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Figure 15: Fluxes and fields associated with a single point, (m,n) instead of a unit cell. Looking at these helps understand the
degrees of freedom better.

So we have the freedom of choosing 4 fluxes for each lattice point.

But have a cube associated with every lattice point on the bottom layer (which has N = NxNy = 2Nc

number of lattice points) and we thus have the constraint
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associated with the cube corresponding to (m, n) in the bottom layer. So, for every lattice point, we have

24�1 = 23 d.o.f.

We can choose to vary  xy

(m,n),  
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(m,n) and  zx

(m,n) for each (m, n).

These fields and fluxes associated with the point (m, n) can be related to the fields (u’s, v’s and ũ’s) and

fluxes (�’s) of the unit cell (defined by ~R) to which (m, n) belongs.

(Dividing the overall d.o.f among the unit cells, we can see that for every unit cell, we have 26 d.o.f.)

So, the flux d.o.f are 23N = 26Nc in number.

The fermionic d.o.f are 2N
/2 = 2N�1 in number. The 1/2 factor comes because we have a projector just
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Let us define some products of fields:
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Figure 11: The figure depicts g as a function of � for di↵erent system sizes.

How are these correlations obtained?
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2 Two dimensions: Dissipative model on a square lattice

The terms in H can be better understood through figure 12(a).
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The terms in M can be better understood through figure 12(b).
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Here, Nc denotes the number of unit cells. (One unit cell has two red lattice points and two blue lattice points

on one plane or layer and two red lattice points and two blue lattice points on the second plane or layer.) In

the expression for H, the terms with J3 and the those with J4 can be thought of as the interactions within the

unit cell and the terms with J1 and the those with J2 can be thought of as the interactions between two unit

cells. (✓̃’s exist on the second layer, which is reached by moving along ẑ starting from the first
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Figure 12: In both (a) and (b), the convention used here to number the bonds is followed in the Hamiltonian. The n-th bond
here corresponds to the term with Jn in the Hamiltonian for n 2 {1, 2, 3, 4} and the two bonds labelled 5 correspond to the terms
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Figure 12: In both (a) and (b), the convention used here to number the bonds is followed in the Hamiltonian. The n-th bond
here corresponds to the term with Jn in the Hamiltonian for n 2 {1, 2, 3, 4} and the two bonds labelled 5 correspond to the terms
containing �. In (a), the unit cell is shown and ~a1 and ~a2 are the lattice vectors.
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Model -II

Summary

Model-I

Acknowledgements and contact details

Phase transition

We see a phase transition in the flux
configurations corresponding to the first
decay modes (for Nx=Ny=2). [1] [3]
(Periodic boundary conditions were
used.) For larger system sizes, we
propose a Monte Carlo approach
involving the gauge fields to arrive at
the gap. (Work is underway.)

A study on dissipative models based on Γ-matrices 
Jyotsna Gidugu†, Daniel Arovas*

Department of Physics, University of California San Diego. 

• We simplified the above two models based on Γ-matrices
using fluxes and Wilson loops. [3]

• We observed a phase transition (in the first decay
modes) at the cusps in the g vs γ plots. [1]

†email: jgidugu@ucsd.edu

Non-Hermitian dissipative model on a square lattice

Feb 01, 2023

1 Non-Hermitian Kitaev model on a two-leg ladder

This model is discussed in reference [1].

The time evolution equation is given by
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Here, Nc denotes the number of unit cells and X, Y and Z are the Pauli spin operators.
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since Z
†
j
Zj = 1. The terms in M can be better understood through figure 1.
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Figure 11: The figure depicts g as a function of � for di↵erent system sizes.
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2 Two dimensions: Dissipative model on a square lattice

The terms in H can be better understood through figure 12(a).
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The terms in M can be better understood through figure 12(b).
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Here, Nc denotes the number of unit cells. (One unit cell has two red lattice points and two blue lattice points

on one plane or layer and two red lattice points and two blue lattice points on the second plane or layer.) In

the expression for H, the terms with J3 and the those with J4 can be thought of as the interactions within the

unit cell and the terms with J1 and the those with J2 can be thought of as the interactions between two unit

cells. (✓̃’s exist on the second layer, which is reached by moving along ẑ starting from the first
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2 Two dimensions: Dissipative model on a square lattice

The terms in H can be better understood through figure 12(a).
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The terms in M can be better understood through figure 12(b).
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Here, Nc denotes the number of unit cells. (One unit cell has two red lattice points and two blue lattice points

on one plane or layer and two red lattice points and two blue lattice points on the second plane or layer.) In

the expression for H, the terms with J3 and the those with J4 can be thought of as the interactions within the

unit cell and the terms with J1 and the those with J2 can be thought of as the interactions between two unit

cells. (✓̃’s exist on the second layer, which is reached by moving along ẑ starting from the first
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<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2
<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

<latexit sha1_base64="vwBGgXHU0qh8AB79JLwCR9KCbMI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ76qs5/WqNbfuzkCWiVeQGhRo9qpf3X7CspgrZJIa0/HcFIOcahRM8kmlmxmeUjaiA96xVNGYmyCfHTshJ1bpkyjRthSSmfp7IqexMeM4tJ0xxaFZ9Kbif14nw+g6yIVKM+SKzRdFmSSYkOnnpC80ZyjHllCmhb2VsCHVlKHNp2JD8BZfXiaPZ3Xvsn5xf15r3BRxlOEIjuEUPLiCBtxBE3xgIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AiSGOhQ==</latexit>⌫1˄

<latexit sha1_base64="+Sfoj7OKKmu5fiS2UTehIgQMfaY=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZI2aZtd0Y3LFuwD2lAm00k7djIJMxOhhH6BGxeKuPWT3Pk3Th+Cih64cDjnXu69J0gYlcqyPozcxubW9k5+t7C3f3B4VDw+6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3mF4v/O49EZLG/FbNEuJHaMxpSDFSWmpVhsWSZVqu59TK0DJdy/aciiaeV3eqLrRNa4kSWKM5LL4PRjFOI8IVZkjKvm0lys+QUBQzMi8MUkkShKdoTPqachQR6WfLQ+fwQisjGMZCF1dwqX6fyFAk5SwKdGeE1ET+9hbiX14/VWHdzyhPUkU4Xi0KUwZVDBdfwxEVBCs20wRhQfWtEE+QQFjpbAo6hK9P4f+kUzbtqum2nFLjah1HHpyBc3AJbFADDXADmqANMCDgATyBZ+POeDRejNdVa85Yz5yCHzDePgECvY0b</latexit>

3
<latexit sha1_base64="b1lBqOgk/6ouF3aWCruIyZ+akvo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1pu3sim5ctmBboR1KJs20sZnMkGSEUvoFblwo4tZPcuffmD4EFT1w4XDOvdx7T5hypjRCH1ZubX1jcyu/XdjZ3ds/KB4etVWSSUJbJOGJvA2xopwJ2tJMc3qbSorjkNNOOL6a+517KhVLxI2epDSI8VCwiBGsjdSs9oslZCPPd6tliGwPOb57YYjv19yKBx0bLVACKzT6xffeICFZTIUmHCvVdVCqgymWmhFOZ4VepmiKyRgPaddQgWOqguni0Bk8M8oARok0JTRcqN8npjhWahKHpjPGeqR+e3PxL6+b6agWTJlIM00FWS6KMg51AudfwwGTlGg+MQQTycytkIywxESbbAomhK9P4f+kXbadiu013VL9chVHHpyAU3AOHFAFdXANGqAFCKDgATyBZ+vOerRerNdla85azRyDH7DePgEIzY0f</latexit>

7

<latexit sha1_base64="gWvJy/9K24Lab/hl9GW5c3MQ3ac=">AAAB5HicdVDLSsNAFJ3UV42v6tbNYBFchSR9uiu6cVnBPqANZTK9acdOHsxMhBL6BW5cKG79Jnf+jZO2gooeuHA4517uvcdPOJPKtj+Mwsbm1vZOcdfc2z84PCqZx10Zp4JCh8Y8Fn2fSOAsgo5iikM/EUBCn0PPn13nfu8BhGRxdKfmCXghmUQsYJQoLd1WR6WybV02627NxbZl2w23Us+J26i6FexoJUcZrdEeld6H45imIUSKciLlwLET5WVEKEY5LMxhKiEhdEYmMNA0IiFIL1seusDnWhnjIBa6IoWX6veJjIRSzkNfd4ZETeVvLxf/8gapCppexqIkVRDR1aIg5VjFOP8aj5kAqvhcE0IF07diOiWCUKWzMXUIX5/i/0nXtZy6VSu3rtZhFNEpOkMXyEEN1EI3qI06iCJAj+gZvRj3xpPxumosGOuJE/QDxtsnecSL3A==</latexit>

4
<latexit sha1_base64="zddxlZiK+81rER6rJAl9xQpIkQQ=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPw8xk9Rb04jEBs0AyhJ5OTdKmZ6G7RwhDvsCLB0W8+kne/Bt7kggq+qDg8V4VVfW8mDOpLOvDWFvf2Nzazu3kd/f2Dw4LR8cdGSWCQptGPBI9j0jgLIS2YopDLxZAAo9D15teZ373HoRkUXirZjG4ARmHzGeUKC216sNC0TIv61Wn4mDLtKyaU6pmxKmVnRK2tZKhiFZoDgvvg1FEkwBCRTmRsm9bsXJTIhSjHOb5QSIhJnRKxtDXNCQBSDddHDrH51oZYT8SukKFF+r3iZQEUs4CT3cGRE3kby8T//L6ifLrbsrCOFEQ0uUiP+FYRTj7Go+YAKr4TBNCBdO3YjohglCls8nrEL4+xf+TjmPaVbPSKhcbV6s4cugUnaELZKMaaqAb1ERtRBGgB/SEno0749F4MV6XrWvGauYE/YDx9gnrYo0K</latexit>

8

<latexit sha1_base64="IWch133YJxqoCkVbyG+YtQMea7c=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF/EU0TwgWcLspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mnGMfkgHkvc5o8ZKD3fdSrdYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/lp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0KmXvonx+f1aqXmdx5OEIjuEUPLiEKtxCDerAYADP8ApvjnBenHfnY96ac7KZQ/gD5/MHylGNfQ==</latexit>

J2

<latexit sha1_base64="cpxUzaYaskSrPdzK1NwMUPX7ikU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W3P65UrbtWdgfwlXk4qkKPeK392+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiFHVumTMFa2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLf0nzpOqdV8/uTiu1qzyOIhzAIRyDBxdQgxuoQwMYDOAJXuDVEc6z8+a8z1sLTj6zD7/gfHwDyM2NfA==</latexit>

J1

<latexit sha1_base64="cpxUzaYaskSrPdzK1NwMUPX7ikU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W3P65UrbtWdgfwlXk4qkKPeK392+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiFHVumTMFa2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLf0nzpOqdV8/uTiu1qzyOIhzAIRyDBxdQgxuoQwMYDOAJXuDVEc6z8+a8z1sLTj6zD7/gfHwDyM2NfA==</latexit>

J1

<latexit sha1_base64="imTtsjrOC3ZJrM5MShndgpE6oCE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9iKeI5gHJEmYnnWTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VxIJr47rfTm5peWV1Lb9e2Njc2t4p7u7VdZQohjUWiUg1A6pRcIk1w43AZqyQhoHARjC8mfiNJ1SaR/LRjGL0Q9qXvMcZNVZ6uOucdoolt+xOQRaJl5ESZKh2il/tbsSSEKVhgmrd8tzY+ClVhjOB40I70RhTNqR9bFkqaYjaT6enjsmRVbqkFylb0pCp+nsipaHWozCwnSE1Az3vTcT/vFZield+ymWcGJRstqiXCGIiMvmbdLlCZsTIEsoUt7cSNqCKMmPTKdgQvPmXF0n9pOxdlM/vz0qV6yyOPBzAIRyDB5dQgVuoQg0Y9OEZXuHNEc6L8+58zFpzTjazD3/gfP4Ay9WNfg==</latexit>

J3
<latexit sha1_base64="VrOreIGwcXWqSaPJAyrhmWvVm8Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfByDXsRTRPOAZAmzk04yZHZ2mZkVwpJP8OJBEa9+kTf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3Uz95hMqzSP5aMYx+iEdSN7njBorPdx1K91iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7F+Xz+0qpep3FkYcjOIZT8OASqnALNagDgwE8wyu8OcJ5cd6dj3lrzslmDuEPnM8fzVmNfw==</latexit>

J4
<latexit sha1_base64="imTtsjrOC3ZJrM5MShndgpE6oCE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9iKeI5gHJEmYnnWTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VxIJr47rfTm5peWV1Lb9e2Njc2t4p7u7VdZQohjUWiUg1A6pRcIk1w43AZqyQhoHARjC8mfiNJ1SaR/LRjGL0Q9qXvMcZNVZ6uOucdoolt+xOQRaJl5ESZKh2il/tbsSSEKVhgmrd8tzY+ClVhjOB40I70RhTNqR9bFkqaYjaT6enjsmRVbqkFylb0pCp+nsipaHWozCwnSE1Az3vTcT/vFZield+ymWcGJRstqiXCGIiMvmbdLlCZsTIEsoUt7cSNqCKMmPTKdgQvPmXF0n9pOxdlM/vz0qV6yyOPBzAIRyDB5dQgVuoQg0Y9OEZXuHNEc6L8+58zFpzTjazD3/gfP4Ay9WNfg==</latexit>

J3
<latexit sha1_base64="VrOreIGwcXWqSaPJAyrhmWvVm8Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfByDXsRTRPOAZAmzk04yZHZ2mZkVwpJP8OJBEa9+kTf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3Uz95hMqzSP5aMYx+iEdSN7njBorPdx1K91iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7F+Xz+0qpep3FkYcjOIZT8OASqnALNagDgwE8wyu8OcJ5cd6dj3lrzslmDuEPnM8fzVmNfw==</latexit>

J4
<latexit sha1_base64="IWch133YJxqoCkVbyG+YtQMea7c=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF/EU0TwgWcLspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mnGMfkgHkvc5o8ZKD3fdSrdYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/lp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0KmXvonx+f1aqXmdx5OEIjuEUPLiEKtxCDerAYADP8ApvjnBenHfnY96ac7KZQ/gD5/MHylGNfQ==</latexit>

J2
<latexit sha1_base64="aFsi1YwILma6rdHUGsmF01/g4Uk=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPw8xk9Rb04jEBs0AyhJ5OTdKmZ6G7RwhDvsCLB0W8+kne/Bt7kggq+qDg8V4VVfW8mDOpLOvDWFvf2Nzazu3kd/f2Dw4LR8cdGSWCQptGPBI9j0jgLIS2YopDLxZAAo9D15teZ373HoRkUXirZjG4ARmHzGeUKC217GGhaJmX9apTcbBlWlbNKVUz4tTKTgnbWslQRCs0h4X3wSiiSQChopxI2betWLkpEYpRDvP8IJEQEzolY+hrGpIApJsuDp3jc62MsB8JXaHCC/X7REoCKWeBpzsDoibyt5eJf3n9RPl1N2VhnCgI6XKRn3CsIpx9jUdMAFV8pgmhgulbMZ0QQajS2eR1CF+f4v9JxzHtqllplYuNq1UcOXSKztAFslENNdANaqI2ogjQA3pCz8ad8Wi8GK/L1jVjNXOCfsB4+wTgxo0D</latexit>

1

<latexit sha1_base64="hOklrCcU3tebxCV7Yqm9LQlNm2U=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1pu3sim5ctmBboR1KJk3b2ExmSDJCGfoFblwo4tZPcuffmD4EFT1w4XDOvdx7T5hwpjRCH1ZubX1jcyu/XdjZ3ds/KB4etVWcSkJbJOaxvA2xopwJ2tJMc3qbSIqjkNNOOLma+517KhWLxY2eJjSI8EiwISNYG6lZ7hdLyEae71bLENkecnz3whDfr7kVDzo2WqAEVmj0i++9QUzSiApNOFaq66BEBxmWmhFOZ4VeqmiCyQSPaNdQgSOqgmxx6AyeGWUAh7E0JTRcqN8nMhwpNY1C0xlhPVa/vbn4l9dN9bAWZEwkqaaCLBcNUw51DOdfwwGTlGg+NQQTycytkIyxxESbbAomhK9P4f+kXbadiu013VL9chVHHpyAU3AOHFAFdXANGqAFCKDgATyBZ+vOerRerNdla85azRyDH7DePgEBOY0a</latexit>

2

<latexit sha1_base64="KmQWubtrqp9/V8UVCK7W26YFtZU=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw8xk9Rb04jEBs0AyhJ5OT9KmZ6G7RwhDvsCLB0W8+kne/Bt7kggq+qDg8V4VVfW8mDOpLOvDWFvf2Nzazu3kd/f2Dw4LR8cdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vWm15nfvadCsii8VbOYugEeh8xnBCsttSrDQtEyL+tVp+Igy7SsmlOqZsSplZ0SsrWSoQgrNIeF98EoIklAQ0U4lrJvW7FyUywUI5zO84NE0hiTKR7TvqYhDqh008Whc3SulRHyI6ErVGihfp9IcSDlLPB0Z4DVRP72MvEvr58ov+6mLIwTRUOyXOQnHKkIZV+jEROUKD7TBBPB9K2ITLDAROls8jqEr0/R/6TjmHbVrLTKxcbVKo4cnMIZXIANNWjADTShDQQoPMATPBt3xqPxYrwuW9eM1cwJ/IDx9gnm1o0H</latexit>

5

<latexit sha1_base64="7hlD7yh4yIr1nhPZyZMZvPU92ZA=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1pu3sim5ctmBboR1KJs20sZnMkGSEUvoFblwo4tZPcuffmD4EFT1w4XDOvdx7T5hypjRCH1ZubX1jcyu/XdjZ3ds/KB4etVWSSUJbJOGJvA2xopwJ2tJMc3qbSorjkNNOOL6a+517KhVLxI2epDSI8VCwiBGsjdSs9IslZCPPd6tliGwPOb57YYjv19yKBx0bLVACKzT6xffeICFZTIUmHCvVdVCqgymWmhFOZ4VepmiKyRgPaddQgWOqguni0Bk8M8oARok0JTRcqN8npjhWahKHpjPGeqR+e3PxL6+b6agWTJlIM00FWS6KMg51AudfwwGTlGg+MQQTycytkIywxESbbAomhK9P4f+kXbadiu013VL9chVHHpyAU3AOHFAFdXANGqAFCKDgATyBZ+vOerRerNdla85azRyDH7DePgEHSY0e</latexit>

6

<latexit sha1_base64="RGJWonAGuX+b+koJqpy48CqfsnQ=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GiaT/Rb04jEBs0AyhJ5OT9KmZ6G7RwhDvsCLB0W8+kne/Bt7kggq+qDg8V4VVfXciDOpLOvDyGxsbm3vZHdze/sHh0f545OuDGNBaIeEPBR9F0vKWUA7iilO+5Gg2Hc57bmz69Tv3VMhWRjcqnlEHR9PAuYxgpWW2o1RvmCZjXrVrtjIMi2rZpeqKbFrZbuEilpJUYA1WqP8+3AcktingSIcSzkoWpFyEiwUI5wucsNY0giTGZ7QgaYB9ql0kuWhC3ShlTHyQqErUGipfp9IsC/l3Hd1p4/VVP72UvEvbxArr+4kLIhiRQOyWuTFHKkQpV+jMROUKD7XBBPB9K2ITLHAROlscjqEr0/R/6Rrm8WqWWmXC82rdRxZOINzuIQi1KAJN9CCDhCg8ABP8GzcGY/Gi/G6as0Y65lT+AHj7RPs5o0L</latexit>

9

<latexit sha1_base64="/0uIz+ryCsLlTjLQnyvu3WZ2feo=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GjJ1pu3sim5cVrEPaIeSSTNtaCYzJBmhlP6BGxeKuPWP3Pk3pg9BRQ9cOJxzL/feE6acKY3Qh5VbW9/Y3MpvF3Z29/YPiodHLZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2H46u5376nUrFE3OlJSoMYDwWLGMHaSLcO6hdLyEae71bLENkecnz3whDfr7kVDzo2WqAEVmj0i++9QUKymApNOFaq66BUB1MsNSOczgq9TNEUkzEe0q6hAsdUBdPFpTN4ZpQBjBJpSmi4UL9PTHGs1CQOTWeM9Uj99ubiX14301EtmDKRZpoKslwUZRzqBM7fhgMmKdF8YggmkplbIRlhiYk24RRMCF+fwv9Jq2w7Fdu7cUv1y1UceXACTsE5cEAV1ME1aIAmICACD+AJPFtj69F6sV6XrTlrNXMMfsB6+wRtio1T</latexit>

10

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2
<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3
<latexit sha1_base64="VFuKpcP2szKC8d4watpjz6oE7OE=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx61j04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9CtVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlmt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxfri5g=</latexit>

4
<latexit sha1_base64="KMJ6kVEvOunAZ4fdE5RhwdRbsKg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipXukVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyd1Wu1C9L1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIPtjMM=</latexit>

5

<latexit sha1_base64="qxHGiEgtCvIHDyFq5PVwgsOX074=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN7gALgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPiiuPHw==</latexit>�

<latexit sha1_base64="qxHGiEgtCvIHDyFq5PVwgsOX074=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN7gALgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPiiuPHw==</latexit>�
<latexit sha1_base64="cpxUzaYaskSrPdzK1NwMUPX7ikU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W3P65UrbtWdgfwlXk4qkKPeK392+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiFHVumTMFa2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLf0nzpOqdV8/uTiu1qzyOIhzAIRyDBxdQgxuoQwMYDOAJXuDVEc6z8+a8z1sLTj6zD7/gfHwDyM2NfA==</latexit>

J1

<latexit sha1_base64="IzN8XIOS3owLeZOhKoVwPVBiR8c=">AAAB/XicbVDJSgNBEO2JW4xbXG5eBoPgxTAjbngKevEYwSyQhNDTqSRNerqH7hpJHIK/4sWDIl79D2/+jZ3loIkPCh7vVVFVL4gEN+h5305qYXFpeSW9mllb39jcym7vlI2KNYMSU0LpakANCC6hhBwFVCMNNAwEVILezcivPIA2XMl7HETQCGlH8jZnFK3UzO7VEfqY9I+ZUrrFJUW4GjazOS/vjeHOE39KcmSKYjP7VW8pFocgkQlqTM33ImwkVCNnAoaZemwgoqxHO1CzVNIQTCMZXz90D63ScttK25LojtXfEwkNjRmEge0MKXbNrDcS//NqMbYvGwmXUYwg2WRROxYuKncUhdviGhiKgSWUaW5vdVmXasrQBpaxIfizL8+T8kneP8+f3Z3mCtfTONJknxyQI+KTC1Igt6RISoSRR/JMXsmb8+S8OO/Ox6Q15UxndskfOJ8/CdCVnQ==</latexit>

x-coordinate:

<latexit sha1_base64="vfpelk7uVhi+JjZ10vTdEsLMc8c=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRLxhauiG5cV7APaUCbT23boZBJmbtQS+yluXCji1i9x5984bbPQ1gMDh3Pu5Z45QSy4Rtf9tnJLyyura/n1wsbm1vaOXdyt6yhRDGosEpFqBlSD4BJqyFFAM1ZAw0BAIxheT/zGPSjNI3mHoxj8kPYl73FG0Ugdu9hGeMS0Jjk6DIS4HHfsklt2p3AWiZeREslQ7dhf7W7EkhAkMkG1bnlujH5KFXImYFxoJxpiyoa0Dy1DJQ1B++k0+tg5NErX6UXKPGkiTNTfGykNtR6FgZkMKQ70vDcR//NaCfYu/JTLOEGQbHaolwgHI2fSg9PlChiKkSGUKW6yOmxAFWVo2iqYErz5Ly+S+nHZOyuf3p6UKldZHXmyTw7IEfHIOamQG1IlNcLIA3kmr+TNerJerHfrYzaas7KdPfIH1ucPWeuUEg==</latexit>

Unit cell:

⌧M = WzW̃z�
R

M
(329)

�M = ⌧M�
L

M
= WzW̃z�

R

M
�

L

M
(330)

since �M+1 = �1 = 1

�̃M = W̃z�̃
4
M

(331)

⌫̃M = �W̃z�̃
5
M

(332)

(The codes for this are in the folder ‘1d triangular model’.)

�

g

Figure 27: The figure depicts g as a function of � for a system size Nc = 1 for the new 1d model.

From the lists we obtain for the first decay modes, we see that there is a transition in the first decay modes

at the cusp we see in the g vs � plots.

4 What happens when we have dissipators consisting of two di↵er-

ent Gamma matrices?

Let us consider the following modified Kitaev Hamiltonian (with Gamma matrices) and dissipators:

Ln = �4
n

+ i�5
n

(333)
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If nj = 08j, then �Im
⇣
⇤~F,~n

⌘
= �N �

P
N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
.

If �N �
P

N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
> 0, then g~F,~n

= �N �
P

N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
.

(In the code we use ‘tol’ in the code instead of 0 because numerically, �Im
⇣
⇤~F,~n

⌘
for the NESS state is

not 0 and it is some small non zero value. )

But if �N �
P

N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
= 0, then we need to go over the di↵erent configurations so that we get a

positive �N �
P

N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
(2nj � 1) and the minimum among them all will give us g~F,~n

.

But �Im
⇣
⇤~F,~n

⌘
will never be negative. So, if �N �

P
N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
= 0 (i.e. less than ‘tol’ in the

code), then g~F
= �N �

P
N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
+ 2 min

k, �~F,k 6=0

⇣
Im

⇣
2�~F,k

⌘⌘
,

that is we make nj = 1 for the j for which Im�~F,j
= min

k, �~F,k 6=0
Im�~F,k

. We use �~F,k
6= 0 because making

nj = 1 for that value will make no di↵erence.

We might not have exact zeros in the eigenvalues. So, in the code we sort the imaginary parts of the �~F,j
’s

(which are all non-negative- if they are negative, they would be very small i.e. they are almost zeros because

theoretically the eigenvalues occur in pairs:�~F,j
and ��~F,j

. So if two values were negative in the output from

the code, it would be because of the numerics. They were actually supposed to be 0)

We start checking with the smallest imaginary part, say Im�~F,k
and see if �N �

P
N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
+

2
⇣
Im

⇣
2�~F,k

⌘⌘
is greater than ‘tol’. If it is not we move to the next smallest eigenvalue, say Im�~F,l

and

calculate �N �
P

N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
+ 2

⇣
Im

⇣
2�~F,l

⌘⌘
and go on until we get a value that is greater than ‘tol’.

This method is implemented in the folder with ‘using method 2 to minimize’ in the name.

In the end we use g = min
~F

g~F
.

Why will �Im
⇣
⇤~F,~n

⌘
never be negative?

(Discussed in the meeting on 2023, Feb 28. Also see Dan’s notes- Krauss map.pdf)

Consider the following equation:

@t⇢ = L⇢ (159)

@t⇢ij = Lij,kl⇢kl (160)

Let L
↵ be the left eigenvector and R

� be the right eigenvector of L corresponding to the eigenvalue ⇥↵, or,

LR↵ = ⇥↵R
↵ (161)

We also have

⌦
L

↵
|R

�
↵

= �↵� (162)

Here L is the analog of �iM. So Re⇥↵ is analogous to �Im⇤.

40

(Here, 𝐹⃗ refers to a flux and Wilson loop 
configuration. [1] [3])

Figure 26: The numbers given below in black denote the x-coordinate and unit cell index as given by the label. The numbers
given in blue or red denote the site index. The green shaded parallelogram indicates a unit cell. The lattice vector here is x̂.
The fields corresponding to the n-th unit cell are ↵n, �n, µn, ⌫n, ⌧1 and �1. The parameters J1, J2, J3 and J4 denote the bond
strengths and � denotes the strength of the dissipator.

The Hamiltonian and the dissipators coresponding to this model are shown below:

H =
NcX

n=1

(J1�
1
4n�3�

1
4n�1 + J1�

1
4n

�1
4(n+1)�2 + J2�

1
4n�2�

1
4n

+ J2�
2
4n�1�

2
4(n+1)�3

+ J3�
3
4n�2�

3
4n�3 + J3�

3
4n

�3
4n�1 + J4�

4
4n�2�

4
4n�1 + J4�

4
4n

�4
4(n+1)�4)

=
X

m,even

⇣
J2�

1
2m�1�

1
2(m+1)�1 + J1�

2
2m

�2
2(m+1) + J3�

3
2m�1�

3
2m

+ J4�
4
2m

�4
2(m+1)�1

⌘
+

X

m,odd

⇣
J1�

1
2m�1�

1
2(m+1)�1 + J2�

2
2m

�2
2(m+1) + J3�

3
2m�1�

3
2m

+ J4�
4
2m

�4
2(m+1)�1

⌘

(245)

(m in the above expression refers to the x-coordinate. Here, n = 1, 2, 3, ... Nc and m = 1, 2, 3, ... 2Nc.)

L2m�1 =
p

��5
2m�1, L2m =

p
��5

2m
(246)
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First decay modes:

[1] Dissipative spin chain as a non-Hermitian Kitaev ladder, N. 
Shibata and H. Katsura, Phys. Rev. B 99, 174303 (2019). 
[2] Anyons in an exactly solved model and beyond, A. Kitaev,
Annals of Physics 321, 2 (2006), ISSN 0003-4916
[3] Γ-matrix generalization of the Kitaev model, C. Wu, D. Arovas,
and H.-H. Hung, Phys. Rev. B 79, 134427 (2009).

We generalize the recent work of Shibata and Katsura [1],
who considered an S=1/2 chain with alternating XX and YY
couplings in the presence of dephasing, the dynamics of
which are described by the GKLS master equation. Their
model is equivalent to a non-Hermitian system which is
described by the Kitaev formulation [2] in terms of a single
Majorana species hopping in the presence of a Z2 gauge
field. Our generalization involves Dirac gamma matrix spin
operators on a square lattice, and maps onto a non-
Hermitian square lattice bilayer. In both cases, the infinite
temperature state is a nonequilibrium steady state, but the
various decay channels occur for nontrivial density matrices.
We study the Liouvillian spectrum. We observe a phase
transition in the first decay modes (similar to that in ref. [1]) in
the 2d model.
We then present another dissipative model that can be
solved using Gamma matrices in which we again see a
phase transition in the first decay modes.

*email: darovas@ucsd.edu

Index  
xy

(1,1)  
xy

(2,1)  
xy

(1,2)  
xy

(2,2)  
yz

(1,1)  
yz

(2,1)  
yz

(1,2)  
yz

(2,2)  
zx

(1,1)  
zx

(2,1)  
zx

(1,2)  
zx

(2,2) Wx Wy W̃x W̃y

256 -1 1 -1 1 -1 -1 -1 -1 1 -1 -1 1 1 -1 -1 -1
448 -1 1 -1 1 -1 -1 -1 -1 1 -1 1 -1 1 -1 -1 -1
2390 -1 -1 1 1 -1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 1
2409 -1 -1 1 1 1 -1 -1 1 -1 -1 -1 -1 -1 1 -1 -1
2678 -1 -1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1
2681 -1 -1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 1 -1 -1
3200 -1 1 -1 1 -1 -1 -1 -1 1 -1 1 -1 -1 -1 1 -1
3968 -1 1 -1 1 -1 -1 -1 -1 -1 1 1 -1 -1 -1 1 -1
4422 1 1 -1 -1 -1 -1 1 1 -1 -1 -1 -1 -1 -1 -1 1
4425 1 1 -1 -1 -1 -1 1 1 -1 -1 -1 -1 -1 1 -1 -1
4697 1 1 -1 -1 -1 1 1 -1 -1 -1 -1 -1 -1 1 -1 -1
4710 1 1 -1 -1 1 -1 -1 1 -1 -1 -1 -1 -1 -1 -1 1
5184 1 -1 1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 -1 1 -1
5952 1 -1 1 -1 -1 -1 -1 -1 1 -1 -1 1 -1 -1 1 -1
6400 1 -1 1 -1 -1 -1 -1 -1 -1 1 -1 1 1 -1 -1 -1
6592 1 -1 1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1 -1 -1

Table 9: J1 = J2 = J3 = J4 = 1, � < �c (example � = 1.0 ) using method 1 (trial 5, new way of binary conversion).

Index  
xy

(1,1)  
xy

(2,1)  
xy

(1,2)  
xy

(2,2)  
yz

(1,1)  
yz

(2,1)  
yz

(1,2)  
yz

(2,2)  
zx

(1,1)  
zx

(2,1)  
zx

(1,2)  
zx

(2,2) Wx Wy W̃x W̃y

0 -1 1 -1 1 -1 -1 -1 -1 1 1 -1 1 1 -1 1 -1
192 -1 1 -1 1 -1 -1 -1 -1 1 1 1 -1 1 -1 1 -1
320 -1 1 -1 1 -1 -1 -1 -1 1 -1 -1 -1 1 -1 -1 -1
768 -1 1 -1 1 -1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1
960 -1 1 -1 1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 1 -1
1088 -1 -1 -1 -1 -1 -1 -1 -1 1 1 -1 1 1 -1 1 -1
1152 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 -1 1 -1 1 -1
3968 -1 1 -1 1 -1 -1 -1 -1 -1 1 1 -1 -1 -1 1 -1
1280 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 -1 -1 1 -1 -1 -1
1472 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 1 1 1 -1 -1 -1
1536 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 -1 1 -1 -1 -1
1728 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 1 -1 -1 -1
1856 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1
5184 1 -1 1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 -1 1 -1
1920 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 1 -1
2388 -1 -1 1 1 -1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
2391 -1 -1 1 1 -1 1 1 1 -1 -1 -1 -1 -1 -1 -1 1

Table 10: J1 = J2 = J3 = J4 = 1, � > �c (example � = 1.0 ) using method 1 (trial 5, new way of binary conversion). Only some
of the configurations are shown. The total number configurations is 80.

So, we then tried to look at a case with lesser degeneracies, J1 = 1, J2 = 2, J3 = 3 and J4 = 4. (See

figure 18.) The tables obtained using method 1 are shown below. (They are obtained using the codes with

‘old way of binary conversion’. We have files under ‘new way of binary conversion’ which has a slightly di↵erent

implementation. The sector indices obtained form those would be di↵erent but they would correspond to the

same flux and Wilson loop configurations.)
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(1,1)  
yz
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(2,2) Wx Wy W̃x W̃y

62 -1 1 -1 1 -1 -1 -1 -1 -1 1 1 -1 -1 -1 1 -1
115 1 -1 1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1 -1 -1

Table 11: J1 = 1, J2 = 2, J3 = 3 and J4 = 4, � < �c (example � = 1.0 ) using method 1 (trial 5, old way of binary conversion).
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(2,2) Wx Wy W̃x W̃y

256 -1 1 -1 1 -1 -1 -1 -1 1 -1 -1 1 1 -1 -1 -1
448 -1 1 -1 1 -1 -1 -1 -1 1 -1 1 -1 1 -1 -1 -1
2390 -1 -1 1 1 -1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 1
2409 -1 -1 1 1 1 -1 -1 1 -1 -1 -1 -1 -1 1 -1 -1
2678 -1 -1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1
2681 -1 -1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 1 -1 -1
3200 -1 1 -1 1 -1 -1 -1 -1 1 -1 1 -1 -1 -1 1 -1
3968 -1 1 -1 1 -1 -1 -1 -1 -1 1 1 -1 -1 -1 1 -1
4422 1 1 -1 -1 -1 -1 1 1 -1 -1 -1 -1 -1 -1 -1 1
4425 1 1 -1 -1 -1 -1 1 1 -1 -1 -1 -1 -1 1 -1 -1
4697 1 1 -1 -1 -1 1 1 -1 -1 -1 -1 -1 -1 1 -1 -1
4710 1 1 -1 -1 1 -1 -1 1 -1 -1 -1 -1 -1 -1 -1 1
5184 1 -1 1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 -1 1 -1
5952 1 -1 1 -1 -1 -1 -1 -1 1 -1 -1 1 -1 -1 1 -1
6400 1 -1 1 -1 -1 -1 -1 -1 -1 1 -1 1 1 -1 -1 -1
6592 1 -1 1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1 -1 -1

Table 9: J1 = J2 = J3 = J4 = 1, � < �c (example � = 1.0 ) using method 1 (trial 5, new way of binary conversion).
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320 -1 1 -1 1 -1 -1 -1 -1 1 -1 -1 -1 1 -1 -1 -1
768 -1 1 -1 1 -1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1
960 -1 1 -1 1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 1 -1
1088 -1 -1 -1 -1 -1 -1 -1 -1 1 1 -1 1 1 -1 1 -1
1152 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 -1 1 -1 1 -1
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1472 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 1 1 1 -1 -1 -1
1536 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 -1 1 -1 -1 -1
1728 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 1 -1 -1 -1
1856 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1
5184 1 -1 1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 -1 1 -1
1920 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 1 -1
2388 -1 -1 1 1 -1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
2391 -1 -1 1 1 -1 1 1 1 -1 -1 -1 -1 -1 -1 -1 1

Table 10: J1 = J2 = J3 = J4 = 1, � > �c (example � = 1.0 ) using method 1 (trial 5, new way of binary conversion). Only some
of the configurations are shown. The total number configurations is 80.

So, we then tried to look at a case with lesser degeneracies, J1 = 1, J2 = 2, J3 = 3 and J4 = 4. (See

figure 18.) The tables obtained using method 1 are shown below. (They are obtained using the codes with

‘old way of binary conversion’. We have files under ‘new way of binary conversion’ which has a slightly di↵erent

implementation. The sector indices obtained form those would be di↵erent but they would correspond to the

same flux and Wilson loop configurations.)
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115 1 -1 1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1 -1 -1

Table 11: J1 = 1, J2 = 2, J3 = 3 and J4 = 4, � < �c (example � = 1.0 ) using method 1 (trial 5, old way of binary conversion).
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2390 -1 -1 1 1 -1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 1
2409 -1 -1 1 1 1 -1 -1 1 -1 -1 -1 -1 -1 1 -1 -1
2678 -1 -1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1
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3200 -1 1 -1 1 -1 -1 -1 -1 1 -1 1 -1 -1 -1 1 -1
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4422 1 1 -1 -1 -1 -1 1 1 -1 -1 -1 -1 -1 -1 -1 1
4425 1 1 -1 -1 -1 -1 1 1 -1 -1 -1 -1 -1 1 -1 -1
4697 1 1 -1 -1 -1 1 1 -1 -1 -1 -1 -1 -1 1 -1 -1
4710 1 1 -1 -1 1 -1 -1 1 -1 -1 -1 -1 -1 -1 -1 1
5184 1 -1 1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 -1 1 -1
5952 1 -1 1 -1 -1 -1 -1 -1 1 -1 -1 1 -1 -1 1 -1
6400 1 -1 1 -1 -1 -1 -1 -1 -1 1 -1 1 1 -1 -1 -1
6592 1 -1 1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1 -1 -1

Table 9: J1 = J2 = J3 = J4 = 1, � < �c (example � = 1.0 ) using method 1 (trial 5, new way of binary conversion).
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768 -1 1 -1 1 -1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1
960 -1 1 -1 1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 1 -1
1088 -1 -1 -1 -1 -1 -1 -1 -1 1 1 -1 1 1 -1 1 -1
1152 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 -1 1 -1 1 -1
3968 -1 1 -1 1 -1 -1 -1 -1 -1 1 1 -1 -1 -1 1 -1
1280 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 -1 -1 1 -1 -1 -1
1472 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 1 1 1 -1 -1 -1
1536 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 -1 1 -1 -1 -1
1728 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 1 -1 -1 -1
1856 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1
5184 1 -1 1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 -1 1 -1
1920 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 1 -1
2388 -1 -1 1 1 -1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
2391 -1 -1 1 1 -1 1 1 1 -1 -1 -1 -1 -1 -1 -1 1

Table 10: J1 = J2 = J3 = J4 = 1, � > �c (example � = 1.0 ) using method 1 (trial 5, new way of binary conversion). Only some
of the configurations are shown. The total number configurations is 80.

So, we then tried to look at a case with lesser degeneracies, J1 = 1, J2 = 2, J3 = 3 and J4 = 4. (See

figure 18.) The tables obtained using method 1 are shown below. (They are obtained using the codes with

‘old way of binary conversion’. We have files under ‘new way of binary conversion’ which has a slightly di↵erent

implementation. The sector indices obtained form those would be di↵erent but they would correspond to the

same flux and Wilson loop configurations.)
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(2,1)  
yz
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62 -1 1 -1 1 -1 -1 -1 -1 -1 1 1 -1 -1 -1 1 -1
115 1 -1 1 -1 -1 -1 -1 -1 -1 1 1 -1 1 -1 -1 -1

Table 11: J1 = 1, J2 = 2, J3 = 3 and J4 = 4, � < �c (example � = 1.0 ) using method 1 (trial 5, old way of binary conversion).
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Figure 26: The numbers given below in black denote the x-coordinate and unit cell index as given by the label. The numbers
given in blue or red denote the site index. The green shaded parallelogram indicates a unit cell. The lattice vector here is x̂.
The fields corresponding to the n-th unit cell are ↵n, �n, µn, ⌫n, ⌧1 and �1. The parameters J1, J2, J3 and J4 denote the bond
strengths and � denotes the strength of the dissipator.

The Hamiltonian and the dissipators coresponding to this model are shown below:

H =
NcX
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(245)

(m in the above expression refers to the x-coordinate. Here, n = 1, 2, 3, ... Nc and m = 1, 2, 3, ... 2Nc.)

L2m�1 =
p

��5
2m�1, L2m =

p
��5

2m
(246)
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(The codes for this are in the folder ‘1d triangular model’.)

Figure 27: The figure depicts g as a function of � for a system size Nc = 1 for the new 1d model.

From the lists we obtain for the first decay modes, we see that there is a transition in the first decay modes

at the cusp we see in the g vs � plots.

The first decay modes are shown below.

Index Wilson loops and fluxes

7183

�
4= [-1. -1.]
�

5= [1. 1.]
�

L= [1. 1.]
�

R= [1. 1.]
�̃

4= [-1. -1.]
�̃

5= [-1. -1.]
Wz=1
W̃z=1

Table 23: J1 = J2 = J3 = J4 = 1, � > �c (example � = 5.81) (using new way of binary conversion). There are 8 modes in total.
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(The codes for this are in the folder ‘1d triangular model’.)

Figure 27: The figure depicts g as a function of � for a system size Nc = 1 for the new 1d model.

From the lists we obtain for the first decay modes, we see that there is a transition in the first decay modes

at the cusp we see in the g vs � plots.

The first decay modes are shown below.

Index Wilson loops and fluxes

7183

�
4= [-1. -1.]
�

5= [1. 1.]
�

L= [1. 1.]
�

R= [1. 1.]
�̃

4= [-1. -1.]
�̃

5= [-1. -1.]
Wz=1
W̃z=1

Table 23: J1 = J2 = J3 = J4 = 1, � > �c (example � = 5.81) (using new way of binary conversion). There are 8 modes in total.

82

(16 modes)

Index Wilson loops and fluxes

7183

�
4= [-1, 1]

�
5= [ 1, -1]
�

L= [1, 1]
�

R= [1, 1]
�̃

4= [ 1, -1]
�̃

5= [-1, 1]
Wz=-1
W̃z=-1

Table 24: J1 = J2 = J3 = J4 = 1, � < �c (example � = 0.21) (using new way of binary conversion). There are 8 modes in total.

5 What happens when we have dissipators consisting of two di↵er-

ent Gamma matrices?

(Discussed in meeting on 2023, Feb 01.) Let us consider the following modified Kitaev Hamiltonian (with

Gamma matrices, see the model with Pauli matrices in section 2.1) and dissipators:

H =
X
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(See Dan’s notes from summer 2011 on Generalized Kitaev models, generalized Kitaev.pdf for info on �

matrices.)
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Figure 27: The figure depicts g as a function of � for a system size Nc = 1 for the new 1d model.

From the lists we obtain for the first decay modes, we see that there is a transition in the first decay modes

at the cusp we see in the g vs � plots.

The first decay modes are shown below.

Index Wilson loops and fluxes
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�
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�

L= [1. 1.]
�

R= [1. 1.]
�̃

4= [-1. -1.]
�̃

5= [-1. -1.]
Wz=1
W̃z=1

Table 23: J1 = J2 = J3 = J4 = 1, � > �c (example � = 5.81) (using new way of binary conversion). There are 8 modes in total.
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Figure 26: The numbers given below in black denote the x-coordinate and unit cell index as given by the label. The numbers
given in blue or red denote the site index. The green shaded parallelogram indicates a unit cell. The lattice vector here is x̂.
The fields corresponding to the n-th unit cell are ↵n, �n, µn, ⌫n, ⌧1 and �1. The parameters J1, J2, J3 and J4 denote the bond
strengths and � denotes the strength of the dissipator.

The Hamiltonian and the dissipators coresponding to this model are shown below:
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(m in the above expression refers to the x-coordinate. Here, n = 1, 2, 3, ... Nc and m = 1, 2, 3, ... 2Nc.)
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Index Wilson loops and fluxes
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Table 24: J1 = J2 = J3 = J4 = 1, � < �c (example � = 0.21) (using new way of binary conversion). There are 6 modes in total.

5 What happens when we have dissipators consisting of two di↵er-

ent Gamma matrices?

(Discussed in meeting on 2023, Feb 01.) Let us consider the following modified Kitaev Hamiltonian (with

Gamma matrices, see the model with Pauli matrices in section 2.1) and dissipators:

H =
X

<ij>1

J1�
1
i
�1

j
+

X

<ij>2

J2�
2
i
�2

j
+

X

<ij>3

J3�
3
i
�3

j
(356)

Ln,1 =
p

�
�
�4

n
+ i�5

n

�
(357)

Ln,2 =
p

�
�
�4

n
� i�5

n

�
(358)

(See Dan’s notes from summer 2011 on Generalized Kitaev models, generalized Kitaev.pdf for info on �

matrices.)

�1 = �
x
⌦ I (359)

�2 = �
y
⌦ I (360)

�3 = �
z
⌦ �

x (361)

�4 = �
z
⌦ �

y (362)

�5 = �
z
⌦ �

z (363)

We have the following: (�x)⇤ = �
x, (�y)⇤ = ��

y, (�z)⇤ = �
z and (�x)T = �

x, (�y)T = ��
y, (�z)T = �

z.

We then get L
⇤
n,1 =

p
�
�
��4

n
� i�5

n

�
, L

⇤
n,2 =

p
�
�
��4

n
+ i�5

n

�
.

L
†
n,1 =

p
�
�
�4

n
� i�5

n

�
, L

†
n,2 =

p
�
�
�4

n
+ i�5

n

�
.

L
T

n,1 =
p

�
�
��4

n
+ i�5

n

�
, L

T

n,2 =
p

�
�
��4

n
� i�5

n

�
.
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⌧M = WzW̃z�
R

M
(352)

�M = ⌧M�
L

M
= WzW̃z�

R

M
�

L

M
(353)

since �M+1 = �1 = 1

�̃M = W̃z�̃
4
M

(354)

⌫̃M = �W̃z�̃
5
M

(355)

(The codes for this are in the folder ‘1d triangular model’.)

Figure 27: The figure depicts g as a function of � for a system size Nc = 1 for the new 1d model.

From the lists we obtain for the first decay modes, we see that there is a transition in the first decay modes

at the cusp we see in the g vs � plots.

The first decay modes are shown below.

Index Wilson loops and fluxes

357

�
4= [-1, -1]
�

5= [1, 1]
�

L= [-1, 1]
�

R= [1, 1]
�̃

4= [ 1, -1]
�̃

5= [ 1, -1]
Wz=-1
W̃z= 1

Table 23: J1 = J2 = J3 = J4 = 1, � > �c (example � = 5.81) (using new way of binary conversion). There are 8 modes in total.
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Nc = 1

g~F
= min

~n
Im⇤~F,~n 6=0

⇣
�Im⇤~F,~n

⌘
, (158)

If nj = 08j, then �Im
⇣
⇤~F,~n

⌘
= �N �

P
N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
.

If �N �
P

N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
> 0, then g~F,~n

= �N �
P

N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
.

(In the code we use ‘tol’ in the code instead of 0 because numerically, �Im
⇣
⇤~F,~n

⌘
for the NESS state is

not 0 and it is some small non zero value. )

But if �N �
P

N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
= 0, then we need to go over the di↵erent configurations so that we get a

positive �N �
P

N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
(2nj � 1) and the minimum among them all will give us g~F,~n

.

But �Im
⇣
⇤~F,~n

⌘
will never be negative. So, if �N �

P
N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
= 0 (i.e. less than ‘tol’ in the

code), then g~F
= �N �

P
N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
+ 2 min

k, �~F,k 6=0

⇣
Im

⇣
2�~F,k

⌘⌘
,

that is we make nj = 1 for the j for which Im�~F,j
= min

k, �~F,k 6=0
Im�~F,k

. We use �~F,k
6= 0 because making

nj = 1 for that value will make no di↵erence.

We might not have exact zeros in the eigenvalues. So, in the code we sort the imaginary parts of the �~F,j
’s

(which are all non-negative- if they are negative, they would be very small i.e. they are almost zeros because

theoretically the eigenvalues occur in pairs:�~F,j
and ��~F,j

. So if two values were negative in the output from

the code, it would be because of the numerics. They were actually supposed to be 0)

We start checking with the smallest imaginary part, say Im�~F,k
and see if �N �

P
N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
+

2
⇣
Im

⇣
2�~F,k

⌘⌘
is greater than ‘tol’. If it is not we move to the next smallest eigenvalue, say Im�~F,l

and

calculate �N �
P

N

j=1

⇣
Im

⇣
2�~F,j

⌘⌘
+ 2

⇣
Im

⇣
2�~F,l

⌘⌘
and go on until we get a value that is greater than ‘tol’.

This method is implemented in the folder with ‘using method 2 to minimize’ in the name.

In the end we use g = min
~F

g~F
.

Why will �Im
⇣
⇤~F,~n

⌘
never be negative?

(Discussed in the meeting on 2023, Feb 28. Also see Dan’s notes- Krauss map.pdf)

Consider the following equation:

@t⇢ = L⇢ (159)

@t⇢ij = Lij,kl⇢kl (160)

Let L
↵ be the left eigenvector and R

� be the right eigenvector of L corresponding to the eigenvalue ⇥↵, or,

LR↵ = ⇥↵R
↵ (161)

We also have

⌦
L

↵
|R

�
↵

= �↵� (162)

40

M = H ⌦ 1� 1⌦ H
> + i

X

µ

✓
Lµ ⌦ L

⇤
µ
� 1

2
L

†
µ
Lµ ⌦ 1� 1⌦ 1

2
L

>
µ

L
⇤
µ

◆

= H ⌦ 1� 1⌦ H + i�

4NcX

j=1

�
�5

j
⌦ �5

j
� 1⌦ 1

�

= H ⌦ 1� 1⌦ H + i�

4NcX

j=1

�
�5

j
⌦ �5

j

�
� 4i�Nc

=
X

m,even

⇣
J2�

1
2m�1�

1
2(m+1)�1 + J1�

2
2m

�2
2(m+1) + J3�

3
2m�1�

3
2m

+ J4�
4
2m

�4
2(m+1)�1

⌘

+
X

m,odd

⇣
J1�

1
2m�1�

1
2(m+1)�1 + J2�

2
2m

�2
2(m+1) + J3�

3
2m�1�

3
2m

+ J4�
4
2m

�4
2(m+1)�1

⌘

+
X

m,even

⇣
J2�̃

1
2m�1�̃

1
2(m+1)�1 + J1�̃

2
2m

�̃2
2(m+1) + J3�̃

3
2m�1�̃

3
2m

+ J4�̃
4
2m

�̃4
2(m+1)�1

⌘

+
X

m,odd

⇣
J1�̃

1
2m�1�̃

1
2(m+1)�1 + J2�̃

2
2m

�̃2
2(m+1) + J3�̃

3
2m�1�̃

3
2m

+ J4�̃
4
2m

�̃4
2(m+1)�1

⌘

+ i�

4NcX

j=1

⇣
�5

j
�̃5

j

⌘
� 4i�Nc

=
X

m,even

⇣
J2�

1
2m�1�

1
2(m+1)�1 + J1�

2
2m

�2
2(m+1) + J3�

3
2m�1�

3
2m

+ J4�
4
2m

�4
2(m+1)�1

⌘

+
X

m,odd

⇣
J1�

1
2m�1�

1
2(m+1)�1 + J2�

2
2m

�2
2(m+1) + J3�

3
2m�1�

3
2m

+ J4�
4
2m

�4
2(m+1)�1

⌘

+
X

m,even

⇣
J2�̃

1
2m�1�̃

1
2(m+1)�1 + J1�̃

2
2m

�̃2
2(m+1) + J3�̃

3
2m�1�̃

3
2m

+ J4�̃
4
2m

�̃4
2(m+1)�1

⌘

+
X

m,odd

⇣
J1�̃

1
2m�1�̃

1
2(m+1)�1 + J2�̃

2
2m

�̃2
2(m+1) + J3�̃

3
2m�1�̃

3
2m

+ J4�̃
4
2m

�̃4
2(m+1)�1

⌘

+ i�

2NcX

m=1

⇣
�5

2m�1�̃
5
2m�1 + �5

2m
�̃5

2m

⌘
� 4i�Nc

(247)

where Nc is the number of unit cells. The total number of lattice sites is given by N = 4Nc.

(We use periodic boundary conditions: �↵

M+1 = �↵

1 .)

3.1 Majorana fermion operators

�↵

j
= i✓

0
j
✓

↵

j
(248)

�̃↵

j
= i✓̃

0
j
✓̃

↵

j
(249)

where j = 1, 2, 3, ... , 4Nc.

The fields are defined in terms of the Majorana fermion operators as follows:

i↵m = ✓
3
2m�1✓

3
2m

(250)
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Nx = 2, Ny = 2

W̃n,x =
Y

m

⇣̃
x

(m,n) (188)

W̃m,y =
Y

n

⇣̃
y

(m,n) (189)

Without loss of generality, we make the following definitions

Wx = W1,x (190)

Wy = W1,y (191)

W̃x = W̃1,x (192)

W̃y = W̃1,y (193)

because the other loops can be related to these 4 through a product of fluxes.

For instance,

Wn0,x = Wn,x

Y

m

l=n
0�1Y

l=n

 
xy

(m,l), W̃n0,x = W̃n,x

Y

m

l=n
0�1Y

l=n

 ̃
xy

(m,l) (194)

Wm0,y = Wm,y

l=m
0�1Y

l=m

Y

n

 
xy

(l,n), W̃m0,y = W̃m,y

l=m
0�1Y

l=m

Y

n

 ̃
xy

(l,n) (195)

So, we have four Wilson loops, two in the bottom layer (Wx and Wy) and two in the top layer (W̃x and W̃y)

as shown in figure 16.

x

y

z

Wx

Wy

(a) (b)

Figure 16: Wilson loops in the (a) bottom and (b) top layers.

So, we have 24 d.o.f associated with these 4 Wilson loops. But we have 2 constraints on the Wilson loops

which are as follows:

WxW̃x =
Y

m

 
zx

(m,1) (196)
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