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ZN-twisted b.c. for compactified QFT

N Adiabatic continuity conjecture: Vacuum structure & Zn symmetry A
persists during Zn-twisted compactification

- Fractional instantons cause transition among classical N-minima

- makes Zn stable, leading to volume indep. of vacuum structure
\ 't Hooft, Witten, Gonzales-arroyo, Okawa, Gross, Kitazawa... J
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Prospects and Known facts

R d-1 . d Argyres, Dunne, Unsal (12)
Resurgent structure on Rd1x Sl may continue to R Fuitmort, etal (16-18)

*  Weak-cplng confinement may be connected to strong-cplng one unsal (07)
» Adiabatic continuity in 2D sigma model sulejmanpasic (16) Tanizaki, TM, Sakai (17)

I'll discuss the conjecture and the resurgent structure with Zn-twist in 2D
by using a couple of tools (I)semiclassics, (2)anomaly matching, (3)lattice.
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|. Resurgence and bions in CPN-1 models

Dunne, Unsal (12), TM, Nitta, Sakai (14-16)
Fujimori, Kamata, TM, Nitta, Sakai(16-18)

(For SUSY case, see also Dorigoni, Glass (17))



CP! sigma model on R x &1

* CPlmodelon R x &1 CP! =~ §2
1 ‘au90|2
g% (14 |p|?)?

asymptotically-free theory

L = + L

* /> twisted boundary condition complex ¢p-plane

o(y + L) zeingp(y) (m=n/L) — exact Z2 symmetry

— Fractional instantons (Q=1/2, S=S//2)

Lee,Yi(97)

Lee, Lu(97)

Kraan, van Baal(97)
Eto, et.al. (04)(06)
b ] Bruckmann (05)




CP! sigma model on R x &1

- CPL quantum mechanics  (e=1: SUSY)

1 _ _
L = ?G [81;@81;95 — m*@ + i Dyh + em(1 + v d, log G)Wﬂb} G =

- Ground-state effective bosonic theory (fermion # projection)

H ] =0 > 9P) =0

2
m
l:"> V = Tsinzﬁ — emg? cos 6 eg'm

—eg?m S : = . 0

0 = 2 arctan ||

- Two local minima

North and south poles cp! = §?

* Instanton solution for ¢=0 St =

| 3

Tunneling effect between two minima

complex ¢p-plane



Real bion solutions

Fujimori, Kamata, TM, Nitta, Sakai(16)
See Behtash, et.al. (15) for other QM

e real solution

~

\/ w? e'Po
LR i sinh w(T — 1)

)

w? = m? + 2emg?

Moduli parameters are Ty : position @g : phase

1— |l

1+ |2

* 1 kink profile

4eo?

W2 — m2




Complex bion solution

Fujimori, Kamata, TM, Nitta, Sakai(16)
See Behtash, et.al. (15) for other QM

-~ Complex solution ~
e e ST (-2
7~V w2~ m2 cosh w(T — T0) rTTF (1)
\_ J
v arg[g”] # 0

Re(Z)

1 ( 4?
T+ —T7- = — |log—
W W= —



Multi-bion solution

Fujimori, Kamata, TM, Nitta, Sakai(17)

-

Multi-bion solution
\

= plPe f(T ; Tc) | 5 = o~ iPe f(T ; Te) e classified by integers (p,0)
SIn~ « S1I1 - (v e pis the number of bions

* J determines shape

f(r) =cs(Qr, k) = en(Q7, k) /sn(Q1, k)

J

(p,q) = (3,1)

S =~ pShion + 2miel

2
Shion = _7? —|—2€logw+m
g

W —1m

T

* An infinite tower of multi-bion solutions
* Contributions are calculated by (multi) quasi-moduli integral
e Contributions from real and complex bions cancel for SUSY



Quasi-moduli integral

Behtash, Dunne, Schafer, Sulejmanpasic, Unsal (15)
See also Aoyama, Kikuchi (92) for Valley method

Quasi moduli parameters (Nearly massless modes)

= kink distance 7 & relative phase Oy

-
——
—
-
—_

mP Existence of these modes means |-loop det. is not enough...

Contributions from real and complex bions "

A

Z_ ~ dTrd¢T eXp[_‘/eﬂ:(T’m ¢7“)]
0

Effective potential in quasi-moduli space

4m

Vett (77, &) = — - cos ¢ ™7 + 2em,
g



Lefschetz Thimble integral

Relation of thimbles and resurgence is well explained in
Cherman, Dorigoni, Dunne, Unsal (13) Cherman, Dorigoni, Unsal (14)

* Thimble decomposition

CR — Z naja

ns = (Cr, Ks) intersection number

Jo :upward flow — Thimble

Ko :downward flow — Dual thimble

* 4D space of complex parameters

(77, ¢r) € C?

* (Dual) thimble : 2D surface

3D projected space of
4D space (7, ¢) € C*

Q?I

K




Lefschetz Thimble integral

Relation of thimbles and resurgence is well explained in
Cherman, Dorigoni, Dunne, Unsal (13) Cherman, Dorigoni, Unsal (14)

* Thimble decomposition
3D projected space of

Cr = Z NoJo 4D space (7, ¢) € C*
(o) T

ns = (Cr, Ks) intersection number

Jo :upward flow — Thimble

Ko :downward flow — Dual thimble

* 4D space of complex parameters

(7_7“7 ¢r) e C

- (Dual) thimble : 2D surface bion sadd _




Lefschetz Thimble integral

Relation of thimbles and resurgence is well explained in
Cherman, Dorigoni, Dunne, Unsal (13) Cherman, Dorigoni, Unsal (14)

* Thimble decomposition

K
CR — § naja
.
ns = (Cr, Ks) intersection number
Js :upward flow — Thimble i
Ko 2
Ks : downward flow — Dual thimble g
Im 'C"‘ i
* 4D space of complex parameters s o]
9 Img {'l,'i
(T’r‘a ¢T) cC |L TV,
2 R;q‘ "t

* (Dual) thimble : 2D surface



Lefschetz Thimble integral

Fujimori, Kamata, TM, Nitta, Sakai(16)
— E Ng L
o)

- Integral along Thimble J,

: 2 10 .
/ dT / d¢/ -V _ Z (.926 ) 6—27‘(‘260‘ F (6)2
m

- Intersection number of original contour & dual thimble K,

(=1,1,0) forf=—-0 arglg’] <O
(n 1 nOanl): o
(0,—-1,1) ford=+0 arglg’]>0

Stokes phenomena ©=>  Imaginary ambiguity



Contributions from complex bions

Fujimori, Kamata, TM, Nitta, Sakai(16)(17)

Bion contribution to ground-state energy Jc=¢—1

g° 2D Ginen 5 _2m
Fpion = —2m (—) ['(e)"e 47

2m T

y eT e for 6 = —0
e~ ™€  for @ = +0 °

:e_z_?ée @m (”y log 2_72n + 2)6?562 O(6e”)

g

For p bions we obtain

__2pm 2 ' _ 2pm
E, = 6 9* 0€ +@mp2 (”y—klogg—? + zg) e 97 ¢




Ground-state Energy in CP1 QM
Fujimori, Kamata, TM, Nitta, Sakai(17)
g _ oot [P (%) +Bi (%) ] e
sinh? g% 2 g° - P
_ ~ Trans-series
Perturbative part (asymptotic form)

2
E()Ng —ZmZ n —1)! (g

) < 4 L T(+20-0)
2m

211 T'(1 —¢)?
Perturbative coefficients via
Bender-Wu method

Non-perturbative p-bion part (asymptotic form)

E() QmZe 92

[ 1?2(71_ & <%>n+ (p - 1)2i(n— 1)! ( g >n



Ground-state Energy in CP1 QM
Fujimori, Kamata, TM, Nitta, Sakai(17)
coth | Ei (2—?) + 1 (—2—?) 2m_ _2pm
E(Z) _ 2 o ] — g2 E(2
J msinh2 g% 2 =) g° Z
_ _ Trans -series
* Perturbative part it
2 > e
E(g ) — 92 + 2m/ dt 57 e Singularity on
2440 - positive real axis

Non-perturbative p-bion part

o0 B i _|_12 i
Ez(?Q):Qm/O dte ! t(]i 271 +

5 2m LT
5— | +4mp® | v+ log —-
- Fro Ut 9> 2




Ground-state Energy in CP1 QM

Fujimori, Kamata, TM, Nitta, Sakai(17)

coth | Ei (2—?) + 1 (—2—?) 2m_ . 2pm
E?) — 2 _m g I/ N _log 2| = e o2 E2)
I sinh? 2 2 Y & g2 pZO b
) ~ Trans-series
* Perturbative part it
(2) =, et
by = 92 T Zm/ dtt 2m :::::::::;::::::
0 g2+i0
Perturbative contribution around

O-bion background

* Non-perturbative p-bion part

> 1)2 —1)2 y '
E}(?Q) = 2m/ dte ™" p+1) + p—1) + dmp? (v + log —ZL + Z—W>
0

t — —2m t 4 Zm g 2

g2+i0 g2
Perturbative contribution around p-bion semiclassical
contribution

P-bion background
= the quasi-moduli integral !




Ground-state Energy in CP1 QM

m [Ei(2m _2m
) ZQQ_mcoth—Q El( 2)+E1( 2)
sinh? 2 2
g L
* Perturbative part
-
B = 2+ o / dt——
g2=+i0 )

Fujimori, Kamata, TM, Nitta, Sakai(17)

2 o0 __2pm
volog | =D e o B
9° | =
Trans-series
T2maT

Imaginary ambigwty of perturbation is cancelled by that of 1-bion
semiclassical contribution

* Non-perturbative p-bion part

~ o0
EZ())—Qm/O

(p+1)°

dte™?

t . 2m
i g2+i0

p=1 bion
5 2m| e
+4dmp® | v+ log — £+ —
g° 2




Ground-state Energy in CP1 QM

Fujimori, Kamata, TM, Nitta, Sakai(17)

coth | Ei (2—?) + 1 (—2—?) Qm_ . _2pm

g 7L y—logt | =) e 2 EP
- 1.2 m i 08 2 o Z@ ! p
sinh P 2 g -

Trans-series
* Perturbative part

E(gz) = 92+2m/ dt
0 t

Cancelled

* Non-perturbative p-bion M-l)-bion ‘%\
_ < _

-
> 1)2 —1)2 om| | i

E}(?Q) = 2m/ dte ™" (P +272L + p—1) + dmp? (v + log —T2n + Z—W>

o t— g2 £, g g 2

Imaginary ambiguity of perturbation around (p-1)-bion is cancelled by
that of semiclassical contribution of p-bion ! And it repeats to infinite p...



This is an example of the exact resurgent structure,
in which exact cancellation of imaginary ambiguities
to all orders of trans-series is observed.



2D CPN-1sigma model on R x &

Fujimori, Kamata, TM, Nitta, Sakai(|8)

* SUSY-deformed Lagrangian

de 1 — ol 1
L =21R = ——
2R 1+ [p]? (L=2nft =g

deformation term

L = LN:(Q,Q) CPN-1 —

« /Nn-twisted b.c.
p(y+2mR) = ™ o(y)  Yur(y+27R) = 2Ty (y)

* Bion solutions

. — . — O CU2 _ m2 4+
Real: ¢ \/wg _m2 smhw(:z: _ 330) (wf,r TR

(w2 jetmytigo ) (w2 jetMmyY—ido
Complex: ¢ = p =

w? —m? coshw(x — xg) w? —m? coshw(x — xg)



2D CPN-1sigma model on R x &

Fujimori, Kamata, TM, Nitta, Sakai(|8)

* SUSY-deformed Lagrangian
_1nl2
o€ ! ’SO‘ (L:27TR m:—)

L = Ln_ 1 —
N=(2,2)CPN-1 Qme1+]¢\2

deformation term

* /Nn-twisted b.c.

Sﬁ(y + 27TR) _ 627TimR80(y) ¢€’r(y + 27TR) _ 627Time€,7"(y)

* Bion solutions

composed of two 1/N fractional instantons

At o
a !
S( A 7
X’y) o M\&&M&&%WW%&W homogeneous in
Ly
P \MW\M&\\“\%\\\\\\\\&WW compactified direction

=
=

l,

\




2D CPN-1sigma model on R x &

Fujimori, Kamata, TM, Nitta, Sakai(|8)

* Quasi-moduli integral (N=2)

drmBR  8m™mR
Bare effective action S(z,,¢,) = m;L - W;L

cos ¢pr.e T 4 2ma,

g g
detA
Bion contribution Zvion = 2775/ dr,do, J — T e (small g*)
M det AB
quantum

fluctuation



2D CPN-1sigma model on R x &

Fujimori, Kamata, TM, Nitta, Sakai(|8)

* Quasi-moduli integral (N=2)

dTrmR 8mmR
Bare effective action S(z,,¢.) = Wgz - Wg2

cos ¢pr.e T 4 2ma,

detAF _
&
det’AB

Bion contribution Zvion = 2775/ dr,do, J (small g*)
M

sum over KK modes of quantum fluctuation
\/ via zeta function regularization

KCsummed —gielal (R kA
|-loop det. det A |,,—g % ’ det AT,
det’AB > [ 5
log = 2 Xn + Yy cosop e ™ + O(g”)
det AY |k nz::l
B 4mR
Xn — 1Og f m7 Yn — l + (’)(n_Q)

R—I—m n



2D CPN-1sigma model on R x &

Fujimori, Kamata, TM, Nitta, Sakai(|8)

* Quasi-moduli integral (N=2)

dTrmR 8mmR
Bare effective action S(z,,¢.) = Wgz - Wg2

cos ¢pr.e T 4 2ma,

detAF _
&
det’AB

Bion contribution Zvion = 2775/ dr,do, J (small g*)
M

sum over KK modes of quantum fluctuation
\/ via zeta function regularization

2
KK summed det’Ap A2 R dethr
j AO 5 + ... : AO ~ e .
|-loop det. det Ap |,—g IR det A},
det’ A o0
log AOB = 9 Z [Xn + Yn COS ¢’r e~ MTr 0(92)
det AL ki o
N - I'(1+mR) .
nz::lX __szlogRAO+logF(1—mR)’ ;Y = 4mRlog RAg + - - -



2D CPN-1sigma model on R x &

Fujimori, Kamata, TM, Nitta, Sakai(|8)

* Quasi-moduli integral (N=2)

B 4m™mB  8mmR

Bare effective action S(z,,¢,) = .2 .2 cos ¢re” " + 2ma,

detAF _
&
det’AB

Bion contribution Zvion = 2775/ dr,do, J (small g*)
M

sum over KK modes of quantum fluctuation
\/ via zeta function regularization

detAF det’AB

Renormalized Lo
det AY, 5 detAY

effective action Sr(Tr, ¢r) = S(2r, ¢r) — log




2D CPN-1sigma model on R x &

Fujimori, Kamata, TM, Nitta, Sakai(|8)

* Quasi-moduli integral (N=2)

B 4m™mB  8mmR

Bare effective action S(z,,¢,) = .2 .2 cos ¢re” " + 2ma,

detAF _
&
det’AB

Bion contribution Zvion = 2775/ dr,do, J (small g*)
M

sum over KK modes of quantum fluctuation
\/ via zeta function regularization

Renormalized ArmR  STmR o
effective action Sr(Tr, ¢r) = —5— — —5— cosgpe” "7 + 2ma,
IR Ir
1 1 1 e
E = 2 ;log\RA(ﬂ Acpr = Age 97

dynamical scale



2D CPN-1sigma model on R x &

Fujimori, Kamata, TM, Nitta, Sakai(|8)

* Quasi-moduli integral (N=2)

AmmBR  8mmR
Bare effective action S(z,,¢,) = W; — W;;L

cos ¢pr.e T 4 2ma,

detAF _
&
det’AB

Bion contribution Zvion = 2775/ dr,do, J (small g*)
M

sum over KK modes of quantum fluctuation
\/ via zeta function regularization

Vacuum energy FErion ~ |RA]?(Re £ iIm) Renormalon-like
_ 6_277/9?%(Re Tm) Imaginary ambiguity

It has to be cancelled by perturbative Borel resummation




2D CPN-1sigma model on R x &

Fujimori, Kamata, TM, Nitta, Sakai(|8)

* Quasi-moduli integral (N=2)

B 4m™mB  8mmR

Bare effective action S(z,,¢,) = .2 .2 cos ¢re” " + 2ma,

detAF _
&
det’AB

Bion contribution Zvion = 2775/ dr,do, J (small g*)
M

sum over KK modes of quantum fluctuation
\/ via zeta function regularization

Vacuum energy FErion ~ |RA]?(Re £ iIm) Renormalon-like
_ 6_277/9?%(Re Tm) Imaginary ambiguity

Resurgence with renormalized coupling




Question: is it related to the IR-renormalon on R2?

There have been intensive studies on this subject.

Ishikawa, Morikawa, Nakayama, Shibata, Suzuki, Takaura (19) Yamazaki,Yonekura (19
Ishikawa, Morikawa, Shibata, Suzuki (20) Morikawa, Takaura (20)

Fujimori, TM, Nishimura, Nitta, Sakai, in progress

See Marino, Reis (19)(20) for renormalons and resurgence in other models,

In any case, the key is whether the compactified theory is
smoothly connected to the theory on R2

This is the reason why we next discuss adiabatic continuity
of ZN-QFT by use of 't Hooft anomaly and lattice simulation

N

So, let us start a journey to the continuity !




2. Review of anomaly and lattice
(for Zn-twisted 4D gauge theories)

Tanizaki, TM, Sakai (17)
Tanizaki, Kikuchi, TM, Sakai (17)
Iritani, Itou, TM (15)

See also Shimizu, Yonekura(17)



Use of 't Hooft anomaly matching

't Hooft anomaly of G at UV

+

't Hooft anomaly of G at IR

Trivially gapped phase is prohibited

v 1 N

SSB of symmetry G Intrinsic topological
. CFT
in gapped phase phase




Use of 2D 't Hooft anomaly matching

't Hooft anomaly of G at UV

+

't Hooft anomaly of G at IR

Trivially gapped phase is prohibited

Y

SSB of discrete sym. CFT
(gapped) (gapless)




ZN 1-form symmetry in 4D

Gaiotto, Kapustin, Seiberg, Willett (14)

~

* 0-form symmetry = usual global symmetry,
whose charged object is 0-dim point-like operator

Q<¢ q‘b O — ei2ﬁ¢ ZN O-form symmetry
\_ J

(. | -form symmetry = invariance under transf. by closed |-form &(1), )
whose charged object is |-dim line operator

Q D W(C) — exp (% /C e<1>) W(C) a—a+eV/N

W (C) =tr {z’PeXp/ a] . 2miZ
K Wison loop i SU(N()jYM —e N W(C) ZN1-form symmetry J

SU(N) Yang-Mills theory has Zn 1-form center symmetry at low-T




How to gauge Zn 1-form symmetry

Kapustin, Seiberg (14) Aharony, Seiberg, Tachikawa (13)

How to gauge such Zn 1-form symmetry

Background gauge field for Zn 1-form symmetry
= Pair of U(1) 2-form and 1-form gauge fields (B, C)

NB =dC

generalization of NA = d¢ (A:U(1) gauge, ¢:Higgs) in U(1)—Zn Higgsed vacuum



How to gauge Zn 1-form symmetry

Kapustin, Seiberg (14) Aharony, Seiberg, Tachikawa (13)

How to gauge such Zn 1-form symmetry

Background gauge field for Zn 1-form symmetry
= Pair of U(1) 2-form and 1-form gauge fields (B, C)

NB =dC

generalization of NA = d¢ (A:U(1) gauge, ¢:Higgs) in U(1)—Zn Higgsed vacuum

K° Zn-gauged action with these U(1) fields a=a+ %C G=da+iana A
SZLZ tr[(é—B)/\*(é—B)] + ﬂ/tr[(é—B)/\(é—B)] ‘|_STFT
2¢ 872 —

includes discrete
theta parameter p

We note ZN |-form symmetry itself has no 't Hooft anomaly, but
_ CP symmetry may be broken — Mixed 't Hooft anomaly j




SU(N) Yang-Mills theory with 6=r

Gaiotto, Kapustin, Komargodski, Seiberg (17)

- CPtransformation

S = 22] tr[(G — B) A (G — B)] + 87/70 /tr[(é — B)A (G — B)] + Strr

* 0 — —0 p——p with =71

Z[A,B] — Z[A, B]exp [—ﬁ/tr{é/\é} _iNGZp— L) /B/\B]

47

2p — 1
= Z|A, B —2mid

(. If N Iseven, it obviously has mixed 't Hooft anomaly )
* If Nisodd," 2p-1=0mod N " Ispossible, but it’sinconsistent
\_ with the anomaly-absent condition " 2p=0 mod N" for =0 W,




SU(N) Yang-Mills theory with 6=x

Gaiotto, Kapustin, Komargodski, Seiberg (17)

- CPtransformation

S = 22] tr[(G — B) A (G — B)] + 87/79 /tr[(é — B)A (G — B)] + Strr

* 0 — —0 p——p with =71

Z[A,B] — Z|[A, B]exp [—ﬁ/tr{é/\é} _iNGZp— L) /B/\B]

47

2p — 1
= Z|A, B —2mid

N - )

Mixed 't Hooft anomaly and Global inconsistency indicate
SSB of either of CPor Zn 1-form symmetry aslong asthe

\system ISin a gapped phase.

S




SU(N) Yang-Mills theory with =7 on Rs X &1

Gaiotto, Kapustin, Komargodski, Seiberg (17)

N(2p— 1
Z[A, BV . B®1 5 z[A, BY, B@exp [—Z (2p )/B<2>/\B(1)/\L_1d:v4]
T

/ B2 A g

Mixed 't Hooft anomaly and Global inconsistency indicate
= spontaneous breaking of either of CP or Zn 1-form symmetry
even at finite-temperature (trivially gapped phaseisforbidden)!

T T

Y Y
= T, Te
ZN N L

| ™ ; | ™ ;
% EPbroken line % EPbroken line




SU(N) Yang-Mills theory with =7 on Rs X &1

Gaiotto, Kapustin, Komargodski, Seiberg (17)

N(2p— 1
Z[A, BV . B®1 5 z[A, BY, B@exp [—Z (2p )/B<2>AB<1>AL—1dx4]
T

/ B2 A g

Mixed 't Hooft anomaly and Global inconsistency indicate
= spontaneous breaking of either of CP or Zn 1-form symmetry
even at finite-temperature (trivially gapped phaseisforbidden)!

e,
L]
.....
.
.
3
*

0
oken line

CP broken line 7T CPbr



Anomaly matching for Nc=NrF =N QCD | T s (17

1 _
S = 252 tr(Ge A\ *Ge) + /d4a: tr {U~,D,(a)¥}

SU(N)L X SU(N)R X U(l)v X (ZQN)A

* Flavor and chiral symmetries
(ZN)color X (ZN)L X (ZN)R X Lo

* We here concentrate only on subgroups of the symmetries

~

SU(N )fiavor .
(ZN)( | )ﬂ q aXIaI (ZQN)axial
COlOr —I11avor )

vector-like

* Procedure of gauging the vector-like symmetry is similar to that in YM

After gauging SU(N)fiavor, we encounter Zn |-form symmetry
as a result of the quotient (ZN)color-flavor — (B,C) fields are needed



Anomaly matching for Nc=NrF =N QCD | T s (17

Let us study mixed 't Hooft anomaly between

SU(N)ﬂavor

vector-like
(ZN)color—ﬂavor

axid (ZQN)aXial



Anomaly matching for Nc=Nr=N QCD

Let us study mixed 't Hooft anomaly between

SU(N)ﬂavor

(Z ) axial (ZQN)aXial
N )color—flavor

vector-like

To show it, we gauge the vector sym. and perform (Z2N)axia transf.

Tanizaki, Kikuchi(17)
Tanizaki, TM, Sakai (17)

-

1 _ s
Seauged = 2—92 /tr{(gc + B) A %(G. + B)} + /d4:vtr {\IJ’VMDM(CL,A)\IJ}
’ (Z2N)axial transformation

tr{(gc—FB)/\(gc—l-B)}—Fﬁ/tr{(gH—B)/\(gf—l—B)} —

AS 12N

T 4

thus we have a mixed 't Hooft anomaly

= Z[(4,B)] — Z[(A, B)]exp (—y B A B)

47

\_

471

~

_/

Either of symmetries should be broken: consistent with chiral SSB



Anomaly matching for Nc=Nr=N QCD

Let us study mixed 't Hooft anomaly between

SU(N)ﬂavor

(Z ) . axial (ZQN)aXial
N )Jcolor—flavor

vector-like

To show it, we gauge the vector sym. and perform (Z2N)axia transf.

Tanizaki, Kikuchi(17)
Tanizaki, TM, Sakai (17)

g I L
Seauged = 2 /tr{(gc + B) A %(G. + B)} + /d4:vtr {\IJ’VMDM(CL,A)\IJ}
’ (Z2N)axial transformation

tr{(gc—FB)/\(gc—l-B)}—Fﬁ/tr{(gH—B)/\(gf—l—B)} —

AS 12N

:E Arn

thus we have a mixed 't Hooft anomaly

= Z[(4,B)] — Z[(A, B)]exp (—y B A B)

47

\_

471
—— | BAB = ——7,
N

~

_/

However, this 't Hooft anomaly disappears in compactified theory...



ZN-QCD theory on R3 x Sl

* Introducing SU(N)flavor ZN holonomy = Zn-QCD Kouno, etal. (12~)

Iritani, ltou, TM (15)
Cherman et.al. (16~)

N—l] _ 2mi
w=e€e?nN

QO = e%diag[l,w,w?, ..., w

Equivalent to flavor-dependent ZN twisted boundary condition

L—>oo\

U(x,z* + L) = ¥(x, 2")Q > N-flavor QCD on R4

=P we have a new intertwined Zn O-form symmetry

/\IJH\]}S n 0O w0 /8321118\ \

flavor rotation ZN O-form transf.(center) \6 00 i)
100---0

K named as color-flavor center symmetry (Zy)s /




Anomaly matching for Zn-QCD theory on R3 x Sl

Tanizaki, TM, Sakai (17)  Tanizaki, Kikuchi, TM, Sakai (17)

Let us gauge flavor and (Zn)s, then perform (Z2N)axia transformation

Zol(Ag, BV, B@) = Z[(Ag + BY + Ay, B® + B A L71dz))]

* ZQ[(AKaB(l)aB(Q))] — ZQ[(AK,B(l),B(2))] exp (—ﬂ B2 A B(1)>

2T

Mixed anomaly survives !

/ Mixed ’t Hooft anomaly among \

(ZN)S U(l)N_l/(ZN)color—ﬂavor (ZZN)axial
color-flavor flavor sym. axial sym.
center sym.

\ one of them should be broken if gap exists /




Zn-twisted boundary condition works to make
't Hooft anomaly survives in compactified theory.



Anomaly matching Zn-QCD theory on R3 x &l

Tanizaki, Kikuchi, TM, Sakai (17)

We can make constraints on finite-(T, ) phase diagram of Zn-QCD

T

Tehira
Tchiral e

Tdeconf
Tdecon‘

conjecture | conjecture 2



Anomaly matching Zn-QCD theory on R3 x &l

Tanizaki, Kikuchi, TM, Sakai (17)

We can make constraints on finite-(T, ) phase diagram of Zn-QCD

TchirL Tehira

Tdeco nf
Tdecon‘

conjecture | conjecture 2

We can compare these with the lattice results iritani ltou, ™™ (15)



Comparison with lattice Z3-QCD on R3 x St

* Polyakov-loop distribution plot

* Hadron spectrum

mass [a'l]

-

\_

Z,-QCD Nf=3 QCD
0.4 [ =170 04 [ B=170 =
6=200 o ﬁ 2.00 o
{: 2 20 o 6 = 220 E'
0.2 02 F
~ ~
= 0 - — = 0 Ve —
-0.2 F , -0.2 F
-0.4 - . . . -0.4 - . . .
-04 -0.2 0 0.2 0.4 -04 -0.2 0 0.2 0.4
Re L Re L
N\

Low-T : around the origin ~ Z3-sym
High-T : equiv. 3 vacua ~ SSB of Z3

— Z3 at the action level

Low-T : on the real axis

High-T : on the real axis
_ — Explicit Z3 breaking |

2.5

1.5 ¢

0.5

Iritani, ltou, TM (15)

B=1.5,k=0.1400

PS

PCAC

At zero temperature,

meson spectrum agrees with
that of usual QCD




(L)

Comparison with lattice Z3-QCD on R3 x St

Iritani, ltou, TM (15)
p dependence of EV of Polyakov-loop & chiral condensate

Polyakov loop: order parameter of (ZN)S Chiral condensate: order para. of (ZZN)aX|aI
20° x 4 | | " | 20° x 4 Z,-QCD:hot start —&—
0.3 | Z3-QCD:hotstart —©— B - 1.2 Z:-QCD:cold start ————
Z,-QCD:cold start ——%— ; | } Nf=3 QCD —H&—
Nf=3QCD —&8— : @
0.2 t == o ok % 0.8 | 0
® 3
L@ S 0.6
0.1} g v ; : 04
v :
O 0.2 |
0 o—ogelo—oa—"0 1 0 1 ' L 1 1
1.4 \1/6 1.8 2 212 |.4 1.6 1.8 2 2.2
lowT -~ - PR - highT lowT -~ B = highT

Chiral transition never occurs below the center transition temperature.
It is consistent with the absence of trivially-gapped phase, or the result
of the 't Hooft anomaly matching!



(L)

Polyakov loop: order parameter of (ZN)S

0.3

Comparison with lattice Z3-QCD on R3 x St

”0 X 4
- Z5-QCD:hot start —6—

Z,-QCD:cold start ——%—
Nf=3 QCD —H8—

Iritani, ltou, TM (15)
p dependence of EV of Polyakov-loop & chiral condensate

Chiral condensate: order para. of (ZZN)aX|aI

=
|=

™

[
go.s -
0.6 |
0.4 |

0.2 |

0

7() ><4

L; -QCD: hot start ——
Z+-QCD:cold start ——%——
Nf=3 QCh —H—

For feasible way to realize adiabatic continuity in Zn-QCD,
see Cherman, Schafer, Unsal (16): heavy adjoint quark is a key



3. Adiabatic continuity in CPN-1 model on R x St

Tanizaki, TM, Sakai (17)
Fujimori, Itou, TM, Nitta, Sakai (19)(20)



Anomaly matching for CPN-1 models with 6=x

Komargodski, Sharon, Thorngren, Zhou (17)

WVe first study mixed 't Hooft anomaly on R? between

<flavor SU(N)/Zn time reversal | >

To show it, we gauge flavor sym. and perform T transformation

Z.T- (A, B)]exp (—ik/T : B> = Z.[(A, B)] exp (—%/B) eK?k—l)%

27,

For even N, it has a mixed 't Hooft anomaly for 6=r N
For odd N, it has global inconsistency between 6=0,x

= |t indicates spontaneous T breaking at 6=7 on R2

On R x S! this mixed 't Hooft anomaly disappears.....



Zn-twisted CPN-1 model at =7 on RxS1

Tanizaki, TM, Sakai (17)
ZN twisted boundary condition in St direction

2(3317 x2 4+ L) — Qg(x1, x2) () = diag(l,w, - ,wN_l)

=3 we have intertwined Zn O-form shift symmetry (Zy)s

757 & Q— wf

flavor rotation ZN O-form transf.

= we gauge (Zn)s by U(1) 1-form field BW then perform T transf.

-

N
BV = z_o[BW (—'/B(l)) Mixed anomaly

=P | Zrall- B al Jexp (i survives !

N Y

Mixed anomaly (global inconsistency) btwn Zn and T survives on RxSl,
It is a necessary condition of adiabatic continuity, but not conclusive...



Lattice simulation for Zn-twisted CPN-1 model

Fujimori, Itou, TM, Nitta, Sakai (19)(20)

What we want to check is the following conjecture:

PBC ZN-TBC
|<P>| |<P>|

>

1/L /L
|<P>|<O0for large 1/L still [<P>| ~0for large 1/L

Fujimori, Itou, TM, Nitta, Sakai (19)

We will show very suggestive results on fractional
instantons and adiabatic continuity
Fujimori, Itou, TM, Nitta, Sakai (20)



Setup of lattice simulation

cf.) Berg,Luscher(81), Campostrini,et.al.(92), Alles,et.al.(00), Flynn,et.al.(15), Abe,et.al.(18)

» Lattice formulation S=-N38) (Zuu 2edp + 20 Znspdng — 2)

Vector field ¢ is introduced:

* So = —NpB¢p-Fy=—Np|Fs|cosb

Over heat-bath algorithm is adopted to update this ¢

* Parameters and quantities
Nx =200 N:=8, p=0.1-4.0, N=3-20, Nsweep = 800,000

* Distribution and expectation values of Polyakov loop

* "Pseudo” entropy density S= L{(<Tw>-<T>)



Distribution plot of Polyakov loop

Im[P] N=3, =0.1 (largeL;) N=3, #=1.6 (small L)
.  B=01 : - B=16
-

-0.5]

-Li 0.5 0 0.5 1Re[P] L 05 o0 0.5 1
[<P>|~0 [<P>|~0

Low-f - concentrates around origin High-f - forms regular-polygon shape

— /N symmetry at action level — /N symmetry at quantum level



Distribution plot of Polyakov loop

Im[P] N=5, #=0.1 (large L) N=5, f=1.6 (small L)
1 T T T : : .
=0.1 - B=16
0.5
O-
-0.5} - -0.5]
"1_1 _0'.5 o 0.5 1Re[P] —1—1 —0;5 0 0.15 1
<P>|~0 [<P>|~0

Low-f - concentrates around origin High-f - forms regular-polygon shape

— /N symmetry at action level — /N symmetry at quantum level



EV of Polyakov loop [<P>]

N=5 ,
. g=01] !
°-3) ¥es 0.8} N=5 <|P]>: X
0f of .
06| <P>|: %
0.5 1-0.5
0.4}
0.2}
5
0 + ¥
0 02 04 06 08 1 12 14 16

® Lowf — |<P>|=0: distribution around origin
® High f — |<P>|~ 0 :distribution forms regular polygons

<P> is still small even above characteristic f defined by <|P|>
This peculiar behavior indicates Zn stability



EV of Polyakov loop [<P>]

N=1
1 : ai : : : 1
f=01 _ p=10
g N=10 PR
[<P>|: %
0.6}
b 4
0.4}
0.2}
| XX EH XX E
0 02 04 06 08 1 12 14 p

® Lowf — |<P>|=0: distribution around origin
® High f — |<P>|~ 0 :distribution forms regular polygons

<P> is still small even above characteristic f defined by <|P|>
This peculiar behavior indicates Zn stability



Fractional instantons

Pick up two of configurations and look into the X-dependence of arg|P]

_arg[P]
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1

Fractional instantons cause transition among N classical minima,
which leads to stability of Zn symmetry and adiabatic continuity



Fractional instantons

Pick up two of configurations and look into the X-dependence of arg|P]

arg[P]
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Fractional instantons cause transition among N classical minima,
which leads to stability of Zn symmetry and adiabatic continuity



Fractional instantons

Pick up two of configurations and look into the X-dependence of arg|P]

‘:-l(." 100 oM 2 !if (B 250 320 35 L0 / C ‘:-l(." 100 =0 2 |if (B 250 320 3 ;0 L0
1/3 fractional antiintanton + .5 - 3 x 1/3 fractiona intantons
1/3 fractional instanton o— = singleinstanton

= bion
See ltou(18) for YM fractional instantons

-1 -0.5 0 0.5 1

Fractional instantons cause transition among N classical minima,
which leads to stability of Zn symmetry and adiabatic continuity



Large statistics gives small |<P>|

1 Nsweep?lo,ooo , Nsweep=100?000 1Nswgep=400,000
N=3 |

| Nsweep;lo,zooo ; Nsweep=100,000 Nsw¢ep:400,vooo
B=1.6 -»> = .

Even though polygon shape is broken and |<P>| is nonzero for large beta,
adopting larger statistics restores polygon shape and leads to small |[<P>|.



Large statistics gives small |<P>|

1 Nsweepzlo,ooo - Nswgep=1007000 Nsweep:400,000
N=10
f=15" } -»>

1 Nsweep:‘lo,ooo | NsweepZZOO,OOO 1 Nsweep:400,000
N:20 \ as.| 0
p=14 - adl -

Even though polygon shape is broken and |<P>| is nonzero for large beta,
adopting larger statistics restores polygon shape and leads to small |[<P>|.



"Pseudo entropy density"

Quantity corresponding to thermal entropy density for PBC

S = <Tmm_TTT>/T, with T = 1/L7-
s/(NT) ZN-TBC
}' T T T
[ — " cf.) Thermal entropy
N=20 density for PBC
0.1} X |
; L
Mo N=10 o :
0.2 RN Ko HH o K M e KKK K Koy | ) i
s L g |
0.3} ‘ N: 5 ] 0.5' HEFE%EN(Weakcouplinglimit)_-
ot
0.4 B
N=3
5L et teateteserttersgeet] B
0 05 1 15 2 25 3 35 4

It takes a negative value, unlike thermal entropy for PBC

® There is no transition, which is consistent with adiabatic continuity
In large N, it is likely to become zero for the whole beta region,
consistent with the volume independence cf.) Sulejmanpasic (16)



All of these results imply Zn stability

even at small compactification circumference
and supports adiabatic continuity conjecture !



4. Other theories with Zn-twisted b.c.

Hongo, TM, Tanizaki (18)
TM, Tanizaki, Unsal (19)

Yuya will discuss them in detail in the next talk.



SU(3)/U(1)2 flag sigma model on R x St

Hongo, TM, Tanizaki(18)

i/ [_‘ d _|_ ’[,a,g)¢€‘ B Zeﬁd ] Qbﬁ — (¢1,€7¢2,€7¢3,€)t S CB (é — 17273>

= @y - O = gk a1 +as +az =0

* Another extension of spin chain systems
® Another generalization of O(3) or CP! nonlinear sigma model

Bykov (11), Lajko, et.al. (17) Ohmori,Seiberg,Shao(18)




Phase diagram on RxS! and R?

i consistent !

Hongo, TM, Tanizaki( 1 8)

-5 0 5 Tanizaki, Sulejmanpasic (18)

® 't Hooft anomaly survives in Zz-twisted flag sigma model on R x St
® DIGA with fractional instantons on R x S! gives phase structure

consistent with the conjectured one on R?

Zn-twisted theory correctly keeps 2d vacuum structure !




Charge-q N-flavor Schwinger model on R x St

TM, Tanizaki, Unsal (19)

1 5 10 5
522—62 |dal —I—%/ da—I—Z/ dxwfy —|—q1au)¢f

e (=2 on domain-wall of N =1 SU(2) SYM  Anber, Poppitz (18)
® OI - m S)’Stem . q:2, N=8 Sugimoto, Takahashi (04) Armoni, Sugimoto (18)




Chiral condensate in R x Sl

[{YL¥R) g= 1, N=3
0.15 ’

% with Zn twist
010 / /

005 without Zn twist

‘ ‘ ‘ . Lm
T 1 2 3 4 5 6

® ’t Hooft anomaly survives in Zn-twisted Schwinger model on R x St
® Chiral condensate of Zn-twisted model exhibits WZWV scaling dim.

ZN-twisted theory correctly keeps 2-dimensional CFT properties !




Chiral condensate in R x Sl

[{(YL¥R)] g= 1, N=3
015 ’
with ZN twist 14

010 / [(YrR)| =P (z)

| SU(N) WZW

* scaling dim.
0.05 without Zn twist

f /

. Lm,

1 2 3 4 5 6

® ’t Hooft anomaly survives in Zn-twisted Schwinger model on R x St
® Chiral condensate of Zn-twisted model exhibits WZWV scaling dim.

ZN-twisted theory correctly keeps 2-dimensional CFT properties !




Summary

Bion contributions at field theoretical levels with Zn-twisted
boundary condition yield renormalon-like imaginary ambiguity.

The 't Hooft anomalies survive in the compactified theory
with Zn-twisted boundary condition.

Lattice simulation exhibits Zn stability even at small radius, which
could imply adiabatic continuity in 2D.

Other results also indicate that Zn twisted b. c. leads to the
adiabatic continuity of the vacuum and phase structures in 2D.




Other resurgence projects

~

Exact results of 3D N=2 Chern-Simons with matters via localization exhibit very
clear resu rgent structure. Fujimori, Honda, Kamata, TM, Sakai (18) inspired by Aniceto, Russo, Schiappa(14)
Gukov, Marino, Putrov(16) Honda(l6)
Quantum phase transition in 3D N=4 QED can be elucidated by use of thimble
analysis and trans-series expansion. Fujimori, Honda, Kamata, TM, Sakai,Yoda, in progress
inspired by Russo,Tierz (16)
Relation between Stokes phenomena in exact-VWWKB and standard resurgent
analysis is clarified, where equivalence of several quantization conditions are
shown EXP“Cit')’. Sueishi, Kamata, TM, Unsal, to appear in arXiv shortly

Schwinger effect under time-dependent strong electric field is analyzed by exact-
WKB method, whose results are consistent with those of steepest descent
method. Taya, Fujimori, TM, Nitta, Sakai in progress

Resurgent structure of non-relativistic quantum system is being studied in a

similar manner to the relativistic one. Fujimori, Kamata, TM, Nitta, Sakai in progress
inspired by Marino, Reis (19)




