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Since the Standard Model of particle physics is a renormalizable 
quantum theory,  any  physical quantity can be fully predicted once 
a few parameters of the theory have been (experimentally) 
established. 

!2

Precision electroweak tests and the W mass

Any  physical quantity that can be measured with high precision 
and is not one of the input parameters, can be used to test the 
intrinsic consistency of the Standard Model  at the loop level.   

parameter measurement full EWK fit EWK fit excl. input in line

without mH with mH without mH with mH

MH [GeV] 125.09± 0.15 91± 19 125.09± 0.15 91± 19 91± 19

MW [GeV] 80.380± 0.013 80.374± 0.01 80.360± 0.006 80.364± 0.017 80.356± 0.006

�W [GeV] 2.085± 0.042 2.092± 0.001 2.091± 0.001 2.092± 0.001 2.091± 0.001

mt [GeV] 172.9± 0.5 172.9± 0.5 173.1± 0.5 177.6± 8 176.5± 2.1

sin2
✓
l

e↵ 0.2314± 0.00023 0.2314± 0.00009 0.23152± 0.00006 0.2314± 0.0001 0.23152± 0.00006

MZ [GeV] 91.188± 0.002 91.188± 0.002 91.188± 0.002 91.185± 0.024 91.201± 0.009

�
0
had [nb] 41.54± 0.037 41.482± 0.015 41.483± 0.015 41.472± 0.016 41.474± 0.016

�Z [GeV] 2.495± 0.002 2.495± 0.001 2.495± 0.001 2.495± 0.002 2.494± 0.002

Ac 0.67± 0.027 0.6683± 0.0003 0.6679± 0.0002 0.6683± 0.0003 0.6679± 0.0002

Ab 0.923± 0.02 0.9347± 0.00006 0.93462± 0.00004 0.9347± 0.00006 0.93462± 0.00004

Al (SLD) 0.1513± 0.00207 0.14797± 0.00073 0.14707± 0.00044 0.14756± 0.00079 0.14688± 0.00045

Al (LEP) 0.1465± 0.0033 0.14797± 0.00073 0.14707± 0.00044 0.14756± 0.00079 0.14688± 0.00045

A
l

FB 0.0171± 0.001 0.01642± 0.00016 0.01622± 0.0001 0.0164± 0.00016 0.01621± 0.0001

A
c

FB 0.0707± 0.0035 0.0742± 0.0004 0.0737± 0.0002 0.0742± 0.0004 0.0737± 0.0002

A
b

FB 0.0992± 0.0016 0.1037± 0.0005 0.1031± 0.0003 0.1042± 0.0006 0.1032± 0.0003

R
0
l 20.767± 0.025 20.747± 0.018 20.744± 0.018 20.73± 0.027 20.723± 0.027

R
0
c 0.1721± 0.003 0.17226± 0.00008 0.17225± 0.00008 0.17226± 0.00008 0.17225± 0.00008

R
0
b 0.21629± 0.00066 0.2158± 0.00011 0.21581± 0.00011 0.21579± 0.00011 0.2158± 0.00011

�↵
(5)
had [10�5] 2760± 9 0.02761± 9 2757± 9 2817± 91 2716± 36

↵s(MZ) 0.1181± 0.0011 0.1198± 0.003 0.1197± 0.003 0.1198± 0.003 0.1196± 0.003

Table 4.1: Summary of global electroweak fits for different input parameters, performed with Gfitter [38]. The first and second columns
summarize the parameter name and its experimental value, discussed in the text. The third and forth line show the fit result, using all
experimental data, once including and and once excluding the Higgs boson mass. The fifth and six column give the fit results without
using the corresponding input value of that row, again once with and without using the Higgs boson mass. The value of sin2

✓
l

e↵

corresponds to the average of the hadron collider measurements.

4.2. Impact of the discovery of the Higgs boson on the electroweak fit
Using the input measurements discussed in Section 3, we performed the global electroweak fit at the Z-

mass scale via the Gfitter package v2.2 [38], in particular its gew library, as well as the GAPP code [43] for
comparison. In particular, we focus our discussion on the impact of the Higgs boson mass on the fit, as it was
previously studied in Ref. [297], however, based on the measurements available at the time of the Higgs boson
discovery. In both programs, the parameters describing the bosonic sector of the SM are chosen to be ↵, MZ ,
GF (i.e., those with the smallest experimental uncertainties), ↵s and MH . The Fermi constant GF remains
fixed during the fit, due to its negligible uncertainty. In addition to MZ , MH , �↵

(5)
had(M

2
Z
) (i.e. ↵) and ↵s(M2

Z
),

also the masses of the heavy quarks, mt, mb and mc are left as floating fit parameters. No external constraint is
used for ↵s(M2

Z
), and it is directly determined in the fit. GAPP uses the ⌧ lepton lifetime as an additional input.

When including all experimental data of the second column in Table 4.1 except for the Higgs boson mass,
the fit based on Gfitter converges at a global minimum of �

2
min = 16.1 with 14 degrees of freedom, which

corresponds to a p-value of 0.41. The individual results of this fit for selected observables are summarized in
the third column of Table 4.1, where the uncertainties have been estimated using �

2 profiles of a parameter
scan and then symmetrized for simplicity. With the discovery of the Higgs boson, the last missing observable
of the fit could be included. When repeating the fit including the measured value of MH , we find a global
minimum of �2

min = 18.4, obtained for 15 degrees of freedom, i.e., a p-value of 0.24. The individual results
for the selected observables are shown in the fourth column of Table 4.1. The largest impact of the Higgs
boson discovery and its mass measurement, is seen, apart from the Higgs mass itself, in the central values and
uncertainties of MW and the electroweak mixing angle and related observables. The Z boson mass, albeit
similar to MW is not impacted by the inclusion of MH in the fit, due to its small experimental uncertainty.

It is instructive to indirectly determine each observable by performing the electroweak fit without using
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Gfittter: Haller et al. (2018); table taken from Erler and Schott

The mass of the W-boson is one of such quantities. When written in 
terms of the input parameters it reads 

m2
W

= m2
Z

 
1� ⇡↵(1 +�r(mt,mH ,mZ ,↵, ..)p

2GFm2
Z

!
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Measurements of the W mass have a long history.  They started from the threshold scan at LEP2 and continued with 
studies at the Tevatron Run I and Run II.   There is also an LHC measurement by the ATLAS collaboration.  

W mass measurements: an overall picture

Hadron colliders already play  and will continue to play the leading role in measuring the W mass.  Precision achieved in the 
EW fit sets target precision for future measurements. 

Results of direct measurements are slightly (1.5 
sigma?)  higher than the result of electroweak fit. 

mmes
W = 80.380(13) GeV
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W mass measurements at a hadron collider
The W mass is extracted from observables sensitive to its value.   The kinematic edge at the mass value is a perfect, 
super-sensitive  observable.   

For the purpose of the W mass measurement, two variables with an edge have been used at hadron colliders.  They are the 
transverse mass and the transverse momentum of the charged  lepton.  In the simplest case (LO modelling and ideal 
detectors) these distributions have edges at mw and mw/2, respectively.  

The two observables have different sensitivity to experimental uncertainties and the quality of theoretical modelling. 

MW /2
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 Kirill Melnikov                                                                                                                         Mixed QCD-EW corrections to vector boson production!5

W mass measurements at a hadron collider

The two observables have different sensitivity to experimental uncertainties and the quality of theoretical modelling. 

BEYOND THE EDGE: DETECTOR EFFECTS, MOSTLY QCD AND QED INITIAL STATE RADIATION, MOSTLY

The W mass is extracted from observables sensitive to its value.   The kinematic edge at the mass value is a perfect, 
super-sensitive  observable.   

For the purpose of the W mass measurement, two variables with an edge have been used at hadron colliders.  They are the 
transverse mass and the transverse momentum of the charged  lepton.  In the simplest case (LO modelling and ideal 
detectors) these distributions have edges at mw and mw/2, respectively.  
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Theory for the W mass measurements at hadron colliders

We need a reliable way to describe the W transverse mass distribution and/or the charged lepton transverse 
momentum distribution with realistic selection cuts.    

In principle, this can be done using standard theoretical tools including fixed order computations (NLO, NNLO, 
N3LO QCD,  NLO electroweak),  resummations, showers, etc.  The precision with which  even the  simplest 
observables can be predicted within this framework is a percent or worse.  
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Figure 3: The cross sections for producing a W+ (left) or W� (right) as a function of the

virtuality Q normalised to the N3LO prediction. The uncertainty bands are obtained by

varying µF and µR around the central scale µcent = Q. The dashed magenta line indicates

the physical W boson mass, Q = mW .

virtual photon production in ref. [10], hinting once more towards a universality of the

QCD corrections to these processes.

Figure 4: The cross sections for producing a W+ (left) or W� (right) as a function of

the virtuality Q. The uncertainty bands are obtained by varying µF and µR around the

central scale µcent = Q/2. The dashed magenta line indicates the physical W boson mass,

Q = mW .

Figure 4 shows the scale variation of the cross section with a di↵erent choice for the

central scale, µcent = Q/2. It is known that for Higgs production a smaller choice of the

factorisation scale leads to an improved convergence pattern and the bands from scale

variations are strictly contained in one another. We observe here that the two scale choices

share the same qualitative features.

The fact that the scale variation bands do not overlap puts some doubt on whether

it gives a reliable estimate of the missing higher orders in perturbation theory, or whether

other approaches should be explored (cf., e.g., refs. [85, 86]). In ref. [10] it was noted that

for virtual photon production there is a particularly large cancellation between di↵erent

initial state configurations. We observe here the same in the case of W boson production.

This cancellation may contribute to the particularly small NNLO corrections and scale

variation bands, and it may be a consequence of the somewhat arbitrary split of the content

– 7 –

Duhr, Dulat, Mistlberger 
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Theory for the W mass measurements at hadron colliders

This has two consequences:  

1) one must give up on using advanced theory to model relevant distributions. Instead, one measures 
the Z distributions, parametrizes them in a QCD-motivated way and transfers them to the W case 
arguing that QCD does not distinguish between Z and W production.  

2) given the target precision of  10-2  percent, small effects that distinguish between Z and W 
distributions may matter.  Electroweak corrections to Z and W production are obvious examples of 
the (potentially) relevant effects. 

Since the goal is to extract the W mass with a precision of about 10 MeV, we need to control 
observables from which the W mass is extracted to a tune of 10-2 percent.  This is beyond what 
can be achieved using any existing theoretical tool that is based on first principles. 
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Computation of electroweak corrections to Z and W production brings in additional challenges.This happens because, 
in contrast to the QCD corrections,  both  initial and final states carry electroweak charges and, therefore, can interact 
with each other.  

However, compared to the resonance (mass-shell) production,  thee “non-factorizable” contributions have an additional 
suppression     by                      .   For this reason, they can be neglected as long as the NNLO electroweak  
factorizable corrections are not required.
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<latexit sha1_base64="gAUdc/NJaZRC4CJov5PbZJGj7C8=">AAAB+3icbVA9SwNBEJ3zM8avGEubxSDEJtzZaBmwsTMB8wG5EOY2e8mSvb1jd08MR/6KjYUitv4ROztLf4abj0ITHww83pthZl6QCK6N6346a+sbm1vbuZ387t7+wWHhqNjUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYyup37rninNY3lnxgnrRjiQPOQUjZV6hWLmUxTkdlL2USRD7OnzXqHkVtwZyCrxFqRUJfXvLwCo9Qoffj+macSkoQK17nhuYroZKsOpYJO8n2qWIB3hgHUslRgx3c1mt0/ImVX6JIyVLWnITP09kWGk9TgKbGeEZqiXvan4n9dJTXjVzbhMUsMknS8KU0FMTKZBkD5XjBoxtgSp4vZWQoeokBobV96G4C2/vEqaFxXPrXh1m0YV5sjBCZxCGTy4hCrcQA0aQOEBHuEZXpyJ8+S8Om/z1jVnMXMMf+C8/wB2+5ZK</latexit><latexit sha1_base64="LXZ2fbB6aIyg1y76GGNrr3MwXAc=">AAAB+3icbVDLSsNAFJ34aq2vWJduBotQNyURRJcFN+5swT6gDeFmOmmHTiZhZiKWkF9x40IRt/6IO39A/Aynj4W2HrhwOOde7r0nSDhT2nE+rbX1jc2tQnG7tLO7t39gH5bbKk4loS0S81h2A1CUM0FbmmlOu4mkEAWcdoLx9dTv3FOpWCzu9CShXgRDwUJGQBvJt8tZnwDHt3m1DzwZga/OfLvi1JwZ8CpxF6RSx83vr2LhouHbH/1BTNKICk04KNVznUR7GUjNCKd5qZ8qmgAZw5D2DBUQUeVls9tzfGqUAQ5jaUpoPFN/T2QQKTWJAtMZgR6pZW8q/uf1Uh1eeRkTSaqpIPNFYcqxjvE0CDxgkhLNJ4YAkczciskIJBBt4iqZENzll1dJ+7zmOjW3adKoozmK6BidoCpy0SWqoxvUQC1E0AN6RM/oxcqtJ+vVepu3rlmLmSP0B9b7D9m2lpQ=</latexit><latexit sha1_base64="LXZ2fbB6aIyg1y76GGNrr3MwXAc=">AAAB+3icbVDLSsNAFJ34aq2vWJduBotQNyURRJcFN+5swT6gDeFmOmmHTiZhZiKWkF9x40IRt/6IO39A/Aynj4W2HrhwOOde7r0nSDhT2nE+rbX1jc2tQnG7tLO7t39gH5bbKk4loS0S81h2A1CUM0FbmmlOu4mkEAWcdoLx9dTv3FOpWCzu9CShXgRDwUJGQBvJt8tZnwDHt3m1DzwZga/OfLvi1JwZ8CpxF6RSx83vr2LhouHbH/1BTNKICk04KNVznUR7GUjNCKd5qZ8qmgAZw5D2DBUQUeVls9tzfGqUAQ5jaUpoPFN/T2QQKTWJAtMZgR6pZW8q/uf1Uh1eeRkTSaqpIPNFYcqxjvE0CDxgkhLNJ4YAkczciskIJBBt4iqZENzll1dJ+7zmOjW3adKoozmK6BidoCpy0SWqoxvUQC1E0AN6RM/oxcqtJ+vVepu3rlmLmSP0B9b7D9m2lpQ=</latexit><latexit sha1_base64="WScHTw4lPfVe3keq6KkwBHAofsc=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZTEix4LXrxZwX5AE8Jku2mXbjZhdyOWkL/ixYMiXv0j3vw3btsctPXBwOO9GWbmhSlnSjvOt1XZ2Nza3qnu1vb2Dw6P7ON6TyWZJLRLEp7IQQiKciZoVzPN6SCVFOKQ0344vZn7/UcqFUvEg56l1I9hLFjECGgjBXY99whwfFc0PeDpBAJ1EdgNp+UsgNeJW5IGKtEJ7C9vlJAspkITDkoNXSfVfg5SM8JpUfMyRVMgUxjToaECYqr8fHF7gc+NMsJRIk0JjRfq74kcYqVmcWg6Y9ATterNxf+8Yaajaz9nIs00FWS5KMo41gmeB4FHTFKi+cwQIJKZWzGZgASiTVw1E4K7+vI66V22XKfl3juNdruMo4pO0RlqIhddoTa6RR3URQQ9oWf0it6swnqx3q2PZWvFKmdO0B9Ynz8hTJPR</latexit>

W,Z

q

q

l

l

Electroweak

O

✓
�V

MV
↵

◆
⇠ O(↵2)

<latexit sha1_base64="PxTEpqNzdcGlk+myW2tjaIIJVjk="></latexit><latexit sha1_base64="gzcPf7ykajnp4Rj1fHJGAyilBHo="></latexit><latexit sha1_base64="gzcPf7ykajnp4Rj1fHJGAyilBHo="></latexit><latexit sha1_base64="OvafPj8k8qkVyjZNEovU0+zSNgc="></latexit>

O(↵)
<latexit sha1_base64="JIGlDgJ24qk4hS/QlPOAS5ttqU0=">AAAB+nicbVC7SgNBFL0bXzG+NlraDAYhNmHXRsuAjZ0JmAdkQ7g7mU2GzD6YmVXCmk+xsVDE1i+xs7P0M5w8Ck08cOFwzr3ce4+fCK6043xaubX1jc2t/HZhZ3dv/8AuHjZVnErKGjQWsWz7qJjgEWtorgVrJ5Jh6AvW8kdXU791x6TicXSrxwnrhjiIeMApaiP17GLmURTkZlL2UCRDPCM9u+RUnBnIKnEXpFQl9e8vAKj17A+vH9M0ZJGmApXquE6iuxlKzalgk4KXKpYgHeGAdQyNMGSqm81On5BTo/RJEEtTkSYz9fdEhqFS49A3nSHqoVr2puJ/XifVwWU341GSahbR+aIgFUTHZJoD6XPJqBZjQ5BKbm4ldIgSqTZpFUwI7vLLq6R5XnGdils3aVRhjjwcwwmUwYULqMI11KABFO7hEZ7hxXqwnqxX623emrMWM0fwB9b7Dz18lY4=</latexit><latexit sha1_base64="x7EYvrTC9m8Xp16s15sFEgcjWVQ=">AAAB+nicbVDLSsNAFJ3UR2t9pbp0M1iEuimJILosuHFnC/YBTSg300k7dDIJMxOlxH6KGxeKuPVL3PkD4mc4fSy09cCFwzn3cu89QcKZ0o7zaeXW1jc284Wt4vbO7t6+XTpoqTiVhDZJzGPZCUBRzgRtaqY57SSSQhRw2g5GV1O/fUelYrG41eOE+hEMBAsZAW2knl3KPAIc30wqHvBkCKe4Z5edqjMDXiXugpRruPH9Vcif13v2h9ePSRpRoQkHpbquk2g/A6kZ4XRS9FJFEyAjGNCuoQIiqvxsdvoEnxilj8NYmhIaz9TfExlESo2jwHRGoIdq2ZuK/3ndVIeXfsZEkmoqyHxRmHKsYzzNAfeZpETzsSFAJDO3YjIECUSbtIomBHf55VXSOqu6TtVtmDRqaI4COkLHqIJcdIFq6BrVURMRdI8e0TN6sR6sJ+vVepu35qzFzCH6A+v9B6A3ldg=</latexit><latexit sha1_base64="x7EYvrTC9m8Xp16s15sFEgcjWVQ=">AAAB+nicbVDLSsNAFJ3UR2t9pbp0M1iEuimJILosuHFnC/YBTSg300k7dDIJMxOlxH6KGxeKuPVL3PkD4mc4fSy09cCFwzn3cu89QcKZ0o7zaeXW1jc284Wt4vbO7t6+XTpoqTiVhDZJzGPZCUBRzgRtaqY57SSSQhRw2g5GV1O/fUelYrG41eOE+hEMBAsZAW2knl3KPAIc30wqHvBkCKe4Z5edqjMDXiXugpRruPH9Vcif13v2h9ePSRpRoQkHpbquk2g/A6kZ4XRS9FJFEyAjGNCuoQIiqvxsdvoEnxilj8NYmhIaz9TfExlESo2jwHRGoIdq2ZuK/3ndVIeXfsZEkmoqyHxRmHKsYzzNAfeZpETzsSFAJDO3YjIECUSbtIomBHf55VXSOqu6TtVtmDRqaI4COkLHqIJcdIFq6BrVURMRdI8e0TN6sR6sJ+vVepu35qzFzCH6A+v9B6A3ldg=</latexit><latexit sha1_base64="Xbr/ldafBdk1+RPtQnLygydzM8s=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIl7DrRY8BL96MYB6QXULvZDYZMvtgZlYJaz7FiwdFvPol3vwbJ8keNLGgoajqprsrSAVX2nG+rbX1jc2t7dJOeXdv/+DQrhy1VZJJylo0EYnsBqiY4DFraa4F66aSYRQI1gnG1zO/88Ck4kl8rycp8yMcxjzkFLWR+nYl9ygKcjuteSjSEZ6Tvl116s4cZJW4BalCgWbf/vIGCc0iFmsqUKme66Taz1FqTgWblr1MsRTpGIesZ2iMEVN+Pj99Ss6MMiBhIk3FmszV3xM5RkpNosB0RqhHatmbif95vUyHV37O4zTTLKaLRWEmiE7ILAcy4JJRLSaGIJXc3EroCCVSbdIqmxDc5ZdXSfui7jp1986pNhpFHCU4gVOogQuX0IAbaEILKDzCM7zCm/VkvVjv1seidc0qZo7hD6zPH+e+kxU=</latexit>

W,Z

q

q

l

l

Electroweak

O(↵)
<latexit sha1_base64="JIGlDgJ24qk4hS/QlPOAS5ttqU0=">AAAB+nicbVC7SgNBFL0bXzG+NlraDAYhNmHXRsuAjZ0JmAdkQ7g7mU2GzD6YmVXCmk+xsVDE1i+xs7P0M5w8Ck08cOFwzr3ce4+fCK6043xaubX1jc2t/HZhZ3dv/8AuHjZVnErKGjQWsWz7qJjgEWtorgVrJ5Jh6AvW8kdXU791x6TicXSrxwnrhjiIeMApaiP17GLmURTkZlL2UCRDPCM9u+RUnBnIKnEXpFQl9e8vAKj17A+vH9M0ZJGmApXquE6iuxlKzalgk4KXKpYgHeGAdQyNMGSqm81On5BTo/RJEEtTkSYz9fdEhqFS49A3nSHqoVr2puJ/XifVwWU341GSahbR+aIgFUTHZJoD6XPJqBZjQ5BKbm4ldIgSqTZpFUwI7vLLq6R5XnGdils3aVRhjjwcwwmUwYULqMI11KABFO7hEZ7hxXqwnqxX623emrMWM0fwB9b7Dz18lY4=</latexit><latexit sha1_base64="x7EYvrTC9m8Xp16s15sFEgcjWVQ=">AAAB+nicbVDLSsNAFJ3UR2t9pbp0M1iEuimJILosuHFnC/YBTSg300k7dDIJMxOlxH6KGxeKuPVL3PkD4mc4fSy09cCFwzn3cu89QcKZ0o7zaeXW1jc284Wt4vbO7t6+XTpoqTiVhDZJzGPZCUBRzgRtaqY57SSSQhRw2g5GV1O/fUelYrG41eOE+hEMBAsZAW2knl3KPAIc30wqHvBkCKe4Z5edqjMDXiXugpRruPH9Vcif13v2h9ePSRpRoQkHpbquk2g/A6kZ4XRS9FJFEyAjGNCuoQIiqvxsdvoEnxilj8NYmhIaz9TfExlESo2jwHRGoIdq2ZuK/3ndVIeXfsZEkmoqyHxRmHKsYzzNAfeZpETzsSFAJDO3YjIECUSbtIomBHf55VXSOqu6TtVtmDRqaI4COkLHqIJcdIFq6BrVURMRdI8e0TN6sR6sJ+vVepu35qzFzCH6A+v9B6A3ldg=</latexit><latexit sha1_base64="x7EYvrTC9m8Xp16s15sFEgcjWVQ=">AAAB+nicbVDLSsNAFJ3UR2t9pbp0M1iEuimJILosuHFnC/YBTSg300k7dDIJMxOlxH6KGxeKuPVL3PkD4mc4fSy09cCFwzn3cu89QcKZ0o7zaeXW1jc284Wt4vbO7t6+XTpoqTiVhDZJzGPZCUBRzgRtaqY57SSSQhRw2g5GV1O/fUelYrG41eOE+hEMBAsZAW2knl3KPAIc30wqHvBkCKe4Z5edqjMDXiXugpRruPH9Vcif13v2h9ePSRpRoQkHpbquk2g/A6kZ4XRS9FJFEyAjGNCuoQIiqvxsdvoEnxilj8NYmhIaz9TfExlESo2jwHRGoIdq2ZuK/3ndVIeXfsZEkmoqyHxRmHKsYzzNAfeZpETzsSFAJDO3YjIECUSbtIomBHf55VXSOqu6TtVtmDRqaI4COkLHqIJcdIFq6BrVURMRdI8e0TN6sR6sJ+vVepu35qzFzCH6A+v9B6A3ldg=</latexit><latexit sha1_base64="Xbr/ldafBdk1+RPtQnLygydzM8s=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIl7DrRY8BL96MYB6QXULvZDYZMvtgZlYJaz7FiwdFvPol3vwbJ8keNLGgoajqprsrSAVX2nG+rbX1jc2t7dJOeXdv/+DQrhy1VZJJylo0EYnsBqiY4DFraa4F66aSYRQI1gnG1zO/88Ck4kl8rycp8yMcxjzkFLWR+nYl9ygKcjuteSjSEZ6Tvl116s4cZJW4BalCgWbf/vIGCc0iFmsqUKme66Taz1FqTgWblr1MsRTpGIesZ2iMEVN+Pj99Ss6MMiBhIk3FmszV3xM5RkpNosB0RqhHatmbif95vUyHV37O4zTTLKaLRWEmiE7ILAcy4JJRLSaGIJXc3EroCCVSbdIqmxDc5ZdXSfui7jp1986pNhpFHCU4gVOogQuX0IAbaEILKDzCM7zCm/VkvVjv1seidc0qZo7hD6zPH+e+kxU=</latexit>

Huss, Dittmaier, Schwinn
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Given the target precision of 0.1 per mille, also the so-called mixed QCD-electroweak factorizable corrections 
may be needed.

!9

Electroweak effects, with and without QCD

W,Z

q

q

l

l

QCD

O(↵s)
<latexit sha1_base64="gAUdc/NJaZRC4CJov5PbZJGj7C8=">AAAB+3icbVA9SwNBEJ3zM8avGEubxSDEJtzZaBmwsTMB8wG5EOY2e8mSvb1jd08MR/6KjYUitv4ROztLf4abj0ITHww83pthZl6QCK6N6346a+sbm1vbuZ387t7+wWHhqNjUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYyup37rninNY3lnxgnrRjiQPOQUjZV6hWLmUxTkdlL2USRD7OnzXqHkVtwZyCrxFqRUJfXvLwCo9Qoffj+macSkoQK17nhuYroZKsOpYJO8n2qWIB3hgHUslRgx3c1mt0/ImVX6JIyVLWnITP09kWGk9TgKbGeEZqiXvan4n9dJTXjVzbhMUsMknS8KU0FMTKZBkD5XjBoxtgSp4vZWQoeokBobV96G4C2/vEqaFxXPrXh1m0YV5sjBCZxCGTy4hCrcQA0aQOEBHuEZXpyJ8+S8Om/z1jVnMXMMf+C8/wB2+5ZK</latexit><latexit sha1_base64="LXZ2fbB6aIyg1y76GGNrr3MwXAc=">AAAB+3icbVDLSsNAFJ34aq2vWJduBotQNyURRJcFN+5swT6gDeFmOmmHTiZhZiKWkF9x40IRt/6IO39A/Aynj4W2HrhwOOde7r0nSDhT2nE+rbX1jc2tQnG7tLO7t39gH5bbKk4loS0S81h2A1CUM0FbmmlOu4mkEAWcdoLx9dTv3FOpWCzu9CShXgRDwUJGQBvJt8tZnwDHt3m1DzwZga/OfLvi1JwZ8CpxF6RSx83vr2LhouHbH/1BTNKICk04KNVznUR7GUjNCKd5qZ8qmgAZw5D2DBUQUeVls9tzfGqUAQ5jaUpoPFN/T2QQKTWJAtMZgR6pZW8q/uf1Uh1eeRkTSaqpIPNFYcqxjvE0CDxgkhLNJ4YAkczciskIJBBt4iqZENzll1dJ+7zmOjW3adKoozmK6BidoCpy0SWqoxvUQC1E0AN6RM/oxcqtJ+vVepu3rlmLmSP0B9b7D9m2lpQ=</latexit><latexit sha1_base64="LXZ2fbB6aIyg1y76GGNrr3MwXAc=">AAAB+3icbVDLSsNAFJ34aq2vWJduBotQNyURRJcFN+5swT6gDeFmOmmHTiZhZiKWkF9x40IRt/6IO39A/Aynj4W2HrhwOOde7r0nSDhT2nE+rbX1jc2tQnG7tLO7t39gH5bbKk4loS0S81h2A1CUM0FbmmlOu4mkEAWcdoLx9dTv3FOpWCzu9CShXgRDwUJGQBvJt8tZnwDHt3m1DzwZga/OfLvi1JwZ8CpxF6RSx83vr2LhouHbH/1BTNKICk04KNVznUR7GUjNCKd5qZ8qmgAZw5D2DBUQUeVls9tzfGqUAQ5jaUpoPFN/T2QQKTWJAtMZgR6pZW8q/uf1Uh1eeRkTSaqpIPNFYcqxjvE0CDxgkhLNJ4YAkczciskIJBBt4iqZENzll1dJ+7zmOjW3adKoozmK6BidoCpy0SWqoxvUQC1E0AN6RM/oxcqtJ+vVepu3rlmLmSP0B9b7D9m2lpQ=</latexit><latexit sha1_base64="WScHTw4lPfVe3keq6KkwBHAofsc=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZTEix4LXrxZwX5AE8Jku2mXbjZhdyOWkL/ixYMiXv0j3vw3btsctPXBwOO9GWbmhSlnSjvOt1XZ2Nza3qnu1vb2Dw6P7ON6TyWZJLRLEp7IQQiKciZoVzPN6SCVFOKQ0344vZn7/UcqFUvEg56l1I9hLFjECGgjBXY99whwfFc0PeDpBAJ1EdgNp+UsgNeJW5IGKtEJ7C9vlJAspkITDkoNXSfVfg5SM8JpUfMyRVMgUxjToaECYqr8fHF7gc+NMsJRIk0JjRfq74kcYqVmcWg6Y9ATterNxf+8Yaajaz9nIs00FWS5KMo41gmeB4FHTFKi+cwQIJKZWzGZgASiTVw1E4K7+vI66V22XKfl3juNdruMo4pO0RlqIhddoTa6RR3URQQ9oWf0it6swnqx3q2PZWvFKmdO0B9Ynz8hTJPR</latexit>
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QCD EW

O(↵↵s)
<latexit sha1_base64="vorUXe6pdPEmVAb3sGBrR17W3Oo=">AAACAnicbVC7SgNBFL0bXzG+Vq3EZjAIsQm7NloGbOxMwDwgCcvdySQZMvtgZlYIS7DxV2wsFLH1K+zsLP0MJ9kUmnjgcg/n3MvMPX4suNKO82nlVlbX1jfym4Wt7Z3dPXv/oKGiRFJWp5GIZMtHxQQPWV1zLVgrlgwDX7CmP7qa+s07JhWPwls9jlk3wEHI+5yiNpJnH6UdioLcTEodFPEQSdY8debZRafszECWiTsnxQqpfX8BQNWzPzq9iCYBCzUVqFTbdWLdTVFqTgWbFDqJYjHSEQ5Y29AQA6a66eyECTk1So/0I2kq1GSm/t5IMVBqHPhmMkA9VIveVPzPaye6f9lNeRgnmoU0e6ifCKIjMs2D9LhkVIuxIUglN38ldIgSqTapFUwI7uLJy6RxXnadslszaVQgQx6O4QRK4MIFVOAaqlAHCvfwCM/wYj1YT9ar9ZaN5qz5ziH8gfX+A30ImRI=</latexit><latexit sha1_base64="hO2TMzEWkYDbJdQ+TH2J+1n96NU=">AAACAnicbVDLSsNAFJ3UR2t9RV2Jm8Ei1E1JBNFlwY07W7APaEK4mU7aoZMHMxOhhOLGX3HjQhG3foU7f0D8DKdNF9p64HIP59zLzD1+wplUlvVpFFZW19aLpY3y5tb2zq65t9+WcSoIbZGYx6Lrg6ScRbSlmOK0mwgKoc9pxx9dTf3OHRWSxdGtGifUDWEQsYARUFryzMPMIcDxzaTqAE+GgPPmyVPPrFg1awa8TOw5qdRx8/urVDxveOaH049JGtJIEQ5S9mwrUW4GQjHC6aTspJImQEYwoD1NIwipdLPZCRN8opU+DmKhK1J4pv7eyCCUchz6ejIENZSL3lT8z+ulKrh0MxYlqaIRyR8KUo5VjKd54D4TlCg+1gSIYPqvmAxBAFE6tbIOwV48eZm0z2q2VbObOo06ylFCR+gYVZGNLlAdXaMGaiGC7tEjekYvxoPxZLwab/lowZjvHKA/MN5/AN/DmVw=</latexit><latexit sha1_base64="hO2TMzEWkYDbJdQ+TH2J+1n96NU=">AAACAnicbVDLSsNAFJ3UR2t9RV2Jm8Ei1E1JBNFlwY07W7APaEK4mU7aoZMHMxOhhOLGX3HjQhG3foU7f0D8DKdNF9p64HIP59zLzD1+wplUlvVpFFZW19aLpY3y5tb2zq65t9+WcSoIbZGYx6Lrg6ScRbSlmOK0mwgKoc9pxx9dTf3OHRWSxdGtGifUDWEQsYARUFryzMPMIcDxzaTqAE+GgPPmyVPPrFg1awa8TOw5qdRx8/urVDxveOaH049JGtJIEQ5S9mwrUW4GQjHC6aTspJImQEYwoD1NIwipdLPZCRN8opU+DmKhK1J4pv7eyCCUchz6ejIENZSL3lT8z+ulKrh0MxYlqaIRyR8KUo5VjKd54D4TlCg+1gSIYPqvmAxBAFE6tbIOwV48eZm0z2q2VbObOo06ylFCR+gYVZGNLlAdXaMGaiGC7tEjekYvxoPxZLwab/lowZjvHKA/MN5/AN/DmVw=</latexit><latexit sha1_base64="v2xt7ITKOVmZcrRpIa4s2gWMTQA=">AAACAnicbVC7SgNBFL3rM8bXqpXYDAYhNmHXRsuAjZ0RzAOyy3J3MkmGzD6YmRXCEmz8FRsLRWz9Cjv/xkmyhSYeuNzDOfcyc0+YCq6043xbK6tr6xubpa3y9s7u3r59cNhSSSYpa9JEJLITomKCx6ypuRask0qGUShYOxxdT/32A5OKJ/G9HqfMj3AQ8z6nqI0U2Me5R1GQ20nVQ5EOkcxboM4Du+LUnBnIMnELUoECjcD+8noJzSIWaypQqa7rpNrPUWpOBZuUvUyxFOkIB6xraIwRU34+O2FCzozSI/1Emoo1mam/N3KMlBpHoZmMUA/VojcV//O6me5f+TmP00yzmM4f6meC6IRM8yA9LhnVYmwIUsnNXwkdokSqTWplE4K7ePIyaV3UXKfm3jmVer2IowQncApVcOES6nADDWgChUd4hld4s56sF+vd+piPrljFzhH8gfX5AydZlpk=</latexit>
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Electroweak

O(↵)
<latexit sha1_base64="JIGlDgJ24qk4hS/QlPOAS5ttqU0=">AAAB+nicbVC7SgNBFL0bXzG+NlraDAYhNmHXRsuAjZ0JmAdkQ7g7mU2GzD6YmVXCmk+xsVDE1i+xs7P0M5w8Ck08cOFwzr3ce4+fCK6043xaubX1jc2t/HZhZ3dv/8AuHjZVnErKGjQWsWz7qJjgEWtorgVrJ5Jh6AvW8kdXU791x6TicXSrxwnrhjiIeMApaiP17GLmURTkZlL2UCRDPCM9u+RUnBnIKnEXpFQl9e8vAKj17A+vH9M0ZJGmApXquE6iuxlKzalgk4KXKpYgHeGAdQyNMGSqm81On5BTo/RJEEtTkSYz9fdEhqFS49A3nSHqoVr2puJ/XifVwWU341GSahbR+aIgFUTHZJoD6XPJqBZjQ5BKbm4ldIgSqTZpFUwI7vLLq6R5XnGdils3aVRhjjwcwwmUwYULqMI11KABFO7hEZ7hxXqwnqxX623emrMWM0fwB9b7Dz18lY4=</latexit><latexit sha1_base64="x7EYvrTC9m8Xp16s15sFEgcjWVQ=">AAAB+nicbVDLSsNAFJ3UR2t9pbp0M1iEuimJILosuHFnC/YBTSg300k7dDIJMxOlxH6KGxeKuPVL3PkD4mc4fSy09cCFwzn3cu89QcKZ0o7zaeXW1jc284Wt4vbO7t6+XTpoqTiVhDZJzGPZCUBRzgRtaqY57SSSQhRw2g5GV1O/fUelYrG41eOE+hEMBAsZAW2knl3KPAIc30wqHvBkCKe4Z5edqjMDXiXugpRruPH9Vcif13v2h9ePSRpRoQkHpbquk2g/A6kZ4XRS9FJFEyAjGNCuoQIiqvxsdvoEnxilj8NYmhIaz9TfExlESo2jwHRGoIdq2ZuK/3ndVIeXfsZEkmoqyHxRmHKsYzzNAfeZpETzsSFAJDO3YjIECUSbtIomBHf55VXSOqu6TtVtmDRqaI4COkLHqIJcdIFq6BrVURMRdI8e0TN6sR6sJ+vVepu35qzFzCH6A+v9B6A3ldg=</latexit><latexit sha1_base64="x7EYvrTC9m8Xp16s15sFEgcjWVQ=">AAAB+nicbVDLSsNAFJ3UR2t9pbp0M1iEuimJILosuHFnC/YBTSg300k7dDIJMxOlxH6KGxeKuPVL3PkD4mc4fSy09cCFwzn3cu89QcKZ0o7zaeXW1jc284Wt4vbO7t6+XTpoqTiVhDZJzGPZCUBRzgRtaqY57SSSQhRw2g5GV1O/fUelYrG41eOE+hEMBAsZAW2knl3KPAIc30wqHvBkCKe4Z5edqjMDXiXugpRruPH9Vcif13v2h9ePSRpRoQkHpbquk2g/A6kZ4XRS9FJFEyAjGNCuoQIiqvxsdvoEnxilj8NYmhIaz9TfExlESo2jwHRGoIdq2ZuK/3ndVIeXfsZEkmoqyHxRmHKsYzzNAfeZpETzsSFAJDO3YjIECUSbtIomBHf55VXSOqu6TtVtmDRqaI4COkLHqIJcdIFq6BrVURMRdI8e0TN6sR6sJ+vVepu35qzFzCH6A+v9B6A3ldg=</latexit><latexit sha1_base64="Xbr/ldafBdk1+RPtQnLygydzM8s=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIl7DrRY8BL96MYB6QXULvZDYZMvtgZlYJaz7FiwdFvPol3vwbJ8keNLGgoajqprsrSAVX2nG+rbX1jc2t7dJOeXdv/+DQrhy1VZJJylo0EYnsBqiY4DFraa4F66aSYRQI1gnG1zO/88Ck4kl8rycp8yMcxjzkFLWR+nYl9ygKcjuteSjSEZ6Tvl116s4cZJW4BalCgWbf/vIGCc0iFmsqUKme66Taz1FqTgWblr1MsRTpGIesZ2iMEVN+Pj99Ss6MMiBhIk3FmszV3xM5RkpNosB0RqhHatmbif95vUyHV37O4zTTLKaLRWEmiE7ILAcy4JJRLSaGIJXc3EroCCVSbdIqmxDc5ZdXSfui7jp1986pNhpFHCU4gVOogQuX0IAbaEILKDzCM7zCm/VkvVjv1seidc0qZo7hD6zPH+e+kxU=</latexit>
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<latexit sha1_base64="JIGlDgJ24qk4hS/QlPOAS5ttqU0=">AAAB+nicbVC7SgNBFL0bXzG+NlraDAYhNmHXRsuAjZ0JmAdkQ7g7mU2GzD6YmVXCmk+xsVDE1i+xs7P0M5w8Ck08cOFwzr3ce4+fCK6043xaubX1jc2t/HZhZ3dv/8AuHjZVnErKGjQWsWz7qJjgEWtorgVrJ5Jh6AvW8kdXU791x6TicXSrxwnrhjiIeMApaiP17GLmURTkZlL2UCRDPCM9u+RUnBnIKnEXpFQl9e8vAKj17A+vH9M0ZJGmApXquE6iuxlKzalgk4KXKpYgHeGAdQyNMGSqm81On5BTo/RJEEtTkSYz9fdEhqFS49A3nSHqoVr2puJ/XifVwWU341GSahbR+aIgFUTHZJoD6XPJqBZjQ5BKbm4ldIgSqTZpFUwI7vLLq6R5XnGdils3aVRhjjwcwwmUwYULqMI11KABFO7hEZ7hxXqwnqxX623emrMWM0fwB9b7Dz18lY4=</latexit><latexit sha1_base64="x7EYvrTC9m8Xp16s15sFEgcjWVQ=">AAAB+nicbVDLSsNAFJ3UR2t9pbp0M1iEuimJILosuHFnC/YBTSg300k7dDIJMxOlxH6KGxeKuPVL3PkD4mc4fSy09cCFwzn3cu89QcKZ0o7zaeXW1jc284Wt4vbO7t6+XTpoqTiVhDZJzGPZCUBRzgRtaqY57SSSQhRw2g5GV1O/fUelYrG41eOE+hEMBAsZAW2knl3KPAIc30wqHvBkCKe4Z5edqjMDXiXugpRruPH9Vcif13v2h9ePSRpRoQkHpbquk2g/A6kZ4XRS9FJFEyAjGNCuoQIiqvxsdvoEnxilj8NYmhIaz9TfExlESo2jwHRGoIdq2ZuK/3ndVIeXfsZEkmoqyHxRmHKsYzzNAfeZpETzsSFAJDO3YjIECUSbtIomBHf55VXSOqu6TtVtmDRqaI4COkLHqIJcdIFq6BrVURMRdI8e0TN6sR6sJ+vVepu35qzFzCH6A+v9B6A3ldg=</latexit><latexit sha1_base64="x7EYvrTC9m8Xp16s15sFEgcjWVQ=">AAAB+nicbVDLSsNAFJ3UR2t9pbp0M1iEuimJILosuHFnC/YBTSg300k7dDIJMxOlxH6KGxeKuPVL3PkD4mc4fSy09cCFwzn3cu89QcKZ0o7zaeXW1jc284Wt4vbO7t6+XTpoqTiVhDZJzGPZCUBRzgRtaqY57SSSQhRw2g5GV1O/fUelYrG41eOE+hEMBAsZAW2knl3KPAIc30wqHvBkCKe4Z5edqjMDXiXugpRruPH9Vcif13v2h9ePSRpRoQkHpbquk2g/A6kZ4XRS9FJFEyAjGNCuoQIiqvxsdvoEnxilj8NYmhIaz9TfExlESo2jwHRGoIdq2ZuK/3ndVIeXfsZEkmoqyHxRmHKsYzzNAfeZpETzsSFAJDO3YjIECUSbtIomBHf55VXSOqu6TtVtmDRqaI4COkLHqIJcdIFq6BrVURMRdI8e0TN6sR6sJ+vVepu35qzFzCH6A+v9B6A3ldg=</latexit><latexit sha1_base64="Xbr/ldafBdk1+RPtQnLygydzM8s=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIl7DrRY8BL96MYB6QXULvZDYZMvtgZlYJaz7FiwdFvPol3vwbJ8keNLGgoajqprsrSAVX2nG+rbX1jc2t7dJOeXdv/+DQrhy1VZJJylo0EYnsBqiY4DFraa4F66aSYRQI1gnG1zO/88Ck4kl8rycp8yMcxjzkFLWR+nYl9ygKcjuteSjSEZ6Tvl116s4cZJW4BalCgWbf/vIGCc0iFmsqUKme66Taz1FqTgWblr1MsRTpGIesZ2iMEVN+Pj99Ss6MMiBhIk3FmszV3xM5RkpNosB0RqhHatmbif95vUyHV37O4zTTLKaLRWEmiE7ILAcy4JJRLSaGIJXc3EroCCVSbdIqmxDc5ZdXSfui7jp1986pNhpFHCU4gVOogQuX0IAbaEILKDzCM7zCm/VkvVjv1seidc0qZo7hD6zPH+e+kxU=</latexit>
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<latexit sha1_base64="vorUXe6pdPEmVAb3sGBrR17W3Oo=">AAACAnicbVC7SgNBFL0bXzG+Vq3EZjAIsQm7NloGbOxMwDwgCcvdySQZMvtgZlYIS7DxV2wsFLH1K+zsLP0MJ9kUmnjgcg/n3MvMPX4suNKO82nlVlbX1jfym4Wt7Z3dPXv/oKGiRFJWp5GIZMtHxQQPWV1zLVgrlgwDX7CmP7qa+s07JhWPwls9jlk3wEHI+5yiNpJnH6UdioLcTEodFPEQSdY8debZRafszECWiTsnxQqpfX8BQNWzPzq9iCYBCzUVqFTbdWLdTVFqTgWbFDqJYjHSEQ5Y29AQA6a66eyECTk1So/0I2kq1GSm/t5IMVBqHPhmMkA9VIveVPzPaye6f9lNeRgnmoU0e6ifCKIjMs2D9LhkVIuxIUglN38ldIgSqTapFUwI7uLJy6RxXnadslszaVQgQx6O4QRK4MIFVOAaqlAHCvfwCM/wYj1YT9ar9ZaN5qz5ziH8gfX+A30ImRI=</latexit><latexit sha1_base64="hO2TMzEWkYDbJdQ+TH2J+1n96NU=">AAACAnicbVDLSsNAFJ3UR2t9RV2Jm8Ei1E1JBNFlwY07W7APaEK4mU7aoZMHMxOhhOLGX3HjQhG3foU7f0D8DKdNF9p64HIP59zLzD1+wplUlvVpFFZW19aLpY3y5tb2zq65t9+WcSoIbZGYx6Lrg6ScRbSlmOK0mwgKoc9pxx9dTf3OHRWSxdGtGifUDWEQsYARUFryzMPMIcDxzaTqAE+GgPPmyVPPrFg1awa8TOw5qdRx8/urVDxveOaH049JGtJIEQ5S9mwrUW4GQjHC6aTspJImQEYwoD1NIwipdLPZCRN8opU+DmKhK1J4pv7eyCCUchz6ejIENZSL3lT8z+ulKrh0MxYlqaIRyR8KUo5VjKd54D4TlCg+1gSIYPqvmAxBAFE6tbIOwV48eZm0z2q2VbObOo06ylFCR+gYVZGNLlAdXaMGaiGC7tEjekYvxoPxZLwab/lowZjvHKA/MN5/AN/DmVw=</latexit><latexit sha1_base64="hO2TMzEWkYDbJdQ+TH2J+1n96NU=">AAACAnicbVDLSsNAFJ3UR2t9RV2Jm8Ei1E1JBNFlwY07W7APaEK4mU7aoZMHMxOhhOLGX3HjQhG3foU7f0D8DKdNF9p64HIP59zLzD1+wplUlvVpFFZW19aLpY3y5tb2zq65t9+WcSoIbZGYx6Lrg6ScRbSlmOK0mwgKoc9pxx9dTf3OHRWSxdGtGifUDWEQsYARUFryzMPMIcDxzaTqAE+GgPPmyVPPrFg1awa8TOw5qdRx8/urVDxveOaH049JGtJIEQ5S9mwrUW4GQjHC6aTspJImQEYwoD1NIwipdLPZCRN8opU+DmKhK1J4pv7eyCCUchz6ejIENZSL3lT8z+ulKrh0MxYlqaIRyR8KUo5VjKd54D4TlCg+1gSIYPqvmAxBAFE6tbIOwV48eZm0z2q2VbObOo06ylFCR+gYVZGNLlAdXaMGaiGC7tEjekYvxoPxZLwab/lowZjvHKA/MN5/AN/DmVw=</latexit><latexit sha1_base64="v2xt7ITKOVmZcrRpIa4s2gWMTQA=">AAACAnicbVC7SgNBFL3rM8bXqpXYDAYhNmHXRsuAjZ0RzAOyy3J3MkmGzD6YmRXCEmz8FRsLRWz9Cjv/xkmyhSYeuNzDOfcyc0+YCq6043xbK6tr6xubpa3y9s7u3r59cNhSSSYpa9JEJLITomKCx6ypuRask0qGUShYOxxdT/32A5OKJ/G9HqfMj3AQ8z6nqI0U2Me5R1GQ20nVQ5EOkcxboM4Du+LUnBnIMnELUoECjcD+8noJzSIWaypQqa7rpNrPUWpOBZuUvUyxFOkIB6xraIwRU34+O2FCzozSI/1Emoo1mam/N3KMlBpHoZmMUA/VojcV//O6me5f+TmP00yzmM4f6meC6IRM8yA9LhnVYmwIUsnNXwkdokSqTWplE4K7ePIyaV3UXKfm3jmVer2IowQncApVcOES6nADDWgChUd4hld4s56sF+vd+piPrljFzhH8gfX5AydZlpk=</latexit>
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Electroweak effects, with and without QCD
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<latexit sha1_base64="gAUdc/NJaZRC4CJov5PbZJGj7C8=">AAAB+3icbVA9SwNBEJ3zM8avGEubxSDEJtzZaBmwsTMB8wG5EOY2e8mSvb1jd08MR/6KjYUitv4ROztLf4abj0ITHww83pthZl6QCK6N6346a+sbm1vbuZ387t7+wWHhqNjUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYyup37rninNY3lnxgnrRjiQPOQUjZV6hWLmUxTkdlL2USRD7OnzXqHkVtwZyCrxFqRUJfXvLwCo9Qoffj+macSkoQK17nhuYroZKsOpYJO8n2qWIB3hgHUslRgx3c1mt0/ImVX6JIyVLWnITP09kWGk9TgKbGeEZqiXvan4n9dJTXjVzbhMUsMknS8KU0FMTKZBkD5XjBoxtgSp4vZWQoeokBobV96G4C2/vEqaFxXPrXh1m0YV5sjBCZxCGTy4hCrcQA0aQOEBHuEZXpyJ8+S8Om/z1jVnMXMMf+C8/wB2+5ZK</latexit><latexit sha1_base64="LXZ2fbB6aIyg1y76GGNrr3MwXAc=">AAAB+3icbVDLSsNAFJ34aq2vWJduBotQNyURRJcFN+5swT6gDeFmOmmHTiZhZiKWkF9x40IRt/6IO39A/Aynj4W2HrhwOOde7r0nSDhT2nE+rbX1jc2tQnG7tLO7t39gH5bbKk4loS0S81h2A1CUM0FbmmlOu4mkEAWcdoLx9dTv3FOpWCzu9CShXgRDwUJGQBvJt8tZnwDHt3m1DzwZga/OfLvi1JwZ8CpxF6RSx83vr2LhouHbH/1BTNKICk04KNVznUR7GUjNCKd5qZ8qmgAZw5D2DBUQUeVls9tzfGqUAQ5jaUpoPFN/T2QQKTWJAtMZgR6pZW8q/uf1Uh1eeRkTSaqpIPNFYcqxjvE0CDxgkhLNJ4YAkczciskIJBBt4iqZENzll1dJ+7zmOjW3adKoozmK6BidoCpy0SWqoxvUQC1E0AN6RM/oxcqtJ+vVepu3rlmLmSP0B9b7D9m2lpQ=</latexit><latexit sha1_base64="LXZ2fbB6aIyg1y76GGNrr3MwXAc=">AAAB+3icbVDLSsNAFJ34aq2vWJduBotQNyURRJcFN+5swT6gDeFmOmmHTiZhZiKWkF9x40IRt/6IO39A/Aynj4W2HrhwOOde7r0nSDhT2nE+rbX1jc2tQnG7tLO7t39gH5bbKk4loS0S81h2A1CUM0FbmmlOu4mkEAWcdoLx9dTv3FOpWCzu9CShXgRDwUJGQBvJt8tZnwDHt3m1DzwZga/OfLvi1JwZ8CpxF6RSx83vr2LhouHbH/1BTNKICk04KNVznUR7GUjNCKd5qZ8qmgAZw5D2DBUQUeVls9tzfGqUAQ5jaUpoPFN/T2QQKTWJAtMZgR6pZW8q/uf1Uh1eeRkTSaqpIPNFYcqxjvE0CDxgkhLNJ4YAkczciskIJBBt4iqZENzll1dJ+7zmOjW3adKoozmK6BidoCpy0SWqoxvUQC1E0AN6RM/oxcqtJ+vVepu3rlmLmSP0B9b7D9m2lpQ=</latexit><latexit sha1_base64="WScHTw4lPfVe3keq6KkwBHAofsc=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZTEix4LXrxZwX5AE8Jku2mXbjZhdyOWkL/ixYMiXv0j3vw3btsctPXBwOO9GWbmhSlnSjvOt1XZ2Nza3qnu1vb2Dw6P7ON6TyWZJLRLEp7IQQiKciZoVzPN6SCVFOKQ0344vZn7/UcqFUvEg56l1I9hLFjECGgjBXY99whwfFc0PeDpBAJ1EdgNp+UsgNeJW5IGKtEJ7C9vlJAspkITDkoNXSfVfg5SM8JpUfMyRVMgUxjToaECYqr8fHF7gc+NMsJRIk0JjRfq74kcYqVmcWg6Y9ATterNxf+8Yaajaz9nIs00FWS5KMo41gmeB4FHTFKi+cwQIJKZWzGZgASiTVw1E4K7+vI66V22XKfl3juNdruMo4pO0RlqIhddoTa6RR3URQQ9oWf0it6swnqx3q2PZWvFKmdO0B9Ynz8hTJPR</latexit>

W,Z

q

q

l

l

QCD EW

O(↵↵s)
<latexit sha1_base64="vorUXe6pdPEmVAb3sGBrR17W3Oo=">AAACAnicbVC7SgNBFL0bXzG+Vq3EZjAIsQm7NloGbOxMwDwgCcvdySQZMvtgZlYIS7DxV2wsFLH1K+zsLP0MJ9kUmnjgcg/n3MvMPX4suNKO82nlVlbX1jfym4Wt7Z3dPXv/oKGiRFJWp5GIZMtHxQQPWV1zLVgrlgwDX7CmP7qa+s07JhWPwls9jlk3wEHI+5yiNpJnH6UdioLcTEodFPEQSdY8debZRafszECWiTsnxQqpfX8BQNWzPzq9iCYBCzUVqFTbdWLdTVFqTgWbFDqJYjHSEQ5Y29AQA6a66eyECTk1So/0I2kq1GSm/t5IMVBqHPhmMkA9VIveVPzPaye6f9lNeRgnmoU0e6ifCKIjMs2D9LhkVIuxIUglN38ldIgSqTapFUwI7uLJy6RxXnadslszaVQgQx6O4QRK4MIFVOAaqlAHCvfwCM/wYj1YT9ar9ZaN5qz5ziH8gfX+A30ImRI=</latexit><latexit sha1_base64="hO2TMzEWkYDbJdQ+TH2J+1n96NU=">AAACAnicbVDLSsNAFJ3UR2t9RV2Jm8Ei1E1JBNFlwY07W7APaEK4mU7aoZMHMxOhhOLGX3HjQhG3foU7f0D8DKdNF9p64HIP59zLzD1+wplUlvVpFFZW19aLpY3y5tb2zq65t9+WcSoIbZGYx6Lrg6ScRbSlmOK0mwgKoc9pxx9dTf3OHRWSxdGtGifUDWEQsYARUFryzMPMIcDxzaTqAE+GgPPmyVPPrFg1awa8TOw5qdRx8/urVDxveOaH049JGtJIEQ5S9mwrUW4GQjHC6aTspJImQEYwoD1NIwipdLPZCRN8opU+DmKhK1J4pv7eyCCUchz6ejIENZSL3lT8z+ulKrh0MxYlqaIRyR8KUo5VjKd54D4TlCg+1gSIYPqvmAxBAFE6tbIOwV48eZm0z2q2VbObOo06ylFCR+gYVZGNLlAdXaMGaiGC7tEjekYvxoPxZLwab/lowZjvHKA/MN5/AN/DmVw=</latexit><latexit sha1_base64="hO2TMzEWkYDbJdQ+TH2J+1n96NU=">AAACAnicbVDLSsNAFJ3UR2t9RV2Jm8Ei1E1JBNFlwY07W7APaEK4mU7aoZMHMxOhhOLGX3HjQhG3foU7f0D8DKdNF9p64HIP59zLzD1+wplUlvVpFFZW19aLpY3y5tb2zq65t9+WcSoIbZGYx6Lrg6ScRbSlmOK0mwgKoc9pxx9dTf3OHRWSxdGtGifUDWEQsYARUFryzMPMIcDxzaTqAE+GgPPmyVPPrFg1awa8TOw5qdRx8/urVDxveOaH049JGtJIEQ5S9mwrUW4GQjHC6aTspJImQEYwoD1NIwipdLPZCRN8opU+DmKhK1J4pv7eyCCUchz6ejIENZSL3lT8z+ulKrh0MxYlqaIRyR8KUo5VjKd54D4TlCg+1gSIYPqvmAxBAFE6tbIOwV48eZm0z2q2VbObOo06ylFCR+gYVZGNLlAdXaMGaiGC7tEjekYvxoPxZLwab/lowZjvHKA/MN5/AN/DmVw=</latexit><latexit sha1_base64="v2xt7ITKOVmZcrRpIa4s2gWMTQA=">AAACAnicbVC7SgNBFL3rM8bXqpXYDAYhNmHXRsuAjZ0RzAOyy3J3MkmGzD6YmRXCEmz8FRsLRWz9Cjv/xkmyhSYeuNzDOfcyc0+YCq6043xbK6tr6xubpa3y9s7u3r59cNhSSSYpa9JEJLITomKCx6ypuRask0qGUShYOxxdT/32A5OKJ/G9HqfMj3AQ8z6nqI0U2Me5R1GQ20nVQ5EOkcxboM4Du+LUnBnIMnELUoECjcD+8noJzSIWaypQqa7rpNrPUWpOBZuUvUyxFOkIB6xraIwRU34+O2FCzozSI/1Emoo1mam/N3KMlBpHoZmMUA/VojcV//O6me5f+TmP00yzmM4f6meC6IRM8yA9LhnVYmwIUsnNXwkdokSqTWplE4K7ePIyaV3UXKfm3jmVer2IowQncApVcOES6nADDWgChUd4hld4s56sF+vd+piPrljFzhH8gfX5AydZlpk=</latexit>
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Recent work by: De Florian, Der, Fabre; Cieri, 
De Florian,  Der, Mazzitelli; Bonciani, 
Buccioni, Rana, Vicini,;Buonocore, Grazzini, 
Kallweit, Savoini, Tramontano

Given the target precision of 0.1 per mille, also the so-called mixed QCD-electroweak factorizable corrections 
may be needed.

Huss, Dittmaier, Schwinn



 Kirill Melnikov                                                                                                                         Mixed QCD-EW corrections to vector boson production

Fully-differential description of mixed QCD-electroweak effects in the production of (on-shell) electroweak bosons is a 
complicated problem.  
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Mixed QCD-electroweak effects in the production

We need the two-loop form factor for mixed QCD-EW corrections.     Massive internal/external lines.

Real emission contributions with a photon and a QCD parton  have to be dealt with. These contributions develop 
infra-red and collinear singularities and cannot be evaluated directly. 

One-loop amplitudes for  mixed QCD-EW corrections are required.  Massive internal/external lines. 

Thanks to  the recent advances in the field of perturbative QCD,  it becomes relatively straightforward to deal with these problems. 
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Mixed QCD-electroweak effects in the production

Need the two-loop form factor for mixed QCD-EW corrections. Massive internal/external lines.

One-loop amplitudes for  mixed QCD-EW corrections are required.  Massive internal/external lines. 

Reduction to master integrals, differential equations, canonical bases, GPLs.

OpenLoops for numerical computation of one-loop amplitudes.W
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Real emission contributions with a photon and a gluon have to be dealt with. These contributions develop infra-red 
and collinear singularities and cannot be evaluated directly. 

An adaptation of NNLO QCD subtractions. We employ the so-called nested soft-collinear 
subtraction scheme. For the Z boson, no adaptation is required; just the color factors 
need to be adjusted.

Cascioli, Maierhöfer, Pozzorini, Buccioni, Zoller et al. 

Caola, Melnikov, Röntsch et. al. 

Reduze2 (von Manteuffel, Studerus),  Henn et. al.
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The formula that describes  fully-differential mixed QCD-electroweak corrections to vector boson production is  
relatively compact.  Here is an example of the W production in an association with a gluon and a photon. 

Mixed QCD-electroweak effects in the production
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channels. Each of these contributions is regulated by constructing subtraction terms as we have explained in the
previous sections. In this section, we present the finite remainders for all the different partonic channels.

As we have explained in previous sections, our calculation is performed in a generic reference frame and with arbitrary
Emax. We have explicitly checked that the cancellation of infra-red and ultraviolet poles occurs in an arbitrary reference
frame and for generic Emax. However, for the sake of simplicity in this section we present results in the center-of-mass
frame of the colliding partons and choose Emax = E1 = E2. We will denote the center-of-mass collision energy as 2Ec

so that E1 = E2 = Ec. We also set µ = MW ; using renormalization-group arguments, it is straightforward to obtain
results for different choices of µ.

For convenience we summarize the notation that we will use when presenting our results. We define

Lc = ln (2Ec/MW ) , � =

q
1�M

2

W
/E

2

W
, iw =

pi · pW
EiEW

, ⌘ij =
⇢ij

2
=

pi · pj
2EiEj

=
1� cos ✓ij

2
, sij = 2pi ·pj . (89)

In the (generalized) splitting functions, we also use

Di(z) =

"
ln

i
(1� z)

1� z

#

+

. (90)

We express our results in terms of the MS-renormalized strong coupling constant ↵s(µ). We denote by ↵EW the
electromagnetic coupling constant in the Gµ scheme. The LO (color-stripped) Altarelli-Parisi splitting functions
without the elastic piece P̄AP,0

ij,R
are defined in Appendix D. The splitting function describing the NLO finite remainders

are defined as

PNLO

qq
= 4D1(z)� 2(1 + z) ln(1� z) + (1� z)� 1 + z

2

1� z
ln z,

PNLO

qg
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z
2
+ (1� z)

2
⇤
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✓
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2

z

◆
+ 2z(1� z),

(91)

see Sect. IV. We also find it convenient to introduce a slight generalization of these equations

ePNLO

qq
(z, Ec) = 4D1(z)� 2(1 + z) ln(1� z) + (1� z) + 2 ln

✓
2Ec

MW

◆⇥
2D0(z)� (1 + z)
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,

ePNLO

qg
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ln(1� z) + 2z(1� z) + 2 ln

✓
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z
2
+ (1� z)

2
].

(92)

Finally, the one-loop finite remainders F
fin,EW/QCD

LV
and the two-loop remainder F

fin,QCD⌦EW

LVV+LV2 are defined in Ap-
pendix A. Their analytic and numerical expressions are given in Appendix B.

A. The qq̄0 and qq0 channels

We begin by presenting formulas for mixed QCD-EW corrections in the qq̄
0 channel. As we have explained in

Section VA, this channel receives contributions from both g� and qq̄ final states. We then write

d�
QCD⌦EW

qq̄0!W (X)
= d�

QCD⌦EW

qq̄0!W (g�)
+ d�

QCD⌦EW

qq̄0!W (qq̄)
, (93)

where the terms in the brackets indicate the possible double-real contribution. We consider the two cases separately.
For definiteness, we present results for the ud̄ initial state.

We discuss the u+ d̄ ! W
+
+(g�) case first. We write the two-loop contributions to the cross section in the following

way

d�
QCD⌦EW

ud̄!W (g�)
= d�

elastic

ud̄!W (g�)
+ d�

boost

ud̄!W (g�)
+ d�

ONLO

ud̄!W (g�)
+ d�

regulated

ud̄!W (g�)
. (94)

It is convenient to write the cross section in a way that separates contributions with different multiplicities and/or 
kinematic features of final/initial state particles. 

Parts of the results are explicit.  Other parts are written in terms of operators that act on four-dimensional, physical 
matrix elements and four-dimensional phase spaces extracting  universal soft and collinear limits in terms of 
splitting functions, eikonal functions as well as  reduced-multiplicity  phase spaces and matrix elements. 
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results for different choices of µ.

For convenience we summarize the notation that we will use when presenting our results. We define
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We express our results in terms of the MS-renormalized strong coupling constant ↵s(µ). We denote by ↵EW the
electromagnetic coupling constant in the Gµ scheme. The LO (color-stripped) Altarelli-Parisi splitting functions
without the elastic piece P̄AP,0
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see Sect. IV. We also find it convenient to introduce a slight generalization of these equations
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Finally, the one-loop finite remainders F
fin,EW/QCD

LV
and the two-loop remainder F

fin,QCD⌦EW

LVV+LV2 are defined in Ap-
pendix A. Their analytic and numerical expressions are given in Appendix B.

A. The qq̄0 and qq0 channels

We begin by presenting formulas for mixed QCD-EW corrections in the qq̄
0 channel. As we have explained in

Section VA, this channel receives contributions from both g� and qq̄ final states. We then write
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where the terms in the brackets indicate the possible double-real contribution. We consider the two cases separately.
For definiteness, we present results for the ud̄ initial state.
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Below we present results for individual contributions. The elastic contribution reads
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We continue with the contribution that involves NLO-like processes, ud̄ ! W
+
+ g and ud̄ ! W

+
+ �. It reads
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The elastic piece arises from the double-unresolved real emissions of photons and gluons (both soft and/or soft/
collinear). and from the finite remainders of virtual corrections.  

hFLM(1u, 2d̄)i = N
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The boosted contribution arises from final states where either a gluon and a photon are collinear to incoming 
partons  or one of them is collinear and the other is soft.
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channels. Each of these contributions is regulated by constructing subtraction terms as we have explained in the
previous sections. In this section, we present the finite remainders for all the different partonic channels.

As we have explained in previous sections, our calculation is performed in a generic reference frame and with arbitrary
Emax. We have explicitly checked that the cancellation of infra-red and ultraviolet poles occurs in an arbitrary reference
frame and for generic Emax. However, for the sake of simplicity in this section we present results in the center-of-mass
frame of the colliding partons and choose Emax = E1 = E2. We will denote the center-of-mass collision energy as 2Ec

so that E1 = E2 = Ec. We also set µ = MW ; using renormalization-group arguments, it is straightforward to obtain
results for different choices of µ.

For convenience we summarize the notation that we will use when presenting our results. We define
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We express our results in terms of the MS-renormalized strong coupling constant ↵s(µ). We denote by ↵EW the
electromagnetic coupling constant in the Gµ scheme. The LO (color-stripped) Altarelli-Parisi splitting functions
without the elastic piece P̄AP,0

ij,R
are defined in Appendix D. The splitting function describing the NLO finite remainders
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see Sect. IV. We also find it convenient to introduce a slight generalization of these equations
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Finally, the one-loop finite remainders F
fin,EW/QCD

LV
and the two-loop remainder F

fin,QCD⌦EW

LVV+LV2 are defined in Ap-
pendix A. Their analytic and numerical expressions are given in Appendix B.

A. The qq̄0 and qq0 channels

We begin by presenting formulas for mixed QCD-EW corrections in the qq̄
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where the terms in the brackets indicate the possible double-real contribution. We consider the two cases separately.
For definiteness, we present results for the ud̄ initial state.

We discuss the u+ d̄ ! W
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+(g�) case first. We write the two-loop contributions to the cross section in the following

way
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Below we present results for individual contributions. The elastic contribution reads
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We continue with the contribution that involves NLO-like processes, ud̄ ! W
+
+ g and ud̄ ! W
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+ �. It reads
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The ONLO terms describe contributions of          and          final states.  They arise from virtual corrections to these 
final state and from remnants of              state in case that. either a gluon or a photon become unresolved. 

Mixed QCD-electroweak effects in the production
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Below we present results for individual contributions. The elastic contribution reads
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The boosted contribution �
boost

ud̄!W (g�)
can be written as
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Moreover, we write
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The individual contributions read

P
NNLO,u

qq
= 16D3(z) +

✓
8� 10⇡

2

3

◆
D1(z) + 32⇣3D0(z) +

5⇡
2

2
(1� z) + 2(8z � 9)� 8(1 + z) ln

3
(1� z)

+

✓
15 + 23z

2

1� z

◆
⇣2 � 7� z

�
ln(z) +

(2� 3z + 4z
2
+ z

3
) ln

2
(z)

(1� z)2
+

(3 + z
2
) ln

3
(z)

6(1� z)
� ln

2
(1� z)⇥

 
4(1� z) +

(17 + 9z
2
) ln(z)

1� z

!
+

ln(1� z)

1� z

 
⇡
2
(10� 8z

2
)

3
+ (4� 21z + 9z

2
) + 6(1 + z

2
) ln

2
(z) (98)

+
(2� 10z + 6z

2 � 6z
3
) ln(z)

1� z

!
+ 2

 
(5 + z

2
) ln(z)

1� z
+

(3z
2 � 5) ln(1� z)

1� z
� 2(1� z)

!
Li2(z)

+
2(3z

2 � 5)

1� z
Li3(1� z)� 4(3z

2
+ 5)

1� z
Li3(z) +

(4 + 28z
2
)⇣3

1� z
,

P
NNLO,ud

qq
= (4⇡

2 � 16)D1(z) + ⇡
2
(1� z) +

✓
16

1� z
� 2⇡

2
(1 + z)

◆
ln(1� z) + 4z ln(z)

� ⇡
2
(1 + z

2
)

1� z
ln(z) +

4z(1 + z
2
)
⇥
2 ln(1� z) ln(z)� ln

2
(z)
⇤

(1� z)2
, (99)

P
NNLO,d

qq
=

✓
8� 2⇡

2

3

◆
D1(z)� ⇣2(1� z) +

✓
2⇣2(1 + z)� 8

1� z

◆
ln(1� z)� 2z ln(z)

+
2z(1 + z

2
)
�
ln

2
(z)� 2 ln(z) ln(1� z)

�

(1� z)2
+

1 + z
2

1� z

✓
⇣2 ln(z) + 2

⇥
2 ln(1� z)� ln(z)

⇤
Li2(1� z)

◆
(100)

+ 2(1� z)Li2(1� z).

We continue with the contribution that involves NLO-like processes, ud̄ ! W
+
+ g and ud̄ ! W
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+ �. It reads
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The fully-regulated contribution has already been discussed. It reads

2s · d�regulated
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where the operator ⌅1 is given in Eq.(53). We compute it numerically.
We now discuss the ud̄ ! W
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+ (qq̄) final state. The corresponding double-real matrix element is only singular if
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We write the boosted contribution as
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The fully-regulated contribution reads
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Finally, we discuss the qq
0 channel. At O(↵s↵EW ), it receives contributions from interferences among two t-channel

diagrams (see Fig. 1, right) with two identical quarks in the final state. As for the u+ d̄ ! W (qq̄) case that we have
just discussed, qq0 channels also only have triple-collinear singularities. For definiteness, we present the results for the
u+ d ! W (qq) channel. We employ the same phase-space parametrization as for the qq̄

0 channel, and write
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The boosted contribution reads
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channels. Each of these contributions is regulated by constructing subtraction terms as we have explained in the
previous sections. In this section, we present the finite remainders for all the different partonic channels.

As we have explained in previous sections, our calculation is performed in a generic reference frame and with arbitrary
Emax. We have explicitly checked that the cancellation of infra-red and ultraviolet poles occurs in an arbitrary reference
frame and for generic Emax. However, for the sake of simplicity in this section we present results in the center-of-mass
frame of the colliding partons and choose Emax = E1 = E2. We will denote the center-of-mass collision energy as 2Ec

so that E1 = E2 = Ec. We also set µ = MW ; using renormalization-group arguments, it is straightforward to obtain
results for different choices of µ.

For convenience we summarize the notation that we will use when presenting our results. We define

Lc = ln (2Ec/MW ) , � =

q
1�M

2

W
/E

2

W
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2
=

pi · pj
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2
, sij = 2pi ·pj . (89)

In the (generalized) splitting functions, we also use

Di(z) =

"
ln

i
(1� z)

1� z

#

+

. (90)

We express our results in terms of the MS-renormalized strong coupling constant ↵s(µ). We denote by ↵EW the
electromagnetic coupling constant in the Gµ scheme. The LO (color-stripped) Altarelli-Parisi splitting functions
without the elastic piece P̄AP,0

ij,R
are defined in Appendix D. The splitting function describing the NLO finite remainders

are defined as

PNLO

qq
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see Sect. IV. We also find it convenient to introduce a slight generalization of these equations
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Finally, the one-loop finite remainders F
fin,EW/QCD

LV
and the two-loop remainder F

fin,QCD⌦EW

LVV+LV2 are defined in Ap-
pendix A. Their analytic and numerical expressions are given in Appendix B.

A. The qq̄0 and qq0 channels

We begin by presenting formulas for mixed QCD-EW corrections in the qq̄
0 channel. As we have explained in

Section VA, this channel receives contributions from both g� and qq̄ final states. We then write

d�
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qq̄0!W (X)
= d�

QCD⌦EW

qq̄0!W (g�)
+ d�

QCD⌦EW

qq̄0!W (qq̄)
, (93)

where the terms in the brackets indicate the possible double-real contribution. We consider the two cases separately.
For definiteness, we present results for the ud̄ initial state.

We discuss the u+ d̄ ! W
+
+(g�) case first. We write the two-loop contributions to the cross section in the following

way

d�
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. (94)
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channels. Each of these contributions is regulated by constructing subtraction terms as we have explained in the
previous sections. In this section, we present the finite remainders for all the different partonic channels.
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We can now insert collinear projection operators in relevant places taking into account the ordering of angles in sectors
A and B, see Refs. [12, 45] for details. We find the modified partition of unity

1 = ⌅
qq̄

= ⌅
qq̄

1
+ ⌅

qq̄

2
+ ⌅

qq̄

3
+ ⌅

qq̄

4
, (52)

where the different ⌅
qq̄-operators read6

⌅
qq̄

1
= (I � C�g,1)(I � Cg1)!

�1,g1
✓A + (I � C�g,1)(I � C�1)!

�1,g1
✓B + (I � C�g,2)(I � Cg2)!

�2,g2
✓A

+ (I � C�g,2)(I � C�2)!
�2,g2

✓B + (I � Cg2)(I � C�1)!
�1,g2

+ (I � Cg1)(I � C�2)!
�2,g1

,

⌅
qq̄

2
= C�g,1(I � Cg1)!

�1,g1
✓A + C�g,1(I � C�1)!

�1,g1
✓B + C�g,2(I � Cg2)!

�2,g2
✓A + C�g,2(I � C�2)!

�2,g2
✓B ,

⌅
qq̄

3
= � Cg2C�1!

�1,g2 � C�2Cg1!
�2,g1

,

⌅
qq̄

4
= Cg1

⇥
!
�1,g1
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�2,g1

⇤
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⇥
!
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⇤
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!
�2,g2
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�1,g2

⇤
+ C�2

⇥
!
�2,g2

✓B + !
�2,g1

⇤
.

(53)

We then re-write the soft-regulated contribution in Eq.(41) in the following way

h(I � Sg)(I � S�)FLM(1u, 2d̄; 4g, 5�)i = h(I � Sg)(I � S�) ⌅
qq̄

FLM(1u, 2d̄ ; 4g, 5�)i

=

4X

i

h(I � Sg)(I � S�) ⌅
qq̄

i
FLM(1u, 2d̄ ; 4g, 5�)i.

(54)

Among the four contributions that appear on the right hand side in Eq.(54), the one proportional to ⌅
qq̄

1
is the

fully-regulated one. We compute it numerically in four dimensions. The ⌅
qq̄

2
term describes a triple-collinear singular

contribution which can be computed following the discussion in Ref. [51]. We note that, because of the different phase-
space partition adopted here, the triple-collinear contribution required here is not identical to the one computed in
Ref. [51]. Further details about the computation are given in Appendix E. The result reads

h(I � S�)(I � Sg)⌅
qq̄

2
FLM(1u, 2d̄; 4g, 5�)i = �2[↵][↵s]CF
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E
, (55)
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(Li3(z)� ⇣3) .

(56)

The two contributions in Eq.(54) that require further action are the ones proportional to ⌅
qq̄

3,4
. These contributions

are computed in a way which is similar to the NNLO QCD case except for the required modifications of sectors and
for the fact that in our case the soft subtractions are done independently for a gluon and a photon.

For definiteness, we now explicitly specify the partition functions

!
�1,g1

=
⇢�2⇢g2

4
, !

�2,g2
=

⇢�1⇢g1

4
, !

�1,g2
=

⇢�2⇢g1

4
, !

�2,g1
=

⇢�1⇢g2

4
, (57)

where ⇢ij = pi · pj/(EiEj), and focus first on the contribution to Eq.(54) proportional to ⌅
qq̄

3
. It describes singular

emissions of a photon and a gluon collinear to opposite directions, and reads

h(I � Sg)(I � S�)⌅
qq̄

3
FLM(1u, 2d̄ ; 4g, 5�)i =

� h(I � Sg)(I � S�)
�
Cg2C�1!

�1,g2
+ C�2Cg1!

�2,g1
�
FLM(1u, 2d̄ ; 4g, 5�)i.

(58)

6 As explained in Refs. [12, 45], there is some freedom in the definition of the collinear operators Ci. In particular, one can decide whether
they should act only on the matrix element and momentum-conserving � function or if they should also modify the unresolved phase
space. In this paper, we make the same choice we did in Ref. [12]: all triple-collinear operators C�g,i in Eq.(53) do not modify the
unresolved phase space, while all the double collinear operators do act on it, see Ref. [12] for details.
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contribution which can be computed following the discussion in Ref. [51]. We note that, because of the different phase-
space partition adopted here, the triple-collinear contribution required here is not identical to the one computed in
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The fully-regulated contribution has already been discussed. It reads

2s · d�regulated

ud̄!W (g�)
= h(I � Sg)(I � S�)⌅

qq̄

1
FLM(1u, 2d̄; 4g, 5�)i, (102)

where the operator ⌅1 is given in Eq.(53). We compute it numerically.
We now discuss the ud̄ ! W

+
+ (qq̄) final state. The corresponding double-real matrix element is only singular if

the final-state qq̄ pair is collinear to the initial-state u or d̄. We use the same phase-space parametrization as for the
ud̄ ! W

+
+ (g�) case, and write

d�
QCD⌦EW

ud̄!W (qq̄)
= d�

boost

ud̄!W (qq̄)
+ d�

regulated

ud̄!W (qq̄)
. (103)

We write the boosted contribution as

2s · d�boost

ud̄!W (qq̄)
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✓
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↵EW
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↵
, (104)

with
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The fully-regulated contribution reads

2s · d�regulated

ud̄!W (qq̄)
=

⌦
(I � C145 � C245)FLM(1u, 2d̄; 4q, 5q̄)

↵
. (106)

Finally, we discuss the qq
0 channel. At O(↵s↵EW ), it receives contributions from interferences among two t-channel

diagrams (see Fig. 1, right) with two identical quarks in the final state. As for the u+ d̄ ! W (qq̄) case that we have
just discussed, qq0 channels also only have triple-collinear singularities. For definiteness, we present the results for the
u+ d ! W (qq) channel. We employ the same phase-space parametrization as for the qq̄

0 channel, and write

d�
QCD⌦EW

ud!W (qq)
= d�

boost

ud!W (qq)
+ d�

regulated

ud!W (qq)
. (107)

The boosted contribution reads

2s · d�boost

ud!W (qq)
=

✓
↵s(µ)
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↵EW
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NNLO,int
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⌧
Q

2

d
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�
, (108)

0 ! q q̄0 W � g
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�[pb] channel µ = MW µ = MW /2 µ = MW /4

�LO 6007.6 5195.0 4325.9
��NLO,↵s

all ch. 508.8 1137.0 1782.2
qq̄0 1455.2 1126.7 839.2

qg/gq -946.4 10.3 943.0
��NLO,↵ all ch. 2.1 -1.0 -2.6

qq̄0 -2.2 -5.2 -6.7
q�/�q 4.2 4.2 4.04

��NNLO,↵s↵ all ch. -2.4 -2.3 -2.8
qq̄0/qq0 -1.0 -1.2 -1.0
qg/gq -1.4 -1.2 -2.1
q�/�q 0.06 0.03 -0.04
g�/�g -0.12 0.04 0.30

Table I: Fiducial cross sections for pp ! W+(e+⌫e) at the 13 TeV LHC for three different values of the renormalization
and factorization scales at different orders of perturbation theory. Contributions of different partonic channels are displayed
separately. See text for details.

VII. NUMERICAL RESULTS

We have implemented the above results for all the relevant partonic channels in a Fortran computer code that enables
the computation of mixed QCD-electroweak corrections to the production of an on-shell W± boson in proton collisions
at a fully-differential level. Tree-level decays of the W boson are included in the computation. Note that in this paper
we do not consider mixed corrections that originate from QCD corrections to W production followed by electroweak
corrections to W decay. Such corrections are, essentially, of NLO-type and, for this reason, are much easier to deal
with; in fact, they have already been studied in Ref. [48].9

We note that all the finite remainders of one-loop electroweak and QCD corrections that we require are computed
with OpenLoops [52–54]. The calculation of the two-loop finite remainder of the mixed QCD-EW corrections to the
Wqq̄

0 form factor is presented in Appendix B.

Before presenting selected results for the mixed QCD-electroweak corrections, we describe the various checks of the
calculation that we have performed to ensure its correctness. First, we checked all fully-resolved contributions by
using our code to compute cross sections and kinematic distributions for the process pp ! W +�+jet and comparing
the results with MADGRAPH [55] and MCFM [56]. Such a comparison has been performed separately for all the different
partonic channels that contribute to the above process allowing for a thorough check of our code.

Second, we have used our code to compute NLO QCD and NLO electroweak corrections to the processes pp ! W +�

and pp ! W + jet and checked the results of the calculation against MCFM and MADGRAPH, respectively. In both cases
excellent agreement for these NLO contributions was found.

Finally, we have checked some unresolved contributions by considering the limit of equal up and down quark charges
Qu = Qd and comparing the results with our earlier computation of mixed QCD-electroweak corrections to Z pro-
duction in proton collisions [29]. This check is particularly useful since, compared to the case of Z production, we
have modified the parametrization of the phase space and the partitions for the computation reported in this paper.

We now turn to the presentation of numerical results. We renormalize weak corrections in the Gµ scheme and use,
as input parameters, GF = 1.16639 ⇥ 10

�5
GeV

�2, MZ = 91.1876 GeV, MW = 80.398 GeV, Mt = 173.2 GeV

and MH = 125 GeV. We also use �W = 2.1054 GeV. The fine-structure constant that is obtained with this setup
is ↵EW = 1/132.338. We use the NNLO NNPDF3.1luxQED parton distribution functions [57–59] for all numerical
computations reported in this paper. The value of the strong coupling constant is provided as part of the PDF set.
Numerically, it reads ↵s(MZ) = 0.118.

Since we do not aim at performing extensive phenomenological studies in this paper, we apply very mild cuts on the
final state of the process pp ! W

+
(ē⌫) + X. We require that the transverse momentum of the positron p?,e and

9 Similarly, we do not consider mixed QCD-EW corrections to the decay process. These are also very simple since they only come from
the renormalization of the W ! l⌫ form factor.

pl?, p
⌫
? > 15 GeV
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Fiducial cross sections for the W+ boson production at the 13 TeV LHC.  We use NNPDF3.1lixQED parton  distribution 
functions and  employ on-shell renormalization scheme with GF as the input  parameter. Corrections to W decays are 
not included.
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Figure 2: The impact of mixed QCD-electroweak corrections to pp ! W+(e+⌫) production at 13 TeV LHC on various kinematic
distributions including lepton rapidity and transverse momentum, the transverse momentum of the W -boson and the transverse
mass. NLO electroweak corrections are also shown. See text for details.

of the neutrino p?,miss are larger than 15 GeV and that the absolute value of the positron rapidity does not exceed
|ye| < 2.4. We also set the factorization and renormalization scales to be equal µR = µF = µ and choose µ = MW /2

as the central scale for our computations.

To present the results, we write the fiducial cross section as

�pp!W+ = �LO +��NLO,↵s
+��NLO,↵,+��NNLO,↵↵s

+ .... (130)

where the first term on the right hand side is the leading order cross section, the second term is the NLO QCD
contribution, the third term is the NLO electroweak contribution and the last one is the mixed QCD-electroweak
contribution. Ellipses in Eq.(130) stand for other contributions to the cross section, e.g. NNLO QCD ones.

We show the fiducial cross sections pp ! W + X, using the cuts described above, in Table I. It follows from this
table that NLO electroweak contributions are tiny – they modify the leading order cross section by just about �0.02

percent. For comparison, we note that NNLO QCD corrections are of the order of a few percent. We note that
the smallness of these corrections is partially related to our choice of the Gµ renormalization scheme which appears
to reduce the impact of electroweak corrections significantly. Although quite small as well, mixed QCD-electroweak
corrections turn out to be larger than the NLO electroweak ones, at least for the setup considered here.

The relative importance of mixed QCD-electroweak corrections, at least compared to NLO electroweak corrections,
is also apparent from the kinematic distributions shown in Fig. 2. These distributions are computed with the fiducial
cuts described above; results shown in Fig. 2 are obtained for µ = MW /2. The y-axes in the lower panes correspond
to bin-by-bin ratios of NLO electroweak and mixed QCD-electroweak contributions to NLO QCD cross sections

d�i =
d��i

d�LO + d��NLO,↵s

. (131)

In Fig. 2 we show the rapidity and transverse momentum distributions of the charged lepton as well as the transverse
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Mixed QCD-EW corrections are about 0.5 per mille; not obviously irrelevant for the extraction of the W mass at the LHC!
Mixed QCD-EW corrections are comparable to EW corrections (the consequence of GF input scheme).
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Similar (marginally) large effects are seen in kinematic distributions (lower panes are normalized to NLO QCD dsitributions).  
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Figure 2: The impact of mixed QCD-electroweak corrections to pp ! W+(e+⌫) production at 13 TeV LHC on various kinematic
distributions including lepton rapidity and transverse momentum, the transverse momentum of the W -boson and the transverse
mass. NLO electroweak corrections are also shown. See text for details.

of the neutrino p?,miss are larger than 15 GeV and that the absolute value of the positron rapidity does not exceed
|ye| < 2.4. We also set the factorization and renormalization scales to be equal µR = µF = µ and choose µ = MW /2

as the central scale for our computations.

To present the results, we write the fiducial cross section as

�pp!W+ = �LO +��NLO,↵s
+��NLO,↵,+��NNLO,↵↵s

+ .... (130)

where the first term on the right hand side is the leading order cross section, the second term is the NLO QCD
contribution, the third term is the NLO electroweak contribution and the last one is the mixed QCD-electroweak
contribution. Ellipses in Eq.(130) stand for other contributions to the cross section, e.g. NNLO QCD ones.

We show the fiducial cross sections pp ! W + X, using the cuts described above, in Table I. It follows from this
table that NLO electroweak contributions are tiny – they modify the leading order cross section by just about �0.02

percent. For comparison, we note that NNLO QCD corrections are of the order of a few percent. We note that
the smallness of these corrections is partially related to our choice of the Gµ renormalization scheme which appears
to reduce the impact of electroweak corrections significantly. Although quite small as well, mixed QCD-electroweak
corrections turn out to be larger than the NLO electroweak ones, at least for the setup considered here.

The relative importance of mixed QCD-electroweak corrections, at least compared to NLO electroweak corrections,
is also apparent from the kinematic distributions shown in Fig. 2. These distributions are computed with the fiducial
cuts described above; results shown in Fig. 2 are obtained for µ = MW /2. The y-axes in the lower panes correspond
to bin-by-bin ratios of NLO electroweak and mixed QCD-electroweak contributions to NLO QCD cross sections
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In Fig. 2 we show the rapidity and transverse momentum distributions of the charged lepton as well as the transverse
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Mixed QCD-EW corrections to on-shell W and Z production

Mixed QCD-EW corrections to pp→ W/Z have been discussed for many years

Calculation became possible due to progress on several bottlenecks

• Double Virtual: Complicated integrals with internal and external masses

→ Progress on differential equations, iterated integrals etc.

• Real Virtual: Sufficiently stable numerics close to singular limits

→ OpenLoops can provide this in an automated way

• Double Real: IR singularities require NNLO subtraction scheme

→ Profit from progress on NNLO QCD subtraction schemes

→ We derive estimates for shifts of W mass due to mixed QCD-EW corrections
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Two-loop amplitudes



Form factors for on-shell W and Z bosons

s = m2
Z

u

ū

g Z0
W+

W−

s = m2
W

u

d̄

g
W+

W+

Z0

What needs to be calculated? → Only on-shell form factors
(Narrow-width approximation simplifies the problem)

• Z: Mixed QCD-EW corrections are known [Kotikov, Kühn, Veretin ’07]
• W: Mixed QCD-EW corrections were not yet publicly available
→ We calculated the missing integrals and completed the form factor
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Calculation of the W form factor

This is a non-trivial,
but tractable calculation.

44 Feynman diagrams

…

35 master integrals

I ∼
∫

[ddk1][d
dk2]

[k22 −m2
W] . . . [(k2 − p12)

2 −m2
Z]

25 MI known in the literature
[Aglietti, Bonciani ’03] [Aglietti, Bonciani ’04]
[Bonciani, Di Vita, Mastrolia, Schubert ’16]

10 MI with internal W and Z
Calculated using differential equations

∂zI(z, ε) = A(z, ε)I(z, ε) with z = m2
W

m2
Z

with the equal mass case (z = 1) as
boundary conditions

Results can be expressed in terms of well-understood iterated integrals (GPLs)

Ga,~b(y) =
∫ y

0

G~b(t)
t − a

dt , Ga(y) =
∫ y

0

1
t − a

dt , G0(y) = ln(y) , z = y
(1+ y)2

Feynman rules, γ algebra, IBP reductions, …
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Mixed QCD-EW corrections to the W form factor

The result for the form factor can be brought into a compact form.

Infrared poles are predicted by a “Catani-like” formula:

〈
FQCD⊗EWLVV+LV2

〉
=

(
αs(µ)

2π
αEW
2π

)[
I12,QCD · I12,EW +

eεγE
Γ(1− ε)

HWQCD⊗EW
ε

]
〈FLM〉

+

(
αs(µ)

2π

)
I12,QCD

〈
Ffin,EWLV

〉
+
(αEW
2π

)
I12,EW

〈
Ffin,QCDLV

〉
+
〈
Ffin,QCD⊗EW
LVV+LV2

〉
.
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ε

]
〈FLM〉

+

(
αs(µ)

2π

)
I12,QCD

〈
Ffin,EWLV

〉
+
(αEW
2π

)
I12,EW

〈
Ffin,QCDLV

〉
+
〈
Ffin,QCD⊗EW
LVV+LV2

〉
.

Building blocks:
I12,QCD =

[
eεγE

Γ(1−ε)

] (
µ
2

M2
W

)ε [
−2CF cos(πε)

(
1
ε
2 +

3
2ε

)]
I12,EW =

[
eεγE

Γ(1−ε)

] (
µ
2

M2
W

)ε [
−QuQd cos(πε)

(
2
ε
2 +

3
ε

)
+ (Qd − Qu)QW

(
1
ε
2 +

5
2ε

)]
HWQCD⊗EW = CF

[
Q2u + Q2d

] (
π
2

2 − 6ζ3 − 3
8

)
5
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〉
.

• Pole structure almost factorises into NLO QCD × NLO EW
• Finite remainder

〈
Ffin,QCD⊗EW
LVV+LV2

〉
also consists of

a factorising (NLO QCD × NLO EW) and a non-factorising part
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Mixed QCD-EW corrections to the W form factor

<M̃mix =(
Q2

u +Q2
d

)
CF

[
1

ε

(
− 3

16
+

1

4
π2 − 3ζ3

)
+

(
3

8
− 1

2
π2 + 6ζ3

)
ln

(
M2

W

µ2

)
+

1

4

(
27z + 13

)
(1− z)2

z3
H1(z)

+
(1− z)2(1 + z)

z3

(
3

4
H1(z)π

2 − 9

2
H1,0,0(z)−

9

2
H1,0,1(z)

)
− 1

4

(
5z + 3

)
(1− z)(1 + z)

z3
H−1,0(z)

+
(1− z)(1 + z)2

z3

(
−3

2
H−1,−1,0(z) +

3

2
H−1,0,0(z) + 3H−1,0,1(z) + 2H−1,−1,−1,0(z)− 2H−1,−1,0,0(z)

− 6H−1,−1,0,1(z)− 2H−1,0,−1,0(z) +H−1,0,0,1(z) +H0,−1,0,0(z) + 4H0,−1,0,1(z) +
(
−1

4
H−1(z) +

1

6
H−1,−1(z)

− 1

6
H0,−1(z)

)
π2 − 3H−1(z)ζ3

)
+

1

32

7z2 − 72z + 64

z2
+

1

24

50z2 − 5z − 16

z2
π2 − 3

2

8z2 − z − 2

z2
ζ3 −

11

180
π4

+
(1− z)
z2

(
1

2

(
9z + 11

)
H0,1(z)−

1

2

(
3z + 4

)
H0,0,1(z) +

1

4

(
23z + 16

)
H0,0(z) +

(
3z + 2

)(1
2
H0,−1,0(z)

− 17

8
H0(z)

))
+

(
z2 + 3z + 1

)
(1− z)

z3

(
1

3
H0,1(z)π

2 − 2H0,1,0,0(z)− 2H0,1,0,1(z)

)]
+ CF

[
z + 2

1− z

(
−1

6
H0,0(z)π

2

+ 4H0(z)ζ3

)
+

1

8

(
5z − 2

)(
2z2 + 12z + 11

)
(1− z)z2

H0,1(z) +
1

8

43z2 + 7z − 16

(1− z)z2
H0,0(z)−

1

48

10z3 + 5z2 + 20z − 16

(1− z)z2
π2

− 1

16

8z3 + 142z2 + 23z − 34

(1− z)z2
H0(z) +

1

120

5z − 36

1− z
π4 − 1

8

4z2 − 17z + 8

(1− z)z2
+

2z2 − 2z + 1

(1− z)z2

(
1

4

(
3z + 4

)
H0,0,1(z)

+
(
3z + 2

)(
−3

4
ζ3 −

1

4
H0,−1,0(z)

))
+

(
2z2 − 6z + 3

)
(1 + z)

z3

(
3

4
H1,0,0(z) +

3

4
H1,0,1(z)−

1

8
H1(z)π

2

)
− 1

(1− z)z

(
1

8
H0,0,0(z) +

1

2

(
9z2 − 8z − 2

)
ζ3 +

5

48
H0(z)π

2

)
+

(
2z2 − 2z + 1

)
(1 + z)2

(1− z)z3

(
3

4
H−1,−1,0(z)

− 3

4
H−1,0,0(z)−

3

2
H−1,0,1(z)−H−1,−1,−1,0(z) +H−1,−1,0,0(z) + 3H−1,−1,0,1(z) +H−1,0,−1,0(z)

− 1

2
H−1,0,0,1(z)−

1

2
H0,−1,0,0(z)− 2H0,−1,0,1(z) +

(1
8
H−1(z)−

1

12
H−1,−1(z) +

1

12
H0,−1(z)

)
π2 +

3

2
H−1(z)ζ3

)
+

1

8

4z3 + 64z2 − z − 13

z3
H1(z) +

1

8

(
5z + 3

)(
2z2 − 2z + 1

)
(1 + z)

(1− z)z3
H−1,0(z) +

z4 − 4z2 + z + 1

(1− z)z3

(
H0,1,0,0(z)

+H0,1,0,1(z)−
1

6
H0,1(z)π

2

)
+

[√
4z − 1

8z

(
−10z + 3

1− z
(Hr(z

−1)− π)− (πH0(z) +H0,r(z
−1)) +

17z + 4

1− z
Hr,0(z

−1)

− 6z + 1

1− z
(iπ2 − 3iπHr(z

−1)− 3Hr,1(z
−1))

)
− 1

8

3z + 2

(1− z)z
(Hr,r(z

−1)− πHr(z
−1))− 1

8

30z2 − 20z − 1

(1− z)z
Hr,r,0(z

−1)

+
1

8

1

(1− z)z
(H0,r,r(z

−1)− πH0,r(z
−1))− 1

8

6z2 − 4z + 1

(1− z)z
(Hr,0,r(z

−1)− πHr,0(z
−1)) +

1

2

3z − 2

1− z

(
−3Hr,r,1(z

−1)

− 3iπHr,r(z
−1) + iπ2Hr(z

−1)− iπ
3

6

)
+
z + 2

1− z

(
i
π3

6
H0(z) + iπ2H0,r(z

−1)− 3iπH0,r,r(z
−1)− 3H0,r,r,0(z

−1)

− 3H0,r,r,1(z
−1)− 4iπζ3

)]]

The analytic result is now available
and even reasonably compact.

Non-factorising part of finite remainder
becomes this simple when expressed in
terms of iterated integrals over z = m2

W
m2
Z

Ha,~b(z) =
∫ z

0
fa(t)H~b(t)dt

with HPL- and square root letters

f1(t) =
1

1− t
, f0(t) =

1
t
,

f−1(t) =
1

1+ t
, fr(t) =

1√
t(4− t)

6



Subtraction



Infrared singularities

Cross-sections develop IR singularities in soft and collinear limits of massless particles
→ cancel between real and virtual corrections

• Use a subtraction scheme to make poles from real radiation explicit

“∫ dΦg =

∫ [
−

]
dΦg︸ ︷︷ ︸

→finite

+

∫
dΦg︸ ︷︷ ︸

∝1/ε

”

• Build on progress with NNLO QCD subtraction schemes to tackle mixed QCD-EW
corrections (here: nested soft-collinear subtraction scheme)

• Z: Abelianisation of NNLO QCD subtraction is sufficient
• W: New contributions from radiating W bosons

7



Subtraction for mixed QCD-EW corrections: triple-collinear limits

We can make use of simplifications compared to NNLO QCD.

Triple-collinear limits
• NNLO QCD: Overlapping singularities in triple-collinear limits

g1 g2 g2 g1

→ Needs 4 sectors to disentangle collinear singularities

• Mixed QCD-EW: Collinear limit of photon and gluon is not singular

→ 2 sectors can be dropped in qq̄ channel

Overall: No new collinear limits arise compared to NNLO QCD

ηij =
1
2 (1− cos θij)

ηg1q

ηg2q

(a)

(b)
(d)(c)
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Subtraction for mixed QCD-EW corrections: double-soft limits

We can make use of simplifications compared to NNLO QCD.

Double-soft limits
• NNLO QCD: Overlapping singularities in the double-soft limit

• Non-trivial double-soft eikonal function
• Distinguish rates at which energies of soft particles vanish

1 = θ(Eg1 − Eg2) + θ(Eg2 − Eg1)

• Mixed QCD-EW: Soft gluons and photons are not entangled
• Double-soft limit factorises into NLO QCD × NLO QED

lim
Eg,Eγ→0

|MWgγ |
2 = g2sEikg(pu,pd̄;pg) e

2Eikγ(pu, pd̄,pW ; pγ)|MW |
2

Eikg(pu,pd̄;pg) = 2CF
(pu · pd̄)

(pu · pg)(pg · pd̄)

• No need to distinguish Eg > Eγ vs. Eγ > Eg

Eg1

Eg2

Eg1 > Eg2

Eg2 > Eg1
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Subtraction for mixed QCD-EW corrections: radiating W bosons

u

d̄

g

γ

W+

New contribution compared to NNLO QCD: W bosons can radiate photons

• Mass of W boson prevents collinear singularities
• Soft limit of photon is still singular

• Requires soft eikonal function for massive emitter
• QCD and QED factorise in soft limit→ only NLO eikonal functions necessary

Eikγ(pu, pd̄, pW ;pγ) =
{
QuQd

2(pu · pd̄)
(pu · pγ)(pd̄ · pγ)

− Q2W
p2W

(pW · pγ)
2

+QW
(
Qu

2(pW · pu)
(pW · pγ)(pu · pγ)

− Qd
2(pW · pd̄)

(pW · pγ)(pd̄ · pγ)

)}
10



Estimates for impact on W mass



Differential distributions

pp→ Z0 → e+e−
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pp→ W+ → e+νe
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• Our implementation allows to calculate differential distributions
including mixed QCD-EW corrections

• Impact on W-mass measurement is not immediately obvious
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Estimate W mass shifts from mixed QCD-EW corrections

Objective: Estimate impact of new corrections on W boson mass

Considerations:

• Should combine W and Z measurements
→ model what is done in experiments
→ make use of available precision for Z mass

• Should be physically and conceptually simple and transparent
• Should be accessible with our calculations
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Construction of our observable

We use the average transverse momentum of the charged lepton (V = W, Z):

〈p`,V⊥ 〉 =
∫
dσV × p`⊥∫
dσV

×p`⊥

〈p`,V⊥ 〉 = mV f
(
pcut⊥
mV

)
with f LO(0) = 15π

128
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Construction of our observable (cont.)

Use the average lepton p⊥ in W and Z production as well as the Z mass to construct an
observable for the W mass:

mmeas
W =

〈p`,W⊥ 〉meas

〈p`,Z⊥ 〉meas
mZ Cth

Adding a new correction to the theory
→ changes Cth
→ changes extracted mass mmeas

W

δmmeas
W

mmeas
W

=
δCth
Cth

=
δ〈p`,Z⊥ 〉
〈p`,Z⊥ 〉

−
δ〈p`,W⊥ 〉
〈p`,W⊥ 〉
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Construction of our observable (cont.)
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Construction of our observable (cont.)

Use the average lepton p⊥ in W and Z production as well as the Z mass to construct an
observable for the W mass:

Measurement from LEP

mmeas
W =

〈p`,W⊥ 〉meas

〈p`,Z⊥ 〉meas
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Adding a new correction to the theory
→ changes Cth
→ changes extracted mass mmeas
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Construction of our observable (cont.)

Use the average lepton p⊥ in W and Z production as well as the Z mass to construct an
observable for the W mass:

Theoretical correction factor

mmeas
W =

〈p`,W⊥ 〉meas
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Adding a new correction to the theory
→ changes Cth
→ changes extracted mass mmeas
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Construction of our observable (cont.)
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Construction of our observable (cont.)
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Shifts on W mass (inclusive setup)

Estimated impact of …

… mixed QCD-EW corrections:

δmW ≈ −7MeV

… NLO electroweak corrections:

δmW ≈ 1MeV

δmW =

(
δ〈p`,Z⊥ 〉
〈p`,Z⊥ 〉

−
δ〈p`,W⊥ 〉
〈p`,W⊥ 〉

)
mW
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Mixed QCD-EW corrections appear to have larger impact than NLO EW corrections
• Gµ input parameter scheme reduces size of NLO EW corrections
• Strong cancellation between changes in Z and W
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Shifts on W mass (inclusive setup)

Estimated impact of …

… mixed QCD-EW corrections:

δmW ≈ −7MeV

… NLO electroweak corrections:

δmW ≈ 1MeV

δmW =

(
δ〈p`,Z⊥ 〉
〈p`,Z⊥ 〉

−
δ〈p`,W⊥ 〉
〈p`,W⊥ 〉

)
mW

Minor influence of PDFs:
• Tested with specialised minimal PDF sets provided by NNPDF collaboration
(based on NNPDF3.1luxQED)

• Mixed QCD-EW corrections: About O(1)MeV changes
Scale variation: O(±2)MeV
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The influence of fiducial cuts

Repeat calculation with fiducial cuts (inspired by [ATLAS ’17] analysis)

Estimated impact of …

… mixed QCD-EW corrections:

δmW ≈ −17MeV

… NLO electroweak corrections:

δmW ≈ 3MeV

W production:
• pe

+

⊥ > 30GeV
• pmiss⊥ > 30GeV
• |ηe+ | < 2.4
• mW

T > 60GeV

Z production:

• pe
±

⊥ > 25 GeV
• |ηe± | < 2.4

→ Shifts are larger than for inclusive setup

Key reason:

• Relevant transverse momenta: pe
+

⊥ /MV

• ATLAS applies larger pe
+

⊥ cuts to (lighter) W bosons than to (heavier) Z bosons
• Leads to small decorrelation of corrections to W and Z bosons

16
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Tuning the cuts

Can we “tune” the cuts to reduce the impact of mixed QCD-EW corrections?

• Start from ATLAS-inspired cuts as baseline
• Decrease cuts on pe

+

⊥ for W+ case
until Cth = 1 at LO

• Leads to pe
+

⊥ > 25.44GeV

Estimated impact of …

… mixed QCD-EW corrections:

δmW ≈ −1MeV

… NLO electroweak corrections:

δmW ≈ −3MeV

→ Strong cut dependence of δmW
allows to “tune away”
QCD-EW corrections
in our setup
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Conclusions



Conclusions

• We calculate mixed QCD-EW corrections to fully-differential on-shell W and Z
production at the LHC.
→ Possible thanks to progress on amplitude calculations and subtraction schemes.

• Size of mixed QCD-EW corrections to the production part is O(0.5)h.
→ Corrections are small but in line with expectations.

• Experimental measurements of mW rely on similarity between W and Z distributions.
Based on this, we build a transparent and simple model to estimate shifts on mW via

δmW =

(
δ〈p`,Z⊥ 〉
〈p`,Z⊥ 〉

−
δ〈p`,W⊥ 〉
〈p`,W⊥ 〉

)
mW .

• We find that mixed QCD-EW corrections induce shifts on mW that are comparable or
larger than the target precision of O(10)MeV.

• Further investigations on the impact of mixed QCD-EW corrections on mW are clearly
warranted. They should reflect all relevant details of experimental analyses.
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Input parameters

Input parameters used:

GF = 1.166 39× 10−5 GeV−2

mZ = 91.1876GeV
mW = 80.398GeV
mH = 125 GeV
mt = 173.2 GeV

• We use the Gµ input parameter scheme.
• PDFs: NNLO set NNPDF3.1luxQED with
αs(mZ) = 0.118

• Simulations for 13 TeV LHC
• Central scale: µR = µF = mV/2



Detailed results for cross-sections and moments

Results for the cross-sections and average transverse momentum of the charged lepton
for the inclusive setup of pp→ Z → e+e− and pp→ W+ → e+νe (corrections only to the
production part)

dσZ,W =
∑
i,j=0

αisα
i
Wdσ

i,j
Z,W FZ,W(i, j,O) = αisα

i
W

∫
dσi,jZ,W ×O

V = Z V = W+

µ = mZ/4 µ = mZ/2 µ = mZ µ = mW/4 µ = mW/2 µ = mW

FV(0, 0; 1), [pb] 1273 1495 1700 7434 8810 10083
FV(1, 0; 1), [pb] 570.2 405.4 246.9 3502 2533 1580
FV(0, 1; 1), [pb] −5810 · 10−3 −6146 · 10−3 −6073 · 10−3 −1908 · 10−3 3297 · 10−3 10971 · 10−3

FV(1, 1; 1), [pb] −2985 · 10−3 −2033 · 10−3 −1236 · 10−3 −8873 · 10−3 −7607 · 10−3 −7556 · 10−3

FV(0, 0; p
e
⊥) [GeV pb] 42741 50191 57073 220031 260772 298437

FV(1, 0; p
e
⊥) [GeV pb] 23418 17733 12221 124487 95132 66090

FV(0, 1; p
e
⊥) [GeV pb] −182.85 −192.77 −189.11 74.53 243.54 484.82

FV(1, 1; p
e
⊥) [GeV pb] −163.87 −125.22 −92.05 −553.87 −482.0 −448.0



Detailed results for W mass shifts

Detailed results for the shifts δmW for different setups, orders and scales

δmW [MeV] µ = mV/4 µ = mV/2 µ = mV

Inclusive
NLO EW −0.1 0.3 0.2
QCD-EW −5.1 −7.5 −9.3

Fiducial
NLO EW 0.2 2.3 4.2
QCD-EW −16 −17 −19

Tuned fiducial
NLO EW −4.4 −2.5 −0.8
QCD-EW 3.9 −1.0 −5.7
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