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Novel topological phenomena 
in non-equilibrium systems

Takuya Kitagawa ( Harvard University)

in collaboration with Mark Rudner, Erez Berg , Takashi Oka, 
Liang Fu, Eugene Demler (Theory)

Andrew White’s group, Immanuel Bloch’s group (Experiment)
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Floquet approach to periodically driven systems

H(t) = H(t + T )
where T is one period of dynamics

Consider non-interacting, single particle 
Hamiltonian in a lattice which is periodically driven 

Ex. 1D

We characterize such dynamics through the evolution 
operator after one period called Floquet operator:

U(T ) = T
�
e−i

R T
0 H(t�)dt

�
�

T is time ordering

Topological behavior is captured in the topology of 
Floquet operator

Takuya Kitagawa, Harvard University
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Takuya Kitagawa, Harvard University

Effective Hamiltonian

We can define a local, static Hamiltonian 　　 through

“Stroboscopic” simulation of
see, T.Kitagawa et al (2010) PRB

U(T ) = T
�
e−i

R T
0 H(t�)dt

�
�

T is time ordering

Evolution operator of one period
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Topology of Effective Hamiltonian

“Periodic table” of topological phases 
(Qi et al PRB 2008, Schnyder, Ryu et al PRB 2008, 

Kitaev AIP Conference proceeding 2009)
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Hamiltonian formulation
Uonestep ≡ e

−iHeff (θ)δt

Heff (θ) =
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Photo-induced integer quantum Hall 
effect without Landau levels

Condensed matter realization
T. Kitagawa, et al, Phys. Rev. B 84, 235108 (2011)

Non-equilibrium realization of Haldane model
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Driven graphene

AB

H(t) =
�

<ij>

c
†
i cje

−iAij(t)

Aij(t) = A�rij · (cos(tΩ), sin(tΩ))

Circularly polarized light
Assume the driving frequency Ω� J

A �= 0

Q
au

si
-e

ne
rg

y

Momentum
c.f. Oka and Aoki, Phys. Rev. B 79, 081406 (R) (2009), see also Erratum
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Takuya Kitagawa, Harvard University

Real space picture of effective Hamiltonian
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Takuya Kitagawa, Harvard University

Real space picture of effective Hamiltonian

Non-equilibrium realization of Haldane model!
F.D.M. Haldane, Phys. Rev. Lett. 61, 2015(1998)
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Measurement of topology of bands

Theory : D. Abanin, T. Kitagawa, and E. Demler

spin  up
spin  down

Dirac  point

Berry  phase Zak  phase

Experiment: M. Aidelsburger, M. Atala, J. Barreiro, I. Bloch 

23



Topology of bands

24



Topology of bands

1D:SSH phase

24



Topology of bands

1D:SSH phase 2D: IQH

∂ kx nn

n · ∂ kx n × ∂ ky n

∂ ky n
ky

-π π
π

-π

kx

Brillouin zone
Bloch sphere

nChern =
1

2π

�

BZ
Akdk =

1

2π

�

BZ
Ωk d

2k

kx

k y

24



Naive measurement

25



Naive measurement

25



Naive measurement

25



Naive measurement

1. Trajectory is curved and complicated.
Problem with this naive approach
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Naive measurement

1. Trajectory is curved and complicated.
Problem with this naive approach

2.              Need to separate dynamical phase from Berry phase
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Measurement with Ramsey-type interferometer
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Ramsey-­type  interference  experiment
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Measurement with Ramsey-type interferometer

drag  in  the  
opposite  directions

Ramsey-­type  interference  experiment

1. Only requires straight-line trajectory
2.  Dynamical phase will cancel between the two trajectory

Solves the problems

Use two hyperfine states
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Zak phase under Bloch oscillations
This scheme measures the phase 

accumulation under Bloch oscillation

Zak phase is related to Berry phase through a 
geometrical symmetry of the lattice!

Dirac  point

Berry  phase Zak  phase
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Measurement of Zak phase for SSH phase
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Relation between Zak phase and Chern number

Measurement of (integrated) local 
Berry curvature from Zak phase
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Relation between Zak phase and Chern number

Zak  phase
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Relation between Zak phase and Chern number

Measure Zak phase for different
initial points in the primitive cell

Zak  phase
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Relation between Zak phase and Chern number

Measure Zak phase for different
initial points in the primitive cell

Chern number

Zak  phase
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Conclusion

1. Rich and unique topological behaviors exist for 
periodically driven systems

3. Band Topology can be directly measured through a 
combination of Bloch oscillation and Ramsey 
interferencce in atomic phyiscs. 

 2. Examples of such non-equilibrium topological 
phenomena are abundant in quantum optics, 
cold atoms and condensed matter systems.

Dirac  point

Berry  phase Zak  phase
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Further work
Dimension increase from light application
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