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Abstract
We continue studies ofN = (0 , 2) deformed (2,2) two-dimensional CP(N ! 1)

models discovered previously on the world sheet of non-Abelian strings supported
by certain four-dimensionalN = 1 theories. We study geometric aspects and holo-
morphic properties of these models, and derive a number of exact relations for the!
functions in terms of the anomalous dimensions analogous to the NSVZ! function in
four-dimensional Yang-Mills. The anomalous dimensions are explicitly calculated up
to two loops implying that the ! functions are explicitly known up to three loops. At
this level uur result conÞrms a factorization found at one loop previously, and a Þxed
point at h2/g 2 = 1

2. Then we prove that (despite the heterotic nature of the model)
anomalies in the isometry currents do not appear at anyN . This is in contradis-
tinction with the minimal heterotic model (with no right-moving fermions) which is
anomaly-free only forN = 2, i.e. CP(1). We also consider theN = (0 , 2) super-
current supermultiplet (the so-called hypercurrent) and its anomalies, as well as the
ÒKonishi anomaly.Ó This gives us another method for Þnding two-loop! functions.
Finally, we discuss instanton approach to the! functions calculation.

1 Introduction

Heterotically deformed N = (0 , 2) CP(N ! 1) models to be considered below
emerged as low-energy world sheet theories on non-Abelian strings supported in some
N = 1 four-dimensional Yang-Mills theories [1,2] (for a recent review see [3]). These
models, although remaining largely unexplored, appear to be important in various
problems. Some previous results can be found in [4Ð8], for a general discussion of
(0,2) models see [9Ð13]. Here we report further results in this study referring to
perturbative and nonperturbative aspects of these models. A renewed interest is
also due to the recent publication [14].

The importance of heteroticN = (0 , 2) CP(N ! 1) models derives from Þeld-
theoretic, geometrical, and algebraic standpoints. In Þeld theory two-dimensional
N = (0 , 2) CP(N ! 1) models are believed to share some features withN = 1
super-Yang-Mills theories in four dimensions (e.g. [6]). They are asymptotically
free in the ultraviolet (UV), have di! erent phases in the infrared (IR), and admit
large-N solution [7,8]. These facts can be interpreted within 4D-2D correspondence
(e.g. [1, 2]) and the Dijkraaf-Vafa type deformation. The same correspondence was
noted in more general 4D-2D coupled systems, and its study requires a thorough
knowledge of the the two-dimensional side. A number of insights were obtained from
string theory, see [12,13]. However, considerations of (0,2) models in quantum Þeld
theory are scarce. In particular, beyond chiral operators, nothing was explored until
quite recently.

Two-dimensional sigma models present a natural playground to study geometry.
This could be the geometry of the target space, the tt! geometry of the vacuum
bundle over the moduli space, etc. etc. Essentially everything is known for the
undeformedN = (2 , 2) models. With N = (0 , 2) supersymmetry, one can test the
robustness of the target space geometry Ð whether or not quantization will provide
us with some kind of geometrical deformation. In particular, the models we will
consider have both, isometries and a global symmetry realized in a nontrivial way.
The interplay between geometry and quantum e! ects could be enlightening on both
sides.

Finally, implications of current algebra in N = (0 , 2) theories were discussed
more than once. While the general structure is known [15, 16], explicit examples
of how these current-algebraic relations are implemented in particular models and
what they imply for quantization were not worked out. We emphasize that the cur-
rent algebra calculation and the renormalization group (RG) ßow of the theory are
intertwined, and, hence, it is possible to formulate the current algebra as a way to
uncover renormalization of a given theory. Moreover, the supercurrent supermul-
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   (0,2) Models in 2D
Chiral (0,2)  supermultiplet

Fermi supermultiplet

            in decomposition of (2,2)

In (2, 2) CP(N-1):       and 

tiplet (to be referred to as hypercurrent) starts from the U (1) R current, therefore
the overall anomaly is determined by the index theorem for the appropriate Dirac
operator.

Our task in the present paper is to analyze the heterotically deformed (nonmin-
imal) N = (0 , 2) CP(N ! 1) models from these three standpoints. We present a
more complete geometric formulation of the class of nonminimal models which will
be studied in this paper. Holomorphic properties of such models are revealed. They
have two coupling constants and, correspondingly, two! functions. Then we calcu-
late both ! functions in more than one way. We derive exact relations between the
! functions and the anomalous dimensions" , analogous to the NSVZ relations in
four-dimensional Yang-Mills [17]. For instance, for! g it will be shown that to all
orders in perturbation theory

! g = !
g2

4#

Ng 2 + h2"

1 + ( h2/ 4# )
(1.1)

where" is the anomalous dimension deÞned in Eq. (3.4Beta functionsequation.3.4).
We compute the anomalous dimensions up to two loops implying predictions for thenote that this

has to be
changed! functions up to three loops. Our result conÞrms a factorization found at one loop

previously [5].
Then we prove that (despite the heterotic nature of the model) anomalies in the

isometry currents do not appear at anyN .
Finally, we consider theN = (0 , 2) supercurrent supermultiplet (hypercurrent)

and its anomalies, as well as the ÒKonishi anomalyÓ [18]. This gives us another
method for Þnding! functions beyond one loop. Finally, we carry out a brief dis-
cussion of instantons (i.e. the impact of heterotic deformation).

2 Heterotic N = (0 , 2) models in 2D

2.1 Formulation of the model

We start to describe the model to be studied in this paper by introducing two types
of chiral N = (0 , 2) superÞeldsA and B , The Þrst, bosonic superÞeldA describes
a chiral supemultiplet which on mass shell consists of the boson Þeld and left-moving
fermion,

A (x R +2 i $  $, x L , $) = %(x R +2 i $  $, x L )+
"

2 $ &L (x R +2 i $  $, x L ) . (2.1)

Here x R,L are light-cone coordinatesx R,L = t ± x and $ is the one-component
Grassmann variable corresponding to$R (see Appendix A for our notation). The
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second, fermonic superÞeldB refers to the Fermi supermultiplet which on mass shell
contains only the right-moving fermion (F is an auxiliary Þeld),

B (x R +2 i !   ! , x L , ! ) = " R (x R +2 i !   ! , x L )+
!

2 ! F (x R +2 i !   ! , x L ) . (2.2)

Note that in the nonlinear formulation here, the fermionic multiplets are taken to
be chiral in a strict sense. In theN = (0 , 2) gauged formulation this condition can
usually be relaxed. Note also that theN = (2 , 2) chiral Þeld! (x R +2 i !  

R ! R , x L "
2i !  

L ! L , ! R , ! L ) decomposes in theN = (0 , 2) superÞeldsA and B as

! (x R + 2 i !  
R ! R , x L " 2i !  

L ! L , ! R , ! L )

= A (x R + 2 i !  
R ! R , x L , ! R ) +

!
2 ! L B (x R + 2 i !  

R ! R , x L , ! R ) .
(2.3)

The N = (0 , 2) supersymmetry transformations are as follows:

#x R = " 2i !   $ , #x L = 0 , #! = $, #!   = $  ,

#%=
!

2 $ " L , #" L = "
!

2 i $  &L %, (2.4)

#" R =
!

2 $F , #F = "
!

2 i $  &L " R ,

where&L = &t + &x = 2 &x R .
The undeformedN =(2 , 2) model in terms of theN =(0 , 2) superÞelds (2.1For-

mulation of the modelequation.2.1) and (2.2Formulation of the modelequation.2.2)
contains equal number of bosonicA i and fermionicB i superÞelds. In the particular
case of CP(N " 1) we havei = 1 , 2, ..., N " 1.

The heterotic deformation to be considered below is induced by adding a singlet
fermonic superÞeldB,

B = ' R (x R + 2 i !   ! , x L ) +
!

2 ! F (x R + 2 i !   ! , x L ) . (2.5)

The Lagrangian can be written as

L =
1

4

!
d2!

"
K i (A, A   )

#
i &R A i " 2( BB i

$
+ H .c.

%

+
1

2

!
d2!

"
Z G i øj (A, A   ) B   øj B i + Z B   B

%
. (2.6)

Here K is the K¬ahler potential viewed as a function of the bosonic superÞelds. By
deÞnition

K i (A, A   ) # &A i K (A, A   ) . (2.7)
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Lagrangian
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the Þrst line are not uniquely deÞned while the Kahler 
metric                                                is a good tensor.
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One can check that the above Lagrangian is target-space invariant. However, the
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One can check that the above Lagrangian is target-space invariant. However, the
target space invariance is implicit in Eq. (2.6) becauseK i (A, A   ) is not explicitly
target-space invariant. It becomes explicit upon passing to the integration over the
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The first line in this equation refers to the undeformed N = (2, 2) theory, the
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In di↵erential geometry the heterotic construction presented above can be de-
scribed as an action of the C⇤ one-dimensional algebra on the odd tangent vector
bundle.1 Note that there is a diagonal U(1) which rotates Bi and B in the opposite
directions.

The consideration above is applicable to modifying any Kähler manifold, we are
not limited to CP(N�1). What is less clear whether or not it is possible to add
more right-moving fermions so that the extra fermionic bundle is not just TC. To
this end a three-form H consistent with the target-space invariance should exist. We
are not aware of such generalizations.

2.3 Holomorphy and its breaking

The deformed CP(N�1) theory contains four bare parameters:

1

g2

,
#

g2

, Z , Z . (2.20)

1We are indebted to Alexander Voronov for explanations.
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The Þrst two,1/g2 and/g2, enter as coe�cients of theF terms in Eq. (2.9) and can
be taken to be complex, while parametersZ and Z should be real. The imaginary
part of 1/g2 deÞnes the vacuum✓ angle, Im(1/g2) = ✓/4⇡ , while the phase of
(/g2) produces an addition to this✓ angle. These angles do not contribute to
physical e↵ects due to the presence of massless fermonic Þelds whose phase can be
redeÞned.

Nonrenormalization of superpotential implies the absence of loop corrections to
the holomorphic coupling/g2, and, in particular, the absence of its running,

M
uv

d

dM
uv



g2

= 0 . (2.21)

For a detailed derivation of the nonrenormalization theorem see Ref. [4].
As for 1/g2, which is an analog of the gauge coupling in 4D Yang-Mills theories,

we know that in the undeformed CP(N�1) theory, i.e. at  = 0, the holomorphicity
of 1/g2 is maintained. It implies that only one-loop running of1/g2 is allowed,
higher loops are absent. In the 4D case this phenomenon is similar toN = 2
gauge theories. With less supersymmetry, i.e. inN = 1 gauge theories in 4D,
holomorphicity is broken. It happens usually at two-loop level but in certain cases
appears already at the level of the Þrst loop, see Refs. [19,20].

We will show now that the deformation by the term leads to breaking of
holomorpicity for 1/g2 already at the level of the Þrst loop. More speciÞcally, the Þrst
loop provides a Þnite||2 correction to1/g2 which then leads to the nonholomorphic
running of g2 in the second loop.

Iteration in  involves integration over quantum⇣
R

and 
R

Þelds in the form of
the polarization operator,
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For the background bosonic Þelds�i we take

�i = f ieikx , (2.23)

wheref i are some constants. It Þxes the propagators of⇣
R

and 
R

Þelds and leads
to the following result for ⇧i
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. Note the occurrence of the1/k2 denominator.

8

The first two, 1/g 2 and /g 2, enter as coe! cients of the F terms in Eq. (2.9) and can
be taken to be complex, while parameters Z and Z should be real. The imaginary
part of 1/g 2 defines the vacuum ✓ angle, Im(1/g 2) = ✓/ 4⇡ , while the phase of
(/g 2) produces an addition to this ✓ angle. These angles do not contribute to
physical e" ects due to the presence of massless fermonic fields whose phase can be
redefined.

Nonrenormalization of superpotential implies the absence of loop corrections to
the holomorphic coupling /g 2, and, in particular, the absence of its running,

M uv
d

dM uv



g2
= 0 . (2.21)

For a detailed derivation of the nonrenormalization theorem see Ref. [4].
As for 1/g 2, which is an analog of the gauge coupling in 4D Yang-Mills theories,

we know that in the undeformed CP(N ! 1) theory, i.e. at  = 0, the holomorphicity
of 1/g 2 is maintained. It implies that only one-loop running of 1/g 2 is allowed,
higher loops are absent. In the 4D case this phenomenon is similar to N = 2
gauge theories. With less supersymmetry, i.e. in N = 1 gauge theories in 4D,
holomorphicity is broken. It happens usually at two-loop level but in certain cases
appears already at the level of the first loop, see Refs. [19, 20].

We will show now that the deformation by the  term leads to breaking of
holomorpicity for 1/g 2 already at the level of the first loop. More specifically, the first
loop provides a finite ||2 correction to 1/g 2 which then leads to the nonholomorphic
running of g2 in the second loop.

Iteration in  involves integration over quantum ⇣R and  R fields in the form of
the polarization operator,

! iøi
RR (k) = i ||2

!
d2x e! ikx "0|⇣R (x ) i

R (x ) 
  øi
R (0)⇣  

R (0)|0#. (2.22)

For the background bosonic fields �i we take

�i = f i eikx , (2.23)

where f i are some constants. It fixes the propagators of ⇣R and  R fields and leads
to the following result for ! iøi

RR ,

! iøi
RR (k) = !

||2

4⇡Z Z

kR kR

k 2
Giøi , (2.24)

where kR,L = k0 ± k1 , k 2 = kR kL . Note the occurrence of the 1/k 2 denominator.
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The potential Tik is not uniquely deÞned but its curvature

H ik øj = Tik, øj =
! Tik

! A   øj
(2.15)

is a good object. This curvature deÞnes the chiral form for the heterotic modiÞcation,

L B =
1

2

!
d2" G( B )

i øj B   øj B i !
1

2

!
d"

"
H ik øj (DA   øj )B i B k + H .c.

#
, (2.16)

In the model at hand the nonvanishing components ofH ik øj

H Ni øj = ! H iN øj = !
#

2
Gi øj ( i, øj = 1 , . . . , N ! 1) (2.17)

are expressed via the CP(N ! 1) metric tensorGi øj . It looks even simpler forH j
ik =

H ik øj G j øj :

H j
Ni = ! H j

iN = !
#

2
$j

i ( i, j = 1 , . . . , N ! 1) . (2.18)

The chiral ÞeldF in Eq. (2.10) which deÞnes the total Lagrangian,L = Re
$

d" F ,
can be rewritten in the following generic form:

F = !
1

2

"
i G i øj (DA   øj ) ! R A i + H ik øj (DA   øj )B i B k + D

%
G( B )

i øj B   øj B i
&#

. (2.19)

In di ! erential geometry the heterotic construction presented above can be de-
scribed as an action of theC ! one-dimensional algebra on the odd tangent vector
bundle.1 Note that there is a diagonal U(1) which rotatesB i and B in the opposite
directions.

The consideration above is applicable to modifying any K¬ahler manifold, we are
not limited to CP( N ! 1). What is less clear whether or not it is possible to add
more right-moving fermions so that the extra fermionic bundle is not justT C . To
this end a three-formH consistent with the target-space invariance should exist. We
are not aware of such generalizations.

2.3 Holomorphy and its breaking

The deformed CP(N ! 1) theory contains four bare parameters:

1

g2
,

#

g2
, Z , Z . (2.20)

1We are indebted to Alexander Voronov for explanations.

7

The Þrst two,1/g2 and/g2, enter as coe�cients of theF terms in Eq. (2.9) and can
be taken to be complex, while parametersZ and Z should be real. The imaginary
part of 1/g2 deÞnes the vacuum✓ angle, Im(1/g2) = ✓/4⇡ , while the phase of
(/g2) produces an addition to this✓ angle. These angles do not contribute to
physical e↵ects due to the presence of massless fermonic Þelds whose phase can be
redeÞned.

Nonrenormalization of superpotential implies the absence of loop corrections to
the holomorphic coupling/g2, and, in particular, the absence of its running,

Muv
d

dMuv



g2
= 0 . (2.21)

For a detailed derivation of the nonrenormalization theorem see Ref. [4].
As for 1/g2, which is an analog of the gauge coupling in 4D Yang-Mills theories,

we know that in the undeformed CP(N! 1) theory, i.e. at  = 0, the holomorphicity
of 1/g2 is maintained. It implies that only one-loop running of1/g2 is allowed,
higher loops are absent. In the 4D case this phenomenon is similar toN = 2
gauge theories. With less supersymmetry, i.e. inN = 1 gauge theories in 4D,
holomorphicity is broken. It happens usually at two-loop level but in certain cases
appears already at the level of the Þrst loop, see Refs. [19,20].

We will show now that the deformation by the term leads to breaking of
holomorpicity for 1/g2 already at the level of the Þrst loop. More speciÞcally, the Þrst
loop provides a Þnite||2 correction to1/g2 which then leads to the nonholomorphic
running of g2 in the second loop.

Iteration in  involves integration over quantum⇣R and R Þelds in the form of
the polarization operator,

! iøi
RR (k) = i||2

!
d2x e! ikx "0|⇣R (x) 

i
R (x) 

  øi
R (0)⇣  

R (0)|0#. (2.22)

For the background bosonic Þelds�i we take

�i = f i eikx , (2.23)

wheref i are some constants. It Þxes the propagators of⇣R and R Þelds and leads
to the following result for ! iøi

RR ,

! iøi
RR (k) = !

||2

4⇡ZZ
kR kR

k2
Giøi , (2.24)

wherekR,L = k0 ±k1 , k2 = kR kL . Note the occurrence of the1/k2 denominator.

8

The first two, 1/g 2 and ! /g 2, enter as coe! cients of the F terms in Eq. (2.9) and can
be taken to be complex, while parameters Z and Z should be real. The imaginary
part of 1/g 2 defines the vacuum " angle, Im(1 /g 2) = " / 4# , while the phase of
( ! /g 2) produces an addition to this " angle. These angles do not contribute to
physical e" ects due to the presence of massless fermonic fields whose phase can be
redefined.

Nonrenormalization of superpotential implies the absence of loop corrections to
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For a detailed derivation of the nonrenormalization theorem see Ref. [4].
As for 1/g 2, which is an analog of the gauge coupling in 4D Yang-Mills theories,

we know that in the undeformed CP(N ! 1) theory, i.e. at ! = 0 , the holomorphicity
of 1/g 2 is maintained. It implies that only one-loop running of 1/g 2 is allowed,
higher loops are absent. In the 4D case this phenomenon is similar to N = 2
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holomorphicity is broken. It happens usually at two-loop level but in certain cases
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We will show now that the deformation by the ! term leads to breaking of
holomorpicity for 1/g 2 already at the level of the first loop. More specifically, the first
loop provides a finite |! |2 correction to 1/g 2 which then leads to the nonholomorphic
running of g2 in the second loop.

Iteration in ! involves integration over quantum $R and %R fields in the form of
the polarization operator,
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RR (k ) = i |! |2

!
d2x e! ikx "0|$R (x )%i

R (x ) %  øi
R (0) $ 

R (0) |0#. (2.22)

For the background bosonic fields &i we take

&i = f i eikx , (2.23)

where f i are some constants. It fixes the propagators of $R and %R fields and leads
to the following result for ! iøi

RR ,

! iøi
RR (k ) = !

|! |2

4# Z Z

kR kR

k 2
Giøi , (2.24)

where kR,L = k0 ± k1 , k 2 = kR kL . Note the occurrence of the 1/k 2 denominator.
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Figure 1: One-loop finite correction to the canonical coupling g. The wave line denotes
the background field A . The solid line denotes the propagator of B , while the solid line
with a wavy line superposed denotes that of B . We shall follow the same notation all
through this section.

Let us emphasize that there is no ambiguity in the chiral fermion loop for !
RR

due to its nonzero Lorentz spin. Generally speaking, the polarization operator !
µ!

can contain polynomial in k terms such as g
µ! or !

µ! . These terms have zero Lorentz
spin and do not contribute to !

RR

.
Equation (2.25) results in the following correction to the original bosonic action

due to the heterotic coupling " ,

" " L = �
|" |2

4# Z Z
G

i

ø
j

$
R

%†ø
j$

L

%i . (2.25)

This clearly demonstrates breaking of holomorphicity by the fermion loop depicted
in Fig. 1 . Note the ultraviolet nature of the correction – it comes from the range of
virtual momenta of the order of the external momenta which can be viewed as the UV
cuto! in (2.26). This loop is also related to the axial anomaly in the fermionic current.
Correspondingly we claim the absence of higher-loop corrections to Eq. (2.26). Those
that might appear are saturated in the infrared and thus must be treated as infrared
e! ects.

It is not di" cult to generalize the result (2.26) for heterotic modifications of the
CP(N � 1) metric to the case the arbitrary Kähler manifold,

" " G
i

ø
j

= �
1

2#
H

lk

ø
j

H ø
l

ø
ki

G(B) lølG(B)kø
k = �

1

2#
H

lk

ø
j

H
lk

i

, (2.26)

where the indices in H = H ! are raised by the G(B) iøj metric tensor (inverse to

G(B)
i

ø
j

defined in (2.14)).

3 Beta functions

The perturbation theory is governed by two real parameters. The first one is
1/ Re(1 /g 2) which we will denote simply as g2 omitting Im(1 /g 2) . The second
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For the background bosonic Þelds&i we take

&i = f i eikx , (2.23)

wheref i are some constants. It Þxes the propagators of$R and %R Þelds and leads
to the following result for ! iøi
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wherekR,L = k0 ± k1 , k 2 = kR kL . Note the occurrence of the1/k 2 denominator.
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Figure 1: One-loop Þnite correction to the canonical couplingg. The wave line denotes
the background ÞeldA . The solid line denotes the propagator ofB , while the solid line
with a wavy line superposed denotes that ofB. We shall follow the same notation all
through this section.

Let us emphasize that there is no ambiguity in the chiral fermion loop for! RR

due to its nonzero Lorentz spin. Generally speaking, the polarization operator! µ !

can contain polynomial ink terms such asgµ ! or ! µ ! . These terms have zero Lorentz
spin and do not contribute to ! RR .

Equation (2.25) results in the following correction to the original bosonic action
due to the heterotic coupling" ,

" " L = !
|" |2

4# Z Z
Gi øj $R %  øj $L %i . (2.25)

This clearly demonstrates breaking of holomorphicity by the fermion loop depicted
in Fig. 1 . Note the ultraviolet nature of the correction Ð it comes from the range of
virtual momenta of the order of the external momenta which can be viewed as the UV
cuto! in (2.26). This loop is also related to the axial anomaly in the fermionic current.
Correspondingly we claim the absence of higher-loop corrections to Eq. (2.26). Those
that might appear are saturated in the infrared and thus must be treated as infrared
e! ects.

It is not di " cult to generalize the result (2.26) for heterotic modiÞcations of the
CP(N ! 1) metric to the case the arbitrary K¬ahler manifold,
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i , (2.26)

where the indices inH = H ! are raised by theG( B ) i øj metric tensor (inverse to
G( B )

i øj deÞned in (2.14)).
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the background ÞeldA . The solid line denotes the propagator ofB , while the solid line
with a wavy line superposed denotes that ofB. We shall follow the same notation all
through this section.
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This clearly demonstrates breaking of holomorphicity by the fermion loop depicted
in Fig. 1 . Note the ultraviolet nature of the correction Ð it comes from the range of
virtual momenta of the order of the external momenta which can be viewed as the UV
cuto! in (2.26). This loop is also related to the axial anomaly in the fermionic current.
Correspondingly we claim the absence of higher-loop corrections to Eq. (2.26). Those
that might appear are saturated in the infrared and thus must be treated as infrared
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that might appear are saturated in the infrared and thus must be treated as infrared
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In (0,2)                  

Currents and anomalies multiplets

theories the hypercurrent and its quantum anomalies were studied in Ref. [28]. This
study included, in particular, the anomaly in the central charge which does not enter
the N=(0, 2) algebra. The general formulation in case of N = (0, 2) theories was
given in Ref. [16]. We present an explicit superfield form for the hypercurrent and
all anomalies in the heterotic models under consideration.

8.1 Hypercurrent in the undeformed N = (2, 2) theory

Let us start with the definition of the hypercurrent T
µ

in the undeformedN = (2, 2)
theory. The hypercurrent is the supermultiplet containing a supersymmetry current
s
µ! and an energy-momentum tensor #

µ" ,

T
µ

= v
µ

+
⇥

✓�0s
µ

+ H.c.
⇤

� 2 ✓̄�" ✓ #
µ" + . . . . (8.1)

Here ✓ is the spinor ✓ = (✓1, ✓2) = (✓
L

, ✓
R

) and the lowest component vµ =
G

i

ø
j

 ̄
ø
j�µ i is the fermionic R current.

Introducing spinor indices, T!# = (�0�µ)!# T
µ

we can write the classical hyper-
current in terms of the N = (2, 2) chiral superfields �i(x, ✓),

T#! = G
i

ø
j

D̄#�
  ø
jD! �

i , (8.2)

where D! , D̄# are conventional spinor derivatives and the metric G is a function
of superfields �i ,�  ø

j . Actually, only components T11 and T22 , presenting nonzero
Lorentz spin, are associated with the hypercurrent T

µ

, the scalar T12 = [T21 ] 

represents the twisted chiral integrand in the superspace action.
The anomaly equations for the hypercurrent derived in [28] are of the form:3

D1T22 =
1

4⇡
D2

h

R
i

ø
j

D̄1�
  ø
jD2�

i

i

=
Ng2

8⇡
D̄2 T12 ,

D̄2T11 =
1

4⇡
D̄1

h

R
i

ø
j

D̄2�
  ø
jD1�

i

i

=
Ng2

8⇡
D̄1 T21 .

(8.3)

In terms of classification of Ref. [16] it is the R
V

multiplet, @11T22 + @22T11 = 0.

8.2 Hypercurrent in the heterotic N = (0, 2) theory

As shown in Eq. (2.3) transition to diminished N = (0, 2) supersymmetry decom-
poses the N = (2, 2) superfield � as

� = A +
p
2 ✓1B , (8.4)

3 There is a misprint in [28]: the quantum anomalies of the hypercurrent should be multiplied
by the overall factor (�1/2) .
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In terms of classiÞcation of Ref. [16] it is theR V multiplet, &11 T22 + &22 T11 = 0 .

8.2 Hypercurrent in the heterotic N = (0 , 2) theory

As shown in Eq. (2.3) transition to diminishedN = (0 , 2) supersymmetry decom-
poses theN = (2 , 2) superÞeld! as

! = A +
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2 " 1B , (8.4)
3 There is a misprint in [28]: the quantum anomalies of the hypercurrent should be multiplied

by the overall factor ( ! 1/ 2) .
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These supermultiplets introduced in Ref. [16] have the following general structure,4
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Figure 8: One-loop diagrams for v
L

current.

This expression can be verified through a component calculation of the one-loop
graphs in Fig. 8 for v

L

which is the lowest component of J
L

.
Rewriting Eq. (8.10) in terms of the heterotic curvatureH

Ni

¯

j

defined in Eq. (2.16)
we generalize the CP(N�1) case to arbitrary Kähler manifolds,

W(1)=
1

4⇡

n

R
i

¯

j

@
R

AiDA†¯j � iD
h

R
(B)

i

¯

j

B†¯jBi � 4H
ik

¯

l

H
¯

j

¯

kl

G(B)k

¯

kGl

¯

lB†¯jBi

io

,

(8.11)
where all right-moving fermions are included in Bi (see Sec. 2.2 for details). Fol-
lowing Eqs. (2.10) and (3.11) it is simple to verify that the superfield W , which
represents the supermultiplets of anomalies, coincides with the one-loop running of
the superfield F associated with the Lagrangian by Eq. (2.10),
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What about higher-loop corrections? They will show up as higher loops in the
anomalous dimensions. It means that Eq. (8.10) is modified to
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8.3 Analog of the Konishi anomaly and beta function

Here we will discuss a relation between the hypercurrent anomalies and beta func-
tions. It is an example of another analog to 4D gauge theories. We mentioned above
that the supermultiplet of anomalies W is given by di↵erentiation of the e↵ective
Lagrangian with respect to logM

uv

. Let us have a closer look at how it works for
�
g

.

4Our notations di! er: JL and ÷TRR are the same as S++ and T���� in [16].
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Figure 8: One-loop diagrams for vL current.

This expression can be veriÞed through a component calculation of the one-loop
graphs in Fig. 8 forvL which is the lowest component ofJ L .
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Two Z factors (for the fields B i and B) are introduced in (2.6), in anticipation of
their renormalization group (RG) evolution.
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In the chiral superfield integrand F the second line of (2.9) produces the derivative
term with D which is not protected under renormaliztion.
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The Þrst line in this equation refers to the undeformedN = (2 , 2) theory, the
subsequent terms bring in the (0,2) deformation.

Actually all the above equations are applicable to the heterotic deformation of
any K¬ahler manifold. In the particular case of CP(N " 1) the explicit expression for
the Fubini-Study metric and related objects are of the form,
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2.2 Geometry of heterotic deformation

What is the geometrical meaning of the heterotic deformation? The right-moving
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tiplet (to be referred to as hypercurrent) starts from the U (1) R current, therefore
the overall anomaly is determined by the index theorem for the appropriate Dirac
operator.

Our task in the present paper is to analyze the heterotically deformed (nonmin-
imal) N = (0 , 2) CP(N ! 1) models from these three standpoints. We present a
more complete geometric formulation of the class of nonminimal models which will
be studied in this paper. Holomorphic properties of such models are revealed. They
have two coupling constants and, correspondingly, two� functions. Then we calcu-
late both � functions in more than one way. We derive exact relations between the
� functions and the anomalous dimensions�, analogous to the NSVZ relations in
four-dimensional Yang-Mills [17]. For instance, for�g it will be shown that to all
orders in perturbation theory

�g = !
g2

4⇡

Ng 2 + h2�

1 + ( h2/ 4⇡)
(1.1)

where� is the anomalous dimension deÞned in Eq. (3.4). We compute the anomalousnote that this
has to be
changeddimensions up to two loops implying predictions for the� functions up to three loops.

Our result conÞrms a factorization found at one loop previously [5].
Then we prove that (despite the heterotic nature of the model) anomalies in the

isometry currents do not appear at anyN .
Finally, we consider theN = (0 , 2) supercurrent supermultiplet (hypercurrent)

and its anomalies, as well as the ÒKonishi anomalyÓ [18]. This gives us another
method for Þnding� functions beyond one loop. Finally, we carry out a brief dis-
cussion of instantons (i.e. the impact of heterotic deformation).

2 Heterotic N = (0 , 2) models in 2D

2.1 Formulation of the model

✓ = ✓R

�
(1)
B

�
(1)
B

We start to describe the model to be studied in this paper by introducing two
types of chiral N = (0 , 2) superÞeldsA and B , The Þrst, bosonic superÞeldA
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Classical equations

Analog of Konishi anomaly
      

The second loop in beta function

Analog of Konishi anomaly 
and beta function 

At the one-loop level the running of the metricdG i øj /dL = R i øj / 2! is given by
the Ricci tensor, see Eq. (3.11). InW (see Eq. (8.13)) it is represented by the term
with the A superÞelds. The terms with theB Þelds contribute to the higher loops.
We can simplify these terms using equations of motion plus possible anomalies. Using
the equation of motion we get

D
!
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There is also an anomalous part due to loops in the background of theA Þeld,
namely,
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This part is a clear-cut analog of the Konishi anomaly in 4D [18].
In the zeroth order in the heterotic coupling" the corresponding anomaly in
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term in Eq. (8.13) for W is canceled out by the left-moving
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where the second term represents in its lowest component the divergence of the
conserved (at" = 0 ) R current. The third term vanishes at" = 0 .

In the order O(|" |2) nonvanishing contributions to the running ofg2 come from
two sources inW presented in Eq. (8.13). First, it is the anomaly (8.15) in
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The second source is the matrix element in the backgroundA Þeld of the term
! i D
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ZR i øj B   øj B i

"
/ 4! in the expression (8.13). As we discussed above in the zero

order in " its anomalous matrix element is canceled out by left-moving fermions.
When " is not vanishing this term has a classical part, see Eq. (8.14)
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The matrix element of this classical part involves the same polarization operator
! RR as in Sec. 2.3, see (2.23) and Appendix B. Using the result (2.25) we arrive at
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. (8.19)

Sum of (8.17) with the one-loop value of#(1)
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It is unclear.
Think more
details
needed in
(8.19)
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Substituting the one-loop#(1) = #(1)
! R
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" = Nh 2/ 2! we get
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Combining the result in Eqs. (8.20) and (8.22), we have the expression To Arkady:
I changed
the sign of
the equations
8.21 and the
last sign in
8.22 Ñ since
we agree with
the new sign
in (8.19),
these will be
also a ! ected.
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as an account for the second loop contribution to the% function of g2. To recover
the full expression, we need to calibrate the previous expression using Eq. (8.13) and
the following relation

R i øj " R A i DA   øj

4!
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. (8.24)

Now we know that
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. (8.25)

34

real parameter is the combination2

h2 =
|! |2

Z Z
, (3.1)

as it is seen, e.g., from (2.26). Considering these parameters as functions of the UV
cut-o! M uv we deÞne two beta functions:

" g !
d g2(M uv )

dL
, " h !

d h 2(M uv )

dL
, L = log M uv . (3.2)

As it was discussed above nonrenormalization of the superpotential in Eq. (2.9) im-
plies that the ratio ! /g 2 does not depend onM uv , see Eq. (2.22). This equation
can be rewritten as

d
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" 2
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where the anomalous dimension# is deÞned as

# ! "
d log ( Z Z )

dL
= #! R + #" . (3.4)

This Þxes the" function for h2 in terms of " function for g2 and sum of anoma-
lous dimensions forB i and B Þelds,

" h = h2

!
2

g2
" g + #

"
. (3.5)

Instead ofh2 we may consider the ratio

$ =
h2

g2
. (3.6)

Then instead of Eq. (3.5) we get

" # = $
!

1

g2
" g + #

"
. (3.7)

2 The deÞnition of h2 in this paper corresponds to#2g4 in [2]. The reason for this rescaling of
the deformation parameter compared to [2] is thatg2 and h2 as deÞned here are the genuine loop
expansion parameters.
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The same result by diagrams

A:1 A:2 A:3

A:4 A:5 A:6

Figure 2: Two-loop correction to the canonical couplingg. The dashed line denotes the
quantum propagator of A .

diagrams are those shown in Fig. 2 and Table. 1, at leading order (with respect to
the covariant structure) contributed by the superÞeldA , which renormalizesg2.

Now it is rather straightforward to show that this diagram, together with the
Hermitian conjugated part, gives rise to the following expression:

1

g2
ren

=
1

g2
0

!
1 !

h2

4!
+

N

2

"
! ig 2

0 I !
i

2!
g2h2I +

i

2!
h4I

#$
(4.1)

where

I = !
i

2!
log

!
M uv

µ

$
. (4.2)

From (4.1) we get the two-loop" function,

" (g2) = !
Ng 4

4!

!
1 +

h2

2!
!

h4

2! g2

$
, (4.3)

to be compared with Eq. (3.18). For a more accurate deÞnition ofI in (4.2) in terms
of a dimensionally regularized loop integral the reader is referred to [5,22].

4.2 Anomalous dimensions at two loops

Now we turn to the calculation of the " function of the deformation couplingh.
To this end we will have to understand the two-loop anomalous dimensions of the
fermionic Þelds# R and $R . Again, we know that at the order g4 there is no cor-
rection. At the orders g2h2 and h4 we have the diagrams (in superÞelds) shown in
Fig. 3 and Fig. 4 that could possibly contribute to$R and # R , respectively.

17

Project for higher loops

When plugging in the one-loop result! (1)
! = ! Ng 2

4" " (1 ! 2" ) , we obtain the two
loop beta function

! (g2) (2) = !
Ng 4

4#

!
1 +

h2

4#
+

g2

4#
" (1 ! 2" )

"
= !

Ng 4

4#

!
1 +

h2

2#
!

h2"

2#

"
.

(3.23)
Instead we can substitute! ! by Eq. (3.7) in terms of ! g and $ and get

! g = !
g2

4# [1 ! (h2/ 4# )]

#
Ng 2 +

Ng 2

2
á

h2

2#
! h2 á

Nh 2

2#

$
(3.24)

" !
g2

4# [1 ! (h2/ 4# )]

#
Ng 2 +

Ng 2

2
á$B ! h2 á($B + $B )

$
(3.25)

With the two-loop expression for the anomalous dimension

$ =
Nh 2

2#

%
1 +

g2

8#

&
(3.26)

we get the three-loop expression for! g.
To all loop order, from nonrenormalization theorem,

$ =
1

"
! (" ) !

1

g2
! (g2) , (3.27)

hence Eq. 3.25 gives

! g = !
g2

4#

Ng 2 ! g2! ( " ) + "! (g2)

1 ! (h2/ 2# )
= !

g2

4#

Ng 2 ! g2! ( " )

1 ! (h2/ 2# )
!

h2

4#

! (" )

1 ! (h2/ 2# )
(3.28)

And one can easily see that this is equivalent to Eq. 3.22.
Now we explain Eq. 3.21. At high energy limit, when our renormal-

ization scale is exactly M uv , we have a trivial identity

1

g2
r

=
1

g2
0

, (3.29)

and this simply says that classically the coupling that we are going to
study, is g0 = gr . Once we take into one-loop quantum e ! ect, we end up
at

1

g2
r

=
1

g2
0

!
1 !

h2
0

4#

"
!

N

4#
log

M uv

µ
. (3.30)
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When plugging in the one-loop result! (1)
! = ! Ng 2

4" " (1 ! 2" ) , we obtain the two
loop beta function

! (g2) (2) = !
Ng 4

4#

!
1 +

h2

4#
+

g2

4#
" (1 ! 2" )

"
= !

Ng 4

4#

!
1 +

h2

2#
!

h2"

2#

"
.

(3.23)
Instead we can substitute! ! by Eq. (3.7) in terms of ! g and $ and get

! g = !
g2

4# [1 ! (h2/ 4# )]

#
Ng 2 +

Ng 2

2
á

h2

2#
! h2 á

Nh 2

2#

$
(3.24)

" !
g2

4# [1 ! (h2/ 4# )]

#
Ng 2 +

Ng 2

2
á$B ! h2 á($B + $B )

$
(3.25)

With the two-loop expression for the anomalous dimension

$ =
Nh 2

2#

%
1 +

g2

8#

&
(3.26)

we get the three-loop expression for! g.
To all loop order, from nonrenormalization theorem,

$ =
1

"
! (" ) !

1

g2
! (g2) , (3.27)

hence Eq. 3.25 gives

! g = !
g2

4#

Ng 2 ! g2! ( " ) + "! (g2)

1 ! (h2/ 2# )
= !

g2

4#

Ng 2 ! g2! ( " )

1 ! (h2/ 2# )
!

h2

4#

! (" )

1 ! (h2/ 2# )
(3.28)

And one can easily see that this is equivalent to Eq. 3.22.
Now we explain Eq. 3.21. At high energy limit, when our renormal-

ization scale is exactly M uv , we have a trivial identity

1

g2
r

=
1

g2
0

, (3.29)

and this simply says that classically the coupling that we are going to
study, is g0 = gr . Once we take into one-loop quantum e ! ect, we end up
at

1

g2
r

=
1

g2
0

!
1 !

h2
0

4#

"
!

N

4#
log

M uv

µ
. (3.30)
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Beta function from instanton calculus 

The target space invariance is also transparent if one rewrites the Lagrangian in
components,

L = Gi øj

!
! R "   øj ! L " i + #   øj

L i ! R # i
L + Z #   øj

R i ! L # i
R

"
+ Z R i øjk øl #   øj

L # i
L #   øl

R # k
R

+ Z $ 
R i ! L $R +

!
i % $R Gi øj

#
! L "   øj

$
# i

R " i %! #   øj
R G i øj

#
! L " i

$
$ 

R

"
+

|%|2

Z
$ 

R $R
#
Gi øj #   øj

L # i
L

$

"
|%|2

Z

#
Gi øj #   øj

L # i
R

$#
Gkøl #

  øl
R # k

L

$
.

Here ! L,R are covariant derivatives,! L,R # i
R,L = ! L,R # i

R,L + ! i
kl ! L,R " k # l

R,L .
The Þrst line in this equation refers to the undeformedN = (2 , 2) theory, the
subsequent terms bring in the (0,2) deformation.

Actually all the above equations are applicable to the heterotic deformation of
any K¬ahler manifold. In the particular case of CP(N " 1) the explicit expression for
the Fubini-Study metric and related objects are of the form,

K =
2

g2
log & , & = 1 +

N " 1%

m

"   m " m , (2.12)

Gi øj =
2

g2

&
' i øj

&
"

"   i " øj

&2

'

, G i øj =
g2

2
&

(
' i øj + " i "   øj

)
,

! i
kl = "

' i
k "   l + ' i

l "   k

&
, !

øi
økøl = "

' øi
øk " øl + ' øi

øl " øl

&
,

R i øjk øl = "
g2

2

(
Gi øj Gkøl + Gkøj G i øl

)
, R i øj = " Gkøj R i øjk øl =

g2N

2
Gi øj .

2.2 Geometry of heterotic deformation

What is the geometrical meaning of the heterotic deformation? The right-moving
fermions # i

R , i = 1 , . . . , N " 1, and $R are deÞned on the tangent bundleT M
of the manifold M = CP( N " 1) # C . Let us denote$R = # N

R . Similarly, for
superÞeldsB = B N . Then, the Lagrangian for the right-moving fermions can be
written as

L B =
1

2

*
d2(

+
G( B )

i øj B   øj B i +
!
Tik B i B k + H .c.

",
, ( i, k, øj = 1 , . . . , N ) .

(2.13)
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Breaking of holomorphicity at one loop
2.3 Holomorphy and its breaking

The deformed CP(N ! 1) theory contains four bare parameters:

1

g2
"

1

g2

!
1 !

h2

4!

"
(2.21)

1

g2
,

"

g2
, Z , Z . (2.22)

The Þrst two, 1/g 2 and " /g 2, enter as coe! cients of theF terms in Eq. (2.9) and can
be taken to be complex, while parametersZ and Z should be real. The imaginary
part of 1/g 2 deÞnes the vacuum# angle, Im(1 /g 2) = #/ 4! , while the phase of
(" /g 2) produces an addition to this# angle. These angles do not contribute to
physical e" ects due to the presence of massless fermonic Þelds whose phase can be
redeÞned.

Nonrenormalization of superpotential implies the absence of loop corrections to
the holomorphic coupling" /g 2, and, in particular, the absence of its running,

M uv
d

dM uv

"

g2
= 0 . (2.23)

For a detailed derivation of the nonrenormalization theorem see Ref. [4].
As for 1/g 2, which is an analog of the gauge coupling in 4D Yang-Mills theories,

we know that in the undeformed CP(N ! 1) theory, i.e. at " = 0 , the holomorphicity
of 1/g 2 is maintained. It implies that only one-loop running of1/g 2 is allowed,
higher loops are absent. In the 4D case this phenomenon is similar toN = 2
gauge theories. With less supersymmetry, i.e. inN = 1 gauge theories in 4D,
holomorphicity is broken. It happens usually at two-loop level but in certain cases
appears already at the level of the Þrst loop, see Refs. [19,20].

We will show now that the deformation by the " term leads to breaking of
holomorpicity for 1/g 2 already at the level of the Þrst loop. More speciÞcally, the Þrst
loop provides a Þnite|" |2 correction to1/g 2 which then leads to the nonholomorphic
running of g2 in the second loop.

Iteration in " involves integration over quantum$R and %R Þelds in the form of
the polarization operator,

! iøi
RR (k ) = i |" |2

#
d2x e! ikx #0|$R (x )%i

R (x ) %  øi
R (0) $ 

R (0) |0$. (2.24)

For the background bosonic Þelds&i we take

&i = f i eikx , (2.25)

8

does not show up in the instanton calculus. Indeed, the 
heterotic interaction

does not produce       terms in the instanon Þeld. Thus,
the instanton action stays holomorphic at the Þrst loop.

2.3 Holomorphy and its breaking

The deformed CP(N ! 1) theory contains four bare parameters:

1

g2
"

1

g2

!
1 !

h2

4!

"
|" |2 (2.21)

1

g2
,

"

g2
, Z , Z . (2.22)

The Þrst two, 1/g 2 and " /g 2, enter as coe! cients of theF terms in Eq. (2.9) and can
be taken to be complex, while parametersZ and Z should be real. The imaginary
part of 1/g 2 deÞnes the vacuum# angle, Im(1 /g 2) = #/ 4! , while the phase of
(" /g 2) produces an addition to this# angle. These angles do not contribute to
physical e" ects due to the presence of massless fermonic Þelds whose phase can be
redeÞned.

Nonrenormalization of superpotential implies the absence of loop corrections to
the holomorphic coupling" /g 2, and, in particular, the absence of its running,

M uv
d

dM uv

"

g2
= 0 . (2.23)

For a detailed derivation of the nonrenormalization theorem see Ref. [4].
As for 1/g 2, which is an analog of the gauge coupling in 4D Yang-Mills theories,

we know that in the undeformed CP(N ! 1) theory, i.e. at " = 0 , the holomorphicity
of 1/g 2 is maintained. It implies that only one-loop running of1/g 2 is allowed,
higher loops are absent. In the 4D case this phenomenon is similar toN = 2
gauge theories. With less supersymmetry, i.e. inN = 1 gauge theories in 4D,
holomorphicity is broken. It happens usually at two-loop level but in certain cases
appears already at the level of the Þrst loop, see Refs. [19,20].

We will show now that the deformation by the " term leads to breaking of
holomorpicity for 1/g 2 already at the level of the Þrst loop. More speciÞcally, the Þrst
loop provides a Þnite|" |2 correction to1/g 2 which then leads to the nonholomorphic
running of g2 in the second loop.

Iteration in " involves integration over quantum$R and %R Þelds in the form of
the polarization operator,

! iøi
RR (k ) = i |" |2

#
d2x e! ikx #0|$R (x )%i

R (x ) %  øi
R (0) $ 

R (0) |0$. (2.24)

For the background bosonic Þelds&i we take

&i = f i eikx , (2.25)
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2.3 Holomorphy and its breaking

The deformed CP(N ! 1) theory contains four bare parameters:

1

g2
"

1

g2

!
1 !

h2

4!

"
|" |2 (2.21)

SI =
4!

g2
h

=
4!

g2

!
1 +

h2

4!

"
(2.22)

1

g2
,

"

g2
, Z , Z . (2.23)

The Þrst two, 1/g 2 and " /g 2, enter as coe! cients of theF terms in Eq. (2.9) and can
be taken to be complex, while parametersZ and Z should be real. The imaginary
part of 1/g 2 deÞnes the vacuum# angle, Im(1 /g 2) = #/ 4! , while the phase of
(" /g 2) produces an addition to this# angle. These angles do not contribute to
physical e" ects due to the presence of massless fermonic Þelds whose phase can be
redeÞned.

Nonrenormalization of superpotential implies the absence of loop corrections to
the holomorphic coupling" /g 2, and, in particular, the absence of its running,

M uv
d

dM uv

"

g2
= 0 . (2.24)

For a detailed derivation of the nonrenormalization theorem see Ref. [4].
As for 1/g 2, which is an analog of the gauge coupling in 4D Yang-Mills theories,

we know that in the undeformed CP(N ! 1) theory, i.e. at " = 0 , the holomorphicity
of 1/g 2 is maintained. It implies that only one-loop running of1/g 2 is allowed,
higher loops are absent. In the 4D case this phenomenon is similar toN = 2
gauge theories. With less supersymmetry, i.e. inN = 1 gauge theories in 4D,
holomorphicity is broken. It happens usually at two-loop level but in certain cases
appears already at the level of the Þrst loop, see Refs. [19,20].

We will show now that the deformation by the " term leads to breaking of
holomorpicity for 1/g 2 already at the level of the Þrst loop. More speciÞcally, the Þrst
loop provides a Þnite|" |2 correction to1/g 2 which then leads to the nonholomorphic
running of g2 in the second loop.

Iteration in " involves integration over quantum$R and %R Þelds in the form of
the polarization operator,

! iøi
RR (k ) = i |" |2

#
d2x e! ikx #0|$R (x )%i

R (x ) %  øi
R (0) $ 

R (0) |0$. (2.25)
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Then, the instanton contribution is
2.3 Holomorphy and its breaking

The deformed CP(N ! 1) theory contains four bare parameters:

M N
uv

Z N/ 2
e! SI =

M N
uv

Z N/ 2
exp

!
!

4!

g2
!

h2

g2

"
= RGI (2.21)

1

g2
"

1

g2

#
1 !

h2

4!

$
|" |2 (2.22)

SI =
4!

g2
h

=
4!

g2

#
1 +

h2

4!

$
(2.23)

1

g2
,

"

g2
, Z , Z . (2.24)

The Þrst two, 1/g 2 and " /g 2, enter as coe! cients of theF terms in Eq. (2.9) and can
be taken to be complex, while parametersZ and Z should be real. The imaginary
part of 1/g 2 deÞnes the vacuum# angle, Im(1 /g 2) = #/ 4! , while the phase of
(" /g 2) produces an addition to this# angle. These angles do not contribute to
physical e" ects due to the presence of massless fermonic Þelds whose phase can be
redeÞned.

Nonrenormalization of superpotential implies the absence of loop corrections to
the holomorphic coupling" /g 2, and, in particular, the absence of its running,

M uv
d

dM uv

"

g2
= 0 . (2.25)

For a detailed derivation of the nonrenormalization theorem see Ref. [4].
As for 1/g 2, which is an analog of the gauge coupling in 4D Yang-Mills theories,

we know that in the undeformed CP(N ! 1) theory, i.e. at " = 0 , the holomorphicity
of 1/g 2 is maintained. It implies that only one-loop running of1/g 2 is allowed,
higher loops are absent. In the 4D case this phenomenon is similar toN = 2
gauge theories. With less supersymmetry, i.e. inN = 1 gauge theories in 4D,
holomorphicity is broken. It happens usually at two-loop level but in certain cases
appears already at the level of the Þrst loop, see Refs. [19,20].

We will show now that the deformation by the " term leads to breaking of
holomorpicity for 1/g 2 already at the level of the Þrst loop. More speciÞcally, the Þrst
loop provides a Þnite|" |2 correction to1/g 2 which then leads to the nonholomorphic
running of g2 in the second loop.
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Another RGI is

2.3 Holomorphy and its breaking

The deformed CP(N ! 1) theory contains four bare parameters:

M N
uv

Z N/ 2
e! SI =

M N
uv

Z N/ 2
exp

!
!

4!

g2
!

h2

g2

"
= RGI (2.21)

1

g2
"

1

g2

#
1 !

h2

4!

$
|" |2

g4
=

h2

g4
Z Z = RGI (2.22)

SI =
4!

g2
h

=
4!

g2

#
1 +

h2

4!

$
(2.23)

1

g2
,

"

g2
, Z , Z . (2.24)

The Þrst two, 1/g 2 and " /g 2, enter as coe! cients of theF terms in Eq. (??) and can
be taken to be complex, while parametersZ and Z should be real. The imaginary
part of 1/g 2 deÞnes the vacuum# angle, Im(1 /g 2) = #/ 4! , while the phase of
(" /g 2) produces an addition to this# angle. These angles do not contribute to
physical e" ects due to the presence of massless fermonic Þelds whose phase can be
redeÞned.

Nonrenormalization of superpotential implies the absence of loop corrections to
the holomorphic coupling" /g 2, and, in particular, the absence of its running,

M uv
d

dM uv

"

g2
= 0 . (2.25)

For a detailed derivation of the nonrenormalization theorem see Ref. [?].
As for 1/g 2, which is an analog of the gauge coupling in 4D Yang-Mills theories,

we know that in the undeformed CP(N ! 1) theory, i.e. at " = 0 , the holomorphicity
of 1/g 2 is maintained. It implies that only one-loop running of1/g 2 is allowed,
higher loops are absent. In the 4D case this phenomenon is similar toN = 2
gauge theories. With less supersymmetry, i.e. inN = 1 gauge theories in 4D,
holomorphicity is broken. It happens usually at two-loop level but in certain cases
appears already at the level of the Þrst loop, see Refs. [?,?].

We will show now that the deformation by the " term leads to breaking of
holomorpicity for 1/g 2 already at the level of the Þrst loop. More speciÞcally, the Þrst
loop provides a Þnite|" |2 correction to1/g 2 which then leads to the nonholomorphic
running of g2 in the second loop.
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When plugging in the one-loop result! (1)
! = ! Ng 2

4" " (1 ! 2" ) , we obtain the two
loop beta function

! (g2) (2) = !
Ng 4

4#

!
1 +

h2

4#
+

g2

4#
" (1 ! 2" )

"
= !

Ng 4

4#

!
1 +

h2

2#
!

h2"

2#

"
.

(3.23)
Instead we can substitute! ! by Eq. (3.7) in terms of ! g and $ and get

! g = !
g2

4# [1 ! (h2/ 4# )]

#
Ng 2 +

Ng 2

2
á

h2

2#
! h2 á

Nh 2

2#

$
(3.24)

! g = !
g2

4# [1 ! (h2/ 4# )]

#
Ng 2 +

Ng 2

2
á$B ! h2 á($B + $B )

$
(3.25)

With the two-loop expression for the anomalous dimension

$ =
Nh 2

2#

%
1 +

g2

8#

&
(3.26)

we get the three-loop expression for! g.
To all loop order, from nonrenormalization theorem,

$ =
1

"
! (" ) !

1

g2
! (g2) , (3.27)

hence Eq. 3.25 gives

! g = !
g2

4#

Ng 2 ! g2! ( " ) + "! (g2)

1 ! (h2/ 2# )
= !

g2

4#

Ng 2 ! g2! ( " )

1 ! (h2/ 2# )
!

h2

4#

! (" )

1 ! (h2/ 2# )
(3.28)

And one can easily see that this is equivalent to Eq. 3.22.
Now we explain Eq. 3.21. At high energy limit, when our renormal-

ization scale is exactly M uv , we have a trivial identity

1

g2
r

=
1

g2
0

, (3.29)

and this simply says that classically the coupling that we are going to
study, is g0 = gr . Once we take into one-loop quantum e ! ect, we end up
at

1

g2
r

=
1

g2
0

!
1 !

h2
0

4#

"
!

N

4#
log

M uv

µ
. (3.30)
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Differentiating we Þnd the projected beta

result the measure (3.153) acquires the extra factor

!

i

(Zi )
! T (Ri ) (4.5)

This makes the formulas symmetric with respect to theZ factors of the gauge
ÞeldsZg = 1/g 2. The integration in the measure over each collective coordinate is
accompanied byZ " 1/ 2 (plus for bosonic, minus for fermionic moduli).

Note, that in the instanton calculations the infrared cut o! is provided by the
instanton size ! . Thus, we can chooseZ(! ) = 1 at the infrared scale, adjusting
Zi (MPV ). This is similar to the gauge coupling: we treatg(! ) as a physical Þxed
coupling allowing the bare couplingg to ÒßoatÓ.

Then the generalization of Eq. (4.1) is

(MPV )3TG !
"

T (Ri )

#
1
g2

$ TG

exp

#

!
8" 2

g2

$
!

i

(Zi )
! T (Ri ) = const . (4.6)

The right-hand side is independent ofMPV ; the factor (MPV )3TG !
"

T (Ri ) on the
left hand side must be compensated by an implicitMPV -dependence ofg and Zi .
Di! erentiating over lnMPV one gets the# function.

In distinction with the pure gauge case Eq. (4.6) does not Þx the running of the
gauge couplingper se; rather, it expresses the running of the gauge coupling via the
anomalous dimensions of the matter Þelds,

$i " !
d ln Zi

d ln MPV
. (4.7)

Taking the logarithm and di! erentiating over lnMPV we arrive at

#(%) "
d %(MPV )
d ln MPV

= !
%2

2"

%

3TG !
&

i

T(Ri )(1 ! $i )

' (

1 !
TG %
2"

) ! 1

. (4.8)

This is the NSVZ # function.
It is worth noting that one can readily derive it in perturbation theory too, from a

one-loopcalculation, using some general properties of supersymmetry. A pedagogical
discussion of the one-loop perturbative calculation leading to Eq. (4.8) and related
ideas are presented in Ref. [90]. The relation between the NSVZ # function and
those obtained in other schemes (for instance, the standarddimensional reduction,
and so on) was the subject of a special investigation [91].

It is interesting to examine how the general formula (4.8) works in some particular
cases. Let us start from the theories with the extended SUSY,N = 2. They
can be presented asN = 1 theories containing one matter Þeld in the adjoint
representation which enters the same extended supermultiplet as the gluon Þeld.
Therefore, its Z factor Z = 1/g 2 and $ = #/ %. In addition, we allow for some
number of the matter hypermultiplets in the arbitrary color representations (let us
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Beta function for      is also deÞned. For the ratio  

When plugging in the one-loop result! (1)
! = ! Ng 2

4" " (1 ! 2" ) , we obtain the two
loop beta function

! (g2) (2) = !
Ng 4

4#

!
1 +

h2

4#
+

g2

4#
" (1 ! 2" )

"
= !

Ng 4

4#

!
1 +

h2

2#
!

h2"

2#

"
.

(3.23)
Instead we can substitute! ! by Eq. (3.7) in terms of ! g and $ and get

! g = !
g2

4# [1 ! (h2/ 4# )]

#
Ng 2 +

Ng 2

2
á

h2

2#
! h2 á

Nh 2

2#

$
(3.24)

! g = !
g2

4# [1 ! (h2/ 4# )]

#
Ng 2 +

Ng 2

2
á$B ! h2 á($B + $B )

$
(3.25)

With the two-loop expression for the anomalous dimension

$ =
Nh 2

2#

%
1 +

g2

8#

&
(3.26)

we get the three-loop expression for! g.
To all loop order, from nonrenormalization theorem,

$ =
1

"
! (" ) !

1

g2
! (g2) , (3.27)

hence Eq. 3.25 gives

! g = !
g2

4#

Ng 2 ! g2! ( " ) + "! (g2)

1 ! (h2/ 2# )
= !

g2

4#

Ng 2 ! g2! ( " )

1 ! (h2/ 2# )
!

h2

4#

! (" )

1 ! (h2/ 2# )
(3.28)

And one can easily see that this is equivalent to Eq. 3.22.
Now we explain Eq. 3.21. At high energy limit, when our renormal-

ization scale is exactly M uv , we have a trivial identity

1

g2
r

=
1

g2
0

, (3.29)

and this simply says that classically the coupling that we are going to
study, is g0 = gr . Once we take into one-loop quantum e ! ect, we end up
at

1

g2
r

=
1

g2
0

!
1 !

h2
0

4#

"
!

N

4#
log

M uv

µ
. (3.30)
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This Þxes the! function for h2 in terms of ! function for g2 and sum of anoma-
lous dimensions forB i and B Þelds,

! h = h2

!
2

g2
! g + "

"
. (3.5)

Instead ofh2 we may consider the ratio

# =
h2

g2
. (3.6)

Then instead of Eq. (3.5) we get

! ! = #
!

1

g2
! g + "

"
. (3.7)

3.1 Beta functions at one loop

The relations (3.5) and (3.7) is exact in all loops. At the one-loop level all! functions
and anomalous dimensions have been calculated earlier [4,5]:

! (1)
g = !

N g 4

4$
, " (1)

" =
(N ! 1)h2

2$
, " (1)

# R
=

h2

2$
, " =

N h 2

2$
,

! (1)
h = !

Nh 2

2$

#
g2 ! h2

$
, ! (1)

! = !
Ng 2

4$
# (1 ! 2#) . (3.8)

In particular, the one-loop results exhibit a Þxed point at# = 1 / 2.
Let us parenthetically note that the parameter(%/g 2) is related to & introduced

in [2,7,8], where the largeN solution was constructed. Namely,

%

g
= &, (3.9)

see Erratum to [8]. The& parameter appears as the coe! cient in a superpotential,
see Eq. (C5) in [8], and, as such is also, complexiÞed.

In [8] it is shown that the physical parameter determining (0,2) deformation is

u =
16$

N

&2

g2
=

16$

Ng 2

%2

g2
, (3.10)

implying that (a) u is proportional to %2/g 4 and, hence, is renormalization-group
invariant, as was expected; (b) at largeN the physical parameteru scales asN 0
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This Þxes the! function for h2 in terms of ! function for g2 and sum of anoma-
lous dimensions forB i and B Þelds,

! h = h2

!
2

g2
! g + "

"
. (3.5)

Instead ofh2 we may consider the ratio

# =
h2

g2
. (3.6)

Then instead of Eq. (??) we get

! ! = #
!

1

g2
! g + "

"
. (3.7)

! ! = µ
d

dµ
# = ! #(1 ! 2#)

Ng 2

4$

1 + ( h2/ 4$ )

1 ! (h2/ 4$ )
(3.8)

3.1 Beta functions at one loop

The relations (??) and (??) is exact in all loops. At the one-loop level all! functions
and anomalous dimensions have been calculated earlier [?,?]:

! (1)
g = !

N g 4

4$
, " (1)

" =
(N ! 1)h2

2$
, " (1)

# R
=

h2

2$
, " =

N h 2

2$
,

! (1)
h = !

Nh 2

2$

#
g2 ! h2

$
, ! (1)

! = !
Ng 2

4$
# (1 ! 2#) . (3.9)

In particular, the one-loop results exhibit a Þxed point at# = 1 / 2.
Let us parenthetically note that the parameter(%/g 2) is related to & introduced

in [?,?,?], where the largeN solution was constructed. Namely,

%

g
= &, (3.10)

see Erratum to [?]. The & parameter appears as the coe! cient in a superpotential,
see Eq. (C5) in [?], and, as such is also, complexiÞed.

In [?] it is shown that the physical parameter determining (0,2) deformation is

u =
16$

N

&2

g2
=

16$

Ng 2

%2

g2
, (3.11)
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Fixed point at         .  At this point  

This Þxes the! function for h2 in terms of ! function for g2 and sum of anoma-
lous dimensions forB i and B Þelds,

! h = h2

!
2

g2
! g + "

"
. (3.5)

Instead ofh2 we may consider the ratio

# =
h2

g2
. # =

1

2
(3.6)

Then instead of Eq. (3.5) we get

! ! = #
!

1

g2
! g + "

"
. (3.7)

! ! = µ
d

dµ
# = ! #(1 ! 2#)

Ng 2

4$

1 + ( h2/ 4$ )

1 ! (h2/ 4$ )
(3.8)

3.1 Beta functions at one loop

The relations (3.5) and (3.7) is exact in all loops. At the one-loop level all! functions
and anomalous dimensions have been calculated earlier [4,5]:

! (1)
g = !

N g 4

4$
, " (1)

" =
(N ! 1)h2

2$
, " (1)

# R
=

h2

2$
, " =

N h 2

2$
,

! (1)
h = !

Nh 2

2$

#
g2 ! h2

$
, ! (1)

! = !
Ng 2

4$
# (1 ! 2#) . (3.9)

In particular, the one-loop results exhibit a Þxed point at# = 1 / 2.
Let us parenthetically note that the parameter(%/g 2) is related to & introduced

in [2,7,8], where the largeN solution was constructed. Namely,

%

g
= &, (3.10)

see Erratum to [8]. The& parameter appears as the coe! cient in a superpotential,
see Eq. (C5) in [8], and, as such is also, complexiÞed.

In [8] it is shown that the physical parameter determining (0,2) deformation is

u =
16$

N

&2

g2
=

16$

Ng 2

%2

g2
, (3.11)
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From the above relation, we obtain that

! (g2) = !
g4

4"

N ! ! (#)

1 ! h 2

4!

. (3.23)

When plugging in the one-loop result! (1)
" = ! Ng 2

4! # (1 ! 2#), we obtain the two
loop beta function

! (g2) (2) = !
Ng 4

4"

!
1 +

h2

4"
+

g2

4"
#(1 ! 2#)

"
= !

Ng 4

4"

!
1 +

h2

2"
!

h2#

2"

"
.

(3.24)
Instead we can substitute! " by Eq. (3.7) in terms of ! g and $ and get

! g = !
g2

4" [1 ! (h2/ 4" )]

#
Ng 2 +

Ng 2

2
á

h2

2"
! h2 á

Nh 2

2"

$
(3.25)

! g = !
g2

4" [1 ! (h2/ 4" )]

#
Ng 2 +

Ng 2

2
á$B ! h2 á($B + $B )

$
(3.26)

! g = !
Ng 4

1 ! (h2/ 4" )
(3.27)

With the two-loop expression for the anomalous dimension

$ =
Nh 2

2"

%
1 +

g2

8"

&
(3.28)

we get the three-loop expression for! g.
To all loop order, from nonrenormalization theorem,

$ =
1

#
! (#) !

1

g2
! (g2) , (3.29)

hence Eq. 3.26 gives

! g = !
g2

4"

Ng 2 ! g2! (#) + #! (g2)

1 ! (h2/ 2" )
= !

g2

4"

Ng 2 ! g2! (#)

1 ! (h2/ 2" )
!

h2

4"

! (#)

1 ! (h2/ 2" )
(3.30)

And one can easily see that this is equivalent to Eq. 3.23.
Now we explain Eq. 3.22. At high energy limit, when our renormal-

ization scale is exactly M uv , we have a trivial identity

1

g2
r

=
1

g2
0

, (3.31)
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