Topology, Physics, and Complexity

Michael H. Freedman
Microsoft, Station

Thanks to John Cloutier
for slide preparation.




Topology



Quantum Physics

Topology



PSPACE

Quantum Physics Complexity

Topology



Topology

Quantum Computer —_



Quantum computation
1s a new paradigm in
which computational
work obeys different
scaling laws than those
that are known to hold
in present day
“classical” computers.



Quantum computation
1s a new paradigm in
which computational
work obeys different
scaling laws than those
that are known to hold
in present day
“classical” computers.



Quantum computation
1s a new paradigm in
which computational
work obeys different
scaling laws than those
that are known to hold
in present day
“classical” computers.



Computation increasingly defines the limit of
what we know in science.



Computation increasingly defines the limit of
what we know in science.

As far as we know, there are exactly two
regimes of computation: Classical and
Quantum.




Computation increasingly defines the limit of
what we know in science.

As far as we know, there are exactly two
regimes of computation: Classical and
Quantum.

*Sometime in this century, we will pass from
the first to the second.



Computation increasingly defines the limit of
what we know in science.

As far as we know, there are exactly two
regimes of computation: Classical and
Quantum.

*Sometime in this century, we will pass from
the first to the second.

I will explain why this is happening and what
some of the consequences will be, though most
are presently unknown.
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I recommend to you Gregory Clark
(Economics, U.C. Davis), a great
“monist.”

To simplify, his economic history of mankind has one
event, circa 1800. Mankind, i.e. England, escaped the
“Malthusian trap,” via the industrial revolution.

For the first time in history, ingenuity was not nullified
by corresponding population growth.
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My interestis in the
confluence of three
sciences:

Quantum computing
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Central topic: Manifolds.

Manifolds personify the classical 19t? century view
of the world.

Being “locally Euclidian” they have no
“existential angst.”

They live resolutely in “position space.”

They are a direct extension of Kant’s world view.



The local = global question manifolds imply has been perhaps the
most captivating problem in mathematics.
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Poincaré conjectures:

If X; and X, have the “same” maps {Y, X;}, then
wesay X, = X, “homotopyequivalent.”

PCd: If =° =5 “ then >9is homeomorphicto S¢

d+1

d-sphere:{ve R " ||| v|=1}

a continuous bijective correspondence of points
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My favorite paper in topology: Milnor 1956

(S°xDHYuU(S*’xD)=x"25"

2

left/right Quaternion multiplication

But, >’ =S/, that is, X7 is
homeomorphic but not
diffeomorphic to S’.
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1756: Lagrangian formulation: L = Kkinetic — potential energy
Classical trajectories are least (critical) action paths.

Today, all physical systems are described by writing a
Lagrangian

The Saturn System



1970: Wilson, Renormalization: How does the Lagrangian
evolve when re-expressed using longer length scales,
lower frequencies, colder temperatures:

The terms with the fewest derivatives dominate:

g >> g2 k>>Kk?
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3

While kinetic energy (1/2)mv? is written with 2 derivatives,
there is an exotic Chern-Simons Lagrangian with one
derivative.

In at low enough temperatures, we expect to
see systems in which topological effects dominate and
geometric detail becomes irrelevant.

Shockingly,in our 1/r?- world,the Chern-Simons action does
not depend on distance (i.e. the metric) but describes a purely
topological interaction.
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- Consistent with the previous theorem, mathematicians expect the
at low temperatures to contain complete

knowledge of

° , 3-D quantum physics must be completely
ignorant of the light-like vectors which capture what is most
interesting in four dimensional topology: Donaldson-Seiberg-
Witten theory.
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j dAexp CS(A)

3-manifold M with oM =% " > (dual) physical statey ,, € Hilb,
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Renormalization implies exotic low temperature physics:

Super conductivity
Fractional Quantum Hall Effect (FQHE)

What is it?

A two-dimensional electron gas trapped by a chemical potential in a
AlGaAs — GaAs crystal interface and subjected to a strong transverse
magnetic field.
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There is some hope now that a
quantum computer can be built
around the v=5/2 plateau.
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- Superposition means that a state y may be written as a
linear combination of eigen-states y;, which typically are
classical configurations

W=D 0 Y

- The coefficients a;, called amplitudes, are “square roots”
of probabilities:

> lail* =1
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- Nothing in our large scale clumsy world, nothing in our
evolutionary experience, prepares our mind for
superposition.

 Superposition was born amid mystery and seeming
paradox in the period 1900-1927.
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« The double slit experiment shows amplitudes at work.
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How do amplitudes, opposed to probabilities, enhance
computational power?

Peter Shor
In a cleverly designed algorithm

factoring

useless computational paths can often be arranged to cancel out — like
the dark spots (“nodes”) in the double slit experiment — and not
consume computational resources.

This is possible because amplitudes, unlike probabilities, can be
negative (or even imaginary).
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fermions.

- In 2-dimensions, exchange is infinite order and braiding will alter
the state of a collection of anyons by a Jones representation.

Vaughan Jones

This is the key property of a “topological state of matter.”
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How will we affect this braiding?

1. Atomic force microscope (AFM) tip.

2. A sweeter solution uses “edge state” tunneling
shown here in the context of a quasi-particle
interferometer.



Strategy 1:

The entire computation is a closed braid.

Measurement (death of H) (or not)

Braiding = computation

s
AT

Birth of Hilbert space H



Strategy 2:

On closer examination, we can leave the
topological charges fixed and simulate
braiding by measuring tunneling currents
with “interferometers.”
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Use an ancilla and “forced measurements” to simulate
braiding.
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Measurement Simulated Braiding!
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What will a quantum computer do?

“Everything that will ever be possible.”

This very bold answer is supported
by the belief that the underlying
physics of our universe is quantum
mechanical and once we leave
behind our classical 0’s and 1’s and
harness QM, physics will permit
nothing further.
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But what is “everything”?

*What can be computed?
*What can be known?

*Without quantum computers with which to
play, we only have limited hints from theory:
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What might a quantum computer do?

(1) Wreak havoc: Break all classical codes

Panic on Wall Street
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- (2) Allow physicists to explore exotic states of matter
= Strongly correlated electron systems
 High T, superconductors
- 2-dimensional electron gasses (2-DEGS)
- Exotic magnets




+ (3) Compute string theories ?
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* (4) Allow chemists / pharmacologists to design drugs?

S

= In 1950, Alan Turing predicted :
- Computing power would grow fast (it grew faster)

- By 2000 we would have a hard time saying that
machines were not thinking. (did not happen)
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- Without claiming that our brains are quantum
mechanical, “superposition” does appear to resemble the
“pbackground” of facts that guide our thoughts. Both are
kinds of parallelism. Thus, the quantum computer
might give Al a new lease on life.

» (6) We become obsolete?

> We appear to be merely
classical information
processors — using only
probabilities, not amplitudes. Es

= If quantum computers work at
all, they may become much
more capable than we.
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Recall: The “old” computation scheme

time [

5505

—

Measurement (return to vacuum)
t (or not)

Braiding = program

Initial y,out of vacuum
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In Detail




