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Disorder Operator and 2+1d Conformal Field Theories

Content:

1. Introduction: disorder operator and its role as a diagnosis for
2+1d QCP and CFT;

2. Example systems: 2+1d XY transition, Gross-Neveu fixed points,
DQCP (by Meng and Assaad group);

3. Symmetric mass generation (SMG) as another non-Landau QCP;

4. Scaling of disorder operator for SMG
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Nonlocal probes of 2+1d CFT

Example: entanglement entropy, von Neumann and Renyi

pum = trgp)]

=<

Syn = —tr (p_.q_; In pM) = aly — 7

Sp = —In Tl[ﬂ’i;] = aplyr — o

The constant y is zero for “short-range entangled states”, such as

product states, symmetry protected topological states (topological
insulators, AKLT states, etc.).

y i1s nonzero for topological orders, and 2+1d CFT.
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Nonlocal probes of 2+1d CFT

Disorder operator: assume that the 2+1d system has a symmetry, let
us take U(1) symmetry as an example, then the following operator
can be called the disorder operator:

Xu(0) = exp(if Y )

jEM
This operator rotates the U(1) order parameter by angle € within
region M. When @ is =, it creates an Ising domain wall.

In a “superfluid” phase that spontaneously breaks the U(1)

In X/ (0) ~ =l Inlyy self-inductance of a loop current

In an ordered phase of discrete symmetry:  In Xy ~ —(lar)?



Disorder Operator and 2+1d Conformal Field Theories

Nonlocal probes of 2+1d CFT

Disorder operator: assume that the 2+1d system has a symmetry, let
us take U(1) symmetry as an example, then the following operator
can be called the disorder operator:
Xu(0) = exp(i0 ) ;)
jEM
If the system is a 2+1d CFT, for a region with smooth boundary, the
expectation value of the disorder operator scales as

—In X(0) ~ alyr — B(0)

If the system is a 2+1d CFT, for a region
with sharp corner, the disorder operator
scalesas (s =0 for ¢ =)

—In 4\71“(9) = O‘.ZM - S(f), g,?) In ZM
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Dual Wilson-loop operator:

There is a standard charge-gauge field duality in 2+1d.

Jy ~ €upyda, n~VXxXa

X (6 Nl—— (19,7{ (Is (ai(x)a;(x )+ -
()'\[ ()”

Since the current operator at a 2+1d CFT has
scaling dimension 2, the gauge field will have
scaling dimension 1. Performing the loop

integral carefully would lead to (Wu et.al.
2101.10342, Wang, et.al. 2101.10358, Estienne,

et.al. 2102.06223)

—In )(ﬂ.;(()) = (ll_,q_f - 5‘(9, 59) In l‘n‘.f
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Dual Wilson-loop operator:

There is a standard charge-gauge field duality in 2+1d.

Jy ~ €upyda, n~VXxXa

X (6 Nl—— (15,7{ (Is (a;(z)a;(')) +---
JOM ()’\!

One can “prove” that for a 2+1d unitary system
with PH and certain reflection symmetries, if
one does see a subleading corner-log term in
addition to the perimeter law, the coefficient s
must not be negative (S.M. of 2106.01380,
2308.07380, used method in Casini, Huerta, 2012)

—In 4-‘(‘,1‘.1(9) = (1-!_,1_1 - S((), kp) In ZM
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For a region with sharp corners,

—In X/ (0) = aly — s(0, ) Inly,

What physical quantity does s(6)
correspond to?

For small 8, s(6) is proportional to the universal conductivity (also
called the current central charge) of the 2+1d CFT: s is given by the
density-density correlation, which becomes the current-current
correlation if the system has emergent Lorentz invariance.

s(0, ) ~ a,b, ay=0—(1+ (m —p)coty)

22

o 1S the zero temperature universal conductivity in the AC limit (/T
- infty, T - 0), whenwe takee =1, h = 1.
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The electric conductivity at a QCP in a 2+1d is usually a universal
number at the order of e?/h. (Fisher, et.al. 1990)
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FIG. 1. Logarithm of the conductance G, in units of 4e’/h,
vs In(T) for a number of different Bi films. The thickness of
the first (thinnest) and last (thickest) films are indicated.

DC resistivity at the SC-insulator Metal-insulator transition in
transition of 2d thin film SC. 2dEG. Popovic, et.al. 1997
Liu, et.al. 1991
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Example systems:

Example 1: Dirac fermions (Liu, et.al. 2308.07380, also in 2212.1182)

(ij),c

4 E (01‘153‘2%3@4 + €4Ci3Ci2Ci1
i

This is a model with four flavors of fermions on the honeycomb
lattice, with nearest neighbor hopping. Let’s look at the phase with
small V first. This is a Dirac semi-metal phase. There are eight Dirac
fermions in the BZ. We would like to extract the subleading
logarithmic term, which may be tricky to do.

—In X p(0) = aly — s(60,) Inly,
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Example systems:
Example 1: Dirac fermions (Liu, et.al. 2308.07380, also in 2212.1182)

It would be much better if we can cancel out
the leading perimeter law. Consider the

following partition of the system (with Pa(6) ?’“Egimgg;
periodic boundary condition): M1 + M2 M
have the same perimeter as M3 + M4. And
we consider the guantity
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Example systems:

Example 1: Dirac fermions (Liu, et.al. 2308.07380, also in 2212.1182)

| Xar1(0) X ar2(0)
[ Xus(0) X aa(0)

P (0) In Py(0) =2s(@)Inl+ ---

The logarithmic term becomes the leading term. Each flavor of
Dirac fermion contributes two angles with 2z/3, and two angles
with 7z/3.
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Example systems:

Example 1: Dirac fermions

In Py(0) = 2s(0)Inl+ ---
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The logarithmic term becomes the

leading term. Each flavor of Dirac 018 ooy —o—
fermion contributes two angles with s (¢)
27/3, and two angles with /3. 0.12"
(7]
S | 0.9}

. 1 | | :
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Other examples:

2+1d XY transition, 2+1d Gross-Neveu transition,
Wang, et.al. 2101.10358 Liu, et.al. 2212.11821
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Deconfined Quantum Critical point (DQCP) for spin-1/2 systems

A direct guantum phase transition between the Neel and VVBS order,
theory: Senthil, et.al. 2003, many numercal works afterwards. The most
well-known model supposedly realizes this Neel-VVBS transition is the
J-Q model (Sandvik, 2007, 2010, Kaul, Melko 2008, etc.), logarithmic

correction is needed for scaling (Sandvik 2010)

HJQ=JZS,--SJ-— Qz
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Deconfined Quantum Critical point (DQCP) for spin-1/2 systems

A lot of theoretical insights were developed, including the emergent
SO(5) symmetry (Senthil, Fisher 2005, Nahum, et.al. 2015), many dual
representations (summarized in Wang et.al. 2017), relation to higher
dimensional SPT phase (Vishwanath, Senthil, 2012)

But the existence of a SO(5) invariant stable fixed point (no relevant
SO(b) singlet) is inconsistent with bootstrap (Poland, et.al. 2019), if we
accept the exponents from the numerics.

Current picture: the system remains pseudo-critical with approximate
conformal symmetry for a large RG scale (there is a pair of complex
fixed points near the real axis that keep the RG flow very slow for a
large window.)

Proposed in Wang et.al. 1703.02426, shown in fuzzy sphere realization
Zhou, et.al. 2306.16435
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Deconfined Quantum Critical point (DQCP) for spin-1/2 systems

If one tries to fit the disorder operator at the DQCP with the
previously proposed form, it looks very wrong
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J-Q like model Wang, et.al. 2106.01380  Fermion realization Liu, et.al. 2212.11821

Similar violation seen in EE. A coefficient s with a negative sign

cannot really happen at a CFT; More analysis needed, especially for
smooth boundary, in progress.
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Symmetric Mass Generation (SMG)

Let’s try to look for another “clean” QCP beyond the traditional
(Landau-like) paradigm.

“Landau-like” paradigm for phase transitions that involve fermions:
the Gross-Neveu-Yukawa theory

N
L= auutba + g(W0TY)d + (9,0)* + 1¢* + ug’

a=1
r > 0 is the disordered phase with gapless fermions; r <0 is the
spontaneous symmetry breaking phase with gapped fermions. Here
fermion acquires a mass gap through spontaneous symmetry
breaking. SMG Is a phase transition through which Dirac fermions
acquires mass without breaking any symmetry.
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Symmetric Mass Generation (SMG)

1, this SMG driven by short range four-fermion interaction should be
possible (only) for eight flavors of Dirac fermions, this has to do
with the Z, classification of interacting topological superconductor
DI, He3B.

2, SMG seen in a series of papers from both CM and lattice QCD
communities, all these models are different in the UV, but they all

involve 8 Dirac fermions at low energy; Slagle, et.al. 1409.7401, Ayyar,
et.al. 1410.6474, 1511.09071, Catterall 1510.04153, 1609.08541, He, et.al.

1603.08376; 3+1d version also seen in lattice QCD community Butt
et.al. 1810.06117, 1811.01015, Hasenfratz 2204.04801.

3, understanding with help of SUSY Razamat, Tong, 2009.05037
A review on the subject: You, Wang, 2204.14271
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Symmetric Mass Generation (SMG)

One of many versions:

H=—t 3 (-1 (elatja+ clatia) +
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Symmetric Mass Generation (SMG)

One of many versions:
H=—t 3 (-1 (elatja+ clatia) +
(i) a

V'E (?ﬂcﬂcmcﬂ‘+cmcmcacﬂ

1

Numerics suggest a direct continuous
transition from 8 flavors of weakly
Interacting Dirac fermion, to a fully
gapped featureless insulating phase.
Anomalous dimension r ~ 0.7 for
bosonic order parameter at the critical
point. He, et.al. 1603.08376

No spontaneous symmetry breaking in
the featureless insulator.
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Symmetric Mass Generation (SMG)

4
Xnm(0) = | I exp(i0n;), n; = E Nia — 2,
1eM a=1
o | X0 Xan(0)
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Symmetric Mass Generation (SMG)
In Py(60) =2s(0)Inl+ ---
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The conductivity at the SMG transition is smaller than the free Dirac
fermion
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Symmetric Mass Generation (SMG)

In P_,”(H) = 25(9) Inl+---
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Construction of a Quantum Bad Metal

Summary:

1. Ata 2+1d CFT with a U(1) symmetry, the disorder operator
receives a subleading universal non-negative logarithmic correction
from a sharp corner; the disorder operator serves as a diagnosis for
2+1d CFT.

2. SMG as a new unconventional QCP beyond the classic
paradigm.

3. Many related subjects not covered in this talk: defect entropy,
possible screening of Wilson loop (Aharony, et.al. 2023), Scaling of
entanglement entropy with corners, etc.



