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Fig. 5. Phase trajectory of the controls u; and u, (panel a) and #(¢)
(panel b) for a finite-time ROPE sequence (¢ = 1).

k(t) =1 +28 —2&y/1 + E coth (nJ\/ 14 &
+ 2sinh™! :).

At time 7, the optimal trajectory (r(,r,) passes from
phase I to II and makes an angle 0, with the »| axis and
at time 7 — 7 the optimal trajectory passes from phase 11
to phase III and makes an angle 0, with the | axis (see
Fig. 5b). The optimal efficiency 7, for the finite time 7 is
expressed in terms of these angles as

_exp(&(0; — 02))(1 — &sin 20,)
= sin(0; + 02) '

(11)

In the limit, 7 goes to infinity t = 7/2 and 0, = 6, =
tan~' /14 & — ¢ and 5, approaches 5 in (6). This
corresponds to the unconstrained time case we discussed
initially. For the general finite time problem, we can
analytically characterize the optimal controls (see Fig.
6a) and the optimal rf pulse elements (see Fig. 6b) as
following.
For 0 <#< 1, the optimal control is given by

) = \/ R} {1 + cosh(¢ (1))}
! (BR? + 242R2) — R? cosh(¢(1))’
where A4 = sinh ¢(7/2), B =cosh¢(z), and ¢(t) =2

sinh ™' ¢ + 2nJt\/1 + & The optimal trajectory crosses
from region II to region III at the point
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Fig. 6. Controls u; and u; (panel a), the corresponding rf pulse se-
quence (panel b) and the expectation values (L), (I;), (2,,S.), and
(2L.S.) (panel c) are shown for a finite-time ROPE sequence (¢ =1,
t=0.1J"!, T =0.263/"") that optimizes the transfer I, — 2L,S.. In
panel b, the initial hard 55_,° pulse establishes u; (0) = 0.572 (see panel
a) and the final hard 55_,° pulse completes the transfer. During phase I
and III, the optimal rf amplitudes B;fy(t) are given in frequency units
(viy () = y,B™ (£)/2n, where y; is the gyromagnetic ratio of spin /).
During phase IT no rf pulses are applied. Approaching phase II (Panel
b) the rf amplitude becomes large for a very short time period. This can
experimentally be very well approximated by a hard pulse of small flip
angle.

_ nr Nr
o) = ( Vtan? 0, + x(z) /1 + ((r)/ tan® 6,) >

(as depicted in Fig. 5). For ¢ > 7, we have u(¢) = 1 and
up(t) = u (T —t). The explicit expression for the rf-
amplitude v, for phase I in panel b of Fig. 6 in terms of
73] is
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Optimal control of coupled spins in the presence of longitudinal and transverse relaxation
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Institute of Organic Chemistry and Biochemistry Il, Technische Univarstimchen, 85747 Garching, Germany
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In this paper, we develop methods for optimal manipulation of coupled spin dynamics in the presence of
relaxation. These methods are used to compute analytical bounds for the optimal efficiency of coherence
transfer between coupled nuclear spins in presence of longitudinal and transverse relaxation. We derive relax-
ation optimized pulse sequences which achieve these bounds and maximize the sensitivity of the experiments
in spectroscopic applications. This paper is a continuation of our previous work. Here, we take into account
both the longitudinal and the transverse relaxation mechanisms, thus generalizing our previous results, where
the former had been neglected.

DOI: 10.1103/PhysReVvA.69.022319 PACS nuniper03.67—a, 03.65.Yz, 82.56.Jn, 82.56.Fk

[. INTRODUCTION transverse relaxation mechanisms are important, and we can-
not neglect the former.

In applications involving control and manipulation of  The methods developed here are also useful for answering
quantum phenomena, the system of interest is not isolateinportant questions in quantum information theory. It is a
but interacts with its environment. This leads to the phenomfundamental problem to understand the extent to which an
enon of relaxation, which in practice results in signal lossOPen quantum system can be controlled, i.e., where all the
and ultimately limits the range of applications. Manipulating Staté of a quantum-mechanical system can be steered in the
quantum systems in a manner that minimizes relaxatioR'€S€nce of relaxation? How much entanglement can be pro-
losses poses an important practical problem. A premier exduced in presence of decoherence and dissipation and what is

ample is the transfer of coherence between coupled spins ﬁh‘e optimal way to syn_thgsme unitary gates in open quantum
NMR spectroscopy1]. Presence of relaxation limits the ef- systems so as to maximize their fidelity? All these problems

ficiency of coherence transfer between coupled spins and r re related to optimal control of quantum-mechanical sys-

sults in poor sensitivity of the experiments. The problem ems in presence of relaxation.

becomes pronounced in NMR spectroscopy of large biomol-

ecules. With increasing size of molecules or molecular com- Il. RELAXATION IN NMR IN LIQUIDS
plexes, the rotational tumbling of the molecules becomes A del . id timal trol of en-
slower and leads to increased relaxation losses. When these’*> @ MOC€! System, we consider optimal control of en

relaxation rates become comparable to the spin-spin c:ous—embles of nuclear spins in NMR spectroscopy. We ui@

. - . ! note th nsity matrix for th in ensemble. Th nsit
plings, the efficiency of coherence transfer is conS|derabIde ote the density ma or the spin ensemble. The density

¥natrix of a closed quantum systemh£1) evolves as
reduced, leading to poor sensitivity and significantly in- a y 1)

creased measurement times. q
) ) . - i p _
This negative effect of relaxation on the efficiency of co ——i[H(1),p], 1)

herence transfer automatically gives rise to some important d
practical(and theoreticalproblems.
(1) What is the theoretical upper limit for the coherencewhereH(t) is the Hamiltonian of the system.

transfer efficiency in the presence of relaxation? For an open quantum system, the evolution is no longer
(2) How can this theoretical upper limit be reached ex-unitary. In many applications of interest, the environment can
perimentally? be approximated as an infinite thermostat, whose own state

In our previous work, we answered the above questionsever changes. Under this assumption, also called the Mar-
for a coupled two-spin system under the presence of trangovian approximation, it is possible to write the evolution of
verse relaxation[2,3] (neglecting and including cross- the density matrix of the systefmaster equatignalone in
correlation effects, respectivglyin this manuscript, we ex- the (Lindblad) form [4]
tend these results to the case where both longitudinal and

d
— gr=—iH®,p]+L(p), @
Electronic address: stefanat@fas.harvard.edu
TElectronic address: navin@hrl.harvard.edu.;
URL: http://hrl.harvard.edihavin where the termL(p) is linear inp and models relaxation.
*URL: http://ociialf.org.chemie.tu-muenchen.de/glaser The general form of. is

1050-2947/2004/62)/02231913)/$22.50 69 022319-1 ©2004 The American Physical Society
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I il il i I __m Il I
1 1 < 1 : 1 ;
u, u ug, ug, U, u u, u,
0.8 1 0.8 Up™s 0.8 0.8
Uy u, .
0.6 0.6 0.6 0.6
u U
0.4 0.4 o.4/ 1 0.4 2
0.2 0.2 0.2 0.2
0 0 0 0
0 0.05 0.1 0 005 01 015 T 0 01 02 03 04 T 0 01 02 03 04 T
(a) t (1) (b) t (1) (a) t(14) (b) t(14)

FIG. 3. Optimal pulse sequence whér Ty for (a) k;<k, and
(b) k;>k,. Again, for casgb) we just interchanged the values of
k;,k,. The symmetry in the controls appears again. Note that the
durationT has been set equal to the optimal durafigy;, which
maximizes the optimal transfer efficiency;. For the valuesk
=J,k;=0.05),k,=0.25) that we used in (@), it is Ty
=0.468"'. For caseb), T, is the same.

FIG. 2. Optimal pulse sequence wha@pn<T=<Tg for (a) k;
<k, and(b) k;>k,. For casdb) we just interchanged the values of
kq,k, from case(a), keeping the samk. Observe the symmetry in
the optimal controls.

corresponding magnetic-field component,(t),B,(t),
which achieve the maximum efficiency.

small available timeT, the gain that we get by maximizing

IV. THEORETICAL RESULTS the desired transfer at each momerg more important than

The optimal control problem is solved in Appendix A. the (smal) relaxation losses. As time increases, the relax-
Here, we describe the characteristics of the optimal puls@tion degrades more the performance and the choice
sequence for the cage> &, i.e., fork;<k,. The results for =U,=1 ceases to be optimal. With <1 oru,<1 we may

k,>k, are analogous. Presence of finite longitudinal relax+educe the transfer rate of(t) —r,(t), but at the same time
ation rates results in an optimal transfer duratibg),; in  we decrease also the instantaneous relaxation s
which the maximum transfer efficiency is achieved. We COM-1 ¢ i=1,2. Since for large enough the relaxation domi-

pute thisT,,; by finding the optimal pulse sequence for ev- hates we conclude that by an appropriate choiae,sf1 or
ery choice of transfer duratioh and then locating the& that L#2$1 we can get a better efficiency for the transfef0)
gives the best transfer efficiency. Depending on the values oﬂrz(T). This appropriate choice corresponds to the cases

the problem parameters, we find three important cases in ﬂEl and B2. Note that fok,<k,, the system in case B2
. 1 21

optimal solution. o .

(1) T=T, (case A [Ta=cot X2&)/mJ, for &>&]: In spends more time in phaseu1(<.1,u2=1) than in phase llI
this caseu,(t) =u,(t)=1 throughout, i.e.3; and B, in Fig. (uy=1u,<1), see Fig. @&). This happens bece;usgfk?[
1 are always kept zero and this solution corresponds to the'k; and u;=u,=u<1, the relaxation rate;ui+¢; is
INEPT pulse sequence. lower than the rateé,us+é&, [note £Us+ & — E,U5— &,

(2) TA<T=<Tjg (case B} (we describe how we calculate _ . _ A o b bt E—E=0. since & +£.

Tg below): In this case the optimal pulse sequence has two_(gl —52_) K/ & fzd & iz gé &2 b ’ . §1b & h
distinct phasegsee Fig. 2a)]. There is a switching time =&+ £;=klJ]. Based on the above observation about the

such that for Bt<r; (phase J, u,(t)=1 anduy(t) is in- duration of phases | and Ill, we expect that as we incrdase
creased gradually from a va,luel(0)<1 to uy(ry)=1. from values where case A holds to values where case B2 is

Then, for timer;<t<T (phase I}, the optimal controls are the optimal, there must be an intermediate range of values of
uy(t)=uy(t)=1. T where the optimal pulse sequence has no phase Il at all.

(3) T>Tg (case B2 Here the optimal pulse sequence has This is the case B1.
three distinct phasdsee Fig. 83)]. There are two switching The durationT , above which the optimal pulse sequence
times 7, andT—7,. Phases | and Il are the same as aboveis different than INEPT isT = cot }(2&)/J, for £&>¢, .
For O<t<r; (phase ), u,(t)=1 and u,(t) is increased We can explain the dependence of this quantity on the pa-
gradually from a valueu,(0)<1 to u,;(7;)=1. For time rametersk,k;. Note thaté;=(k—k;)/J, soT, is a decreas-
71 <t<T-r7, (phase I}, the optimal controls arai(t) ing function ofk and an increasing function &f. For larger
=u,(t)=1. Finally, for T— 7,<t<T (phase ll), we have k (larger transverse relaxatipit is more costly to have the
u(t)=1 and uy(t) is decreased fronu,(T—7,)=1 to  vectorsrq,r, parallel to thexy plane, i.e., it is more costly to
u,(T)<1. haveu;=u,=1 (see Fig. 1 This explains whyT 5, which

We now give physical explanation for the existence ofdetermines the range of values Biwhere the INEPT pulse
these three cases. For small enodgtthe major limitation  sequence is optimal, is decreased. Now for lafgeflarger
for the transferr,(0)—r,(T) is not the relaxation, but the longitudinal relaxationit is more costly to have the vector
limited available time. The optimal choieg =u,=1 maxi- parallel to thez axis, i.e., to havei;<1. This explains why
mizes (absolute value the off-diagonal elementstuju,, Ta, and with it the range of optimality of INEPT, is in-
which accomplish the transfer(t) —r,(t), as can be seen creased.
from the system equatiof28). It also maximizes the diago- The switching timer; for case B1 is calculated using the
nal elements, i.e., the relaxation rates ¢ft),r,(t). But for  following equation:

022319-5
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k,=k,=0

0.4;
0.35¢

k,=0.05, k,=0

k1=k2=0.05

o
w

0.25¢ k1=0.05, k2=0.25

o
(M)

efficiency n,

o
Y
9]

k,=0.2, k,=0.25

o
pry

0.05

FIG. 5. Optimal transfer efficiencyy as a function of the total
transfer timeT for k=J and various values d,;,k, (normalized
with respect taJ). Observe that fok,,k,#0 there is an optimal
transfer timeT ;.

“put” much control to the systemand thus the maximum
efficiency that we get is small. For largethe phenomenon

PHYSICAL REVIEW A 69, 022319 (2004

06
3 ROPE
504
3] INEPT
3

0.2

% 0.5 1

o) parameter s

FIG. 6. (b) Maximum transfer efficiencyy; evaluated afl,,
for each point of the line ink; ,k,,k) space shown iff@). The line
is parametrized by the parametes8<1 and has been chosen such
that the increase of from 0 to 1 simulates the transition from slow
molecular motion, wheré&>k;=Kk,, to rapid molecular motion,
wherek=k;~k,. Note the superiority of the relaxation optimized
pulse elemenfROPB compared to the INEPT pulse sequence for
the casek>k;,=Kk,.

the maximum efficiency, calculated &, for each choice of
the parameters, along a specific line kj (k,,k) space. This
line is shown in Fig. 6) and has been chosen to simulate the

of relaxation dominates, since there is no operator protectettansition from the slow molecular motidslowly tumbling
against it, and the maximum efficiency that we achieve igegime, wherek>k;=k,, to the rapid molecular motion,

poor. So, there must be an intermediate timsuch thatzn
becomes maximum. This time ;. In Fig. 6b) we plot

wherek=k;~K,.
For O<t<; (phase ), the optimal control is given by

AZ[1+coshg,(1)]
uy ()= S — , (39)
2A2sink? ¢y El A2 coshg (1) — A2 coshgy(t)
where ¢ (t) = 2mJt\1+ £+ 2 sinh ¢, and
— Ui — Ui
- - e . . (40
Vi+Ky(r)tarf ¢ 1
Kki(7)+
v ta.r]2 @1
For T— m,<t<T (phase Il), the optimal control is
=
RI[1+coshg,(T—1)]
uy(t) = —— , (41)
2§§sinhz¢2(§ +R2 coshg,(7,) — R2 coshgs,(T—t)
|
where ¢,(t) = 27Jt\1+ £2+ 2 sinh ¢, and U )‘((ﬁl
=vyB,=2m)—=tanh | V1+& (43
wy= 7By /—Zl_ul 2 &1 (43)
— nr — T
R,= , Ry=—7——— (42
1 PREREEI =N 2 \/m (42) and for phase Ill by
tanz 192 3
u T—t
wy=vBy=2mJ 2 Z*an?‘( e )) V1+ g§,
The corresponding rf amplitude for phase | is given by (44)
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