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Equilibrium considerations

Hiot = Hs + V + Hp.

Global equilibrium state:

Reduced equilibrium state of the system:

—BHiot —BH;S —pBHs
e e S e

= dlr =
s / 5 Ztot Z; 7& ZS

Hamiltonian of mean force Kirkwood, JCP 1935

£ * Ziot
25 =

B ZB

H: = Hi(B) = Hs — % In{eV)
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Equilibrium thermodynamics cf. Gelin & Thoss, PRE 2009

=-3 Lin 25, Us= 0BFs, Ss= 5285]:5

o—BHZ(Ts)
= Us = [ dTs[H3(T's) + BOsHE(T ) *——
S
e—BH:(Ts) e BH5(Ts)
= Sg— /drs S L B20H(Ts) °
ZS ZS

P 1| e—BH5(Ts)| o—BH:(Ts)
ifs—/ s | Hs( 5)+B" Z: Z

Additivity follows from Z& = 2/ Zp:

Us = Uiot —UB, Ss =St —SB, Fs = Fiot — FB
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Nonequilibrium

Class of admissible initial states at tg = 0

{PS(I_S? O)WB|5(|_B| rs)’ ps(Fs;0) arbitary}

with a conditionally equilibrated bath state

o~ B(V+Hg) e B(Hrot—Hg)
TVB\S(I_B‘FS) = fdrBe—ﬁ(V+HB) - ZB
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Nonequilibrium (continued)

Drive the system Hamiltonian [driven coupling V/(A¢) can be also
considered)]:
Htot(>\t) = HS()\t) + V ol HB.

Definition of Work:

W(t) = / dT 58 [Hiot(Ae)prot (£) — Heot(Ao)pot(0)]

T
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Nonequilibrium thermodynamics

o ldea: extend strong coupling equilibrium definitions to
nonequilibrium Seifert, PRL 2016

o Notation: Fs — Fs, Us — Us, Ss — Ss

o Definition of heat via the 1st law:
Q(t) = AUs(t) — W(t)

o Integral fluctuation theorem proves positivity of the 2nd law
Seifert, PRL 2016

((ePWO-AKON) =1 = 5(t) = BIW(t)— AFs(t)] > 0.

o Alternative derivation using relative entropy Miller & Anders, PRE
2017; Strasberg & Esposito, PRE 2017

%(£) = Dlpeor(t) |o5(t)mys] > 0
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Ambiguity in the definitions? Talkner & Hinggi, PRE 2017

S B
> strong/weak
= B'
S S . (residual bath)

-~
standard weak coupling
thermodynamics applies
o Recovery of previous definitions when S’ is conditionally
equilibrated (limit of time-scale separation) Strasberg & Esposito,
PRE 2017
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(Very) good thermodynamic framework

Seifert, PRL 2016; Miller & Anders, PRE 2017; Strasberg & Esposito, PRE 2017
Compare also with Jarzynski, PRX 2017

o Consistent with equilibrium thermodynamics v/
o Out-of-equilibrium v/

o Arbitrary initial system states v/

o Consistent with time-scale separation v/

o Known results at weak coupling v/

o Local description v/

o (Integrated) first law v/

o (Integrated) second law v/

o Integral fluctuation theorem v/

°

Detailed fluctuation theorem
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But what about the rates?
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Integrated entropy production:
Y (t) = p[W(t) — AFs(t)] > 0.

Entropy production rate:

Question:



£ = 5 [{ )~ g — 55 s

dt dt B dt
= [(FEA) - Lk - 5 tnps(e)]
=5 [[ars (FERD - Lhs00) pse) - S inps(e)

= [ drsHzs )dps(f) S nps(1)
- [arsn () #2300 | Sos(6)~ 55 s(0)

dps e FHs()
dls In —In—
/ [ pst Zz ()

D[ps(t)HWs(/\ )l

dt



Non-Markovianity
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Positivity of Y(t) Strasberg & Esposito, arXiv 1806.09101




Non-Markovianity
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Positivity of Y(t) Strasberg & Esposito, arXiv 1806.09101

Y (t) =

Dlps(t)[|ms(Ae)] > 07

dt|y,
Two conditions:
@ Dynamics are Markovian (contractivity of relative entropy).

Q 7s(\t) is an instantaneous steady state of the dynamics.

e PHs(Ar)
Ts(Ae) # S

Zs(A)
compare also with Spohn, JMP 1978
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Open system dynamics and instantaneous steady states

Exact time-local master equation:

2 ps(t) = L(B)os(t)

Properties of the generator L£(t):
o relies on the inversion of a certain dynamical map

o independent of the initial state of the system (closed
dynamical description!)

o has negative “transition rates” when the dynamics are
non-Markovian Hall, Cresser, Li & Andersson, PRA 2014

Definition: instantaneous steady state 7s(t)

L(t)7s(t)=0

Open question: when is 7(t) = m(\¢)?
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Theorem 1 (undriven dynamics) Strasberg & Esposito, arXiv 1806.09101

If the dynamics are undriven (\; = 0), then
i(t) = m(Ae)

independent of whether the dynamics are Markovian or not.
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Theorem 1 (undriven dynamics) Strasberg & Esposito, arXiv 1806.09101

If the dynamics are undriven (\; = 0), then
i(t) = m(Ae)

independent of whether the dynamics are Markovian or not.

Theorem 2 (driven dynamics) Strasberg & Esposito, arXiv 1806.09101

Hard! But if the bath is conditionally equilibrated at time t (i.e., in
the limit of time-scale separation), then

#(t) = m(\e).
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Theorem 1 (undriven dynamics) Strasberg & Esposito, arXiv 1806.09101

If the dynamics are undriven (\; = 0), then
i(t) = m(Ae)

independent of whether the dynamics are Markovian or not.

Theorem 2 (driven dynamics) Strasberg & Esposito, arXiv 1806.09101

Hard! But if the bath is conditionally equilibrated at time t (i.e., in
the limit of time-scale separation), then

#(t) = m(\e).

Theorem 3 Strasberg & Esposito, arXiv 1806.09101

> (t) < 0 implies

Q non-Markovian dynamics for undriven systems, or

Q absence of time-scale separation for driven systems.
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(Very) good thermodynamic framework

o Consistent with equilibrium thermodynamics v/
Out-of-equilibrium

Arbitrary initial system states v/

Consistent with time-scale separation v/
Known results at weak coupling v/

Local description v/

(Integrated) first law v/

(Integrated) second law v/

Integral fluctuation theorem /

Detailed fluctuation theorem v

© 06 6 6 66 6 o o o o

Rigorous connection to non-Markovianity at the rate
level v/
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Example: Classical non-Markovian, driven Brownian motion

L VAT
| VL LS

}\t=0

A #0
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But what about quantum?
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Equilibrium considerations Gelin & Thoss, PRE 2009; Hsiang & Hu, Entropy

Quantum Hamiltonian of mean force
e—BHs
* )
Zg

R 1 trB{e—ﬂ(Hs+\7+l:/B)}
Hs = —— Zt=
ST Zg s

Equilibrium internal energy, system entropy and free energy

TS =

Ss =trs {#s [~ In ps(t) + B29sH5(Ae)] }
Fs = trs {#s | Fis0) + 5 Inps(e)] |

>

Additivity still holds

Z/{Szutot_u87 SS:Stot_887 ]:S:]:tot—fB
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Out of equilibrium considerations Strasberg & Esposito, arXiv 1806.09101

o Energetics:

()= trs {ps) =) ) = dUs(e) — (o

o Entropics
I(t) = BIW(t) — AFs(t)]
= D[prot(t) [ Tor(Ae)] — D [ps(t) [Fs(Ae)]
— D [prot(0) [|Ftot(Ao)] + D [65(0) [[7s(No)]

o T(t) > 0if (e.g.) Prot(0) = Aror( o).
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Out of equilibrium considerations Strasberg & Esposito, arXiv 1806.09101

o Energetics:

()= trs {ps) =) ) = dUs(e) — (o

o Entropics
I(t) = BIW(t) — AFs(t)]
= D[prot(t) [ Tor(Ae)] — D [ps(t) [Fs(Ae)]
— D [prot(0) [|Ftot(Ao)] + D [65(0) [[7s(No)]

o X(t) > 0if (e.g) pror(0) = Fror( o).
o Extension to the rate level?

. . d d R R

£(e) = B [W(e) - ZFs(0)] = = | DWs(e)ls(h] ?

No! Because diHE(A¢) # drHs(Ae).
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Good thermodynamic framework?

o Consistent with equilibrium thermodynamics v/
Out-of-equilibrium v/
Arbitrary initial system states %

(+]

Consistent with time-scale separation %
Known results at weak coupling v
Local description v/

(Integrated) first law v/

(Integrated) second law v/

Integral fluctuation theorem %

Detailed fluctuation theorem %

© 06 06 6 66 66 o o o

Rigorous connection to non-Markovianity at the rate level %

y
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Does the initial product state assumption help? Strasberg & Esposito,

arXiv 1806.09101

prot(0) = ps(0) ® 7

i d o BHs(M)
5(t) dt Zs(Ae)

D [ﬁs(t)

At
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Does the initial product state assumption help? Strasberg & Esposito,

arXiv 1806.09101

prot(0) = ps(0) ® 7
d e—BHs(Ae) ]

d0="G Zs(Ae)

D [ﬁs(t)
b

Q Problem 1: &(t) is not a good candidate for an entropy
production rate as [y dsé(s) is not necessarily positive.
Rigorous framework needs to take into account the transient
build—up of S-B correlations. Esposito, Lindenberg, Van den Broeck,
NJP 2010

Q Problem 2: &(t) can be negative even for Markovian dynamics
without driving at weak coupling.

v




Summary
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o Strong coupling thermodynamics is interesting and fun!

o Make sure that you do the thermodynamics correctly!

o Classically, there is a rigorous connection between
non-Markovianity and negative entropy production rates, but
not an equivalence!

o Quantum is harder!
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