
Constraints from CFT three point functions.
KITP, 28-01-2013

work in progress with

Z. Komargodski, A. Parnachev and A. Zhiboedov

Manuela Kulaxizi
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Introduction

• Conformal Field Theories (CFTs) :

Low energy dynamics

• Several physical systems

(condensed matter, physics beyond the standard model
etc)

• Study directly

(conformal bootstrap techniques, AdS/CFT)
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Introduction

Correlation functions of spin-l primary operators with
conformal dimension ∆ are highly constrained:

〈
Oa1···al(x1)Ob1···bl(x2)

〉
= C(l,∆)

Ia1b1(x12) · · · Ialbl(x12)

x2∆
12

Iab(x) = ηab − 2
xaxb

x2

Unitarity implies C(l,∆) ≥ 0.

Choose a basis such that:

C(l,∆) = 1 and 〈O(x1)O′(x2)〉 = 0 for O 6= O′.
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Introduction

Further constraints from the two-point functions of de-
scendants

∆ ≥
d

2
− 1, l = 0

∆ ≥ l + d− 2, l ≥ 1

Example:

A scalar field Φ(x) of dimension ∆ in d = 4.

〈Φ(x)Φ(0)〉 =
1

x2∆
≥ 0

Consider the two point function of the descendant ∂2
xΦ(x).

0 ≤ ∂2
x∂

2
x 〈Φ(x)Φ(0)〉 ∼ C

(
∆2 − 1

) 1

x2∆+4
⇒∆ > 1

[Mack]
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Introduction

Constraints from two-point functions.

What about three point functions?

A conformal field theory is characterized by:

• The spectrum

A set of primary operators O(l,∆) with conformal di-
mensions ∆.

• Three point functions of these operators, fixed by
conformal incariance up to a few constant parame-
ters.

e.g.

〈O(x1)O(x2)O′(x3)〉 =
λOOO′

x2∆−∆′
12 x∆

23x
∆
31

, ∆ = [O], ∆′ = [O′]
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Introduction

〈Tµν(x)Tρσ(0)〉 = CT
Iµν,ρσ(x)

x2d

〈Tµν(x3)Tρσ(x2)Tτκ(x1)〉 =

AJµνρστκ(x) + BKµνρστκ(x) + CMµνρστκ(x)

xd12x
d
13x

d
23

• Ward Identites relate CT with A, B, C

CT =
(d− 1)(d+ 2)A− 2B − 4(d+ 1)C

d(d+ 2)

The coefficients of the conformal anomaly on a curved
manifold c, a in four spatial dimensions, are directly re-
lated to A, B, C via c ∝ CT and a ∝ 13A−2B−40C

8
.
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Introduction

The standard approach: Conformal Bootstrap:

Unitarity + Crossing Symmetry of four-point functions.

• This is a powerful but numerical approach.

• It is useful to gather all possible analytic results.

Constraints can be obtained analytically for a special
class of three-point functions:

〈
O(l)TµνO(l)

〉
They are obtained from the requirement of positivity of
the energy flux

〈E(n̂)〉 ≥ 0
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Outline

• Energy flux operator; review.

• Non-conserved operators;

Example: vector operator and constraints.

• Connection to Deep Inelastic Scattering (DIS):

Some puzzles.

• Conclusions and Open Questions
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Energy Flux Operator

Definition: The energy flux operator E(n̂) per unit angle
measured through a very large sphere of radius r is

E(n̂) = lim
r→∞

rd−2
∫
dt n̂i T 0

i (t, rn̂i)

ni is a unit vector specifying the position on Sd−2 where
energy measurements may take place. Integrating over
all angles yields the total energy flux at large distances.

Consider the normalized energy flux one-point function

〈Ψ|E(n̂)|Ψ〉
〈Ψ|Ψ〉
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Energy Flux Operator

Several possibilities for the states |Ψ〉

• Conserved currents

|Ψ〉 =
∫
ddxe−iqxJµε

µ |0〉

|Ψ〉 =
∫
ddxe−iqxTµνε

µν |0〉

• Generic primary

|Ψ〉 =
∫
ddxe−iqxOa1···alε

a1···al |0〉

Rotational symmetry fixes the form of the energy flux
one–point functions up to a few independent parame-
ters.
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Energy Flux Operator

• Rotational symmetry fixes the form of the energy flux
one–point function up to two independent parame-
ters.

〈E(n̂)〉Tij =
〈ε∗ikTikE(n̂)εljTlj〉
〈ε∗ikTikεljTlj〉

=

=
E

Ωd−2

[
1 + t2

(
ε∗ilεljninj

ε∗ijεij
−

1

d− 1

)
+ t4

(
|εijninj|2

ε∗ijεij
−

2

d2 − 1

)]

Here t2, t4 are arbitrary constants. By construction, they
can be related to A,B, C.

[Hofman, Maldacena]
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Energy Flux Operator

Demand positivity of the energy flux one point function,
i.e., 〈E(n̂)〉 ≥ 0.

The positivity of the energy flux imposes constraints on
t2, t4:

CG(A,B, C) ≡ 1 −
1

d− 1
t2 −

2

d2 − 1
t4 ≥ 0

CV (A,B, C) ≡ 1 −
1

d− 1
t2 −

2

d2 − 1
t4 +

t2

2
≥ 0

CS(A,B, C) ≡ 1 −
1

d− 1
t2 −

2

d2 − 1
t4 +

d− 2

d− 1
(t2 + t4) ≥ 0

Constraints are saturated by free theories of bosons,
fermions and

(
d
2
− 1

)
-form fields in even dimensions.

[Hofman, Maldacena][Zhiboedov]
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Bounds on t2, t4.

Parameter space t2, t4 of a consistent CFT. Values out-
side the triangle are forbidden.

Example: CFT d = 4 dimensions
1

3
≤
a

c
≤

31

18
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Bounds for generic operators

Natural generalization; non-conserved currents.

• ope coefficients depend on marginal couplings -

non-perturbative results.

• Ising model;

Indications it contains an infinite number of almost
conserved currents.

[Komagordski, Zhiboedov]

[Fitzpatrick, Kaplan, Poland, Simmons-Duffin]

The simplest case to consider: vector operator.
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Bounds for a vector operator

Generic form of the energy flux for vector operators

〈E〉 =
q0

Ωd−2

[
1 + a2

(
|~ε.n̂|2

~ε2 + g(∆)(ε0)2
−

1

d− 1

~ε2

~ε2 + g(∆)(ε0)2

)
+

+ a4
ε0(~ε.n̂) + c.c.

~ε2 + g(∆)(ε0)2

]

• The denominator is fixed by the two point function:

〈(ε∗.O(−q)) (O(q).ε)〉 ∝
[
(ε∗.ε)− 2

∆− d
2

∆− 1

(ε∗.q)(ε.q)

q2

]
(q2)∆−d2

• g(∆) = ∆+1−d
∆−1

≥ 0, saturated at the unitarity bound.

• Additional parameter due to non-conservation, a4.
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Bounds for a vector operator

Polarization choices:

• ~ε.n̂ = 0
a2 ≤ d− 1

Constraint identical to the case of conserved current.

• ~ε.n̂ 6= 0.

Set n̂ = (0,0,1) and εµ = (ε0,0,0,1). Choose ε0 which
minimizes the energy flux ⇒ ε0 = f(a2, a4).

a2
4

g(∆)
≤ 1 +

d− 2

d− 1
a2
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Bounds for a vector operator

Bounds on a2, a4 from the positivity of the energy flux.

-2 -1 1 2
a2

0.5

1.0

1.5

2.0

HD - 1L a42
D - 2

Which theory corresponds to the cusp?
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Bounds for generic operators

• What about other operators?

– For spin s ≥ 2 the number of structures in the three
point function increases linearly with spin:

# of possible structures = 3s

[Zhiboedov]

– Ward Identities lead to 3s− 1 structures.

– The number of independent parameters in the en-
ergy flux expression grows at least like s2.

1-1 correspondence with the parameters in the
three point function is lost.

e.g.: For s = 2 there are five independent parame-
ters in the ope but seven in the energy flux.

[work in progress]
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Positivity of the energy flux

The positivity of the energy flux is a reasonable assump-
tion - is there a proof?

• Proof known for free theories.

• Remarkable evidence from holography:

Bounds realized earlier holographically.

The arena: Black holes in Lovelock gravity, a special
class of higher derivative theories, a 6= c.

The principle: Causality of the retarded propagator at
finite temperature T in the limit of large momenta, i.e.,
ω, |q| >> T .

[Brigante, Liu, Myers, Shenker, Yaida]

[Myers, Buchel] [Hofman]
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Positivity of the energy flux

The energy flux positivity constraints are related to
causality in the gravity language. Can we see some-
thing similar in field theory?

Guide from the AdS/CFT analysis:

• Consider the Fourier transform of the two–point func-
tion of the stress energy tensor at finite temperature.

• Focus on large momenta, small temperatures k
T
� 1.

• Three independent polarizations; each polarization
yields a different set of constraints.
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Positivity of the energy flux

• How do we compute the two–point function of the
stress-energy tensor in an arbitrary CFT at finite
temperature?

In the regime of small temperatures use the OPE

Tµν(x)Tρσ(0) ∼
Iµν,ρσ
x2d

+ · · ·+Aµνρσκτ(x)T κτ(0) + · · ·

Several operators appear in the ope.

Focus on Aµνρσκτ(x) which is related to the three point
function of the stress energy tensor.

Explicit expression for Aµνρσκτ(x) exists [Osborn, Petkou].
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Positivity of the energy flux

• Take expectation value and Fourier transform

Gµν,ρσ(ω, q) =
∫
d4x 〈Tµν(x)Tρσ(0)〉 eiωt−iqx3

Note: 〈T00〉 = 3〈Tii〉 ≡ 3c̃T 4

• What about the three independent polarizations?

Generic form of thermal correlator

Gµν,ρσ(ω, q) = Sµν,ρσGV(ω,q) +Qµν,ρσGS(ω,q) + Lµν,ρσGT(ω,q)

Sµν,ρσ, Qµν,ρσ, Lµν,ρσ are completely fixed by symmetry

[Kapusta, Kovtun, Starinets].
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Positivity of the energy flux

Example:

Transverse polarization when ω, q >> |k| >> T .

GT(ω, q) = · · ·+ CG(A,B, C)
ω2

k2
c̃T 4 + · · ·

Note: The ope coefficient precisely matches the quan-
tity the energy flux constrains:

CG(A,B, C) =
(

1−
t2

3
−
t4

15

)
The same is true for the other two polarizations.

Can we find a separate argument for positivity?
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Positivity of the energy flux

Consider the spectral density ρ(ω, q) ≡ −ImGT ≥ 0.

Focus on the regime ω, q >> |k| >> T .

Does the stress energy tensor give the leading contri-
bution?

What about other operators in the OPE?

• Higher spin operators: subleading for ω, q >> |k| >> T .

• Relevant operators: unitarity ⇒ scalars, vectors.

– Vectors

Odd-spin operators do not contribute in the ope
of two identical operators.

[Costa, Penedones, Poland, Rychkov].

24



Positivity of the energy flux

• Focus on scalars.

– Scalar Operators 〈O〉 ∼ T∆

Contribution to the OPE proportional to T∆(k2)2−∆
2

Note: Non-singular when ∆ ≤ 4.

Consider ρ(ω, q) ≡ −ImGT in the regime ω, q >> |k| >> T .

The dominant contribution comes from Tµν

ρ(ω, q) ' CG ω2δ
(
k2
)
c̃T 4 ≥ 0

which implies
CG ≥ 0

[Parnachev, MK.]
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Positivity of the energy flux

BUT...

k2 = 0 outside the validity of the OPE regime!

Yet, the Hofman-Maldacena constraints are constraints
on the OPE coefficients.

CAN WE FIX THIS?

There is a standard way to obtain results from the ope
in the physical region.

Deep inelastic scattering (DIS) sum rules.

26



Deep Inelastic Scattering

Consider a CFT perturbed by a relevant operator which
flows to a gapped phase. Bombard the state |h〉, lightest
in the theory, with virtual gravitons γ∗.

The optical theorem relates the cross section to the
imaginary part of the forward scattering amplitude ImA.
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Deep Inelastic Scattering

The amplitude in our setup is

A =
∫
ddx e−ikx 〈P |ε∗µνTµν(x)ερσTρσ(0)|P 〉

where Pµ, kµ are the momenta of h and γ∗.

The amplitude depends on two kinematical invariants

k2, x ≡
k2

2k.P

For h the lightest particle, A(k2, x) has a branch cut in
the complex x–plane for −1 ≤ x ≤ 1.
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Deep Inelastic Scattering

For spacelike k2 →∞ we evaluate A(k2, x) using the ope.

Example:

Transverse polarization εµνP µ = εµνkµ = 0

A ' (ε∗.ε)
∑

s=0,2,···
Csc̃sx

−skd−τs

with Cs, c̃s are related to the ope coefficient and the
expectation value of spin-s operator in the ope.

The leading contribution for each spin s 6= 0 comes from
the smallest twist τs operator. These are the conserved
currents with τs = d− 2.
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Deep Inelastic Scattering

In the limit of large momentum∮
dx xA(k2, x) ' CG c̃ kd−2(ε∗.ε)

Note: Positivity of the energy of |h〉 implies that c̃ ≥ 0.

With the standard contour trick we can relate the ope
region to the physical region

∮
dx xA(k2, x) =

∫ 1

0
dxx ImA(k2, x) ≥ 0

which leads to the energy-flux constraint CG ≥ 0.

30



Deep Inelastic Scattering

• What about the other polarizations/constraints?

Recall energy flux constraints - three distinct cases.

(ε∗µνε
µν), (ε∗µνε

ν
ρn̂

ρn̂µ), (ε∗µνn̂
µn̂ν)(εµνn̂

µn̂ν)

But the expectation value only supplies two momenta

〈P |Tµν|P 〉 ∝ PµPν

to contract with εµν.

• Important to allow for εµνkµ 6= 0.
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Deep Inelastic Scattering

Consider the Fourier transform of the ope coefficient

Tµν(−k)Tρσ(k) ∼ · · ·+AµνρσκλT κλ + · · ·
Impose Ward Identities

kµAµνρσαβ = kνEρσ,αβ + kρEνσ,αβ + kσEρν,αβ

Eρσ,αβ is the projector onto traceless tensors

Eρσαβ ≡
1

2
(ηραησβ + ηρβησα)−

1

4
ηρσηαβ

It turns out that structures in ope coefficient which
depend on the momentum are necessary to satisfy the
Ward Identity. These structures will be absent had we
imposed kµAµνρσαβ = 0

The result is then in precise agreement between DIS
and Hofman-Maldacena constraints.
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Deep Inelastic Scattering

More puzzles...

Consider operators other than conserved currents.

Example: Scalar operator O of dimension ∆O.

In the large momentum limit

0 ≤
∫ 1

0
dxx ImA(k2, x) ∝ Γ[d+ 1−∆O] c̃ (k2)−d+∆O

But Γ[d+ 1−∆O] has alternating sign for d+ 1 ≤∆O.

Similar results for other operators.

• Correspondence with the energy flux goes through
for special values of ∆O.
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Deep Inelastic Scattering

• What goes wrong?

Basic assumption:

The amplitude is bounded polynomially

lim
x→0
A(k2, x) ≤ x−N+1

The contour manipulation which leads to the positivity
of the ope coefficient can be trusted only for operators
of spin s ≥ N. For s = 2 we need N ≤ 2.

Is the energy flux is telling us that this is not a justified
assumption ? – possibly in combination with ∆O.
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Open Questions

• Understand what DIS is telling us.

Can we use this as an estimate of polynomial bound-
edness of the amplitude?

• More constraints..

• Identify constraints holographically.

• Combine with conformal bootstrap techniques to get
more stringent constraints.

• Identify the theory which saturates the bounds, if it
exists.
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