
Complete positivity in presence of initial correlations:
A pathway to complete theory for non-Markovian quantum processes

Kavan Modi 
Melbourne, Australia



MONASH  
Quantum Information Science 

Felix Pollock (Postdoc)  
 
Francesco Campaioli (PhD)  
Shuaib Choudhry (PhD) 
Pedro Figueroa (PhD)  
Simon Milz (PhD) 
Philip Taranto (Master’s)  
Mathias Jørgensen (Master’s)  
Joshua Morris (Honours) 

http://monqis.physics.monash.edu

http://monqis.physics.monash.edu


Advertisement



1 Dynamics with initial correlations 

2 Non-markovian quantum      
   process (complete theory)



P. Figueroa-Romero, K. Modi, F. Pollock arXiv:1802.10344 (2018)

Almost Markovian processes from closed dynamics 



Completely positive 
maps



E
SE 

 Contracted unitary dynamics

S
Unitary

S

Trenv[U⇢i ⌦ ⇢env U †] = ⇢f



 Dynamical map

S SMap

We can use the system to characterise the Blackbox.

S
Unitary

E
⇤(⇢i) = ⇢f , Trenv[U⇢i ⌦ ⌧ U†] = ⇢f



Properties of map
• Dynamical maps = Reduced unitary dynamics  

• Linear  

• Completely positive  

• Contractivity

⇤(a ⇢+ b�) = a⇤(⇢) + b⇤(�)

⇤(⇢) =
X

k

Ak ⇢A
†
k

D(⇢,�) � D(⇤[⇢],⇤[�])

We can derive any master equation from a family of maps



A

S

 Complete positivity

S Map

⇤(⇢) =
X

k

Ak ⇢A
†
k



Nearly a decade before Kraus!

1931 - 2018

Theory of weak force (V-A theory), 
Optical theory of coherence, 

The Spin statistic theorem, 
Quantum Zeno effect, 

and so on…



Beyond completely 
positivity?



SE 

SE 

 Initially correlated SE

S

SE 

S
Unitary

E

S

Pechukas: We must give up complete positivity or linearity

S map?

Alicki: Pechukas theorem is not operational



Alicki:

Pechukas: ⇢si ! �(⇢si ) = ⇢sei

�(x⇢si + y�

s
i ) = x�(⇢si ) + y�(�s

i ) Tre�(⇢
s
i ) = ⇢si �(⇢si ) � 0

�(⇢si ) = ⇢si ⌦ ⇢e



⇢se = ⇢i ⌦ ⇢env + �se � 0

Shaji, Jordan, Sudarshan looked at entangled states

Carteret, Terno, Życzkowski looked at separable states

Rodríguez-Rosario, Modi, Kuah, Shaji, Sudarshan 
looked at classical states

Subsequently paper by Shabani and Lidar 
incorrectly claimed N&S condition



Quantum computing 
and quantum process 

tomography



why are the maps NCP?



Giving up CP?
 

Holevo bound 
 

Data processing inequality  
 

Entropy production  
 

Masillo, Scolarici, Solombrino, J Math Phys 52, 012101 (2011)

Buscemi, PRL 113, 140502 (2014)

Argentieri, Benatti, Floreanini,… EPL 107, 50007 (2014)



Operational analysis



S

 Quantum process 
tomography

S Map

{⇢1, ⇢2, ⇢3, . . . } {⇢01, ⇢02, ⇢03, . . . }

map = f(input states, output states)

S



SE 

S

 Quantum process 
tomography

S Map

{⇢1, ⇢2, ⇢3, . . . } {⇢01, ⇢02, ⇢03, . . . }

map = f(input states, output states)



What can we say about 
initial state?

{⇢k}

Alicki: Pechukas theorem is not operational



tomography requires a lot experiment experiments

Mon

Tue

Wed



tomography requires a lot experiment experiments

Mon

Tue

Wed

Average



What can we say about 
initial state?

{⇢k}

⇢avg =
X

k

pk⇢k

A1

A2

A3

A4



SE 

S

SE 

S

We can give up states as inputs

 Initially correlated SE

A

E 

S
Unitary

Grad student presses buttons



 Superchannel

Modi Sci. Rep. 2, 581 (2012) Ringbauer, Wood, Modi, Gilchrist, White, Fedrizzi, PRL 114, 090402 (2015)

Completely positive and linear

⇢f = Trenv[UAs ⌦ Ie(⇢se)U†] M[A] = ⇢f

SE U
⇢0SA

⇢S



 
Holevo bound 

 

Data processing inequality  
 

Entropy production  
 

Masillo, Scolarici, Solombrino, J Math Phys 52, 012101 (2011)

Buscemi, PRL 113, 140502 (2014)

Argentieri, Benatti, Floreanini,… EPL 107, 50007 (2014)

Using CP

Vinjanampathy & Modi PRA 92, 052310 (2015)
Vinjanampathy & Modi, Int. J. Quantum Inf. 14, 1640033 (2016)



Errors in preparations

Ambiguity in preparation

Variations in preparation

Be careful with preparations



Non-markovianity



Classical



Classical Stochastic process

t
x

P(xf tf ; … ; x2 t2 ; x1 t1)

x1 …x2 xf
t0

t1

t2

…

tf



Classical Stochastic process

t0
x1

tk-1

tk

x3x2 x4

P(xk tk) = f(xk-1 tk-1; trajectory)

P(xk tk |xk-1 tk-1; blue)

P(xk tk |xk-1 tk-1; red)

6=



Classical Stochastic process

t0
x1

tk-1

tk

x3x2 x4

P(xk tk) = f(xk-1 tk-1)

this function is the  
well-known 

stochastic map

Classical Markov process



Quantum problem



t
x1 x3x2 x4

t0

t1

t2

…

tf

P ! ⇢

PABC ! ⇢ABC

P
x3t3;x2t2;x1t1

?! ⇢
x3t3;x2t2;x1t1

Classical Stochastic processQuantum Stochastic process



t
x1 x3x2 x4

t0

t1

t2

…

tf

We’re not astronomers!

Quantum Stochastic process

Add control operations



The framework



Challenge

p   r   o   c   e   s   sc  o   n   t    r    o   lp   r   o   c   e   s   sc  o   n   t    r    o   l

process [control]           quantum states
(probabilities)



Modify definition

Classical stochastic process is a mapping from 
observed past events to future states 
(probability distribution)

Quantum stochastic process is a mapping from 
past control operations to future states 
(density matrix)



OPERATIONAL DESCRIPTION OF EXPERIMENTS RESTRICTED PROCESS TENSORS OUTLOOK

OPEN QUANTUM MECHANICS
Environ-
ment

System A(0)

U1:0

A(1)

U2:1

U
N

:N
�
1

A
(N

�1
)

Output
state

I Measurements

I Laser pulses

I RF pulses

I unitary operations

I . . . . . .



OPERATIONAL DESCRIPTION OF EXPERIMENTS RESTRICTED PROCESS TENSORS OUTLOOK

OPEN QUANTUM MECHANICS

Environ-
ment

System A(0)

U1:0

A(1)

U2:1

U
N

:N
�
1

A
(N

�1
)

Output
state

T N :0( , , . . . , ) =A(0) A(1) A(N�1)

T is called the Process Tensor

A mapping from control operations to states



How good is this 
framework? 

Representation theorem



Open quantum evolution

⇢SE
k = Uk:k�1 Ak�1 Uk�1:k�2 . . .A1 U1:0 A0 [⇢

SE
0 ]

⇢k = T0:k[A0:k] =
X

l

(Tk:0)l A0:k (T0:k)
†
l

Linear and Completely positive

Ak�1:0 = [Ak�1;Ak�2; . . . ;A1;A0]

T

A act only on the system

U act on both the system and environment

We can cast the dynamics of the system as

In terms of control operations A



Open quantum evolution T



How good is this 
framework? 

It’s universal
F. Pollock, C. Rodríguez-Rosario, T. Frauenheim, M. Paternostro, K. Modi Phys. Rev. A 97, 012127 (2018)

(on arXiv since late 2015)



But we can make it better!



time



What can we do with 
this framework?



Encode into state

⌥k:0 is a matrix product density operator.



Formally define 
quantum stochastic 

processes



Kolmogorov extension 
theorem

P (x9, t9;x7, t7;x6, t6;x3, t3;x2, t2) ⇢ P (x9, t9;x8, t8;x7, t7;x6, t6;x5, t5;x4, t4;x3, t3;x2, t2;x1, t1)

Proves the existence of an underlying continuous stochastic process. 

Important for proving Brownian motion.





Kolmogorov extension theorem for general (quantum) 
stochastic processes.

S. Milz, F. Sakuldee, F. Pollock, K. Modi arXiv:1712.02589 (2017)



Operational Markov 
condition and 



Causal break
Shift switch of grad student



Markovian      Divisible

⇢k(Pk�1|⇧k�1;Ak�2:0) = ⇢k(Pk�1)

⇢k(Pk�1|⇧k�1;Ak�2;0) 6= ⇢k(Pk�1|⇧0
k�1;A

0
k�2;0)

X Semigroup

F. Pollock et al. Phys. Rev. Lett. 120, 040405 (2018)



Markov order



P. Taranto et al. arXiv:1805.11341

Quantum Markov order



Operational measure for 
non-Markovianity



S A1B1  A2B2  A3B3  A4B4  A5B5  A6B6  A7B7⌥7:0

S A1B1 A2B2 A3B3 A4B4 A5B5 A6B6 A7B7⌥Markov

7:0

N = R(⌥
7:0

k⌥Markov

7:0

)

Confusion probability = e�nN

Measuring non-Markovianity with Relative entropy

You have a Markovian model to describe a non-Markov process. 
How surprised are you when model gives wrong answer
We can change the model and systematically develop 

better description for the experiment

F. Pollock et al. Phys. Rev. Lett. 120, 040405 (2018)



Non-Markovianity in 
IBM Experience



Two Step Processes



Conditional Errors

Simulated Actual



Space

Time



The Solution



Simulator Vs Simulator

Monash:

IBM:

In order to compute the degree of memory due solely to correlated 
operations we compute the quantum relative entropy of the Choi 
states

In preparation.



Efficient long time 
dynamics



Reconstructed Nakajima-Zwanzing master equations

Pollock, Modi arXiv:1704.06204 (2017)



Typicality



P. Figueroa-Romero, K. Modi, F. Pollock arXiv:1802.10344 (2018)

Almost Markovian processes from closed dynamics 



Relation to process 
matrix



Entanglement, non-Markovianity, and causal non-separability

S. Milz, F. Pollock, T. Le, G. Chiribella, K. Modi New J. Phys. 20, 033033 (2018)

⇧(0)
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Conclusions

We have a universal descriptor for arbitrary quantum 
processes and whole lot of applications…

http://monqis.physics.monash.edu
S. Milz, F. Pollock, K. Modi Open Sys. Info. Dyn. 24, 1740016 (2017)

Melbourne is ranked as the best city to live in! 
Looking for DECRA Candidates

http://monqis.physics.monash.edu
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