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- many models in “KPZ class” exhibit universality related to
random matrix theory:
Tracy Widom distributions: largest eigenvalue of GUE,GOE..

- provide solution directly continuum model (at all times)



Kardar Parisi Zhang equation

Phys Rev Lett 56 889 (1986)

growth of an interface of height h(x,t)
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Osh = vO2h + —(0,h)* +n(x,t)



Universal distribution of conductance in 2D localized phase

Somoza, Ortuno, Prior (2007)
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FIG. 1 (color online). Histograms of Ing versus the scaled
variable y for several sizes and disorders of the Anderson model
with narrow (solid symbols) and wide (empty symbols) leads.
The continuous lines correspond to F5(y) and Fj(y).



Mapping to directed polymers with non-positive weights
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Mapping to directed polymers with non-positive weights
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Mapping to directed polymers with non-positive weights

1
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* directed polymer, discrete and continuum, KPZ equation

* quantum mechanics + replica , high T, Lieb Liniger model

 Bethe Ansatz
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 Bethe Ansatz

« moments of partition sum Z”n for DP with fixed endpoint
= KPZ with droplet initial condition + numerical checks

 generating function of Z*n can be expressed
as a Fredholm determinant, obtain distrib. free energy



Outline
* directed polymer, discrete and continuum, KPZ equation

* quantum mechanics + replica , high T, Lieb Liniger model

 Bethe Ansatz

* moments of partition sum Z”n for DP with fixed endpoint
= KPZ with droplet initial condition + numerical checks

* generating function of Z*n can be expressed
as a Fredholm determinant, obtain distrib. free energy

* large time limit recovers Tracy Widom GUE

* DP 1 free endpoint=KPZ flat init. cond.
Fredholm Pfaffian and TW for GOE

* DP near a wall TW for GSE



directed polymer: 1) lattice model
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directed polymer: 1) lattice model
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directed polymer: 1) lattice model
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directed polvmer: 2) continuum model

z(t)=y L
Z(z.y.t) = / Dok [ d7[5 (42)2 4V (2(r),7)
r(0)=x

—

Vi, t)V(a' t) = o(t — t’)R(m — 33’)

Feynman Kac

_ T 2 V(Zl?,t)
0z = o 0P — —

Z(z,y,t =0) =d(z —y)

A




directed polvmer: 2) continuum model

z(t)=y L
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directed polvmer: 2) continuum model

x(t)=y R
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directed polymer: 2) continuum model

Z’(t):'y 1 Kk (dx 2
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Quantum mechanics and Replica..
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Quantum mechanics and Replica..
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Quantum mechanics and Replica..
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Attractive Lieb-Lineger (LL) model (1963)



Quantum mechanics and Replica..

Zg_q’ _::__ Z(‘?{l: yl_, t)"Z(xn: Yn, t) — <3717 --xnle_tH;eplyla --yn>

0.2, = —H'rZ,

T < 1
rep _ _ 2 _ - R
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¢ = [ duR(u)
drop the tilde.. T3(er)~t > ry
HLL——Z——I-QC Z 5(11??;—.933') cC = —¢C
1<i<j<n

bosons or fermions?

Attractive Lieb-Lineger (LL) model (1963)



Bethe ansatz: ground state
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Bethe ansatz: ground state

_ Kardar 87
n bosons+attraction = bound state
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_ (—32 NO !
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: 3/2 information about the tail
P(f) ~foo eXp(_§(_f) ) of FE distribution
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FE distribution on a cylinder
Brunet Derrida (2000)

cylinder x+L =x E(n,L) = — lim EZ’"'(;U t)

t——+oo { Z(ZC t)

«Kardar L = +00
2

, 0
violates %E (n,L) <0

cannot be continued in n

1
« ground state on cylinder E(n,L) = _L3/2G(_nL1/2)

large deviation of FE distribution on cylinder



Q: distribution of free energy In Z? <=> djstribution of h(x,t) in KPZ

DP of finite length t Z(x,1) = 022 h(x,t)

Here= CONTINUUM model (DP or KPZ) = BA + sum over all excited states
fixedt, hence [, = 4+0o0 Iis oK
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DP of finite length t Z(x,1) = 022 h(x,t)
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Q: distribution of free energy In Z? <=> djstribution of h(x,t) in KPZ

DP of finite length t Z(x,1) = 022 h(x,t)

Here= CONTINUUM model (DP or KPZ) = BA + sum over all excited states
fixedt, hence [, = 4+0o0 Iis oK

1) DP fixed endpoints Johansson (2000) T=0
Eo = ept + owt!/3
; o Prob(w > —s) = F5(s) . 100

Tracy Widom= largest eigenvalue of GUE

T KPZ=narrow wedge, droplet initial condition

o = 0 h(zc,t=0)=—w|a:| W — 00

2) DP one fixed one free endpoint e;‘—gh(ac,t) _ /dyZ(:):, t|y30)€g—3h(y,t:0)

KPZ = flat initial condition w — 0 PNG model (Spohn, Ferrari,..)
h(z,t =0) =0 t—+oo Fy(s)



e Continuum DP fixed endpoint/KPZ Narrow wedge
1) BA + replica
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- G. Amir, |. Corwin, J. Quastel Comm.Pure.Appl.Math.
64 466 (2011)
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- P. Calabrese, P. Le Doussal, ArXiv: 1104.1993 (2011).
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Experimental evidence. We study the convection of nematic liquid
crystal, confined in a thin container and driven by an electric field'**’,
and focus on the interface between two turbulent states, called
dynamic scattering modes 1 and 2 (DSM1 and DSM2)***'. The
latter consists of a large quantity of topological defects and can be
created by nucleating a defect with a ultraviolet laser pulse. Whereas
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Bethe ansatz details —p" — &6(x)p(0) = Evp

17,707 <

n=2 Hy = —89261 — 5’3232 — 55(331 — 372) [w /w]o__— ¢
b(z) = cos(kz) — isgn(x) sin(kz)
P(0) =1

Yar, e (21, 22) —\ =
IA1L1+1Aox ic
SYMyg,,zo € 11 252 (1-— b\ \ sgn(zz — 1))
2 — A1

E =\ + )\



Bethe ansatz details —p" — &6(x)p(0) = Evp

/ 0t __ =
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b(z) = cos(kz) — isgn(az) sin(kz)
P(0) =1
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Periodic BC = Bethe equations



Bethe ansatz details —p" — &6(x)p(0) = Evp

10T =
n=2 H2 _ —832:1 B 63232 o 55(371 o 372) I:w /w]O___ C
W(z) = cos(kz) — isgn(x) sin(kz)
Y(0) =1
Varas (21, T2) ) o\ o
IA1L1+1Aox ic
SYMyg,,zo € 11 252 (1-— b\ \ sgn(zz — 1))
2 — Al
2 2
: A1 — Ay —1iC
Periodic BC = Bethe equations el = 21 2 u_j
)\1 — )\2 -+ 1C
solutions:
2 1-string (A1, \2) = (k1, ko) € R _— .
ImA\ >‘j — 7 J + O(E)
ic/2® Re) G

« 1 2-string Ao =k+ &0 O (ie°L)
—ic/2® 2




Z" = {xg ... 20 e tHrr o .

Z | -9’30|M>|2€—tEg

all eigenstates are of the form | |1UJ| |2

W, = 2.par Hj:l e' P

Ap = | Lzesp>1 (1 = - i\g;(g\;ik)))




Z" = {xg ... 20 e tHrr o .

Z | -$0|M>|2€—tEp,

all eigenstates are of the form | |u| |2

\Ij)u, — ZP AP Hj:l ez)\pgm

Ap = | Lzesp>1 (1 = - Sj\g;(fg\;ik)))

Bethe equations + large L
All possible partitions of n into j=1,..ns strings each with mj particles

)\jgil _ k] + E(j + 1 — 2@) a=1,..,m;

_92 - n.
IOMES 23 1(m3k2 3 m](mj —1)) Ky = ) ;21 mjk;

(Kardar) ground state ns=1, m1=n, k1=0



what is needed?

an _ Z |<3U0""730|/L>|2€—tEM
i

[l ]2
(0---0|p) = ¥,(0,..0) =n!

norm of states: Calabrese-Caux (2007)

== Bk, m)

_ (ki — k;)? + (mi —m;)*c® /4
ofk,m] = ][ (ki = k;)? + (mi +m;)2c? /4

1<i<j<ns



integer moments of partition sum

n = 2?21 m;

: & n!
Ng:\&TTC)""s
Nng= 5 (ml’ mﬂs)n
" n
T dk; [ o st —m k2t
[ TS lhm T em 5t
j=1 ' j=1
_ (ki — kj)* + (mi —m;)*c/4
Q)[k?m]_Kszn (ki — k;)? + (mi +m;)?c* /4



numerical check of second moment
k — AT T =4%/T7

Zyiyr = (Zysi+ Z@+%,£)€_5Vi’f+l 7 2£/T4
unit gaussian on the lattice ¢ =1 _2
_ , A= ()7
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FIG. 1: 22 —1 (4 lqﬁ samples) for £ = 128 (triangle), t = 256
(circle) function of t compared to formula (11) with ¢ = 1.



Numerical check, small time expansion

32
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FIG. 2: From top to bottom the cumulants (4 10° samples)
(Inz)2" (dashed line, triangle), —(In z) (solid line, circle), and

C

(Inz)3 (dotted line, square) for ¢ = 256 as compared with
the the analytical formula (12) with ¢ = 1.




generating function of moments

X (_erzyn F p— A
g(z) =1+ Z ( Z[ ) Zn = exp(—erz—1)) . f
n=1 h A (c_t)l/:%

lim g(z) =0(f —x) = Prob(f > x)

A — 00



generating function of moments

o0 _e)tm n_ F p—
g(i") =1 + Z ( -n[ ) Zﬂ — EKP(_EA(m_f)) Af
n=1 h

A= (S
A
— 00
reorganise sum over number of strings
— 1
glz) =1+ Z FZ(TL&;I)
ne=1 °°
00 (_1)ZJ m;
Z(ng,r) = Z .
Me,... My =1 (471-)\3/2) T

H / % H (k’e: — kj)Q + (m% — mj)QAB ﬁ e%)\?’m?—mjk?—l—)\mmj
LL o, (ki — )2 + (m; + m;)2\3

Interactions between strings



generating function of moments

o0 —E’.}"I n_ F p—
g(f) =1 + Z ( -n[ ) Zﬂ — e}{p(_E}t(ﬁ—f)) Af
n=1 h

lim g(z) =0(f —x) = Prob(f > x)

reorganise sum over number of strings

ns=1 Airy trick

-~ —1 2.5 - dyAi(y)e?? = v /3
Z(nij) — Z (( ) : /_m yAi(y)
=1

H / % H (k’e: — kj)Q + (m% — mj)QAB ﬁ e%)\?’m?—mjk?—l—)\mmj
LL o, (ki — )2 + (m; + m;)2\3

Interactions between strings



One string contribution ns=1

dv v1/? =
Z(1. 1) = duls _1)ym Amy—vm+-Arm
o) = [ S dvAie) 3 (-0

v — A\v
Yy—>y+ov—2x

dv v1/? ey
Z(l,z)=— du Ai 2 —
(1,z) /ﬂ}n o WAy +v—1)——x

y _ : d .
e 3 Q(y) lim Z(1,z) = —/w —wwg/zAz(w — )

1+eXv A—00 <0 3T
independent string approximation
gind(x) = exp(Z(1,x)) Proby,q(f > x) = gina(x)

correct tail for large negative f (exponent and prefactor..)



full solution

= ()R
Z(’RS,:C) — Z (47T)\‘3/2)n
j=1 Mg 1<i<j<ng (k% - kj)Q T (m% T mj)g)\g 7=1
1
det|

Z(k@ — kj))\—B/Z + (mz + mj,)]
(ki—kj)Q—l—(m'—mj)Q)\g Ng 1
(ki — kj)? 4+ (m; +m; )2)\3 L 2m;

1<

3 3 1.2 .
A m;— mjkj—l—)\:rmj



Result: Fredholm determinant

Z(ng, x) / l_IdvZ det| K (vi,v;)]

t>0,£ 1

Kx(’u,’u’)sz v+v v—v")

/—dyAz y—l—kz—x—l—u)

)\y—fékw

1+ ety



Result: Fredholm determinant

Z(ng, ) /U Hd% det| K (vi,v;)] 2 s

i>0,;-1 )‘:(Zt)

Kx(v,’u’) (v+vv—1")

g(x) = Det|l + Ph K, FPy| . s

projector on [s, +oo|

— IrIn(1+K)  — 14 TrK + O(TrK?)

| ~



Large time limit and F2(s)

A = +00
Prob(f > x) = g(x) = det(1 + P_= KP_=)

7 dk A
K(v,v'") = —/ —dyAi(y + k> + v + v')e k=Y
Y

Airy function identity

/ dkAi(k? +v+0")eF =) = 22137 4i(21/30) Ai(2V/30)

Prob(f >z = —2%3s) = Det(1 — P,K 4, P,) = F»(s)

Kai(v,0") = fy>0 Az(’u + y)/il?,(’vJr + Y)



(log z)?

Strong universality at large time

2473 )2

01 | 1 o IIHHIO

FIG. 3: (In 7)28/(24/3)\2) plotted as a function of T, for in-

creasing polymer length t. Triangles correspond to ¢ = 4096,
Circles to ¢ = 256 and the dotted line to the TW variance
0.81319... Averages are performed over 20000 samples.



An exact solution for the KPZ equation with flat initial conditions

P. Calabrese, P. Le Doussal, PRL (2011)

= o -2 A% 3 243
Z(HS) _ Z Hf H . €ij—4mjkj/\ —Am;s
m;>1j=1"Fi g=1 2ikj +q
xpf{ ( 0k + k) (= 1)™ 6, m, + 5 (27)26(Ki)0 (kj) (—1)™nmemdsgn(m; —my) 3 (2m)8(ks) ) ]

2“6-,; —I—mi —2ik; —m;
(2m)d(k;) Qikt-+m.,;+21'kj +mj—




o.@)

1 0 I
ga(s) =PII+ K] = ) —Z(ns) J:(—I 0)
ns:O = - - -

- : 2 A o € ik A(y1+yz2)
K11 :/ kA'l(yl +vi + s +4k7)Ai(y2 + vj + s + 4k7)| ik frya(eM¥rre2))

- 1 . _9eMY
B = Efﬂz(y“”i)(ﬁ 1) 8(vy) + Mék)F(Qe}*yl,ze*W)]

y

I{QQ = 2{5!(%‘1‘ — ”Uj) y

2wk 1 Fo (12 — 2ik, 2 4 2ik; —2)

Ji(2) = sinh (27k) T (2 — 2ik) T (2 + 2ik) (19)

1
F(zi,2z;) =sinh(zg —2z1) +e % —e 7' + / du
0

x Jo(2y/2129(1 — u))[z1 sinh(z1u) — 2o sinh(zu)] .



o.@)

gr(s) =PI+ K] = ) %Z(ns) 1= (_—0{ é)

ne=>0

e—?i{‘lﬂf—ﬂj)k
Ky = / Ai(yy +v; + s +4k*) Ai(ya + v; + s+ 4K%)] ST fkf)\(el(yﬁyz))
U1 U2k KT

. 2™V
/ Ai(y+ s+ v5) (€2 — 1) (u;) N “52““)1?(2&91,2@92)]
y

2wk 1 Fo (12 — 2ik, 2 4 2ik; —2)

. )\ _
fi(2) = sinh (27k) T (2 — 2ik) T (2 + 2ik) (19) lim— o0 fi/a(€) = —6(y)

! 1 AY1 Ay2)
F(zi,zj) =sinh(zg — 21) + €772 —e™ =t _|_/ du limy— 4 oo F(Qe Y1 2e7Y?) =
0 0(y1+y2)(0(y1)0(—y2)— 0(y2)0(—y1))

x Jo(2y/2129(1 — u))[z1 sinh(z1u) — 2o sinh(zu)] .

lim Z(ng) = (—1)”5/ det|Bs(zi, j)|n.xn., -

A—+o00 LTy

QOD(S) — FI(S) — det[I — BS] GOE Tracy Widom

e -

Bs = 0(x)Ai(x +y+ 5)0(y)



DP near a wall = KPZ equation in half space
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DP near a wall = KPZ equation in half space
tA grs(s) < gms(s)?

g(s) = /Det[I + K]
K(v1,v9) = —260(v1)0(v2)0y, f(v1,v2)

e—QikZ(’Ul —’1)2)

dk _
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DP near a wall = KPZ equation in half space
tA grs(s) < gms(s)?

g(s) = /Det[I + K]
K(v1,v9) = —260(v1)0(v2)0y, f(v1,v2)

dk . 5 N e—2ik(v1—v2)
f(01302)=/%/yf4@(y+8+01+vz + 4k*) fr/a(e?) o7k
2k 2 2
felz] = Snh(d7k) (J—4ik($) + J4ik($)>
3 y —1F (1;1 — 2k, 1 + 2ik; —1/2)
:‘? > ,\11>H010 fryale™?] = —0(y)(1 — cos(2ky))
Z(x,0,t) = Z(0,y,t) =0
( ) . (0:9.1) \ = c’t 1/3 _ DGt 1/3
Vh(0,t) fixed L R70 = (8?) = (8(2y)5)

A ~
InZ = Z—Bh(o, £) = vool + 223 \x4

X4 distributed as  Fu(s)

Gaussian Symplectic Ensemble
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Ortuno Somoza :
01k
log of conductance point to point '
near sample edges oor L
box distribution W=10 5
L=100-3200
1E-5
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conclusion
* solved continuum model delta disorder (DP)/noise (KPZ)
It describes:

* any DP model high T (crossover Brownian to glass)

* any KPZ class growth weak noise/large diffusivity
(crossover Edwards-Wilkinson to KPZ)

strong universality

- solution using BA for all t : generating function related to some
Fredholm determinant for all t

* obtain free energy/KPZ height distribution for all t

* obtain convergence to Tracy Widom distrib. large t: KPZ is in KPZ class!

* DP fixed endpoints/KPZ droplet initial condition to GUE
* DP one free endpoint/KPZ flat initial condition to GOE
 DP fixed endpoint near wall/KPZ half-space to GSE

- predict new crossover in 2D strongly localized systems 7?



conclusion

 continuum delta model describes DP high T
strong universality

» solution using BA of DP fixed endpoints for all t
(KPZ droplet init. cond).

 generating function is a Fredholm determinant for all t

« obtain free energy/KPZ height distribution for all t
GUE confirmed large t = KPZ in KPZ class..

* solution using BA of DP one free endpoint for all t
(KPZ flat init. cond).



