered choices of the regulator. As expected, the residual
cutoff dependence at N2LO is efficiently absorbed into redefinition of the order-Q4 contact inter-
actions at N3LO. I do not show the results at N4LO, but they turn out to be very similar to those at
N3LO what concerns the dependence on the regulator R.

It is also instructive to look at χ̃2 per datum for the reproduction of the phase shifts of the
NPWA as a function of the cutoff R. Here, for the sake of brevity, I restrict myself to N3LO and to
the single energy bin of Elab = 0− 200 MeV. We find the following pattern for np phase shifts by
decreasing the values of the regulator starting from the softest choice of R= 1.2 fm:

χ̃2/datum = 1.8R=1.2 fm → 0.8R=1.1 fm → 0.6R=1.0 fm → 0.7R=0.9 fm → 0.8R=0.8 fm ,
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Figure 4: Cutoff dependence of the phase shifts calculated at N2LO (left panel) and N3LO (right
panel). Dashed-double-dotted, solid, dashed-dotted, dashed and dotted lines show the results for
R= R1, . . . ,R5 as defined in Eq. (2.8), respectively. For remaining notation see Fig. 3.

order-Q5 contributions to the TPE potential. The obtained results suggest – fully in line with the
Weinberg power counting [1] – that the theoretical uncertainty at NLO and N3LO is dominated by
the neglected TPE contributions at orders Q3 and Q5, respectively. Indeed, if certain order-Q4 and
order-Q6 contact interactions would have to be promoted to lower orders in violation with naive
dimensional analysis as suggested e.g. in [66, 83, 82], the inclusion of the order-Q3 and order-Q5

TPE contributions alone would not result in the improved accuracy of the fits at N2LO and N4LO.
I now briefly address the residual cutoff dependence of our results. Fig. 4 shows the np phase

shifts at N2LO and N3LO for all considered choices of the regulator. As expected, the residual
cutoff dependence at N2LO is efficiently absorbed into redefinition of the order-Q4 contact inter-
actions at N3LO. I do not show the results at N4LO, but they turn out to be very similar to those at
N3LO what concerns the dependence on the regulator R.

It is also instructive to look at χ̃2 per datum for the reproduction of the phase shifts of the
NPWA as a function of the cutoff R. Here, for the sake of brevity, I restrict myself to N3LO and to
the single energy bin of Elab = 0− 200 MeV. We find the following pattern for np phase shifts by
decreasing the values of the regulator starting from the softest choice of R= 1.2 fm:

χ̃2/datum = 1.8R=1.2 fm → 0.8R=1.1 fm → 0.6R=1.0 fm → 0.7R=0.9 fm → 0.8R=0.8 fm ,
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R=1.2 fm
R=1.1 fm
R=1.0 fm
R=0.9 fm
R=0.8 fm
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Are there alternative approaches? 
Yes! In particular, the RG analysis by Birse, studies by Pavon-Valderrama!
and Yang/Long suggest different specific pattern for contact operators…

 Chiral EFT for nuclei

Can these scenarios be tested/discriminated?
Yes, possibly by looking at the convergence pattern (requires high orders + 
uncertainty estimation) [for a related discussion, see: Grießhammer, arXiv:1511.00490]

How to assess the theoretical uncertainty?

What expansion of the amplitude does this approach correspond to?
For π-less case/theory with known long-range forces, the expansion corres-
ponds to ERE/MERE (regardless of the size of the scattering length). !
More generally, RG analysis?

Simple estimation of truncation errors via cutoff variation (not reliable…) or 
based on the available lower-order contributions [EE, Krebs, Meißner, EPJA 51 (2015) 53]. 
More rigorous treatment within a Bayesian approach [Furnstahl et al., PRC 92 (15) 024005]. 

[see: Birse, Phil. Trans. Roy. Soc. Lond. A369 (2011) 2662]

Statistical uncertainties in Ci(R) have little impact [Ekström et al., J. Phys. G42 (15) 034003].
Systematic error due to uncertainties in πN LECs needs to be analyzed



 Chiral EFT for nuclei
Predictive power?

Nuclear χEFT in the Precision Era Evgeny Epelbaum

πN scattering 2π-exchange 
NN force

long- and intermediate-range parts of the 3NF

Figure 2: The long-range part of the nuclear force is completely predicted by the chiral symmetry
of QCD and experimental information on the pion-nucleon system.

part of the interaction and thus maintains the analytic structure of the amplitude in the low-energy
domain. This feature is in contrast with the non-local momentum-space regulator employed in the
first-generation NN potentials of Refs. [47, 48] of the type

V (p⃗, p⃗ ′)→V reg(p⃗, p⃗ ′) =V (p⃗, p⃗ ′)exp
(

−
p2n+ p′2n

Λ2n

)

, n= 2,3 , (2.7)

where p⃗, p⃗ ′ are the initial and final momenta of the nucleons in the center of mass system (CMS),
which distorts the long-range part of the interaction. Another advantage of the regulator in Eq. (2.5)
is that it cuts off precisely the undesired short-range components of the pion exchange contributions
which cannot be meaningfully predicted in chiral EFT instead of their large-momentum parts as
does the non-local regulator in Eq. (2.7). This makes the additional spectral-function regularization
(SFR) [75] of the two-pion exchange components, which was used e.g. in Refs. [48, 76] to tame
the unphysically strong attraction at short distances at N2LO [41], obsolete. This is a particularly
welcome feature in view of the ongoing and upcoming 3NF studies, in which the implementation
of the SFR would be rather non-trivial. The insensitivity of the calculated NN observables to the
value of the exponent in Eq. (2.5) is demonstrated in [18]. For contact interactions, we used in
Refs. [18, 19] a non-local Gaussian regulator in momentum space with the cutoff set to Λ= 2/R.

2.3 Determination of the LECs

I am now in the position to specify the employed values of the various LECs and begin with
the long-range part of the potential due to exchange of pion(s). Here, the framework of chiral
EFT shows its full power by allowing one to predict the long-range part of the nuclear force in a
parameter-free way using the available experimental information on the pion-nucleon system and
exploiting the constraints due to the chiral symmetry of QCD as visualized schematically in Fig. 2.
At orders N2LO, N3LO and N4LO, one needs to specify the values of the order-Q2, order-Q3 and
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V (p⃗, p⃗ ′)→V reg(p⃗, p⃗ ′) =V (p⃗, p⃗ ′)exp
(

−
p2n+ p′2n

Λ2n

)

, n= 2,3 , (2.7)

where p⃗, p⃗ ′ are the initial and final momenta of the nucleons in the center of mass system (CMS),
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is that it cuts off precisely the undesired short-range components of the pion exchange contributions
which cannot be meaningfully predicted in chiral EFT instead of their large-momentum parts as
does the non-local regulator in Eq. (2.7). This makes the additional spectral-function regularization
(SFR) [75] of the two-pion exchange components, which was used e.g. in Refs. [48, 76] to tame
the unphysically strong attraction at short distances at N2LO [41], obsolete. This is a particularly
welcome feature in view of the ongoing and upcoming 3NF studies, in which the implementation
of the SFR would be rather non-trivial. The insensitivity of the calculated NN observables to the
value of the exponent in Eq. (2.5) is demonstrated in [18]. For contact interactions, we used in
Refs. [18, 19] a non-local Gaussian regulator in momentum space with the cutoff set to Λ= 2/R.
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I am now in the position to specify the employed values of the various LECs and begin with
the long-range part of the potential due to exchange of pion(s). Here, the framework of chiral
EFT shows its full power by allowing one to predict the long-range part of the nuclear force in a
parameter-free way using the available experimental information on the pion-nucleon system and
exploiting the constraints due to the chiral symmetry of QCD as visualized schematically in Fig. 2.
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d̄14 − d̄15 = −5.65 from the order-Q3 fits to πN data in the physical region [77] and inside the
Mandelstam triangle [78]. Further, the LEC d18 is adjusted to reproduce the observed value of the
Goldberger-Treiman discrepancy. Here and in the following, the values of the LECs are given in
units of GeV−n. The bars over the LECs indicate that I am using the convention of Ref. [77] by
setting the dimensional regularization scale equal to the pion mass. At N4LO, we employ the values
from our order-Q4 fit to Karlsruhe-Helsinki partial-wave analysis of πN scattering [55], namely:
c1 =−0.75, c2 = 3.49, c3 =−4.77, c4 = 3.34, d̄1+ d̄2 = 6.21, d̄3 =−6.83, d̄5 = 0.78, d̄14− d̄15 =
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Figure 7: Chiral expansion of the np total cross section at different energies based on R = 0.9 fm
in comparison with experimental data of Ref. [90]. The horizontal band shows the result of the
NPWA.

Table 2: Deuteron binding energy Bd (in MeV), asymptotic S state normalization AS (in fm−1/2),
asymptotic D/S state ratio η , radius rd (in fm), quadrupole moment Q (in fm2) and the D-state
probability PD (in %) based on the cutoff R= 0.9 fm. Notice that rd and Q are calculated without
including exchange current contributions and relativistic corrections. References to experimental
data/empirical values can be found in Ref. [18].

LO NLO N2LO N3LO N4LO Empirical
Bd 2.0235 2.1987 2.2311 2.2246⋆ 2.2246⋆ 2.224575(9)
AS 0.8333 0.8772 0.8865 0.8845 0.8844 0.8846(9)
η 0.0212 0.0256 0.0256 0.0255 0.0255 0.0256(4)
rd 1.990 1.968 1.966 1.972 1.972 1.97535(85)
Q 0.230 0.273 0.270 0.271 0.271 0.2859(3)
PD 2.54 4.73 4.50 4.19 4.29
⋆The deuteron binding energy has been taken as input in the fit.

NPWA and confirm a good convergence of the chiral expansion. More results for NN observables
can be found in Refs. [18, 19].

As already advertised, the novel approach to uncertainty quantification is not restricted to a
particular choice of the regulator. Carrying out the error analysis for calculations based on different
choices of R thus provides a useful consistency check of the method. In Fig. 9, we show the results
for the total cross section at all orders starting from NLO and for all considered cutoff choices.
Within the quoted errors, the predictions based on different values of R agree with each other and
the NPWA for all orders in the chiral expansion. The accuracy of the predicted results for the cross
section shows the same dependence on the cutoff as the quality of the fits discussed in section 2.4.

In Table 2, we list our results for the deuteron properties. At the considered accuracy level,
the chiral expansion is nearly converged already at N3LO except for PD which is not an observable
quantity.8 The predicted values for AS and η are in excellent agreement with the empirical numbers.

8PD = 5%±1% has been used as an additional “data” point in the fits at N3LO and N4LO in order to stabilize the
results, see Ref. [18] for more detail.
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Scattering lengths and effective range parameters extracted from the data
predictions at N4LO Experimental/Empirical values

neutron-proton

a1S0
[fm] �23.733(6) �23.740(20)

r1S0
[fm] 2.677(7) 2.77(5)

a3S1
[fm] 5.419(1) 5.419(7)

r3S1
[fm] 1.752(0) 1.753(8)

proton-proton

a1S0
[fm] �7.816(1) �7.817(4)

r1S0
[fm] 2.773(2) 2.78(2)

N4LO Experiment/Empirical CD Bonn 2000

neutron-proton

a1S0
[fm] �23.733 ± 0.006

r1S0
[fm] 2.677 ± 0.007

a3S1
[fm] 5.419 ± 0.001

r3S1
[fm] 1.752 ± 0.000

proton-proton

a1S0
[fm] �7.816 ± 0.001

r1S0
[fm] 2.773 ± 0.002
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In the 2N system, the results at N4LO (order Q5, two loops!) are available.



 Chiral EFT for nuclei
3NF so far only up to N2LO (N3LO in progress by the LENPIC Collaboration…)
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Is chiral EFT always more efficient than pionless EFT?
Not necessarily…  For low enough momenta  p, the expansion in p/Mπ is 
expected to converge faster than the chiral expansion in max(p/Mπ, Mπ/mN).

Chiral EFT for hyper-nuclei?
Yes, see Meißner, Haidenbauer, arXiv:1603.06429 for a review. Need input from lattice QCD!



 The future
What are the frontiers/challenges for the near future?

Precision physics beyond the 2N system: challenge the theory 
Lots of predictive power (N3LO contributions to the 3NF and 4NF are 
parameter-free, 3H β-decay & μ-capture reactions are parameter-free 
up to N3LO once the short-range 3NF@N2LO is fixed, …)
3NF & long-standing puzzles in 3N continuum
Push theory to heavier nuclei (underbinding? radii?)
More reliable error analysis
Test different power counting schemes

—

—
—
—
—

Chiral EFT as a tool to deal with nuclear effects when looking at physics !
of/beyond the SM (parity violation, EDM, 0νββ, proton charge radius,…) 

EFT for lattice QCD (extrapolations), lattice QCD for EFT (quark mass 
dependence, „data“, …)

EFT for DFT


