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MOTIVATION 

Molecular lift 

[Badjic, J. et al., Science, 2004] 

Molecular car 

[Kudernac, T et al., Nature, 2011] 

Classically we define work along trajectories 
in  phase-space 

𝑊=∫𝑥↓𝑡 ↑▒𝑑𝑡   𝜕↓𝑡 𝐻|↓𝑥↓𝑡    



MOTIVATION 

Objective: 
To assign a (stochastic) work value to any 
given a process described by some 
Hamiltonian H(t) and state ψ(t) for closed 
systems. 
 
 
Problem: 
ψ(t) not eigenstate of H(t):  

 ☞ Energy not well-defined!  
 



TPM PROTOCOL 

WTPM = Ẽm � En
<latexit sha1_base64="lXx+czRimmyBSoKS8K57MP70n9s=">AAACCXicbVA9SwNBEN3zM8avqKXNahBsDBcR1EIISsBGiJCYQBKOvc0kWbK3d+zOieFIbeNfsbFQsfUf2Plv3HwUmvhg4PHeDDPz/EgKg6777czNLywuLadW0qtr6xubma3tOxPGmkOFhzLUNZ8ZkEJBBQVKqEUaWOBLqPq9q6FfvQdtRKjK2I+gGbCOEm3BGVrJy+xVvQbCAybl0s2AXtAGCtmCpDjwAnpEi56iXibr5twR6CzJT0iWTFDyMl+NVsjjABRyyYyp590ImwnTKLiEQboRG4gY77EO1C1VLADTTEavDOiBVVq0HWpbCulI/T2RsMCYfuDbzoBh10x7Q/E/rx5j+6yZCBXFCIqPF7VjSTGkw1xoS2jgKPuWMK6FvZXyLtOMo00vbUPIT788SyrHufOce3uSLVxO0kiRXbJPDkmenJICuSYlUiGcPJJn8krenCfnxXl3Psatc85kZof8gfP5A5lYmRs=</latexit><latexit sha1_base64="lXx+czRimmyBSoKS8K57MP70n9s=">AAACCXicbVA9SwNBEN3zM8avqKXNahBsDBcR1EIISsBGiJCYQBKOvc0kWbK3d+zOieFIbeNfsbFQsfUf2Plv3HwUmvhg4PHeDDPz/EgKg6777czNLywuLadW0qtr6xubma3tOxPGmkOFhzLUNZ8ZkEJBBQVKqEUaWOBLqPq9q6FfvQdtRKjK2I+gGbCOEm3BGVrJy+xVvQbCAybl0s2AXtAGCtmCpDjwAnpEi56iXibr5twR6CzJT0iWTFDyMl+NVsjjABRyyYyp590ImwnTKLiEQboRG4gY77EO1C1VLADTTEavDOiBVVq0HWpbCulI/T2RsMCYfuDbzoBh10x7Q/E/rx5j+6yZCBXFCIqPF7VjSTGkw1xoS2jgKPuWMK6FvZXyLtOMo00vbUPIT788SyrHufOce3uSLVxO0kiRXbJPDkmenJICuSYlUiGcPJJn8krenCfnxXl3Psatc85kZof8gfP5A5lYmRs=</latexit><latexit sha1_base64="lXx+czRimmyBSoKS8K57MP70n9s=">AAACCXicbVA9SwNBEN3zM8avqKXNahBsDBcR1EIISsBGiJCYQBKOvc0kWbK3d+zOieFIbeNfsbFQsfUf2Plv3HwUmvhg4PHeDDPz/EgKg6777czNLywuLadW0qtr6xubma3tOxPGmkOFhzLUNZ8ZkEJBBQVKqEUaWOBLqPq9q6FfvQdtRKjK2I+gGbCOEm3BGVrJy+xVvQbCAybl0s2AXtAGCtmCpDjwAnpEi56iXibr5twR6CzJT0iWTFDyMl+NVsjjABRyyYyp590ImwnTKLiEQboRG4gY77EO1C1VLADTTEavDOiBVVq0HWpbCulI/T2RsMCYfuDbzoBh10x7Q/E/rx5j+6yZCBXFCIqPF7VjSTGkw1xoS2jgKPuWMK6FvZXyLtOMo00vbUPIT788SyrHufOce3uSLVxO0kiRXbJPDkmenJICuSYlUiGcPJJn8krenCfnxXl3Psatc85kZof8gfP5A5lYmRs=</latexit>

•  Applied in many different contexts: 
•  Fluctuation relations [Campisi et al, Rev. Mod. 

Phys. 83 771 (2011)] 
•  Open systems [Campisi et al, J. Phys. A: Math. 

Theor., 39, 392002 (2009)] 
•  Continuously measure systems [Campisi 

et al, Phys. Rev. Lett. 105, 140601 (2010)] 
•  Dirac particles [Deffner et al, Phys. Rev. E 92, 

032137 (2015)] 

•  Implemented experimentally [An et al, Nature 
Physics 11 193 (2014), Batalhao et al,  Phys. Rev. Lett. 14 113, 
140601 (2014)] 



TPM PROTOCOL 

WTPM = Ẽm � En
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Not exactly what we want 

•  The measurements generate a different 
process. 

•  In general, 

•  The system becomes open during the 
measurement steps. 

•  Equating work with change in energy of the 
system no longer obvious [Kammerlander et al, 
Scientific reports 6, 22174 (2016), Solinas et al, Phys. Rev. E 
92, 042150 (2015), Elouard et al, NPJ Q. Info. 3, 9 (2017)] 

hWTPMi = hH(t)i (t) � hH(0)i (0)
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OTHER APPROACHES 

•  Operator of work [Allahverdyan et al., Phys. Rev.  E 71 066102 (2005)] 

•  Quasi-probabilities 

•  Full counting statistics [Solinas et al., Phys. Rev.  A 94 052103 (2016)] 

•  Wigner distributions [Deffner et al., EPL 103 30001 (2013)] 

•  Consistent histories [Miller et al., New J. Phys 19, 062001 (2017)] 

•  … 



NO-GO THEOREM 

No work definition can fulfill three distinct properties: 
 
•   P(W) is described by a POVM 
•   For initial diagonal states, P(W) ☞ PTPM(W) 
•   Average work = Change in expectation value of Hamiltonian 



QUANTUM WORK IN THE PHASE-SPACE USING 
BOHMIAN TRAJECTORIES 

Phys. Rev.  A 97, 012131 (2018) 



BOHMIAN MECHANICS 

•  Bohmian mechanics (BM) is an alternative description 
of quantum mechanical phenomena fully consistent 
with experimental observations. 

•  It's a theory about point particles and how they move 
in space. 

•  It allows a phase space and configuration space 
description such that quantities and concepts from 
classical statistical physics can be naturally generalized. 

•  All the machinery of operators, observables, 
projections, observation, "colapse", etc can be 
recovered and interpreted from these trajectories. 

Steinberg et al, Science 332, 6034 (2011) 

Steinberg et al, Science advances 2, e1501466 (2016) 



BOHMIAN MECHANICS 

Steinberg et al, Science 332, 6034 (2011) 

Experimental reconstructions of 
the trajectories 

Numeric simulation  



BOHMIAN MECHANICS (IN A NUTSHELL) 

•  The particles have well-defined energy and position 
at all times. 

•  The initial positions cannot be known with absolute 
certainty - a distribution 𝜌(𝑥,0) must be provided.  

•  The initial momenta is fixed by a field  𝑆(𝑥,0). 
•  The evolution of 𝜌(𝑥,𝑡) and 𝑆(𝑥,𝑡)  is compactly given 

by the Schrödinger equation (or Dirac, KG, Pauli, 
etc) 


𝑖ℏ 𝜕↓𝑡 𝜓(𝑥,𝑡)=(𝐻𝜓)(𝑥,𝑡)  with    𝜓=𝑅𝑒↑𝑖𝑆/ℏ  

•  Once 𝜓(𝑥,0) and an initial position 𝑥↓0  are given, 
evolution is completely deterministic. 

Classical 

(X, P) 

Quantum 

(X, 𝜓) 
Phys. Rev.  A 97, 012131 (2018) 



QUANTUM HAMILTON-JACOBI 

•  Consider a system of N particles with Hamiltonian 𝐻=∑𝑖↑▒( 𝑃↓𝑖↑2 /2𝑚↓𝑖  + 𝑉↓𝑖 ) + 𝑉↓𝑖𝑛𝑡 . 

•  Write the wave function in the hydrodynamic representation 𝜓(𝑥,𝑡)=𝑅(𝑥,𝑡)exp(𝑖𝑆(𝑥,𝑡)/ℏ) 

•  Take the real part of the Schrödinger Eq. 

− 𝜕↓𝑡 𝑆(𝑥,𝑡)=∑𝑖↑▒((∇↓𝑖 𝑆)↑2 /2𝑚↓𝑖  + 𝑉↓𝑖 (𝑥,𝑡)) + 𝑉↓𝑖𝑛𝑡 + 𝑄↑(𝜓) (𝑥,𝑡)= 𝐸↑(𝜓) (𝑥,𝑡)

 

Quantum potential:  𝑄↑(𝜓) (𝑥,𝑡)=− ℏ↑2 ∑𝑖↑▒∇↓𝑖↑2 𝑅(𝑥,𝑡)/2𝑚↓𝑖 𝑅(𝑥,𝑡)   



QUANTUM WORK 

𝐻↑(𝜓) (𝑥,𝑝,𝑡)= p↑2 /2m +V(x,t)+ V↓int (x,t)+ Q↑(𝜓) (𝑥,𝑡)                             𝑥 = ∇↓𝑝 𝐻↑(𝜓) ,         𝑝 =− ∇↓x H↑(𝜓)   

𝑊↑(𝜓) (𝑥↓0 ,𝜏)=∫0↑𝜏▒𝑑𝑡  𝜕↓𝑡 𝐻↑(𝜓) |↓𝑥↓𝑡   = 𝐸↑(𝜓) (𝑥↓𝜏 ,𝜏)− 𝐸↑(𝜓) ( 𝑥↓0 ,0) 

Hamiltonian that generates the traj. in phase-space: 

Work definition: 

Work distribution: 𝑃↓𝜏 (𝑊;𝜓)=∫𝑑𝑥↓0 |𝜓(𝑥↓0 ,0)|↑2 𝛿(𝑊− 𝑊↑(𝜓) ( 𝑥↓0 ,𝜏)) 

Phys. Rev.  A 97, 012131 (2018) 



DISTRIBUTION PROPERTIES 

•  𝑃↑(𝜓) (𝑊)≥0,

•  ∫𝑑𝑊   𝑃↑(𝜓) (𝑊)=1, 

•  ⟨⟨𝑊⟩⟩=∫𝑑𝑊   𝑊𝑃↑(𝜓) (𝑊)= ⟨𝐻(𝜏)⟩↓𝜓(𝜏) − ⟨𝐻(0)⟩↓𝜓(0)  

•  For a proper statistical mixture of wave functions {𝜓↑(𝑗) }, 

the distribution 

𝑃↓𝜏↑{𝑗} (𝑊)=∑𝑗↑▒𝑝↓𝑗  𝑃↓𝜏   (𝑊;𝜓↑(𝑗) ) 

is mixture-dependent! Bohmian 
 

✓ Positive 
✓ ⟨𝑊⟩=⟨Δ𝐻 ⟩   
✘ POVM 

TPM 
 

✓ Positive 
✘ ⟨𝑊⟩=⟨Δ𝐻 ⟩   
✓ POVM 

Q-P 
 

✘ Positive 
✓ ⟨𝑊⟩=⟨Δ𝐻 ⟩   
✘ POVM 

Phys. Rev.  A 97, 012131 (2018) 



EXAMPLE – DRIVEN 1D HO 

𝐻 (𝑋 , 𝑃 ,𝑡)= 𝑃 ↑2 /2𝑚 + 1/2 𝑚𝜔↑2 𝑋 ↑2 + 𝑋 𝐴sin 𝜔𝑡 + 𝑃 𝐴cos𝜔𝑡    

𝜌 ↓𝛽 = 𝑒↑−𝛽𝐻 /𝑍↓𝛽  =∑𝑛↑▒𝑒↑−𝛽𝐸↓𝑛  /𝑍↓𝛽  |𝑛⟩⟨𝑛|= 1/𝜋   𝑛  ∑𝑛↑▒𝑒↑− |𝜂|↑2 /𝑛    |𝜂⟩⟨𝜂|  

Thermal state: 

Average work: 
 
⟨⟨𝑊⟩⟩↓{𝑛} = ⟨⟨𝑊⟩⟩↓{𝜂} =𝑇𝑟𝜌Δ𝐻 = 𝐴𝜏↑2 /2𝑚  
 
 
Average exponentiated work: 
 
⟨⟨𝑒↑−𝛽𝑊 ⟩⟩↓{𝑛} =1−𝛽(𝐴𝜏)↑2 /2𝑚 
sin↑2  (𝜔𝑡)+𝑂(𝛽↑2 )  
 
⟨⟨𝑒↑−𝛽𝑊 ⟩⟩↓{𝜂} =1+𝛽ℏ𝜔sin↑2  (𝜔𝑡/2 )+𝑂(
𝛽↑2 )  
 
 

Hamiltonian: 

Can be described as a mixture of eigenstates {𝑛} or 
coherent states {𝜂}. 

Phys. Rev.  A 97, 012131 (2018) 



EXAMPLE – DRIVEN 1D HO 

Without measurements: 

With measurements: 

If work defined as change in energy: 
 
 
And if the meas.  are performed: 

𝑊≔Δ𝐸=𝐸(𝑥↓𝜏 ,𝜏)−𝐸( 𝑥↓0 ,0) 

𝑃↓𝐵𝑜ℎ𝑚 (𝑊)= 𝑃↓𝑇𝑃𝑀 (𝑊) 

Phys. Rev.  A 97, 012131 (2018) 



CONCLUSIONS 

•  We have taken the classical work definition along the trajectories generated by the Hamiltonian and applied it 
to the Bohmian trajectories. 

•  The resulting work distribution is positive, normalized and respects the change in the expectation value of the 
Hamiltonian 

•  No conflict with no-go theorem because it’s not given by a POVM. 

•  It seems particularly suited to tackle problems in continuous Hilbert spaces. 
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