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Motivations

Understanding heavy ion collisions

Not weakly coupled system

High occupation numbers prevent perturbative

treatment even for weak couplings

At n=0(1/x) all diagrams become large

On the lattice: mainly equilibrium methods so far, static quantities
with few exceptions

First principle calculations of real-time QFT needed



Non equilibrium + Quantum fields=7

Late times approaching thermal equilibrium:

quantum effects become important

Direct Method: Schédinger equation for the wave function: ¥ [A/(x)]

Formulation with non-equilibrium generator function Z[J|= | D let®

iS,

averages with complex weight is needed! e



Stochastic Quantization parisi wu (1981)

Weighted, normalized average: fO(x)exp(—S(X))dX:<O>
| exp(=S(x))dx

. dx__0S (1)
Stochastic process for x dr 5 x n

Gaussian noise  (n(T))=0 {(n(t)n(r*")=26(t—1")

Averages are calculated along the trajectories:

(0)=1Ox(r))d

Fokker-Planck equation for the probability distribution of P(x):

oP o 0P _0S

oT OX <ax +Pa_x):_HFPP Real action —  positive eigenvalues

for real action the Langevin method is
convergent



Real-time evolution

(O(t))={ilU(0,t)OU(t,0)]i) Schwinger-Keldysh contour

iJ L(®,J)dt
Nonequilibrium generating functional Z[J]Zf Doe J

Real time= Langevin method with complex action! dp_.0S

GO0 4 n(x)
| H | | dT a¢

Klauder '83, Parisi '83, Hueffel, Rumpf '83,

Okano, Schuelke, Zeng '91, ...

applied to nonequilibrium: Berges, Stamatescu '05, ...

5D classical langevin system ———» 4D quantum averages

The field is complexified

Is it still the same theory?
real scalar —» complex scalar

_ . Yes: real (SU(2)) averages
link variables: SU(2) ——» SL(2,C) Schwinger-Dyson equations
compact non-compact fulfilled

No general proof of convergence
Runaway trajectories present (supressed by small Langevin time-step)



Scalar Theory

Complex countour given by:C, , A =C

2
action discretised g_ ¥y </>t+1 b) A Vig)+V(dpy4)
on the contour , t 2

Langevin updating d ¢, _ 0S +n (1)
in “5th” coordinate dt d¢,

. 0S8
discretised: <l>t(T+c—:)=</>t(T>+/ea +Ven,(T)
t
Interacting scalar V ()=t m? 2+ !
oscillator 2 24

Thermal equilibrium ——» periodic boundary conditions
b=y,



Type of contours

Eigenvalues of the free action
(positive Imaginary part = convergence)

real-time

equilateral




Real-time two point function

Thermal equilibrium: 1
periodic boundary cond. Imaginary extent gives 3:?
Asymmetric
Contour A |m t - Sto“ch.astic: Ilqrﬁ
. o Schroédinger: Ilqrﬁ |
0.015 ~
0.993 Ret
p=1

stochastic ————
Schrédinger

Smaller temperature
longer contour

B=8




Non-equilibrium time evolution

Generating functional with initial density matrix:

P,
=] dodo,p(@;, @,) [ D'pe

P

i [ L)+ dx)@(x)

200,01 TrlpT a0

Exponentializing the density matrix

A =| Dy, Dp,exp(iS , A
Including @, , ®, in the path integral (Al@))=] Do, Dpiexp(iS, (¢, @) Alw,)

Langevin simulation with new “action”: S, [, , @,|= S[(pu]—S[(p,]—I—SO((pu, Q)

.- 1
| Sy, @)= blo,— o)L (@, ~ b+ (0~ D)
Most_gen_eral gaussian density 8 &
matrix with 5 parameters: ’_’7 2 o> —1 - -
te (@) (0= [+ = (=) (0=



Non-equilibrium time evolution

Séhrédinger: (clomplex contolur)
(real contour) - - - -
stochastic: (tina=2)

(tina=1)
(tfina=0-9)

Contour with 5% slope
Bigger real time extent — * worse agreement




SU(2) pure gauge theory

271r1 a,
. 1 —1 0 2
Wilson S=— TrU .+TrU .)—1 a
action: BO; 2 TI’1 ( x,0i X,0|> gO t
1 N 27Tr1a,
+BSXZ,-;,- = (TrU, =+ TrU)—1 g=""
’ goas
Updating the link variables: (n, =0
Xua
U’X,H:exp(iz\fi(EliﬂaS[U]+\/Enxﬂa) UXH <nxuanyvb>:2 5xy5uv53b
Left derivative: D f(U)= if(e’“a"‘U)
80( x=0
U=exp i PTTlcosL 1 +ilsinL|h e
complexifed link variables 2 2

_ : 2 .
SU(2) » SL(2,0) U=a1+ibo;, a +bb,=1

compact —» non-compact a, b, become complex variables



Langevin-time equilibrium reached:

(U, o(t+dT))=CU, (7)) = (D,,S)=0 First Schwinger Dyson equation

Plaquette average is Langevin time independent

(U, . (t+dT))=(U, ,.(T))  Schwinger Dyson equation for plaquette average

can also be derived using
the properties of Haar
Integration in the original
integration over group
space

(loophole: one might get unphysical solution)



SU(2) field theory

Numerical check of the Schwinger-Dyson equation
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SU(2) gauge theory without gaugefixing

without gauge fixing, non-physical fixpoint is always present

" Euclidean
contour tilt tan(a)=2.2 -- --
tan(o)=1.1 - - - -
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How to stabilize the first (physical) result?




U(1l) One plaquette model

21
. W int ted 1 i Bcos
S,=iBcos(p) " averages: <f(<P)>:?{ d e (p)

Langevin equation: d—(pz—iBsin<p+n(-r)
T

Distribution of @ on the complex plane

Failure of the naive method

exact result: (¢'?)=i0.575

stochastic result:
—0.00Qi0.006+i(0.00006i0.00007)

symmetric distribution
result compatible with zero




Stochastic reweighting

21
1 S
generalization: sziﬁcos((p)Jrip(p <O>p:Z_.(’; dpe”O(p)
p

Langevin equation: Z_(P:—iﬁsincerip-Fn(T)
T

reweighting factor: w, =exp(S;—S,)

21T
Reweigting formula | dpe'*w,0(p)
(0),=". =2
averages with S, calculated o s (w,),
from averages with s f dpe™w,
0

{(1)p=1

<e_i(p>p:1

Exact result: (e'®),_,=i0.575 with reweighting it works!

(e'?),= =(—0.02+0.02)+(0.574+0.001)



Using the generalized action S,=iBcos(@)+ipe

Correct results obtained for (exp(i¢)) inthe region: g<p

stochastic Im —
stochastic Re b o
exact
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(only indifferent)

No attractive fixedpoint present
larger distribution
Incorrect results
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Gaugefixing in SU(2) one plaquette model
SU(2) one plaquette model: S=igTrU UeSU(2)
“gauge” symmetry: U—W UW ™ complexified theory: U, WeSL(2,C)

exact averages by :Bcos"’ R
numerical integration:  (f (U) f d(pf d Qsin? (ZP “f(U(p,n))

Langevin updating U ’:exp(ii\a(eiDa S[U]+\/Ena))U

A

sinL|hé

14
gl

_ P
=|CO0s
2

U=al+ibo, a-+bb=1

parametrized with Pauli matrices U=exp|i

After each Langevin timestep: fix gauge condition

U=a1+iVl—a’o, b,=(0,0,v1—a°)



SU(2) one-plaquette model

Distributions of Tr(U) on the complex plane
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Without gaugefixing With gaugefixing
Exact result from integration: (TrU)=i0.2611

From simulation:

(—0.02+0.02)+i(—0.01+0.02) (—0.004+0.006)+i(0.260+0.001)



Im TrU) measures size
e ) of distribution

Without gauge fixing
non physical fixed point
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Gauge fixing
small lattice coupling — large B

However:
Lattice coupling g=0.5

Scaling region




Conclusions

Without optimization: short real time simulation of scalar oscillator
In equilibrium and non-equilibrium
gives correct results (Schrodinger)

Langevin method: Schwinger Dyson equation solver

Optimization methods to reduce fluctuations:
reweighting
gaugefixing
using small lattice-coupling

with optimization:
Method gives physical solution for SU(2) lattice gauge theory



