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• Matrix element 
determining 
fusion cross-section  
 

• Gamow-Teller matrix 
element in tritium

pp ! de+⌫

) L1,A, `1,A, L1,A, . . .

Weak nuclear processes



Stars emit heat/light from conversion of 
H to He

Sun + cooler stars: proton-proton fusion 
chain reaction  
 
 
 

Related to:
Neutrino breakup reaction (SNO)
Muon capture reaction (MuSun)

Proton-proton fusion

    We calculate 
        cross-section pp ! de+⌫

) L1,A, `1,A, L1,A, . . .

hd; 3|A3
3|ppi



Simplest semileptonic weak  
decay of a nuclear system  
 

Gamow-Teller (axial current)  
contribution to decays of nuclei  
not well-known from theory
Understand multi-body contributions  
to                 better predictions for  
decay rates of larger nuclei

Kumar et al. J. Phys. G43 (2016)

(free-nucleon)

different nuclei  
30<A<60

Tritium β-decay

    We calculate
gAhGTi = h3He|q�k�5⌧�q|3Hi

hGTi



Numerical first-principles approach

Euclidean space-time
•Finite lattice spacing
•Volume
•Boundary conditions

Finite but large number of d.o.f  (1012)

Lattice QCD

t ! i⌧

a

hOi = 1

Z

Z
DAD D O[A,  ]e�S[A,  ] hOi ' 1

N
conf

N
confX

i

O([U i])

Approximate the QCD path integral by Monte Carlo

with field configurations        distributed according toU i e�S[U ]

L3 ⇥ T ⇡ 323 ⇥ 64

x64



How do we calculate the proton mass? 

Create three quarks (correct quantum numbers) at a source and 
annihilate the three quarks at sink far from source

QCD adds all the quark anti-quark pairs and gluons automatically: only 
eigenstates with correct q#’s propagate

Doing lattice QCD

time



Correlation decays exponentially  
with distance in time: 
 
 
 
At late times: 

Ground state mass revealed  
through “effective mass plot” 
 

Doing lattice QCD

! Z0 exp(�E0t)

M(t) = ln


C(t)
C(t + 1)

�
t!1�! E0

C(t) =

X

n

Zn exp(�Ent)

all eigenstates with q#’s of proton
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How do we calculate matrix elements? 

Create three quarks (correct quantum numbers) at a source and 
annihilate the three quarks at sink far from source
Insert operator at intermediate timeslice 
 
 
 
 
 
 
 

Remove time-dependence by dividing out with two-point correlators:

Doing lattice QCD

C3(t, ⌧, ~p0, ~q)

C2(t� ⌧, p0)C2(⌧, p)
t!1�! hN(p0)|O(q)|N(p)i

t = 0

t = ⌧
t = t



Predictions for new states with 
controlled uncertainties

Ground state hadron spectrum 
reproduced

p-n mass splitting reproduced

…

Lattice QCD works
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FIG. 15. Our results for the masses of charmed and/or bottom baryons, compared to the experimental results where available
[8, 10, 12]. The masses of baryons containing nb bottom quarks have been o↵set by �nb · (3000 MeV) to fit them into this plot.
Note that the uncertainties of our results for nearby states are highly correlated, and hyperfine splittings such as M⌦⇤

b
� M⌦b

can in fact be resolved with much smaller uncertainties than apparent from this figure (see Table XIX).

[Z Brown et al. PRD 2014]

Recently determined 
by LHCb experiment

Science 347:1452-1455,2015



Nuclei on the lattice 

Hard problem

Noise:  
Statistical uncertainty grows 
exponentially with A

Complexity: 
Number of contractions 
grows factorially 

Nuclear physics

[Detmold & Savage, Detmold & Orginos; Doi & Endres]



NPLQCD collaboration  
QCD with unphysical  
quark masses      
mπ~800 MeV, mN~1,600 MeV

mπ~450 MeV, mN~1,200 MeV

Spectrum of light nuclei (A<5)
[PRD 87 (2013), 034506]

Nuclear structure: magnetic 
moments, polarisabilities (A<5)
[PRL 113,  252001 (2014), PRD 92, 114502 (2015)]

First nuclear reaction: np→dγ 
[PRL 115, 132001 (2015)] 

 Unphysical nuclei

d nn 3He 4He nS L
3 H L

3 He S
3He L

4 He H-dib nX LL
4 He

1+
0+

1
2

+

0+

1+

1
2

+

3
2

+

1
2

+

3
2

+

0+

0+

0+

1+

0+

0+

-160

-140

-120

-100

-80

-60

-40

-20

0

D
E
HMe

V
L

Proton-proton fusion  
and tritium β-decay      
mπ~800 MeV, mN~1,600 MeV

 

Hot off the press



Hadron/nuclear energies are modified by 
presence of fixed/constant external fields 

Example: fixed magnetic field 
 
 
 
 

Calculations with multiple fields        
         extract coefficients of response  
e.g., magnetic moments, polarisabilities, …

Not restricted to simple EM fields 
This work: uniform axial background field

Background field method

[NPLQCD PRL 113,  252001 (2014)]

E( ~B) =
q

M2 + (2n+ 1)|Qe ~B|� ~µ · ~B

�2⇡�M0| ~B|2 � 2⇡�M2TijBiBj + . . .

landau level mag. mmt

polarisabilities traceless,  
sym tensor



Magnetic moments
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FIG. 2: The calculated �E(B) of the proton and neutron
(upper panel) and light nuclei (lower panel) in lattice units
as a function of |ñ|. The shaded regions corresponds to fits
of the form �E(B) = �2µ |B|+� |B|3 and their uncertainties.
The dashed lines correspond to the linear contribution alone.

dure. Fits are performed only over time ranges where
all of the individual correlators in the ratio exhibit sin-
gle exponential behavior and a systematic uncertainty is
assigned from variation of the fitting window. Figure 1
shows the correlator ratios and associated fits for the var-
ious states that we consider: p, n, d, 3He, and 3H, for
ñ = +1,�2,+4.

As mentioned above, the magnetic moments of the pro-
ton and neutron have been previously calculated with lat-
tice QCD methods for a wide range of light-quark masses
(in almost all cases omitting the disconnected contribu-
tions). The present work is the first QCD calculation of
the magnetic moments of nuclei. In Figure 2, we show
the energy splittings of the nucleons and nuclei as a func-
tion of |ñ|, and, motivated by Eq. (3), we fit these to a
function of the form �E

(B) = �2µ |B| + � |B|3, where �

is a constant encapsulating higher-order terms in the ex-
pansion. We find that the proton and neutron magnetic
moments at this pion mass are µ

p

= 1.792(19)(37) NM
(nuclear magnetons) and µ

n

= �1.138(03)(10) NM, re-
spectively, where the first uncertainty is statistical and
the second uncertainty is from systematics associated
with the fits to correlation functions and the extraction
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FIG. 3: The magnetic moments of the proton, neutron,
deuteron, 3He and triton. The results of the lattice QCD cal-
culation at a pion mass of m⇡ ⇠ 806 MeV, in units of lattice
nuclear magnetons, are shown as the solid bands. The inner
bands corresponds to the statistical uncertainties, while the
outer bands correspond to the statistical and systematic un-
certainties combined in quadrature, and include our estimates
of the uncertainties from lattice spacing and volume. The red
dashed lines show the experimentally measured values at the
physical quark masses.

of the magnetic moment using the above form. These
results agree with previous calculations [14] within the
uncertainties. In the more natural units of lattice nu-
clear magnetons (LNM), e

2M

N

, where M

N

is the mass
of the nucleon at the quark masses of the lattice cal-
culation, the magnetic moments are µ
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= 3.119(33)(64)
LNM and µ
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= �1.981(05)(18) LNM. These values at
this unphysical pion mass can be compared with those
of nature, µ
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= 2.792847356(23) NM and µ

expt
n

=
�1.9130427(05) NM, which are remarkably close to the
lattice results. In fact, when comparing all available
lattice QCD results for the nucleon magnetic moments
in units of LNM, the dependence upon the light-quark
masses is surprisingly small, reminiscent of the almost
completely flat pion mass dependence of the nucleon ax-
ial coupling, g

A

.
In Figure 2, we also show �E

(B) as a function of |ñ|
for the deuteron, 3He and the triton (3H). Fitting the
energy splittings with a form analogous to that for the
nucleons gives magnetic moments of µ

d

= 1.218(38)(87)
LNM for the deuteron, µ

3He = �2.29(03)(12) LNM for
3He and µ

3H = 3.56(05)(18) LNM for the triton. These
can be compared with the experimental values of µ

expt
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=
0.8574382308(72) NM, µ

expt
3He = �2.127625306(25) NM

and µ

expt
3H = 2.978962448(38) NM. The magnetic mo-

ments calculated with lattice QCD, along with their
experimental values, are presented in Figure 3. The
naive shell-model predictions for the magnetic moments
of these light nuclei are µ
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as a function of |ñ|. The shaded regions corresponds to fits
of the form �E(B) = �2µ |B|+� |B|3 and their uncertainties.
The dashed lines correspond to the linear contribution alone.

dure. Fits are performed only over time ranges where
all of the individual correlators in the ratio exhibit sin-
gle exponential behavior and a systematic uncertainty is
assigned from variation of the fitting window. Figure 1
shows the correlator ratios and associated fits for the var-
ious states that we consider: p, n, d, 3He, and 3H, for
ñ = +1,�2,+4.
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FIG. 3: The magnetic moments of the proton, neutron,
deuteron, 3He and triton. The results of the lattice QCD cal-
culation at a pion mass of m⇡ ⇠ 806 MeV, in units of lattice
nuclear magnetons, are shown as the solid bands. The inner
bands corresponds to the statistical uncertainties, while the
outer bands correspond to the statistical and systematic un-
certainties combined in quadrature, and include our estimates
of the uncertainties from lattice spacing and volume. The red
dashed lines show the experimentally measured values at the
physical quark masses.
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as a function of |ñ|. The shaded regions corresponds to fits
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dure. Fits are performed only over time ranges where
all of the individual correlators in the ratio exhibit sin-
gle exponential behavior and a systematic uncertainty is
assigned from variation of the fitting window. Figure 1
shows the correlator ratios and associated fits for the var-
ious states that we consider: p, n, d, 3He, and 3H, for
ñ = +1,�2,+4.

As mentioned above, the magnetic moments of the pro-
ton and neutron have been previously calculated with lat-
tice QCD methods for a wide range of light-quark masses
(in almost all cases omitting the disconnected contribu-
tions). The present work is the first QCD calculation of
the magnetic moments of nuclei. In Figure 2, we show
the energy splittings of the nucleons and nuclei as a func-
tion of |ñ|, and, motivated by Eq. (3), we fit these to a
function of the form �E
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FIG. 3: The magnetic moments of the proton, neutron,
deuteron, 3He and triton. The results of the lattice QCD cal-
culation at a pion mass of m⇡ ⇠ 806 MeV, in units of lattice
nuclear magnetons, are shown as the solid bands. The inner
bands corresponds to the statistical uncertainties, while the
outer bands correspond to the statistical and systematic un-
certainties combined in quadrature, and include our estimates
of the uncertainties from lattice spacing and volume. The red
dashed lines show the experimentally measured values at the
physical quark masses.
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QCD @ mπ = 800 MeV 
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Energy shift between ground states  
spin-aligned/anti-aligned with B

[NPLQCD PRL 113,  252001 (2014)]

Magnetic moments

linear term
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FIG. 3: The magnetic moments of the proton, neutron,
deuteron, 3He and triton. The results of the lattice QCD cal-
culation at a pion mass of m⇡ ⇠ 806 MeV, in units of lattice
nuclear magnetons, are shown as the solid bands. The inner
bands corresponds to the statistical uncertainties, while the
outer bands correspond to the statistical and systematic un-
certainties combined in quadrature, and include our estimates
of the uncertainties from lattice spacing and volume. The red
dashed lines show the experimentally measured values at the
physical quark masses.
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FIG. 2: The calculated �E(B) of the proton and neutron
(upper panel) and light nuclei (lower panel) in lattice units
as a function of |ñ|. The shaded regions corresponds to fits
of the form �E(B) = �2µ |B|+� |B|3 and their uncertainties.
The dashed lines correspond to the linear contribution alone.

dure. Fits are performed only over time ranges where
all of the individual correlators in the ratio exhibit sin-
gle exponential behavior and a systematic uncertainty is
assigned from variation of the fitting window. Figure 1
shows the correlator ratios and associated fits for the var-
ious states that we consider: p, n, d, 3He, and 3H, for
ñ = +1,�2,+4.

As mentioned above, the magnetic moments of the pro-
ton and neutron have been previously calculated with lat-
tice QCD methods for a wide range of light-quark masses
(in almost all cases omitting the disconnected contribu-
tions). The present work is the first QCD calculation of
the magnetic moments of nuclei. In Figure 2, we show
the energy splittings of the nucleons and nuclei as a func-
tion of |ñ|, and, motivated by Eq. (3), we fit these to a
function of the form �E

(B) = �2µ |B| + � |B|3, where �

is a constant encapsulating higher-order terms in the ex-
pansion. We find that the proton and neutron magnetic
moments at this pion mass are µ

p

= 1.792(19)(37) NM
(nuclear magnetons) and µ

n

= �1.138(03)(10) NM, re-
spectively, where the first uncertainty is statistical and
the second uncertainty is from systematics associated
with the fits to correlation functions and the extraction

p

n

d

3He

3H

-2

0

2

4

�
[�
�
�
]

FIG. 3: The magnetic moments of the proton, neutron,
deuteron, 3He and triton. The results of the lattice QCD cal-
culation at a pion mass of m⇡ ⇠ 806 MeV, in units of lattice
nuclear magnetons, are shown as the solid bands. The inner
bands corresponds to the statistical uncertainties, while the
outer bands correspond to the statistical and systematic un-
certainties combined in quadrature, and include our estimates
of the uncertainties from lattice spacing and volume. The red
dashed lines show the experimentally measured values at the
physical quark masses.

of the magnetic moment using the above form. These
results agree with previous calculations [14] within the
uncertainties. In the more natural units of lattice nu-
clear magnetons (LNM), e

2M

N

, where M

N

is the mass
of the nucleon at the quark masses of the lattice cal-
culation, the magnetic moments are µ

p

= 3.119(33)(64)
LNM and µ

n

= �1.981(05)(18) LNM. These values at
this unphysical pion mass can be compared with those
of nature, µ

expt
p

= 2.792847356(23) NM and µ

expt
n

=
�1.9130427(05) NM, which are remarkably close to the
lattice results. In fact, when comparing all available
lattice QCD results for the nucleon magnetic moments
in units of LNM, the dependence upon the light-quark
masses is surprisingly small, reminiscent of the almost
completely flat pion mass dependence of the nucleon ax-
ial coupling, g

A

.
In Figure 2, we also show �E

(B) as a function of |ñ|
for the deuteron, 3He and the triton (3H). Fitting the
energy splittings with a form analogous to that for the
nucleons gives magnetic moments of µ

d

= 1.218(38)(87)
LNM for the deuteron, µ

3He = �2.29(03)(12) LNM for
3He and µ

3H = 3.56(05)(18) LNM for the triton. These
can be compared with the experimental values of µ

expt
d

=
0.8574382308(72) NM, µ

expt
3He = �2.127625306(25) NM

and µ

expt
3H = 2.978962448(38) NM. The magnetic mo-

ments calculated with lattice QCD, along with their
experimental values, are presented in Figure 3. The
naive shell-model predictions for the magnetic moments
of these light nuclei are µ

SM
d

= µ

p

+µ

n

, µ

SM
3He = µ

n

(where
the two protons in the 1s-state are spin paired to j

p

= 0
and the neutron is in the 1s-state) and µ

SM
3H = µ

p

(where
the two neutrons in the 1s-state are spin paired to j

n

= 0

QCD @ mπ = 800 MeV 
Experiment

[NPLQCD PRL 113,  252001 (2014)]

Magnetic momentsResults are surprisingly consistent 
with shell model expectations

Suggests that heavy-quark nuclei 
are shell-model like!

µd = µp + µn

µ3H = µp

µ3He = µn

pnn

3H

J=0

In units of appropriate nuclear magnetons (heavy MN)



Example:    fixed magnetic field         moments, polarisabilities 
This work:  fixed axial background field         axial charges, other matrix elts.
Construct correlation functions from propagators modified in axial field

Axial background field

[NPLQCD Nucl. Phys. A743,  170 (2004)]

S

(q)
� (x, y) = S

(q)(x, y) + �q

Z
dz S

(q)(x, z) �3�5 S
(q)(z, y)

constantcompound propagator

S(d)
�

time

C�u;�d(t) =

S(u)
�

Linear response                axial matrix element



Axial background field

S(d)
�

time

C�u;�d(t) =

S(u)
�

C�u;�d(t) = + +� �2

+ �3
Linear response 
gives axial matrix  
element

Implicit sum over 
current insertion 
times



Example: determination of the proton axial charge 
 
 
 

Time difference isolates matrix element part

Axial background field

Implicit sum over 
current insertion 
times

C�u;�d(t)

����
O(�)

=

C�u;�d(t)

����
O(�)

=
tX

⌧=0

h0|�†(t)J(⌧)�(0)|0i

= . . .

= Z0e
�Mpt

h
C + t hp|A(u)

3 (0)|pi+O(e��t)
i

(C�u;�d(t+ 1)� C�u;�d(t))

����
O(�)

= Z0e
�Mpthp|A(u)

3 (0)|pi+O(e��t)

Excited states

Awful constants

Matrix element



Rp(t) =

⇣
C(p)

�u;�d=0(t)� C(p)
�u=0;�d

(t)
⌘���

O(�)

C(p)
�u=0;�d=0(t)

Rp(t+ 1)�Rp(t)
t!1�! gA

ZA

Extract matrix element through linear response of correlators to the  
background field
Form ratios to cancel leading  
time-dependence 
 
 
 
 
At late times: 

Matrix element revealed  
through “effective matrix elt. plot”

Proton axial charge
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1.1

1.2

1.3

1.4

1.5
smeared-smeared 
smeared-point

constant fit to  
plateau region



Simplest semileptonic weak  
decay of a nuclear system  
 

Gamow-Teller (axial current)  
contribution to decays of nuclei  
not well-known from theory
Understand multi-body contributions  
to                 better predictions for  
decay rates of larger nuclei

Kumar et al. J. Phys. G43 (2016)

(free-nucleon)

different nuclei  
30<A<60

Tritium β-decay

    We calculate
gAhGTi = h3He|q�k�5⌧�q|3Hi

hGTi



Form ratios of compound 
correlators to cancel leading  
time-dependence: 
 

Ground state ME revealed 
through “effective ME plot”

Tritium β-decay

3

FIG. 1. The ratios of correlation functions that determine
the unrenormalized isovector axial charge of the proton. The
orange diamonds (blue circles) correspond to the SS (SP) cor-
relator ratios, Rp(t), as defined in Eq. (4), and the band cor-
responds to a constant fit to the plateau interval of both SS
and SP.

as the proton has two valence up quarks and one va-
lence down quark. Consequently, using at least one(two)
nonzero value(s) of �d(u) enables extraction of the linear
response using simple fits or, in the more general cases
below, by inverting the Vandermonde matrix. The dif-
ference of the up-quark and down-quark matrix elements
can be used to construct the desired three-point function
containing the isovector axial current. This can then be
combined with the zero-field two-point function to form
a ratio that asymptotes to the desired axial charge at late
times, namely

Rp(t) =

⇣
C

(p)
�u;�d=0(t)� C

(p)
�u=0;�d

(t)
⌘���

O(�)

C

(p)
�u=0;�d=0(t)

, (3)

where the ratios are averaged over both spins, and
“
��
O(�)

” extracts the coe�cient of � in the preceding ex-

pression. Then,

Rp(t) ⌘ Rp(t+ 1)�Rp(t) �! gA

ZA
. (4)

The e↵ective-gA plots resulting from the correlator di↵er-
ences are shown in Fig. 1, along with constant fits that
extract gA from the late-time asymptote. The extracted
value is gA/ZA = 1.298(2)(6). Including the renormal-
ization factor, this result yields an axial-current matrix
element of gA = 1.13(2)(7), which is consistent with pre-
vious determinations from standard three-point function
techniques at this pion mass [46, 47].

The GT Matrix Element for Tritium �-decay: The
half-life of tritium, t1/2, is related to the F and GT matrix
elements by [1]

(1 + �R)fV
K/G

2
V

t1/2 =
1

hFi2 + fA/fV g

2
AhGTi2 , (5)

FIG. 2. The ratios of correlation functions that determine
the unrenormalized isovector axial matrix element in 3H (up-
per panel), and the ratio of the isovector axial matrix ele-
ment in 3H to that in the proton (lower panel). The orange
diamonds (blue circles) correspond to the SS (SP) e↵ective
correlator ratios and the bands correspond to constant fits to
the asymptotic behavior.

where the factors on the left-hand side are known pre-
cisely from theory or experiment. On the right-hand
side, fA,V denote Fermi functions [48] and hFi and
hGTi are the F and GT reduced matrix elements, re-
spectively. hFi is constrained to be very close to unity
by the Ademollo-Gatto theorem [49], modified only by
second-order isospin-breaking and electromagnetic cor-
rections. However, gAhGTi = h3He|q�k�5⌧�q|3Hi is less
constrained, and its evaluation is the focus of this section.
By isospin symmetry, the GT matrix element for

3H!3He e

�
⌫ is related to the axial charge of the tri-

ton, gA(3H), when the light quarks are degenerate and
in the absence of electromagnetism. Analogous to Rp

above, the ratio R

3H(t) of correlation functions is con-
structed in background fields such that R3H(t) ! gA(3H)
in the large-time limit. The analysis of these correlation
functions is more complex than for the proton because
the triton has four up quarks and five down quarks and
the correlators are thus quartic and quintic polynomi-
als in �u,d, respectively. Acting with the inverse of the
Vandermonde matrix on the calculated correlation func-
tions is su�cient to extract the terms linear in �u,d and
gives results consistent with a polynomial fit. Results for
R

3H(t) are shown in Fig. 2 along with a constant fit to
the asymptotic value gA(3H)/ZA. Also shown in Fig. 2
is hGTi(t) = R

3H(t)/Rp(t), which is independent of ZA,
and the fit to its asymptotic value, gA(3H)/gA. Analyses
of these ratios lead to

gA(3H)

ZA
= 1.272(6)(17),

gA(3H)

gA
= 0.979(3)(10), (6)

where the first uncertainties are statistical and the sec-
ond arise from systematics of the fits in both the field
strength and temporal separation as well as di↵erences in
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axial MEvector ME

known from theory or expt.



Stars emit heat/light from conversion of 
H to He

Sun + cooler stars: proton-proton fusion 
chain reaction  
 
 
 

Related to:
Neutrino breakup reaction (SNO)
Muon capture reaction (MuSun)

Proton-proton fusion

    We calculate 
        cross-section pp ! de+⌫

) L1,A, `1,A, L1,A, . . .

hd; 3|A3
3|ppi



Proton-proton fusion

Extract matrix element through linear response of 
correlators to the background field 
 
 
 
 
 
 

Calculate correlators at multiple values of  
         extract matrix element pieces

4

the analysis method. The result for gA(3H)/gA compares
favorably with the (much more precise) experimentally-
determined value of hGTi = 0.9511(13) [6] at the phys-
ical quark masses. In the context of EFT(⇡/), the short-
distance two-nucleon axial-vector operator, with coe�-
cient L1,A [4], is expected to give the leading contribu-
tion to the di↵erence of this ratio from unity. In pionful
EFTs, deviations from unity are dominated by multi-
body pion-exchanges. This has recently been explicitly
computed to N4LO in Weinberg’s power counting [5, 6].

The Low-Energy Proton-Proton Fusion Cross Section:

The low-energy cross section for pp ! de

+
⌫ is dictated

by the matrix element

��⌦
d; j

��
A

�
k

��
pp

↵�� ⌘ gAC⌘

r
32⇡

�

3
⇤(p) �jk, (7)

where C⌘ is the Sommerfeld factor and � is the deuteron
binding momentum. The quantity ⇤(p) has been calcu-
lated at threshold to N3LO [3] and N4LO [4] in EFT(⇡/),
and S11(0), the quantity governing the cross-section for
this process, is proportional to ⇤(0)2. At N3LO, ⇤(0) is
related to the renormalization-scale independent short-
distance quantity L

sd�2b
1,A that is solely two-body, along

with scattering parameters and Coulomb corrections:

⇤(0) =
1p

1� �⇢

{e� � �app[1� �e

�
E1(�)]

+
1

2
�

2
app

p
r1⇢}� 1

2gA
�app

p
1� �⇢ L

sd�2b
1,A . (8)

Here � = ↵Mp/�, where ↵ is the QED fine-structure
constant and Mp is the mass of the proton, app is the
pp scattering length, r1 and ⇢ are the e↵ective ranges in
the 1

S0 and 3
S1 channels, respectively, and E1(�) is the

incomplete gamma function. A determination of Lsd�2b
1,A ,

or equivalently of the commonly-used scale-independent
coupling L1,A [4] 3, is a goal of the present LQCD calcu-
lations.

A background isovector axial field mixes the
Jz = Iz = 0 components of the 3

S1 and 1
S0 two-

nucleon channels, enabling the pp-fusion matrix element
to be accessed. Using the new background field construc-

tion, the relevant o↵-diagonal matrix element C(3S1,
1S0)

�u;�d
(t)

is a cubic polynomial in both �u and �d. In Ref. [33], the
analogous mixing between the two-nucleon channels that
is induced by an isovector magnetic field was treated by
diagonalizing a correlation matrix and determining the
splittings between energy eigenvalues. This provided ac-
cess to the matrix element dictating np ! d� at low
energies, as was proposed in Ref. [50]. Such a method
can also be used for the axial field, but the improved

3 L1,A = 1
2gA

1��⇢
� Lsd�2b

1,A � 1
2

p
r1⇢.

approach used here makes use of the finite-order polyno-
mial structure to access the matrix element directly. For
a background field that couples to the u quarks,

C

(3S1,
1S0)

�u;�d=0(t) = �u

tX

⌧=0

X

x

h0|�3
3S1

(x, t)Au
3 (⌧)�

†
1S0

(0)|0i

+ c2�
2
u + c3�

3
u, (9)

where �

3
3S1

(�1S0
) is an interpolator for the Jz = 0

(Iz = 0) component of the 3
S1 (1S0) channel, and c2,3

are irrelevant terms. Calculations of the axial matrix
element at four or more values of �u allow for the extrac-
tion of the term that is linear in �u. A similar procedure
obtains the term that is linear in �d from background
fields coupling to the d quark. Taking the di↵erence of
the ratios of these terms to the corresponding zero-field
two-point functions determines the transition matrix el-
ement in the finite lattice volume;

R

3S1,1S0
(t) =

⇣
C

(3S1,
1S0)

�u,�d=0(t)� C

(3S1,
1S0)

�u=0,�d
(t)

⌘���
O(�u)q

C

(3S1,3S1)
�u=0,�d=0(t)C

(1S0,1S0)
�u=0,�d=0(t)

. (10)

Consequently, the di↵erence between ratios at neighbor-
ing timeslices determines the isovector matrix element;

R

3S1,1S0
(t) ⌘ R

3S1,1S0
(t+ 1)�R

3S1,1S0
(t)

!
⌦
3
S1; Jz = 0

��
A

3
3

�� 1
S0; Iz = 0

↵

ZA
, (11)

in the limit where �E = Ed�Epp is small (as is the case
with the quark masses used in this calculation [41]), and
when the contribution from excited states is suppressed.
This quantity, measured with both SS and SP correlators,
is shown in Fig. 3, along with the extracted value of the
axial matrix element,

⌦
3
S1; Jz = 0

��
A

3
3

�� 1
S0; Iz = 0

↵
/ZA =

2.568(5)(16), where the first uncertainty is statistical and
the second is a systematic encompassing choices of fit
ranges in time and field strength as well as variations
in analysis techniques. At the pion mass of this study,
the initial and final two-nucleon states are deeply bound
[41] and the associated finite-volume e↵ects in the ma-
trix elements are negligible [51, 52]. At lighter values
of the quark masses, where the np system is not bound
and the deuteron is only weakly bound, finite volume ef-
fects become more complicated, requiring the framework
developed in Refs. [51, 52].

To isolate the two-body contribution, the combination
R

3S1,1S0
(t) � 2Rp(t) is formed as shown in Fig. 3. Tak-

ing advantage of the near-degeneracy of the 3
S1 and 1

S0

two-nucleon channels at the quark masses used in this
calculation, it is straightforward to show that this corre-
lated di↵erence leads directly to the short-distance two-
nucleon counter term, Lsd�2b

1,A . Fitting a constant to the

correlator formed with  
background field 

coupling to u quark
irrelevant consts.

matrix elt. is linear in Λ

�u, �d



Proton-proton fusion
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Example: correlator formed with background field coupling 
to u quark 
 
  linear term

cubic fit

six choices of field strength: 
can fit up to 

time chosen 
for example

linear term  
gives ME
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Form ratios of compound correlators to cancel leading  
time-dependence 
 
 
 
 

Fit a constant to the  
‘effective matrix element  
plot’ at late times

Proton-proton fusion
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R3S1,1S0
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(t)

t!1�! h3S1; Jz = 0|A3
3|1S0; Iz = 0i

ZA

=
hd; 3|A3

3|ppi
ZA

4

of these ratios lead to

gA(3H)

ZA
= 1.272(6)(22),

gA(3H)

gA
= 0.979(3)(10), (6)

where the first uncertainties are statistical and the second
arise from systematics as described for gA. The result for
gA(3H)/gA is quite close to the precise, experimentally-
determined value of hGTi = 0.9511(13) [6] at the phys-
ical quark masses. In the context of ⇡/EFT, the short-
distance two-nucleon axial-vector operator, with coe�-
cient L1,A [4], is expected to give the leading contribution
to the di↵erence of this ratio from unity.

The Low-Energy Proton-Proton Fusion Cross Section:

The low-energy cross section for pp ! de

+
⌫ is dictated

by the matrix element

��⌦
d; j

��
A

�
k

��
pp

↵�� ⌘ gAC⌘

r
32⇡

�

3
⇤(p) �jk, (7)

where A

a
k(x) is the axial current with isospin and spin

components a and k respectively, j is the deuteron spin
index, C⌘ is the Sommerfeld factor and � is the deuteron
binding momentum. The quantity ⇤(p) has been calcu-
lated at threshold in ⇡/EFT to N2LO [3] and N4LO [4]
and later with a dibaryon approach [10]. With the ap-
proach of Ref. [4], resumming all of the e↵ective range
contributions [10, 56, 57], ⇤(0) at N2LO is related to the
renormalization-scale independent short-distance quan-
tity L

sd�2b
1,A that is a solely two-body contribution, along

with scattering parameters and Coulomb corrections:

⇤(0) =
1p

1� �⇢

{e� � �app[1� �e

��(0,�)] +

1

2
�

2
app

p
r1⇢}� 1

2gA
�app

p
1� �⇢ L

sd�2b
1,A . (8)

Here � = ↵Mp/�, where ↵ is the QED fine-structure
constant and Mp is the mass of the proton. The pp scat-
tering length is app, r1 and ⇢ are the e↵ective ranges in
the 1

S0 and 3
S1 channels, respectively, and �(0,�) is the

incomplete gamma function. A determination of Lsd�2b
1,A ,

or equivalently of the ⇡/EFT coupling L1,A which is de-
termined from the scale-independent constant

L1,A =
1

2gA

1� �⇢

�

L

sd�2b
1,A � 1

2

p
r1⇢ (9)

(as shown explicitly in Ref. [4]), is a goal of the present
LQCD calculations.

A background isovector axial-vector field mixes the
Jz = Iz = 0 components of the 3

S1 and 1
S0 two-

nucleon channels, enabling the pp-fusion matrix element
to be accessed. Using the new background field construc-

tion, the relevant o↵-diagonal matrix element C(3S1,
1S0)

�u;�d
(t)

is a cubic polynomial in both �u and �d. In Ref. [39],
the analogous mixing between the two-nucleon channels
induced by an isovector magnetic field was treated by di-
agonalizing a (channel-space) matrix of correlators and

determining the splittings between energy eigenvalues.
This provided access to the matrix element dictating
np ! d� at low energies, as was proposed in Ref. [58].
Such a method can also be used for the axial field, but
the improved approach implemented here makes use of
the finite-order polynomial structure to access the matrix
element directly. For a background field that couples to
the u quarks,

C

(3S1,
1S0)

�u;�d=0(t) = �u

tX

⌧=0

X

x,y

h0|�3
3S1

(x, t)Au
3 (y, ⌧)�

†
1S0

(0)|0i

+ c2�
2
u + c3�

3
u, (10)

where �

3
3S1

(�1S0
) is an interpolating field for the Jz = 0

(Iz = 0) component of the 3
S1 (1S0) channel, A

u
3 =

u�3�5u, and c2,3 are irrelevant terms. Calculations of
the axial matrix element at three or more values of �u

allow for the extraction of the term that is linear in �u.
A similar procedure yields the term that is linear in �d

from background fields coupling to the d quark. Taking
the di↵erence of the ratios of these terms to the corre-
sponding zero-field two-point functions determines the
transition matrix element in the finite lattice volume;

R

3S1,1S0
(t) =

C

(3S1,
1S0)

�u,�d=0(t)
���
O(�u)

� C

(3S1,
1S0)

�u=0,�d
(t)

���
O(�d)q

C

(3S1,3S1)
�u=0,�d=0(t)C

(1S0,1S0)
�u=0,�d=0(t)

.(11)

Consequently, the di↵erence between ratios at neighbor-
ing timeslices determines the isovector matrix element;

R

3S1,1S0
(t) ⌘ R

3S1,1S0
(t+ 1)�R

3S1,1S0
(t)

t!1�!
⌦
3
S1; Jz = 0

��
A

3
3

�� 1
S0; Iz = 0

↵

ZA
, (12)

in the limit where �E = Ed � Epp is small (as is
the case with the quark masses used in this calcu-
lation [47]), and when the contributions from excited
states are suppressed. This quantity, measured with
both SS and SP correlators, is shown in Fig. 3, along
with the extracted value of the axial matrix element,⌦
3
S1; Jz = 0

��
A

3
3

�� 1
S0; Iz = 0

↵
/ZA = 2.568(5)(17), where
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systematic encompassing choices of fit ranges in time
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niques. At the pion mass of this study, the initial and
final two-nucleon states are deeply bound [47] and the
finite-volume e↵ects in the matrix elements are negligi-
ble [59, 60]. At lighter values of the quark masses, where
the np(1S0) system and/or the deuteron are unbound or
only weakly bound, the connection between finite-volume
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framework developed in Refs. [59, 60].
To isolate the two-body contribution, the combina-
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the two-body contribution shows up at the tree-level, it is most convenient to define a new
two-nucleon coupling, l̃1,A, in this framework,
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+ 2
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⌘
, (6)

or

l̃1,A ⌘ l1,A + 2M
p
r1r3gA. (7)

The reason for choosing to add the gA term as opposed to subtract it in order to obtain a
solely two-nucleon contribution will become clear in item (4) below. Now with the use of the
matching Eq. (4), this turns into an equivalent definition for a new two-nucleon coupling in
the nucleon formalism

L̃1,A ⌘ L1,A +
1

2

p
r1r3. (8)

Note that this is not quite L̃1,A that is defined in the draft at the moment but is what was
used in all previous papers, including NPLQCD’s!

4. Finite-volume quantization condition: In the nucleon formalism, I find the following relation
between the energy eigenvalues in a finite volume and the bare weak couplings

h
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5. Degenerate deeply bound two-nucleon states as in the m⇡ = 800 MeV world : The simplest
limit of this QC is where the initial and final states are deeply bound and are degenerate
up to weak interactions. In this limit, the QC can be expanded in the small energy shift
between the two channels in presence of the weak interactions, and degenerate perturbation
theory gives

|�E3S1�1S0 |/W3 = 2|h3S1 |A3
3|1S0i| = Z2

d(4gA�L1,A + 2gA). (11)

up to exponentially small corrections that scale as e��L/L, where � = �ip is the binding
momentum of the bound state in absence of weak interactions, and Zd = 1/

p
1� �r3 is the

residue of the deuteron propagator at the pole (which in this limit is the same as that for
the pp channel). From this matrix element we form

2h3S1 |A3
3|1S0i � 2gA
2

= 2Z2
d�gA(L1,A +

r

2
). (12)
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of these ratios lead to

gA(3H)

ZA
= 1.272(6)(22),

gA(3H)

gA
= 0.979(3)(10), (6)

where the first uncertainties are statistical and the second
arise from systematics as described for gA. The result for
gA(3H)/gA is quite close to the precise, experimentally-
determined value of hGTi = 0.9511(13) [6] at the phys-
ical quark masses. In the context of ⇡/EFT, the short-
distance two-nucleon axial-vector operator, with coe�-
cient L1,A [4], is expected to give the leading contribution
to the di↵erence of this ratio from unity.

The Low-Energy Proton-Proton Fusion Cross Section:

The low-energy cross section for pp ! de

+
⌫ is dictated

by the matrix element

��⌦
d; j

��
A

�
k

��
pp

↵�� ⌘ gAC⌘

r
32⇡

�

3
⇤(p) �jk, (7)

where A

a
k(x) is the axial current with isospin and spin

components a and k respectively, j is the deuteron spin
index, C⌘ is the Sommerfeld factor and � is the deuteron
binding momentum. The quantity ⇤(p) has been calcu-
lated at threshold in ⇡/EFT to N2LO [3] and N4LO [4]
and later with a dibaryon approach [10]. With the ap-
proach of Ref. [4], resumming all of the e↵ective range
contributions [10, 56, 57], ⇤(0) at N2LO is related to the
renormalization-scale independent short-distance quan-
tity L

sd�2b
1,A that is a solely two-body contribution, along

with scattering parameters and Coulomb corrections:

⇤(0) =
1p

1� �⇢

{e� � �app[1� �e

��(0,�)] +

1

2
�

2
app

p
r1⇢}� 1

2gA
�app

p
1� �⇢ L

sd�2b
1,A . (8)

Here � = ↵Mp/�, where ↵ is the QED fine-structure
constant and Mp is the mass of the proton. The pp scat-
tering length is app, r1 and ⇢ are the e↵ective ranges in
the 1

S0 and 3
S1 channels, respectively, and �(0,�) is the

incomplete gamma function. A determination of Lsd�2b
1,A ,

or equivalently of the ⇡/EFT coupling L1,A which is de-
termined from the scale-independent constant

L1,A =
1

2gA

1� �⇢

�

L

sd�2b
1,A � 1

2

p
r1⇢ (9)

(as shown explicitly in Ref. [4]), is a goal of the present
LQCD calculations.

A background isovector axial-vector field mixes the
Jz = Iz = 0 components of the 3

S1 and 1
S0 two-

nucleon channels, enabling the pp-fusion matrix element
to be accessed. Using the new background field construc-

tion, the relevant o↵-diagonal matrix element C(3S1,
1S0)

�u;�d
(t)

is a cubic polynomial in both �u and �d. In Ref. [39],
the analogous mixing between the two-nucleon channels
induced by an isovector magnetic field was treated by di-
agonalizing a (channel-space) matrix of correlators and

determining the splittings between energy eigenvalues.
This provided access to the matrix element dictating
np ! d� at low energies, as was proposed in Ref. [58].
Such a method can also be used for the axial field, but
the improved approach implemented here makes use of
the finite-order polynomial structure to access the matrix
element directly. For a background field that couples to
the u quarks,

C

(3S1,
1S0)

�u;�d=0(t) = �u

tX

⌧=0

X

x,y

h0|�3
3S1

(x, t)Au
3 (y, ⌧)�

†
1S0

(0)|0i

+ c2�
2
u + c3�

3
u, (10)

where �

3
3S1

(�1S0
) is an interpolating field for the Jz = 0

(Iz = 0) component of the 3
S1 (1S0) channel, A

u
3 =

u�3�5u, and c2,3 are irrelevant terms. Calculations of
the axial matrix element at three or more values of �u

allow for the extraction of the term that is linear in �u.
A similar procedure yields the term that is linear in �d

from background fields coupling to the d quark. Taking
the di↵erence of the ratios of these terms to the corre-
sponding zero-field two-point functions determines the
transition matrix element in the finite lattice volume;

R

3S1,1S0
(t) =

C

(3S1,
1S0)

�u,�d=0(t)
���
O(�u)

� C

(3S1,
1S0)

�u=0,�d
(t)

���
O(�d)q

C

(3S1,3S1)
�u=0,�d=0(t)C

(1S0,1S0)
�u=0,�d=0(t)

.(11)

Consequently, the di↵erence between ratios at neighbor-
ing timeslices determines the isovector matrix element;

R

3S1,1S0
(t) ⌘ R

3S1,1S0
(t+ 1)�R

3S1,1S0
(t)

t!1�!
⌦
3
S1; Jz = 0

��
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3
3

�� 1
S0; Iz = 0

↵

ZA
, (12)

in the limit where �E = Ed � Epp is small (as is
the case with the quark masses used in this calcu-
lation [47]), and when the contributions from excited
states are suppressed. This quantity, measured with
both SS and SP correlators, is shown in Fig. 3, along
with the extracted value of the axial matrix element,⌦
3
S1; Jz = 0

��
A

3
3

�� 1
S0; Iz = 0

↵
/ZA = 2.568(5)(17), where

the first uncertainty is statistical and the second is a
systematic encompassing choices of fit ranges in time
and field strength as well as variations in analysis tech-
niques. At the pion mass of this study, the initial and
final two-nucleon states are deeply bound [47] and the
finite-volume e↵ects in the matrix elements are negligi-
ble [59, 60]. At lighter values of the quark masses, where
the np(1S0) system and/or the deuteron are unbound or
only weakly bound, the connection between finite-volume
matrix elements and transition amplitudes requires the
framework developed in Refs. [59, 60].
To isolate the two-body contribution, the combina-

tion L

sd�2b
1,A (t)/ZA = [R3S1,1S0

(t) � 2Rp(t)]/2 is formed
as shown in the lower panel of Fig. 3. Taking advantage
of the near-degeneracy of the 3

S1 and 1
S0 two-nucleon
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FIG. 3. The ratios of correlation functions that determine
the unrenormalized isovector axial matrix element in the Jz =
Iz = 0 coupled two-nucleon system (upper panel), and the
unrenormalized di↵erence between the axial matrix element
in this channel and 2gA (lower panel). The orange diamonds
(blue circles) correspond to the SS (SP) e↵ective correlator
ratios and the bands correspond to fits to the asymptotic
plateau behavior.

channels at the quark masses used in this calculation, it
is straightforward to show that this correlated di↵erence
leads directly to the short-distance two-nucleon quantity,
L

sd�2b
1,A . Fitting a constant to the late-time behavior of

this quantity leads to
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where the first uncertainty is statistical and the second
encompasses fitting and analysis systematics.

In light of the mild quark-mass dependence of the anal-
ogous short-distance, two-body quantity contributing to
np ! d� [39], Lsd�2b

1,A is expected to be largely insensi-
tive to the masses of the light quarks. Consequently, the
result obtained here at m⇡ ⇠ 806 MeV can be used to
estimate the value of Lsd�2b

1,A at the physical pion mass by
including an additional 50% additive uncertainty. Prop-
agating this uncertainty through Eq. (8), the threshold
value of ⇤(p) in this system at the physical quark masses
is determined to be ⇤(0) = 2.6585(6)(72)(25), where the
uncertainties are statistical, fitting and analysis system-
atic, and quark-mass extrapolation systematic, respec-
tively. Uncertainties in the scattering parameters and
other physical mass inputs are also propagated and in-
cluded in the systematic uncertainty. This result is re-
markably close to the currently accepted, precise phe-
nomenological value, ⇤(0) = 2.652(2) [11]. The N2LO re-
lation of Ref. [4], when enhanced by the summation of the
e↵ective ranges to all orders using the dibaryon field ap-
proach [10, 56, 57], gives ⇤(0) = 2.62(1) + 0.0105(1)L1,A,

enabling a determination of the ⇡/EFT coupling

L1,A = 3.9(0.1)(1.0)(0.3)(0.9) fm3
, (14)

at a renormalization scale µ = m⇡. The uncertainties
are statistical, fitting and analysis systematic, mass ex-
trapolation systematic, and a power-counting estimate
of higher order corrections in ⇡/EFT, respectively. This
value is also very close to previous phenomenological es-
timates, as summarized in Refs. [11, 14].

Summary: The primary results of this work are the
isovector axial-current matrix elements in two and three-
nucleon systems calculated directly from the underly-
ing theory of the strong interactions using lattice QCD.
These matrix elements determine the cross section for the
pp fusion process pp ! de

+
⌫ and the Gamow-Teller con-

tribution to tritium �-decay, 3H ! 3He e

�
⌫. While the

calculations are performed at unphysical quark masses
corresponding to m⇡ ⇠ 806 MeV and at a single lattice
spacing and volume, the mild mass dependence of the
analogous short-distance quantity in the np ! d� mag-
netic transition enables an estimate of the pp ! de

+
⌫

matrix element at the physical point, and the results are
found to agree within uncertainties with phenomenology.
Future LQCD calculations including electromagnetism at
lighter quark masses, larger volumes, and finer lattice
spacings, making use of the new techniques that are in-
troduced here, will enable extractions of these axial ma-
trix elements with fully quantified uncertainties and will
be of great importance in phenomenology, providing in-
creasingly precise values for the pp-fusion cross section
and GT matrix element in tritium �-decay.
Beyond the current study, background axial-field cal-

culations also allow the extraction of second-order, as
well as momentum-dependent, responses to axial fields.
Second-order responses are important for determining
nuclear ��-decay matrix elements, both with and with-
out (for a light Majorana neutrino) the emission of associ-
ated neutrinos. Momentum-dependent axial background
fields will allow the determination of nuclear e↵ects in
neutrino-nucleus scattering. In both cases, LQCD calcu-
lations of these quantities in light nuclei will provide vi-
tal input with which to constrain the nuclear many-body
methods that are used to determine the matrix elements
for these processes in heavy nuclei.
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e.g., Dibaryon axial isotensor polarisability relevant to 
      neutrinoful double-beta decay

Axial isotensor polarisability
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Nuclei can be studied directly from QCD

Current state-of-the-art: significant systematics but 
phenomenologically interesting at current precision

Spectroscopy of nuclei
Structure, i.e., magnetic moments, polarisabilities
Electroweak interactions

Nuclear matrix elements important to experimental programs e.g,
Neutrino breakup reaction (SNO)
Muon capture reaction (MuSun)
Double-beta decay

Summary


