












































Fig. 6. Controls u1 and u2 (panel a), the corresponding rf pulse se-

quence (panel b) and the expectation values hIzi, hIxi, h2IySzi, and
h2IzSzi (panel c) are shown for a finite-time ROPE sequence (n ¼ 1,

s ¼ 0:1J�1, T ¼ 0:263J�1) that optimizes the transfer Ix ! 2IySz. In
panel b, the initial hard 55�y� pulse establishes u1ð0Þ ¼ 0:572 (see panel

a) and the final hard 55�x� pulse completes the transfer. During phase I
and III, the optimal rf amplitudes Brf

x;yðtÞ are given in frequency units

(mx;yðtÞ ¼ cIB
rf
x;yðtÞ=2p, where cI is the gyromagnetic ratio of spin I).

During phase II no rf pulses are applied. Approaching phase II (Panel

b) the rf amplitude becomes large for a very short time period. This can

experimentally be very well approximated by a hard pulse of small flip

angle.

(a)

(b)

Fig. 5. Phase trajectory of the controls u1 and u2 (panel a) and ~rrðtÞ
(panel b) for a finite-time ROPE sequence (n ¼ 1).
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coth pJ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ n2

q
s

�

þ 2 sinh�1 n

�
:

At time s, the optimal trajectory (r1; r2) passes from

phase I to II and makes an angle h1 with the r1 axis and
at time T � s the optimal trajectory passes from phase II

to phase III and makes an angle h2 with the r1 axis (see
Fig. 5b). The optimal efficiency gT for the finite time T is
expressed in terms of these angles as

gT ¼ expðnðh1 � h2ÞÞð1� n sin 2h2Þ
sinðh1 þ h2Þ

: ð11Þ

In the limit, T goes to infinity s ¼ T=2 and h1 ¼ h2 ¼
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ n2

p
� n and gT approaches g in (6). This

corresponds to the unconstrained time case we discussed

initially. For the general finite time problem, we can

analytically characterize the optimal controls (see Fig.

6a) and the optimal rf pulse elements (see Fig. 6b) as

following.
For 06 t6 s, the optimal control is given by

u1ðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1f1þ coshð/ðtÞÞg

ðBR2
1 þ 2A2R2

2Þ � R2
1 coshð/ðtÞÞ

s
;

where A ¼ sinh/ðs=2Þ, B ¼ cosh/ðsÞ, and /ðtÞ ¼ 2

sinh�1 n þ 2pJt
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ n2

p
. The optimal trajectory crosses

from region II to region III at the point
ðR1;R2Þ ¼
gTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tan2 h2 þ jðsÞ
p ;

gTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðjðsÞ= tan2 h2Þ

p
 !

(as depicted in Fig. 5). For t > s, we have u1ðtÞ ¼ 1 and

u2ðtÞ ¼ u1ðT � tÞ. The explicit expression for the rf-

amplitude my for phase I in panel b of Fig. 6 in terms of
u1 is
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Optimal control of coupled spins in the presence of longitudinal and transverse relaxation
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In this paper, we develop methods for optimal manipulation of coupled spin dynamics in the presence of
relaxation. These methods are used to compute analytical bounds for the optimal efficiency of coherence
transfer between coupled nuclear spins in presence of longitudinal and transverse relaxation. We derive relax-
ation optimized pulse sequences which achieve these bounds and maximize the sensitivity of the experiments
in spectroscopic applications. This paper is a continuation of our previous work. Here, we take into account
both the longitudinal and the transverse relaxation mechanisms, thus generalizing our previous results, where
the former had been neglected.
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I. INTRODUCTION

In applications involving control and manipulation o
quantum phenomena, the system of interest is not isol
but interacts with its environment. This leads to the pheno
enon of relaxation, which in practice results in signal lo
and ultimately limits the range of applications. Manipulati
quantum systems in a manner that minimizes relaxa
losses poses an important practical problem. A premier
ample is the transfer of coherence between coupled spin
NMR spectroscopy@1#. Presence of relaxation limits the e
ficiency of coherence transfer between coupled spins and
sults in poor sensitivity of the experiments. The proble
becomes pronounced in NMR spectroscopy of large biom
ecules. With increasing size of molecules or molecular co
plexes, the rotational tumbling of the molecules becom
slower and leads to increased relaxation losses. When t
relaxation rates become comparable to the spin-spin c
plings, the efficiency of coherence transfer is considera
reduced, leading to poor sensitivity and significantly
creased measurement times.

This negative effect of relaxation on the efficiency of c
herence transfer automatically gives rise to some impor
practical~and theoretical! problems.

~1! What is the theoretical upper limit for the coheren
transfer efficiency in the presence of relaxation?

~2! How can this theoretical upper limit be reached e
perimentally?

In our previous work, we answered the above questi
for a coupled two-spin system under the presence of tra
verse relaxation@2,3# ~neglecting and including cross
correlation effects, respectively!. In this manuscript, we ex
tend these results to the case where both longitudinal

*Electronic address: stefanat@fas.harvard.edu
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transverse relaxation mechanisms are important, and we
not neglect the former.

The methods developed here are also useful for answe
important questions in quantum information theory. It is
fundamental problem to understand the extent to which
open quantum system can be controlled, i.e., where all
state of a quantum-mechanical system can be steered in
presence of relaxation? How much entanglement can be
duced in presence of decoherence and dissipation and wh
the optimal way to synthesize unitary gates in open quan
systems so as to maximize their fidelity? All these proble
are related to optimal control of quantum-mechanical s
tems in presence of relaxation.

II. RELAXATION IN NMR IN LIQUIDS

As a model system, we consider optimal control of e
sembles of nuclear spins in NMR spectroscopy. We user to
denote the density matrix for the spin ensemble. The den
matrix of a closed quantum system (\51) evolves as

dr

dt
52 i @H~ t !,r#, ~1!

whereH(t) is the Hamiltonian of the system.
For an open quantum system, the evolution is no lon

unitary. In many applications of interest, the environment c
be approximated as an infinite thermostat, whose own s
never changes. Under this assumption, also called the M
kovian approximation, it is possible to write the evolution
the density matrix of the system~master equation! alone in
the ~Lindblad! form @4#

dr

dt
52 i @H~ t !,r#1L~r!, ~2!

where the termL(r) is linear in r and models relaxation
The general form ofL is
©2004 The American Physical Society19-1
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corresponding magnetic-field componentsBx(t),By(t),
which achieve the maximum efficiency.

IV. THEORETICAL RESULTS

The optimal control problem is solved in Appendix A
Here, we describe the characteristics of the optimal pu
sequence for the casej1.j2, i.e., fork1,k2. The results for
k1.k2 are analogous. Presence of finite longitudinal rel
ation rates results in an optimal transfer durationTopt in
which the maximum transfer efficiency is achieved. We co
pute thisTopt by finding the optimal pulse sequence for e
ery choice of transfer durationT and then locating theT that
gives the best transfer efficiency. Depending on the value
the problem parameters, we find three important cases in
optimal solution.

~1! T<TA ~case A! @TA5cot21(2j1)/pJ, for j1.j2]: In
this caseu1(t)5u2(t)51 throughout, i.e.,b1 andb2 in Fig.
1 are always kept zero and this solution corresponds to
INEPT pulse sequence.

~2! TA,T<TB ~case B1! ~we describe how we calculat
TB below!: In this case the optimal pulse sequence has
distinct phases@see Fig. 2~a!#. There is a switching timet1
such that for 0<t<t1 ~phase I!, u2(t)51 andu1(t) is in-
creased gradually from a valueu1(0),1 to u1(t1)51.
Then, for timet1<t<T ~phase II!, the optimal controls are
u1(t)5u2(t)51.

~3! T.TB ~case B2!: Here the optimal pulse sequence h
three distinct phases@see Fig. 3~a!#. There are two switching
timest1 andT2t2. Phases I and II are the same as abo
For 0<t<t1 ~phase I!, u2(t)51 and u1(t) is increased
gradually from a valueu1(0),1 to u1(t1)51. For time
t1<t<T2t2 ~phase II!, the optimal controls areu1(t)
5u2(t)51. Finally, for T2t2<t<T ~phase III!, we have
u1(t)51 and u2(t) is decreased fromu2(T2t2)51 to
u2(T),1.

We now give physical explanation for the existence
these three cases. For small enoughT, the major limitation
for the transferr 1(0)→r 2(T) is not the relaxation, but the
limited available time. The optimal choiceu15u251 maxi-
mizes ~absolute value! the off-diagonal elements6u1u2,
which accomplish the transferr 1(t)→r 2(t), as can be seen
from the system equation~28!. It also maximizes the diago
nal elements, i.e., the relaxation rates ofr 1(t),r 2(t). But for

FIG. 2. Optimal pulse sequence whenTA,T<TB for ~a! k1

,k2 and~b! k1.k2. For case~b! we just interchanged the values o
k1 ,k2 from case~a!, keeping the samek. Observe the symmetry in
the optimal controls.
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small available timeT, the gain that we get by maximizing
the desired transfer at each momentt is more important than
the ~small! relaxation losses. As timeT increases, the relax
ation degrades more the performance and the choiceu1

5u251 ceases to be optimal. Withu1,1 or u2,1 we may
reduce the transfer rate ofr 1(t)→r 2(t), but at the same time
we decrease also the instantaneous relaxation ratesj iui

2

1 j̄ i ,i 51,2. Since for large enoughT the relaxation domi-
nates, we conclude that by an appropriate choice ofu1<1 or
u2<1 we can get a better efficiency for the transferr 1(0)
→r 2(T). This appropriate choice corresponds to the ca
B1 and B2. Note that fork1,k2, the system in case B2
spends more time in phase I (u1,1,u251) than in phase III
(u151,u2,1), see Fig. 3~a!. This happens because fork1

,k2 and u15u25u,1, the relaxation ratej1u1
21 j̄1 is

lower than the ratej2u2
21 j̄2 @note j1u1

21 j̄12j2u2
22 j̄2

5(j12j2)u21 j̄12 j̄2,j12j21 j̄12 j̄250, since j11 j̄1

5j21 j̄25k/J]. Based on the above observation about t
duration of phases I and III, we expect that as we increasT,
from values where case A holds to values where case B
the optimal, there must be an intermediate range of value
T where the optimal pulse sequence has no phase III at
This is the case B1.

The durationTA above which the optimal pulse sequen
is different than INEPT isTA5cot21(2j1)/pJ, for j1.j2 .
We can explain the dependence of this quantity on the
rametersk,k1. Note thatj15(k2k1)/J, soTA is a decreas-
ing function ofk and an increasing function ofk1. For larger
k ~larger transverse relaxation! it is more costly to have the
vectorsr1 ,r2 parallel to thexy plane, i.e., it is more costly to
haveu15u251 ~see Fig. 1!. This explains whyTA , which
determines the range of values ofT where the INEPT pulse
sequence is optimal, is decreased. Now for largerk1 ~larger
longitudinal relaxation! it is more costly to have the vectorr1
parallel to thez axis, i.e., to haveu1,1. This explains why
TA , and with it the range of optimality of INEPT, is in
creased.

The switching timet1 for case B1 is calculated using th
following equation:

FIG. 3. Optimal pulse sequence whenT.TB for ~a! k1,k2 and
~b! k1.k2. Again, for case~b! we just interchanged the values o
k1 ,k2. The symmetry in the controls appears again. Note that
durationT has been set equal to the optimal durationTopt , which
maximizes the optimal transfer efficiencyhT . For the valuesk
5J,k150.05J,k250.25J that we used in ~a!, it is Topt

.0.468J21. For case~b!, Topt is the same.
9-5
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‘‘put’’ much control to the system! and thus the maximum
efficiency that we get is small. For largeT the phenomenon
of relaxation dominates, since there is no operator prote
against it, and the maximum efficiency that we achieve
poor. So, there must be an intermediate timeT such thathT
becomes maximum. This time isTopt . In Fig. 6~b! we plot

FIG. 5. Optimal transfer efficiencyhT as a function of the tota
transfer timeT for k5J and various values ofk1 ,k2 ~normalized
with respect toJ). Observe that fork1 ,k2Þ0 there is an optimal
transfer timeTopt .
02231
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the maximum efficiency, calculated atTopt for each choice of
the parameters, along a specific line in (k1 ,k2 ,k) space. This
line is shown in Fig. 6~a! and has been chosen to simulate t
transition from the slow molecular motion~slowly tumbling
regime!, wherek@k1.k2, to the rapid molecular motion
wherek.k1;k2.

For 0<t<t1 ~phase I!, the optimal control is given by

FIG. 6. ~b! Maximum transfer efficiencyhT evaluated atTopt

for each point of the line in (k1 ,k2 ,k) space shown in~a!. The line
is parametrized by the parameter 0<s<1 and has been chosen suc
that the increase ofs from 0 to 1 simulates the transition from slow
molecular motion, wherek@k1.k2, to rapid molecular motion,
wherek.k1;k2. Note the superiority of the relaxation optimize
pulse element~ROPE! compared to the INEPT pulse sequence
the casek@k1.k2.
u1~ t !5A L̄2
2@11coshf1~ t !#

2L̄1
2 sinh2 f1S t1

2 D1L̄2
2 coshf1~t1!2L̄2

2 coshf1~ t !

, ~39!

wheref1(t)52pJtA11j1
212 sinh21j1 and

L̄15
hT

A11k1~t1!tan2 w1

, L̄25
hT

Ak1~t1!1
1

tan2 w1

. ~40!

For T2t2<t<T ~phase III!, the optimal control is

u2~ t !5A R̄1
2@11coshf2~T2t !#

2R̄2
2 sinh2f2S t2

2 D1R̄1
2 coshf2~t2!2R̄1

2 coshf2~T2t !

, ~41!
wheref2(t)52pJtA11j2
212 sinh21j2 and

R̄15
hT

Ak2~t2!1tan2 q2

, R̄25
hT

A11
k2~t2!

tan2 q2

. ~42!

The corresponding rf amplitude for phase I is given by
vy5g IBy52pJ
u1

A12u1
2
tanhS f1

2 DA11j1
2 ~43!

and for phase III by

vx5g IBx52pJ
u2

3

A12u2
2
tanhS f2~T2t !

2 DA11j2
2,

~44!
9-7



















navin
Brockett (1981)
















	jmroptspin.pdf
	Optimal control of spin dynamics in the presence of relaxation
	Introduction
	Optimal control of nuclear spins under relaxation
	Experimental
	Conclusions and outlook
	Acknowledgements
	Optimal coherence transfer with no time constraint
	Finite time case
	References





