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- Fractional instantons cause transition among classical N-minima
- makes ZN stable, leading to volume indep. of vacuum structure 

’t Hooft, Witten, Gonzales-arroyo, Okawa, Gross, Kitazawa…. 

ZN-twisted b.c. for compactified QFT

Adiabatic continuity conjecture:  Vacuum structure & ZN symmetry 
persists during ZN-twisted compactification
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• Resurgent structure on Rd-1 × S1 may continue to Rd   

• Weak-cplng confinement may be connected to strong-cplng one
• Adiabatic continuity in 2D sigma model 

Unsal (07)

Prospects and Known facts

Sulejmanpasic (16) Tanizaki, TM, Sakai (17)
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I’ll discuss the conjecture and the resurgent structure with ZN-twist in 2D
by using a couple of tools (1)semiclassics, (2)anomaly matching, (3)lattice.
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CP1 sigma model on R × S1

・CP1 model on R × S1

・Z2 twisted boundary condition

L =
1

g2
|@µ'|2

(1 + |'|2)2

'(y + L) = eimL'(y) (m=π/L) 

dimensional reduction

· 1d limit : QM of a particle on sphere
(due to twisted b.c.)potential with two minima

· fractional instanton

kink 
(tunneling)

complex bion solution 
complex φ-plane

→ Fractional instantons (Q=1/2, S=SI/2)

30

! !

FIG. 9: Fractional instanton configuration on S2 in the reduced quantum mechanics is depicted. It corre-

sponds to a single line from the north to the south pole which is rotated over the half of S2 homogeneously.

The figure depicts the rotation of the line around the half sphere. The red arrows denote paths depending

on x2 with a constant x1, while the blue arrows denote the x1 dependence of such paths.

!

π1 +1/2 −1/2 +1/2 −1/2

π2 +1/2 −1/2 −1/2 +1/2

(a) (b) (c) (d)

FIG. 10: Fractional (anti-)instanton configurations in the reduced quantum mechanics is depicted on the

S2 target space of the CP 1 model. The first and second homotopy groups for instantons in the sine-Gordon

model and CP 1 model are shown. Configurations with positive values of the second homotopy class π2 are

BPS while those with negative values are anti-BPS both in the CP 1 model and reduced sine-Gordon model.

Thus, (a) and (d) are BPS while (b) and (c) are anti-BPS.

Lee, Yi(97)
Lee, Lu(97)
Kraan, van Baal(97)
Eto, et.al. (04)(06)
Bruckmann (05)

+ LF

asymptotically-free theory

→  exact Z2 symmetry



・Two local minima

・Instanton solution for ε=0

dimensional reduction

· 1d limit : QM of a particle on sphere
(due to twisted b.c.)potential with two minima

· fractional instanton

kink 
(tunneling)

complex bion solution 
complex φ-plane

Tunneling effect between two minima

North and south poles
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in the CPN−1 quantum mechanics. The fractional instanton in Eq.(II.9) and the bion configuration

in Eq. (II.12) take the form of Eq. (II.18). Thus we find that both the fractional instantons and the

bion configurations are correctly described in the CPN−1 quantum mechanics. We can show that all

other multi-fractional instanton configurations can be correctly described by the CPN−1 quantum

mechanics, provided it does not contain multi-fractional-instantons with |Q| ≥ 1 anywhere locally.

The instanton configuration (II.10) with Q = 1 is not reducible to the CPN−1 quantum me-

chanics, since it does not satisfy (II.18). The action and topological charge densities of the N

fractional instanton solution in Eq.(II.10) do exhibit a strong x2 dependence approaching the or-

dinary single instanton solution when the constituent fractional instantons are compressed in a

point. This situation inevitably occurs whenever configurations with |Q| ≥ 1 are contained. On

the other hand, we find that the configurations compatible with the CPN−1 quantum mechanics

have action density and topological charge density which are independent of the coordinate x2 of

the compact direction. Therefore, configurations with |Q| < 1 in the two-dimensional field theory

are correctly captured by the CPN−1 quantum mechanics, provided the multi-fractional-instanton

configurations with more than unit topological charge is not contained anywhere locally [44].

Once it was conjectured that the CPN−1 model reduces to the sine-Gordon quantum mechanics

in the limit of L → 0 (the compactification limit) [11, 12]. However, it has been observed that the

relative phase moduli of fractional instanton and anti-instanton is not correctly described by the

sine-Gordon quantum mechanics [22, 28, 36]. We discuss the differences between the CP 1 and the

sine-Gordon quantum mechanics in Sec. V.

C. CP 1 quantum mechanics with fermion and supersymmetry

To examine bion configurations, it is convenient to introduce a fermionic degree of freedom.

Only in this subsection, we use Lorentzian signature instead of Euclidean signature in order to

use also Schrödinger equation later. To denote 1d quantities simply, we rewrite without subscript:

−ix1 as the Lorentzian time t, ϕk=1
(0) → ϕ, g1d → g, G(0)

11̄
→ G etc. The Lagrangian of the CP 1

Lorentzian quantum mechanics with a fermion takes the form

L =
1

g2
G
[
∂tϕ∂tϕ̄−m2ϕϕ̄+ iψ̄Dtψ + εm(1 + ϕ∂ϕ logG)ψ̄ψ

]
, (II.20)

where G is the Fubini-Study metric and Dt is the pullback of the covariant derivative

G =
1

(1 + ϕϕ̄)2
, Dtψ =

[
∂t + ∂tϕ∂ϕ logG

]
ψ. (II.21)

・CP1 quantum mechanics   （ε=1: SUSY）

SI =
m

g2

・Ground-state effective bosonic theory (fermion # projection)

[H,  ̄] = 0  ̄| i = 0

V =
m2

4
sin ✓ � ✏mg2 cos ✓
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The parameter ε controls the strength of the interaction between the bosonic and fermionic degrees

of freedom. If we set ε = 1, this model becomes a supersymmetric system which can be obtained

from the 2d N = (2, 0) CP 1 sigma model by an analogous dimensional reduction as the one

discussed in the previous subsection.

Since the fermion number ψ̄ψ commutes with the Hamiltonian, we can eliminate ψ by using

the conserved fermion number and the associated induced potential. By projecting quantum states

onto the subspace of the Hilbert space with a fixed fermion number, we obtain the following purely

bosonic Lagrangian (see Appendix A for details)

L =
1

g2
∂tϕ∂tϕ̄

(1 + ϕϕ̄)2
− V (ϕϕ̄), V (ϕϕ̄) ≡ 1

g2
m2ϕϕ̄

(1 + ϕϕ̄)2
− εm

1− ϕϕ̄

1 + ϕϕ̄
, (II.22)

where we have chosen the fermion number so that the supersymmetric ground state for ε = 1

is contained in the subspace of the Hilbert space. The potential V as a function of the latitude

θ ≡ 2arctan|ϕ| is shown in Fig. 3.

! "
#
!

Fig. 3: The potential V with the contribution of the fermion. The horizontal axis denotes the latitude

θ ≡ 2arctan|ϕ| on CP 1 ∼= S2.

For ε = 1, the ground state wave function Ψ0, which preserves the supersymmetry, is given as

the zero energy solution of the Schrödinger equation

HΨ0 = 0, (II.23)

with the Hamiltonian H of the bosonic theory:

H = −g2(1 + ϕϕ̄)2
∂

∂ϕ

∂

∂ϕ̄
+ V (ϕϕ̄). (II.24)

We find the exact solution of the ground state wave function

Ψ0 = exp

(
m

2g2
1− ϕϕ̄

1 + ϕϕ̄

)
. (II.25)

✓ = 2arctan |'|

✏g2m

�✏g2m

2

CP1 sigma model on R × S1

G =
1

(1 + |'|2)2



Real bion solutions

: position : phaseModuli parameters are ⌧0 �0

real solution

: kink profile

⌧+ � ⌧� =
1

!
log

4!2

!2 �m2

' =

r
!2

!2 �m2

ei�0

i sinh!(⌧ � ⌧0)
!2 = m2 + 2✏mg2

Fujimori, Kamata, TM, Nitta, Sakai(16)
See Behtash, et.al. (15) for other QM



Complex bion solution

 : “Complex relative distance”

16

(a) Σ(τ) for real bion (b) Σ(τ) for complex bion

Fig. 4: Kink profiles of for real and complex bions. The complex bion solution has singularities at which

Σ(τ) diverges. Note that Σ(τ) can also be complex in the complexified model.

As we will see below, this configuration has singularities at which the action density diverges. Since

ϕ̃ is no longer the complex conjugate of ϕ, this is a solution of the complexified model and hence

we call this configuration “complex bion solution”.

It is worth noting that the shifted solution can also be rewritten into the kink-antikink form

ϕ =
(
eω(τ−τ+)−iφ+ + e−ω(τ−τ−)−iφ−

)−1
, ϕ̃ =

(
eω(τ−τ+)+iφ+ + e−ω(τ−τ−)+iφ−

)−1
, (III.23)

with complexified position parameters τ±:

τ± = τ0 ±
1

2ω

(
log

4ω2

ω2 −m2
+ πi

)
, φ± = φ0 −

π

2
, (III.24)

where we have used the fact that the shift τ0 → τ0 +
1
ω
πi
2 can be rewritten as the combination of

the shifts ωτ+ ± iφ+ → ωτ+ ± iφ+ + πi
2 (mod 2πi) and ωτ− ± iφ− → ωτ− ± iφ− + πi

2 (mod 2πi).

Therefore, the complex bion solution can also be viewed as a kink-antikink solution with complex

relative distance

τr ≡ τ+ − τ− =
1

ω

(
log

4ω2

ω2 −m2
+ πi

)
. (III.25)

Fig. 4 shows the kink-like profiles of the function Σ(τ) in Eq.(II.19), which takes the following form

in the complexified theory

Σ = m
ϕϕ̃

1 + ϕϕ̃
. (III.26)

'̃ = �'⇤

Complex solution

' =

r
!2

!2 �m2

ei�0

cosh!(⌧ � ⌧0)

Fujimori, Kamata, TM, Nitta, Sakai(16)
See Behtash, et.al. (15) for other QM

arg[g2] 6= 0

T*CP1 =  
SU(2)C

U(1)C



• classified by integers (p,q) 
• p is the number of bions 
• q determines shape

Multi-bion solution

Multi-bion solution

2

Lagrangian

g2L = G
[
|∂tϕ|2 − |mϕ|2 + iψ̄Dtψ

]
− ε

∂2µ

∂ϕ∂ϕ̄
ψψ̄, (1)

where ϕ is the inhomogeneous coordinate, G =
∂ϕ∂ϕ̄ log(1 + |ϕ|2) is the Fubini-Study metric, Dt = ∂t +
∂tϕ∂ϕ logG is the pull back of the covariant derivative
and µ = m|ϕ|2/(1 + |ϕ|2) is the moment map associated
with the U(1) symmetry ϕ → eiθϕ. The parameter ε is
the boson-fermion coupling and the Lagrangian becomes
supersymmetric at ε = 1. Since the fermion number
F = Gψψ̄ commutes with the Hamiltonian, the Hilbert
space can be decomposed into two subspaces with F = 1
and F = 0. By projecting quantum states onto the sub-
space which contains the ground state (F = 1), we obtain
the bosonic Lagrangian L = |∂tϕ|2/(g2(1 + |ϕ|2)2) − V
with the potential

V =
1

g2
m2|ϕ|2

(1 + |ϕ|2)2 − εm
1− |ϕ|2

1 + |ϕ|2 . (2)

We note that θ(≡ −2 arctan |ϕ|) = 0,π are global and
metastable vacua respectively.
For ε = 1, the ground state wave function Ψ0 preserv-

ing the SUSY is given as a zero energy solution of the
Schrödinger equation

Hε=1Ψ0 =

[
−g2(1 + |ϕ|2)2 ∂

∂ϕ

∂

∂ϕ̄
+ Vε=1

]
Ψ0 = 0. (3)

It is exactly solved as Ψ0 = 〈ϕ|0〉 = exp(−µ/g2). For ε ≈
1, the leading order correction to the ground state wave
function can be obtained by expanding the Schrödinger
equation with respect to small δε ≡ ε − 1 as 〈ϕ|δΨ〉.
Correspondingly, the ground state energy E can also be
expanded

E = δεE(1) + δε2 E(2) + · · · . (4)

These expansion coefficients can be determined by the
standard Rayleigh-Schrödinger perturbation theory as
E(1) = 〈0|δH|0〉/〈0|0〉, E(2) = −〈δΨ|Hε=1|δΨ〉/〈0|0〉, · · ·
with δH = H − Hε=1. We find that these coefficients
E(i) are real without imaginary ambiguities and can be
expanded in absolutely convergent power series with re-
spect to the nonperturbative exponential exp(−2m/g2)

E(i) =
∞∑

p=0

E(i)
p exp(−2pm/g2), (5)

where the zero-th term E(i)
0 corresponds to the pertur-

bative contributions on the trivial vacuum (perturbative
vacuum). The coefficients of E(1) [21] are

E(1)
0 = −m+ g2, E(1)

p = −2m, (p ≥ 1). (6)

If the coefficients of E(2) are expanded in powers of g2,
they give factorially divergent asymptotic series, which

can be Borel-resummed. Hence we rewrite the coefficient
in the form of the Borel transform (See Appendix. A for
the details of calculations.) as

E(2)
0 = g2 + 2m

∫ ∞

0
dt

e−t

t− 2m
g2±i0

, (7)

E(2)
p = 2m

∫ ∞

0
dt e−t

{
(p+ 1)2

t− 2m
g2±i0

+
(p− 1)2

t+ 2m
g2

}

+ 4mp2
(
γ + log

2m

g2
± πi

2

)
, (p ≥ 1). (8)

Note that the imaginary ambiguities associated to the

Borel resummation is manifest in the first term of E(2)
p

with g2±i0, which is compensated by the imaginary part

±iπ/2 in the last term of E(2)
p+1, reproducing the original

real E(2) precisely.
We can now recognize the full resurgence structure to

all orders of nonperturbative exponential: imaginary am-
biguity of the non-Borel summable divergent perturba-
tion series on the p-bion background in the first term of

E(2)
p is cancelled by the imaginary ambiguity of the clas-

sical contribution of (p+1)-bion contribution in the last

term of E(2)
p+1. We note the absence of powers of g2 in

the imaginary ambiguity, which will allow us to recover
non-Borel summable perturbation series on the p-bion
background completely from the (p+1)-bion contribution
through the dispersion relation, without computing per-
turbative corrections around the multi-bion background
explicitly. Moreover, if we observe that E(2)/m is an
even function of m/g2, we can also understand the pres-
ence of Borel-summable part (second term of the first
line in Eq.(8)). Thus all the terms can now be repro-
duced through resurgence relation and the sign change
of m/g2, if we can compute all the classical p-bion con-
tributions.

Multi-bion solutions : Nonperturbative contribu-
tions to the ground state energy come from the saddle
points of the path integral Z =

∫
DϕDϕ̃ e−SE ∼ e−βE

(for large β), where we have complexified the degrees of
freedom by regarding ϕ ≡ ϕC

R + iϕC
I and ϕ̃ ≡ ϕC

R − iϕC
I

as independent holomorphic variables, and imposed the
periodic boundary condition ϕ(τ + β) = ϕ(τ) and for

ϕ̃. The Euclidean action SE =
∫ β
0 dτ [∂τϕ∂τ ϕ̃/(g2(1 +

ϕϕ̃)2) + V (ϕϕ̃)] has two conserved Noether charges as-
sociated with the complexification of the Euclidean time
translation τ → τ + a and the phase rotation (ϕ, ϕ̃) →
(eibϕ, e−ibϕ̃) (a, b ∈ C). Using the corresponding con-
servation laws, we can obtain the following solution of
the equation of motion with nontrivial contribution in a
β → ∞ limit,

ϕ = eiφc
f(τ − τc)

sin2 α
, ϕ̃ = e−iφc

f(τ − τc)

sin2 α
, (9)

where (τc,φc) are complex moduli parameters associated
with the symmetry and f(τ) is the elliptic function

f(τ) = cs(Ωτ, k) ≡ cn(Ωτ, k)/sn(Ωτ, k), (10)
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of m/g2, if we can compute all the classical p-bion con-
tributions.

Multi-bion solutions : Nonperturbative contribu-
tions to the ground state energy come from the saddle
points of the path integral Z =

∫
DϕDϕ̃ e−SE ∼ e−βE

(for large β), where we have complexified the degrees of
freedom by regarding ϕ ≡ ϕC

R + iϕC
I and ϕ̃ ≡ ϕC

R − iϕC
I

as independent holomorphic variables, and imposed the
periodic boundary condition ϕ(τ + β) = ϕ(τ) and for

ϕ̃. The Euclidean action SE =
∫ β
0 dτ [∂τϕ∂τ ϕ̃/(g2(1 +

ϕϕ̃)2) + V (ϕϕ̃)] has two conserved Noether charges as-
sociated with the complexification of the Euclidean time
translation τ → τ + a and the phase rotation (ϕ, ϕ̃) →
(eibϕ, e−ibϕ̃) (a, b ∈ C). Using the corresponding con-
servation laws, we can obtain the following solution of
the equation of motion with nontrivial contribution in a
β → ∞ limit,

ϕ = eiφc
f(τ − τc)

sin2 α
, ϕ̃ = e−iφc

f(τ − τc)

sin2 α
, (9)

where (τc, φc) are complex moduli parameters associated
with the symmetry and f(τ) is the elliptic function

f(τ) = cs(Ωτ, k) ≡ cn(Ωτ, k)/sn(Ωτ, k), (10)

Fujimori, Kamata, TM, Nitta, Sakai(17)
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Fig. 1: Multi-bion solution: kink profile of Σ(τ) = (1 −
ϕϕ̃)/(1 + ϕϕ̃) for (p, q) = (3, 1), ε = 1, m = 1, g = 1/200,
β = 100 and τc = 0. Σ = ±1 (dashed lines) correspond to
north and south poles (global and local minima) of CP 1.

which satisfies the differential equation (∂τf)2 = Ω2(f2+
1)(f2 + 1 − k2). Solutions are characterized by two in-
tegers (p, q) for the period β = (2pK + 4iqK ′)/Ω, with
2K(k) and 4iK ′ (K ′ ≡ K(

√
1− k2)) as the period of the

doubly periodic function cs. The parameters (α,Ω, k)
are given in terms of the period β, and their asymptotic
forms for large β (See Appendix. B for the details of cal-
culations.) are given by

k ≈ 1− 8 e−
ωβ−2πiq

p , Ω ≈ ω
(
1 + 8ω

2+m2

ω2−m2 e
−ωβ−2πiq

p

)
,

cosα ≈ m
ω

(
1− 8m2

ω2−m2 e
−ωβ−2πiq

p

)
, (11)

where ω = m
√

1 + 2εg2/m and (p, q) are arbitrary inte-
gers such that 0 ≤ q < p. The asymptotic value of the
action for the (p, q) solution is given by

S ≈ pSbion + 2πiεl, Sbion =
2m

g2
+ 2ε log

ω +m

ω −m
, (12)

where we have ignored the vacuum value of the action.
The imaginary part 2πiεl is related to the so-called hid-
den topological angle [34] and the integer l is zero or the
greatest common divisor of p and 2q depending on the
value of Im τc. We see that the integer p is the number
of bions, and that the n-th kink and antikink are located
at τ+n and τ−n , with

τ±n = τc +
n− 1

ωp
(ωβ − 2πiq)± 1

2ω
log

4ω2

ω2 −m2
. (13)

There are p bions (pairs of kink-antikink) equally spaced
on S1, In Fig. 1, we depict the profile of the complexified
height function Σ = (1 − ϕϕ̃)/(1 + ϕϕ̃) of the (p, q) =
(3, 1) solution. It illustrates that general (p, q) solutions
are intrinsically complex, and are not a mere repetition of
single (real or complex) bions. In Fig. 2 we depict other
solutions (p, q) = (2, 0) and (p, q) = (2, 1) in terms of
θ = −2 arctan |ϕ|, which visualizes patterns of transition
between the (metastable) vacua.

Multi-bion contributions : The contributions from
the p-bion solutions can be calculated by performing
the Lefschetz thimble integral associated with the sad-
dle points. In the weak coupling limit g → 0, we can use
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#
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#
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Fig. 2: Multi-bion solution: θ = −2 arctan |ϕ| for (p, q) =
(2, 0) (left) and for (p, q) = (2, 1) (right). The other pa-
rameters are the same as those in Fig. 1. θ = 0, 2π, ... and
θ = π, 3π, ... correspond to north and south poles of CP 1.

the Gaussian approximation for the fluctuation modes
from the saddle points except the nearly massless modes
parameterized by the quasi moduli parameters (τi,φi).
Thus, we can simplify the Lefschetz thimble analysis by
reducing the degrees of freedom onto the quasi moduli
space.

The leading order contributions come from the region
around the saddle points, where all the kinks are well-
separated in the weak coupling limit. Therefore, the ef-
fective potential can be approximated by that for well-
separated kinks SE → Veff = −mεβ +

∑2p
i=1(

m
g2 + Vi),

where Vi is the asymptotic interaction potential between
neighboring kink-antikink pair [29]

Vi

m
= εi(τi − τi−1)−

4

g2
e−m(τi−τi−1) cos(φi − φi−1),(14)

with τ2n−1 = τ−i , τ2n = τ+i , τ0 = τ2p − β, φ0 =
φ2p (mod 2π), ε2n−1 = 0 and ε2n = 2ε. We find that the
saddle points of Veff are consistent with τ±n in Eq. (13)
for large β and small g . We introduce a Lagrange multi-
plier σ to impose the periodicity as 2πδ(

∑
i τi − β) =

m
∫
dσexp(imσ(

∑
i τi − β)). By generalizing the Lef-

schetz thimble analysis in [21] to the multi-bion contribu-
tion Zp ∝

∫ ∏2p
i=1 dτidφi, exp(−Veff), we obtain the fol-

lowing p-bion contribution to the partition function (See
Appendix. C for the details of calculations.)

Zp

Z0
≈ −2imβ

p
e
− 2pm

g2 Res
σ=0

[
e−imβσ

2p∏

i=1

Ii

]
, (15)

with

Ii =
2m

g2

(
2m

g2
e±

πi
2

)iσ−εi Γ ((εi − iσ)/2)

Γ (1− (εi − iσ)/2)
. (16)

The sign ± is associated with arg[g2] = ±0. This gives a
polynomial of β, whose leading term is of order βp

Zp

Z0
≈ 1

p!

[
2mβΓ(ε)

Γ(1− ε)
e
− 2m

g2
∓πiε

(
2m

g2

)2(1−ε)
]p

, (17)

consistent with the dilute gas approximation: Zp/Z0 =
(Z1/Z0)p/p! + O(βp−1). From the p-bion contribution

• An infinite tower of multi-bion solutions 
• Contributions are calculated by (multi) quasi-moduli integral 
• Contributions from real and complex bions cancel for SUSY

S ⇡ pSbion + 2⇡i✏l

Sbion =
2m

g2
+ 2✏ log

! +m

! �m



Quasi moduli parameters (Nearly massless modes)

Effective potential in quasi-moduli space

=  kink distance        & relative phase

Quasi-moduli integral

Contributions from real and complex bions

TM, Sakai, Nitta (14)

⌧r �r

Z1

Z0
⇡

Z
d⌧rd�r exp[�Ve↵(⌧r,�r)]

Ve↵(⌧r,�r) = �4m

g2
cos�r e

�m⌧r + 2✏m⌧r

Behtash, Dunne, Schafer, Sulejmanpasic, Unsal (15)
See also Aoyama, Kikuchi (92) for Valley method

Existence of these modes means 1-loop det. is not enough…
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(a) θ = −0
(b) θ = +0

Fig. 9: Integration contour, Lefschetz thimbles and dual thimbles for (a) θ = −0 (seen from upper left)

and (b) θ = +0 (seen from lower right). The orange lines are the original extended integration contours,

while four colored (red, blue, yellow and green) lines and surfaces indicate the thimbles and their duals,

respectively. Note that since the integration contour and Lefschetz thimbles are direct products of the τR

direction and lines in (φR,φI , τI), their projected images are lines in the three-dimensional space.

contour for θ = −0. Note that K0 and K′
0 are the identical thimble related by the shift φR →

φR + 2π. By taking into account how the original integration contour is decomposed into the

thimbles (see Fig. 10), the sign of the intersection numbers can be determined as

(n−1 , n0 , n1) =





(−1 , 1 , 0 ) for θ = −0

( 0 , −1 , 1 ) for θ = +0
. (IV.55)

Therefore, the bion contribution has the ambiguity depending on the sign of θ

[IĪ] =





Zσ=0 − Zσ=−1 for θ = −0

Zσ=1 − Zσ=0 for θ = +0
. (IV.56)

c. Integral along Lefschetz Thimbles

Now let us evaluate the integral over the thimbles. Changing the coordinates as

τ → τ ′ = τ − τσ φ→ φ′ = φ− φσ. (IV.57)

we find that the potential becomes

V = 2ε

(
mτ ′ + e−mτ ′ cosφ′ + log

2m

εg2
+ σπi− iθ

)
. (IV.58)
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(a) θ = −0
(b) θ = +0

Fig. 9: Integration contour, Lefschetz thimbles and dual thimbles for (a) θ = −0 (seen from upper left)

and (b) θ = +0 (seen from lower right). The orange lines are the original extended integration contours,

while four colored (red, blue, yellow and green) lines and surfaces indicate the thimbles and their duals,

respectively. Note that since the integration contour and Lefschetz thimbles are direct products of the τR

direction and lines in (φR,φI , τI), their projected images are lines in the three-dimensional space.

contour for θ = −0. Note that K0 and K′
0 are the identical thimble related by the shift φR →

φR + 2π. By taking into account how the original integration contour is decomposed into the

thimbles (see Fig. 10), the sign of the intersection numbers can be determined as

(n−1 , n0 , n1) =





(−1 , 1 , 0 ) for θ = −0

( 0 , −1 , 1 ) for θ = +0
. (IV.55)

Therefore, the bion contribution has the ambiguity depending on the sign of θ

[IĪ] =





Zσ=0 − Zσ=−1 for θ = −0

Zσ=1 − Zσ=0 for θ = +0
. (IV.56)

c. Integral along Lefschetz Thimbles

Now let us evaluate the integral over the thimbles. Changing the coordinates as

τ → τ ′ = τ − τσ φ→ φ′ = φ− φσ. (IV.57)

we find that the potential becomes

V = 2ε

(
mτ ′ + e−mτ ′ cosφ′ + log

2m

εg2
+ σπi− iθ

)
. (IV.58)
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Stokes phenomena

· Intersection number of original contour & dual thimble Kσ

Imaginary ambiguity
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(a) θ = −0
(b) θ = +0

Fig. 9: Integration contour, Lefschetz thimbles and dual thimbles for (a) θ = −0 (seen from upper left)

and (b) θ = +0 (seen from lower right). The orange lines are the original extended integration contours,

while four colored (red, blue, yellow and green) lines and surfaces indicate the thimbles and their duals,

respectively. Note that since the integration contour and Lefschetz thimbles are direct products of the τR

direction and lines in (φR, φI , τI), their projected images are lines in the three-dimensional space.

contour for θ = −0. Note that K0 and K′
0 are the identical thimble related by the shift φR →

φR + 2π. By taking into account how the original integration contour is decomposed into the

thimbles (see Fig. 10), the sign of the intersection numbers can be determined as

(n−1 , n0 , n1) =





(−1 , 1 , 0 ) for θ = −0

( 0 , −1 , 1 ) for θ = +0
. (IV.55)

Therefore, the bion contribution has the ambiguity depending on the sign of θ

[IĪ] =





Zσ=0 − Zσ=−1 for θ = −0

Zσ=1 − Zσ=0 for θ = +0
. (IV.56)

c. Integral along Lefschetz Thimbles

Now let us evaluate the integral over the thimbles. Changing the coordinates as

τ → τ ′ = τ − τσ φ→ φ′ = φ− φσ. (IV.57)

we find that the potential becomes

V = 2ε

(
mτ ′ + e−mτ ′ cosφ′ + log

2m

εg2
+ σπi− iθ

)
. (IV.58)

· Integral along Thimble  Jσ 

33

(a) integration contour for φ (b) deformation of contour

Fig. 10: Deformation of integration contour. (a) The integration contour can be decomposed into two paths

(orange and blue). One of them corresponds to the thimble with n = 0 and the other can be continuously

deformed into the thimble with n = 1. The shaded regions in the right figure corresponds to the region

where ReV < T ! ReVcritical with some real number T .

The thimble Jσ corresponds to the two dimensional plane τ ′ ∈ R, φ′ ∈ iR. We can check that the

potential satisfies

ReV ≥ 2ε

(
1 + log

2m

εg2

)
, ImV = (σπ − θ)ε = const., (IV.59)

for τ ′ ∈ R, φ′ ∈ iR. Integrating over the thimbles, we obtain

Zσ =

∫

R
dτ ′
∫

iR
dφ′ e−V =

i

2m

(
g2eiθ

2m

)2ε

e−2πiεσ Γ (ε)2 . (IV.60)

Therefore, the bion contribution is given by

[IĪ] =
1

m

(
g2eiθ

2m

)2ε

sin επ Γ (ε)2 ×





eπiε for θ = −0

e−πiε for θ = +0
. (IV.61)

This result is consistent with the one obtained by applying the Bogomolny–Zinn-Justin prescription

for the divergent region τ → −∞, |φ| ≤ π/2 [36]. In this calculation of the complex integral, the

region where the integrand is divergent is avoided by deforming the integration contour as shown in

Fig. 10. This is how one extracts a finite result from the ill-defined integral in the BZJ prescription.

Thus, based on the Lefschetz thimble decomposition of the quasi moduli integral together with the

complexification of the coupling, we obtain an unambiguous definition of the ill-defined moduli

integral.

Zq.m. =
X

�

n�Z�

Lefschetz Thimble integral
Fujimori, Kamata, TM, Nitta, Sakai(16)

arg[g2] < 0

arg[g2] > 0



Contributions from complex bions

Bion contribution to ground-state energy

2

by use of the Bender-Wu recursion relation [25], we ob-
tain the perturbative series for the ground-state energy in
CPN−1 quantum mechanics, whose Borel resummation
contains an imaginary ambiguity for non-supersymmetric
cases. We check the cancellation between the two imagi-
nary ambiguities from the complexified solutions and the
perturbative Borel resummation. Thirdly, we obtain the
exact ground state energy at the near-supersymmetric
regime in the standard Schroedinger equation formalism.
We find out that the exact ground state energy are re-
garded as the full trans-series composed of the perturba-
tive and non-perturbative (real and complex bion) contri-
butions. This is a clear manifestation on the resurgence
structure in CPN−1 quantum mechanics.

Setup of CPN−1 quantum mechanics : The La-
grangian of the CP 1 Lorentzian quantum mechanics with
a fermion takes the form

L = 1
g2 G

[
∂tϕ∂tϕ̄−m2ϕϕ̄

+ iψ̄Dtψ + εm(1 + ϕ∂ϕ logG)ψ̄ψ
]
, (.2)

where G is the Fubini-Study metric G = 1
(1+ϕϕ̄)2 and

Dt is the covariant derivative Dtψ = [∂t+∂tϕ∂ϕ logG]ψ.
The parameter ε indicates the strength of the interaction
between the bosonic and fermionic degrees of freedom.
ε = 1 corresponds to a supersymmetric case. By pro-
jecting quantum states onto the subspace of the Hilbert
space with a fixed fermion number, we obtain the follow-
ing purely bosonic Lagrangian

L =
1

g2
∂tϕ∂tϕ̄

(1 + ϕϕ̄)2
− V (ϕϕ̄), (.3)

V (ϕϕ̄) ≡ 1

g2
m2ϕϕ̄

(1 + ϕϕ̄)2
− εm

1− ϕϕ̄

1 + ϕϕ̄
, (.4)

where we have chosen the fermion number so that the su-
persymmetric ground state for ε = 1 is contained in the
subspace of the Hilbert space. The associated Hamilto-
nian H of the bosonic theory is written as

H = −g2(1 + ϕϕ̄)2
∂

∂ϕ

∂

∂ϕ̄
+ V (ϕϕ̄). (.5)

Here, we also exhibit the Euclidean action as

SE =

∫
dτ

[
1

g2
∂τϕ∂τ ϕ̄

(1 + ϕϕ̄)2
+ V (ϕϕ̄)

]
. (.6)

The CPN−1 models contains ϕi (i = 1, ..., N) compo-
nents with mi (i = 1, ..., N) and the Fubini-study met-

ric Gij̄ = ∂2

∂ϕi∂ψ̄j̄ log(1 +
∑N

k |ϕk|2). The projected La-

grangian of CPN−1 models is written as

L =
1

g2
Gij̄

[
∂tϕ

i∂tϕ̄
j −mimjϕ

iϕ̄j
]
− ε∆µ , (.7)

with µ =
∑N

j=1
mj |ϕj |2
1+|ϕj |2 and ∆ = Gj̄i∂i∂̄j̄ . The complex-

ification of the variables are also parallel to that of the
CP 1 model.

(a) Σ(τ) for real bion (b) Σ(τ) for complex
bion

Fig. 1: Kink profile of real bion and regularized complex bion.

Contribution from Bion solutions : We first con-
sider the CP 1 model. As shown in [24], the complexified
CP 1 model with fermion degrees of freedom has two ex-
act solutions, a real bion and a complex bion: The real
bion solution in CP 1 quantum mechanics is derived based
on the energy conservation low as

ϕ = eiφ0

√
ω2

ω2 −m2

1

i sinhω(τ − τ0)
, (.8)

where ω is ω ≡ m
√

1 + 2εg2

m . The parameters τ0 and φ0
are moduli parameters. We here complexfy the variable
as

(ϕ, ϕ̄) −→ (ϕ, ϕ̃) = (ϕC
R + iϕC

I , ϕC
R − iϕC

I ) , (.9)

which means that the two complex variables ϕ, ϕ̃ are in-
dependent. Then, the complex bion solution is obtained
by the similar procedure to the real bion solution as

ϕ = eiφ0

√
ω2

ω2 −m2

1

coshω(τ − τ0)
, ϕ̃ = −ϕ̄ . (.10)

The vacuum transition in these solutions is depicted by
use of the function Σ(τ) = m ϕϕ̃

1+ϕϕ̃ in Fig. 1.
The contributions from these solutions are calculated

by performing the Lefschetz thimble integral associated
with the saddle points. The leading order bion contribu-
tion to the ground state energy for small g and λ is given
by the quasi moduli integral

Ebion ≈ −8m4

πg4

∫
dτrdφr exp (−Veff) . (.11)

Veff ≈ 2m

g2
− 4m

g2
e−mτr cosφr + 2εmτr. (.12)

where τr and φr are the relative distance and the relative
phase between local BPS components in the bion con-
figurations. These two parameters correspond to quasi-
moduli parameters, which are nearly massless modes
around the real and complex bion solutions. We then
obtain the contribution to the ground-state energy from
the real and complex bion solutions

Ebion = −2m

(
g2

2m

)2(ε−1)
sin επ

π
Γ (ε)2 e

− 2m
g2

×
{

eπiε for θ = −0
e−πiε for θ = +0

. (.13)

For p bions we obtain

= �2me
� 2m

g2 �✏+ 4m

✓
� + log

2m

g2
±

i⇡

2

◆
e
� 2m

g2 �✏2 +O(�✏3)

Ep = �2me
� 2pm

g2 �✏ + 4mp2
✓
� + log

2m

g2
± i⇡

2

◆
e
� 2pm

g2 �✏2

Fujimori, Kamata, TM, Nitta, Sakai(16)(17)
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E(2) = g2 �m
coth m

g2

sinh2 m
g2

2

4
Ei

⇣
2m
g2

⌘
+ Ei

⇣
� 2m

g2

⌘

2
� � � log

2m

g2

3

5 =
1X

p=0

e
� 2pm

g2 E(2)
p

Trans-series

Fujimori, Kamata, TM, Nitta, Sakai(17)

E(2)
0 ⇡ g2 � 2m

1X

n=1

(n� 1)!

✓
g2

2m

◆n

3

θ is the phase of the complexified coupling g2 = |g2|eiθ.
The imaginary ambiguity of the bion contribution de-
pends on an infinitely small sign of this phase. It is no-
table that the contribution in (.13) vanishes at ε = 1,
which is consistent with the supersymmetry.
The results on the bion solutions are easily extended

to CPN−1 models. In complexified CPN−1 models with
fermionic degrees of freedom, we have N real bion and N
complex bion solutions. The real bions for this case are
given by

ϕi =

√
ω2
i

Nmiεg2
eiφ0

sinhωi(τ − τ0)
, (.14)

with ωi = mi

√
1 +Nεg2/mi. The complex bions are

given by

ϕi =

√
ω2
i

Nmiεg2
eiφ0

coshωi(τ − τ0)
, ϕ̃i = −ϕ̄i . (.15)

For this case, the effective potential between the BPS
components in bion configuration is modified as

Veff ≈ 2mi

g2
− 4mi

g2
e−miτr cosφr + 2ε′miτr , (.16)

with ε′ = 1 + 1
2 (ε − 1)N . By performing the Lefschetz

thimble integral (quasi moduli integral) based on this
effective potential, we derive the contributions from N
real and complex bions to the ground state energy

Ebion = −
N−1∑

i=1

2mi

(
g2

2mi

)2(ε′−1)
sin ε′π

π
Γ (ε′)

2
e
− 2mi

g2

×
{

eπiε for θ = −0
e−πiε for θ = +0

.(.17)

Again, the imaginary ambiguity of the bion contribution
depends on a sign of the phase of complexified coupling
constant g2 = |g2|eiθ. The contribution vanishes at ε′ =
ε = 0, which agrees with the supersymmetry.

Contribution from Perturbative vacuum : We
here focus on the CP 1 model. To derive a perturba-
tive series of the ground state energy, we redefine the
wave function and the coordinate as ψ = e−x2

Ψ(x), |ϕ| =
ηx, η ≡ g√

m
. Then, the Hamiltonian becomes

H̃

m
= −1

4
(1 + η2x2)2

{
∂2x + (1− 4x2)

1

x
∂x

}
+ V (x),(.18)

where the potential is

V (x) = (1− x2)(1 + η2x2)2 +
x2

(1 + η2x2)2
− ε

1− η2x2

1 + η2x2
.(.19)

We expand the energy and the wave function with re-
spect to η as E

m =
∑∞

l=0 Alη2l,Ψ =
∑∞

l=0 Ψl(x)η2l. The

Schrödinger equation (H̃ − E)Ψ = 0 is expanded by

l

= 1+

= 0+

= 2+
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Fig. 2: The asymptotic behavior of the ratio

Al/
[

1
2l−1

Γ(l+2(1−ε))
Γ(1−ε)2

]
(l ≤ 100) for 0 ≤ ε ≤ 2. δ is a

regularization parameter (δ = 10−10).

Al and Ψl with Ψl = 0 for l < 0. Setting Ψ0 = 1,
we solve equations order by order, and find that Ψl are
polynomials of the form Ψl =

∑2l
k=0 Bl,kx2k. Then, the

Schrödinger equation reduces to the recursion relation
called Bender-Wu recursion relation,

0 =
4∑

i=0

(
4
i

)[
(k − i+ 1)2Bl−i,k−i+1

− (2k − 2i+ 1)Bl−i,k−i +Bl−i,k−i−1

]

+
l∑

i=1

Ai(Bl−i,k + 2Bl−i−1,k−1

+ Bl−i−2,k−2)−Bl,k−1 + ε(Bl,k −Bl−2,k−2),(.20)

where Bl,k = 0 if l < 0, k < 0, k > 2l.
We now obtain Al in Epert = m

∑∞
l=0 Alη2l. As shown

in Fig. 2 it has the asymptotic behavior

Al ∼ − 1

2l−1

Γ(l + 2(1− ε))

Γ(1− ε)2
. (.21)

Now, we introduce Borel transform and Borel resum-
mation. The Borel resummation of Epert gives an an-
alytic function which has Epert as an asymptotic se-
ries. Firstly, the Borel transform B[Epert](t) of the series
Epert(η2) =

∑∞
l=0 Elη2l is defined as

B[Epert](t) =
∞∑

l=0

Fl

l!
tl , (.22)

where t ∈ C is a Borel parameter. Note, in the present
case (and lots of other examples), the Borel transform
B[Epert] has singularities on the real and positive axis on
the Borel plane of t. Now, the (lateral) Borel resumma-
tion is defined as

S±Epert(η
2) =

1

η2

∫ e±iδ∞

0
B[Epert](t)e

−t/η2dt , (.23)

with δ is a infinitely small number. Since the Borel trans-
form has singularities on the real and positive axis, we

Perturbative coefficients via
Bender-Wu method 
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2

Lagrangian

g2L = G
[
|∂tϕ|2 − |mϕ|2 + iψ̄Dtψ

]
− ε

∂2µ

∂ϕ∂ϕ̄
ψψ̄, (1)

where ϕ is the inhomogeneous coordinate, G =
∂ϕ∂ϕ̄ log(1 + |ϕ|2) is the Fubini-Study metric, Dt = ∂t +
∂tϕ∂ϕ logG is the pull back of the covariant derivative
and µ = m|ϕ|2/(1 + |ϕ|2) is the moment map associated
with the U(1) symmetry ϕ → eiθϕ. The parameter ε is
the boson-fermion coupling and the Lagrangian becomes
supersymmetric at ε = 1. Since the fermion number
F = Gψψ̄ commutes with the Hamiltonian, the Hilbert
space can be decomposed into two subspaces with F = 1
and F = 0. By projecting quantum states onto the sub-
space which contains the ground state (F = 1), we obtain
the bosonic Lagrangian L = |∂tϕ|2/(g2(1 + |ϕ|2)2) − V
with the potential

V =
1

g2
m2|ϕ|2

(1 + |ϕ|2)2 − εm
1− |ϕ|2

1 + |ϕ|2 . (2)

We note that θ(≡ −2 arctan |ϕ|) = 0, π are global and
metastable vacua respectively.
For ε = 1, the ground state wave function Ψ0 preserv-

ing the SUSY is given as a zero energy solution of the
Schrödinger equation

Hε=1Ψ0 =

[
−g2(1 + |ϕ|2)2 ∂

∂ϕ

∂

∂ϕ̄
+ Vε=1

]
Ψ0 = 0. (3)

It is exactly solved as Ψ0 = 〈ϕ|0〉 = exp(−µ/g2). For ε ≈
1, the leading order correction to the ground state wave
function can be obtained by expanding the Schrödinger
equation with respect to small δε ≡ ε − 1 as 〈ϕ|δΨ〉.
Correspondingly, the ground state energy E can also be
expanded

E = δεE(1) + δε2 E(2) + · · · . (4)

These expansion coefficients can be determined by the
standard Rayleigh-Schrödinger perturbation theory as
E(1) = 〈0|δH|0〉/〈0|0〉, E(2) = −〈δΨ|Hε=1|δΨ〉/〈0|0〉, · · ·
with δH = H − Hε=1. We find that these coefficients
E(i) are real without imaginary ambiguities and can be
expanded in absolutely convergent power series with re-
spect to the nonperturbative exponential exp(−2m/g2)

E(i) =
∞∑

p=0

E(i)
p exp(−2pm/g2), (5)

where the zero-th term E(i)
0 corresponds to the pertur-

bative contributions on the trivial vacuum (perturbative
vacuum). The coefficients of E(1) [21] are

E(1)
0 = −m+ g2, E(1)

p = −2m, (p ≥ 1). (6)

If the coefficients of E(2) are expanded in powers of g2,
they give factorially divergent asymptotic series, which

can be Borel-resummed. Hence we rewrite the coefficient
in the form of the Borel transform (See Appendix. A for
the details of calculations.) as

E(2)
0 = g2 + 2m

∫ ∞

0
dt

e−t

t− 2m
g2±i0

, (7)

E(2)
p = 2m

∫ ∞

0
dt e−t

{
(p+ 1)2

t− 2m
g2±i0

+
(p− 1)2

t+ 2m
g2

}

+ 4mp2
(
γ + log

2m

g2
± πi

2

)
, (p ≥ 1). (8)

Note that the imaginary ambiguities associated to the

Borel resummation is manifest in the first term of E(2)
p

with g2±i0, which is compensated by the imaginary part

±iπ/2 in the last term of E(2)
p+1, reproducing the original

real E(2) precisely.
We can now recognize the full resurgence structure to

all orders of nonperturbative exponential: imaginary am-
biguity of the non-Borel summable divergent perturba-
tion series on the p-bion background in the first term of

E(2)
p is cancelled by the imaginary ambiguity of the clas-

sical contribution of (p+1)-bion contribution in the last

term of E(2)
p+1. We note the absence of powers of g2 in

the imaginary ambiguity, which will allow us to recover
non-Borel summable perturbation series on the p-bion
background completely from the (p+1)-bion contribution
through the dispersion relation, without computing per-
turbative corrections around the multi-bion background
explicitly. Moreover, if we observe that E(2)/m is an
even function of m/g2, we can also understand the pres-
ence of Borel-summable part (second term of the first
line in Eq.(8)). Thus all the terms can now be repro-
duced through resurgence relation and the sign change
of m/g2, if we can compute all the classical p-bion con-
tributions.

Multi-bion solutions : Nonperturbative contribu-
tions to the ground state energy come from the saddle
points of the path integral Z =

∫
DϕDϕ̃ e−SE ∼ e−βE

(for large β), where we have complexified the degrees of
freedom by regarding ϕ ≡ ϕC

R + iϕC
I and ϕ̃ ≡ ϕC

R − iϕC
I

as independent holomorphic variables, and imposed the
periodic boundary condition ϕ(τ + β) = ϕ(τ) and for

ϕ̃. The Euclidean action SE =
∫ β
0 dτ [∂τϕ∂τ ϕ̃/(g2(1 +

ϕϕ̃)2) + V (ϕϕ̃)] has two conserved Noether charges as-
sociated with the complexification of the Euclidean time
translation τ → τ + a and the phase rotation (ϕ, ϕ̃) →
(eibϕ, e−ibϕ̃) (a, b ∈ C). Using the corresponding con-
servation laws, we can obtain the following solution of
the equation of motion with nontrivial contribution in a
β → ∞ limit,

ϕ = eiφc
f(τ − τc)

sin2 α
, ϕ̃ = e−iφc

f(τ − τc)

sin2 α
, (9)

where (τc, φc) are complex moduli parameters associated
with the symmetry and f(τ) is the elliptic function

f(τ) = cs(Ωτ, k) ≡ cn(Ωτ, k)/sn(Ωτ, k), (10)
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Then, we can define the perturbative sum for the non-alternating series as the analytic con-

tinuation of B0(g2) in the g2 complex plane from negative coupling, g2 < 0, to the positive

real axis, g2 > 0. This can be done in one of the two ways as shown in Fig. 2. Approaching

the positive real axis clock-wise (from above) and counter-clock-wise (from below).

B0(|g2| ± i�) = ReB0(|g2|)± i ImB0(|g2|) where ImB0(|g2|) ⇤ e�2SI ⇤ e�2A/g2 (6.4)

is the ambiguous part, and is a manifestation of non-Borel-summability [compare with (1.22)].

A definition of the Borel sum equivalent to what we described above through analytic

continuation in the complex g2-plane is the directional (sectorial) Borel sum. Define

S�P (g2) ⇥ B�(g
2) =

1

g2

� ⌅·ei�

0
BP (t) e�t/g2dt, (6.5)

C+

C�

t

Figure 9. Lateral, or right and left, Borel sums. Dark circles are singularities (poles or branch
points). Whenever a singularity exists between the right and left Borel sums, the theory is non-Borel
summable. The singular direction in the t-plane corresponds to a Stokes line in the complex g2-plane,
see Fig.2. The di�erence of the sectorial sums in passing from ⇥ = 0� to ⇥ = 0+ is the Stokes “jump”
across a Stokes ray.

A special case of this is the lateral Borel sum. The function B�±(g2) is associated with

contours just above and just below the ray at angle ⇥, and is called right (left) Borel resum-

mation. If there are no singular points in the ⇥ direction, then the left and right Borel sums

are equal, and the theory is sectorial Borel summable in the ⇥-direction. A theory for which

there are no singularities on ⇥ = 0 is called Borel summable in physics. In many cases, there

is a ray of singular points of the Borel transform BP (t), as shown in Figure 9. Then, the

theory is non-Borel summable, but left and right Borel summable. The ambiguity described

above, associated with whether we approach the real positive axis from above or below in

the complex g2-plane, in the latter language, maps to the choice of the integration contour

in the Laplace-transform. The integral is, of course, dependent on the choice of the contour,

– 51 –

Singularity on 
positive real axis

・Perturbative part

E(2) = g2 �m
coth m

g2

sinh2 m
g2

2

4
Ei

⇣
2m
g2

⌘
+ Ei

⇣
� 2m

g2

⌘

2
� � � log

2m

g2

3

5 =
1X

p=0

e
� 2pm

g2 E(2)
p

Trans-series

・Non-perturbative p-bion part

Fujimori, Kamata, TM, Nitta, Sakai(17)

Ground-state Energy in CP1 QM



2

Lagrangian

g2L = G
[
|∂tϕ|2 − |mϕ|2 + iψ̄Dtψ

]
− ε

∂2µ

∂ϕ∂ϕ̄
ψψ̄, (1)

where ϕ is the inhomogeneous coordinate, G =
∂ϕ∂ϕ̄ log(1 + |ϕ|2) is the Fubini-Study metric, Dt = ∂t +
∂tϕ∂ϕ logG is the pull back of the covariant derivative
and µ = m|ϕ|2/(1 + |ϕ|2) is the moment map associated
with the U(1) symmetry ϕ → eiθϕ. The parameter ε is
the boson-fermion coupling and the Lagrangian becomes
supersymmetric at ε = 1. Since the fermion number
F = Gψψ̄ commutes with the Hamiltonian, the Hilbert
space can be decomposed into two subspaces with F = 1
and F = 0. By projecting quantum states onto the sub-
space which contains the ground state (F = 1), we obtain
the bosonic Lagrangian L = |∂tϕ|2/(g2(1 + |ϕ|2)2) − V
with the potential

V =
1

g2
m2|ϕ|2

(1 + |ϕ|2)2 − εm
1− |ϕ|2

1 + |ϕ|2 . (2)

We note that θ(≡ −2 arctan |ϕ|) = 0, π are global and
metastable vacua respectively.
For ε = 1, the ground state wave function Ψ0 preserv-

ing the SUSY is given as a zero energy solution of the
Schrödinger equation

Hε=1Ψ0 =

[
−g2(1 + |ϕ|2)2 ∂

∂ϕ

∂

∂ϕ̄
+ Vε=1

]
Ψ0 = 0. (3)

It is exactly solved as Ψ0 = 〈ϕ|0〉 = exp(−µ/g2). For ε ≈
1, the leading order correction to the ground state wave
function can be obtained by expanding the Schrödinger
equation with respect to small δε ≡ ε − 1 as 〈ϕ|δΨ〉.
Correspondingly, the ground state energy E can also be
expanded

E = δεE(1) + δε2 E(2) + · · · . (4)

These expansion coefficients can be determined by the
standard Rayleigh-Schrödinger perturbation theory as
E(1) = 〈0|δH|0〉/〈0|0〉, E(2) = −〈δΨ|Hε=1|δΨ〉/〈0|0〉, · · ·
with δH = H − Hε=1. We find that these coefficients
E(i) are real without imaginary ambiguities and can be
expanded in absolutely convergent power series with re-
spect to the nonperturbative exponential exp(−2m/g2)

E(i) =
∞∑

p=0

E(i)
p exp(−2pm/g2), (5)

where the zero-th term E(i)
0 corresponds to the pertur-

bative contributions on the trivial vacuum (perturbative
vacuum). The coefficients of E(1) [21] are

E(1)
0 = −m+ g2, E(1)

p = −2m, (p ≥ 1). (6)

If the coefficients of E(2) are expanded in powers of g2,
they give factorially divergent asymptotic series, which

can be Borel-resummed. Hence we rewrite the coefficient
in the form of the Borel transform (See Appendix. A for
the details of calculations.) as

E(2)
0 = g2 + 2m

∫ ∞

0
dt

e−t

t− 2m
g2±i0

, (7)

E(2)
p = 2m

∫ ∞

0
dt e−t

{
(p+ 1)2

t− 2m
g2±i0

+
(p− 1)2

t+ 2m
g2

}

+ 4mp2
(
γ + log

2m

g2
± πi

2

)
, (p ≥ 1). (8)

Note that the imaginary ambiguities associated to the

Borel resummation is manifest in the first term of E(2)
p

with g2±i0, which is compensated by the imaginary part

±iπ/2 in the last term of E(2)
p+1, reproducing the original

real E(2) precisely.
We can now recognize the full resurgence structure to

all orders of nonperturbative exponential: imaginary am-
biguity of the non-Borel summable divergent perturba-
tion series on the p-bion background in the first term of

E(2)
p is cancelled by the imaginary ambiguity of the clas-

sical contribution of (p+1)-bion contribution in the last

term of E(2)
p+1. We note the absence of powers of g2 in

the imaginary ambiguity, which will allow us to recover
non-Borel summable perturbation series on the p-bion
background completely from the (p+1)-bion contribution
through the dispersion relation, without computing per-
turbative corrections around the multi-bion background
explicitly. Moreover, if we observe that E(2)/m is an
even function of m/g2, we can also understand the pres-
ence of Borel-summable part (second term of the first
line in Eq.(8)). Thus all the terms can now be repro-
duced through resurgence relation and the sign change
of m/g2, if we can compute all the classical p-bion con-
tributions.

Multi-bion solutions : Nonperturbative contribu-
tions to the ground state energy come from the saddle
points of the path integral Z =

∫
DϕDϕ̃ e−SE ∼ e−βE

(for large β), where we have complexified the degrees of
freedom by regarding ϕ ≡ ϕC

R + iϕC
I and ϕ̃ ≡ ϕC

R − iϕC
I

as independent holomorphic variables, and imposed the
periodic boundary condition ϕ(τ + β) = ϕ(τ) and for

ϕ̃. The Euclidean action SE =
∫ β
0 dτ [∂τϕ∂τ ϕ̃/(g2(1 +

ϕϕ̃)2) + V (ϕϕ̃)] has two conserved Noether charges as-
sociated with the complexification of the Euclidean time
translation τ → τ + a and the phase rotation (ϕ, ϕ̃) →
(eibϕ, e−ibϕ̃) (a, b ∈ C). Using the corresponding con-
servation laws, we can obtain the following solution of
the equation of motion with nontrivial contribution in a
β → ∞ limit,

ϕ = eiφc
f(τ − τc)

sin2 α
, ϕ̃ = e−iφc

f(τ − τc)

sin2 α
, (9)

where (τc, φc) are complex moduli parameters associated
with the symmetry and f(τ) is the elliptic function

f(τ) = cs(Ωτ, k) ≡ cn(Ωτ, k)/sn(Ωτ, k), (10)
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Then, we can define the perturbative sum for the non-alternating series as the analytic con-

tinuation of B0(g2) in the g2 complex plane from negative coupling, g2 < 0, to the positive

real axis, g2 > 0. This can be done in one of the two ways as shown in Fig. 2. Approaching

the positive real axis clock-wise (from above) and counter-clock-wise (from below).

B0(|g2| ± i�) = ReB0(|g2|)± i ImB0(|g2|) where ImB0(|g2|) ⇤ e�2SI ⇤ e�2A/g2 (6.4)

is the ambiguous part, and is a manifestation of non-Borel-summability [compare with (1.22)].

A definition of the Borel sum equivalent to what we described above through analytic

continuation in the complex g2-plane is the directional (sectorial) Borel sum. Define

S�P (g2) ⇥ B�(g
2) =

1

g2

� ⌅·ei�

0
BP (t) e�t/g2dt, (6.5)
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Figure 9. Lateral, or right and left, Borel sums. Dark circles are singularities (poles or branch
points). Whenever a singularity exists between the right and left Borel sums, the theory is non-Borel
summable. The singular direction in the t-plane corresponds to a Stokes line in the complex g2-plane,
see Fig.2. The di�erence of the sectorial sums in passing from ⇥ = 0� to ⇥ = 0+ is the Stokes “jump”
across a Stokes ray.

A special case of this is the lateral Borel sum. The function B�±(g2) is associated with

contours just above and just below the ray at angle ⇥, and is called right (left) Borel resum-

mation. If there are no singular points in the ⇥ direction, then the left and right Borel sums

are equal, and the theory is sectorial Borel summable in the ⇥-direction. A theory for which

there are no singularities on ⇥ = 0 is called Borel summable in physics. In many cases, there

is a ray of singular points of the Borel transform BP (t), as shown in Figure 9. Then, the

theory is non-Borel summable, but left and right Borel summable. The ambiguity described

above, associated with whether we approach the real positive axis from above or below in

the complex g2-plane, in the latter language, maps to the choice of the integration contour

in the Laplace-transform. The integral is, of course, dependent on the choice of the contour,
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2

Lagrangian

g2L = G
[
|∂tϕ|2 − |mϕ|2 + iψ̄Dtψ

]
− ε

∂2µ

∂ϕ∂ϕ̄
ψψ̄, (1)

where ϕ is the inhomogeneous coordinate, G =
∂ϕ∂ϕ̄ log(1 + |ϕ|2) is the Fubini-Study metric, Dt = ∂t +
∂tϕ∂ϕ logG is the pull back of the covariant derivative
and µ = m|ϕ|2/(1 + |ϕ|2) is the moment map associated
with the U(1) symmetry ϕ → eiθϕ. The parameter ε is
the boson-fermion coupling and the Lagrangian becomes
supersymmetric at ε = 1. Since the fermion number
F = Gψψ̄ commutes with the Hamiltonian, the Hilbert
space can be decomposed into two subspaces with F = 1
and F = 0. By projecting quantum states onto the sub-
space which contains the ground state (F = 1), we obtain
the bosonic Lagrangian L = |∂tϕ|2/(g2(1 + |ϕ|2)2) − V
with the potential

V =
1

g2
m2|ϕ|2

(1 + |ϕ|2)2 − εm
1− |ϕ|2

1 + |ϕ|2 . (2)

We note that θ(≡ −2 arctan |ϕ|) = 0, π are global and
metastable vacua respectively.
For ε = 1, the ground state wave function Ψ0 preserv-

ing the SUSY is given as a zero energy solution of the
Schrödinger equation

Hε=1Ψ0 =

[
−g2(1 + |ϕ|2)2 ∂

∂ϕ

∂

∂ϕ̄
+ Vε=1

]
Ψ0 = 0. (3)

It is exactly solved as Ψ0 = 〈ϕ|0〉 = exp(−µ/g2). For ε ≈
1, the leading order correction to the ground state wave
function can be obtained by expanding the Schrödinger
equation with respect to small δε ≡ ε − 1 as 〈ϕ|δΨ〉.
Correspondingly, the ground state energy E can also be
expanded

E = δεE(1) + δε2 E(2) + · · · . (4)

These expansion coefficients can be determined by the
standard Rayleigh-Schrödinger perturbation theory as
E(1) = 〈0|δH|0〉/〈0|0〉, E(2) = −〈δΨ|Hε=1|δΨ〉/〈0|0〉, · · ·
with δH = H − Hε=1. We find that these coefficients
E(i) are real without imaginary ambiguities and can be
expanded in absolutely convergent power series with re-
spect to the nonperturbative exponential exp(−2m/g2)

E(i) =
∞∑

p=0

E(i)
p exp(−2pm/g2), (5)

where the zero-th term E(i)
0 corresponds to the pertur-

bative contributions on the trivial vacuum (perturbative
vacuum). The coefficients of E(1) [21] are

E(1)
0 = −m+ g2, E(1)

p = −2m, (p ≥ 1). (6)

If the coefficients of E(2) are expanded in powers of g2,
they give factorially divergent asymptotic series, which

can be Borel-resummed. Hence we rewrite the coefficient
in the form of the Borel transform (See Appendix. A for
the details of calculations.) as

E(2)
0 = g2 + 2m

∫ ∞

0
dt

e−t

t− 2m
g2±i0

, (7)

E(2)
p = 2m

∫ ∞

0
dt e−t

{
(p+ 1)2

t− 2m
g2±i0

+
(p− 1)2

t+ 2m
g2

}

+ 4mp2
(
γ + log

2m

g2
± πi

2

)
, (p ≥ 1). (8)

Note that the imaginary ambiguities associated to the

Borel resummation is manifest in the first term of E(2)
p

with g2±i0, which is compensated by the imaginary part

±iπ/2 in the last term of E(2)
p+1, reproducing the original

real E(2) precisely.
We can now recognize the full resurgence structure to

all orders of nonperturbative exponential: imaginary am-
biguity of the non-Borel summable divergent perturba-
tion series on the p-bion background in the first term of

E(2)
p is cancelled by the imaginary ambiguity of the clas-

sical contribution of (p+1)-bion contribution in the last

term of E(2)
p+1. We note the absence of powers of g2 in

the imaginary ambiguity, which will allow us to recover
non-Borel summable perturbation series on the p-bion
background completely from the (p+1)-bion contribution
through the dispersion relation, without computing per-
turbative corrections around the multi-bion background
explicitly. Moreover, if we observe that E(2)/m is an
even function of m/g2, we can also understand the pres-
ence of Borel-summable part (second term of the first
line in Eq.(8)). Thus all the terms can now be repro-
duced through resurgence relation and the sign change
of m/g2, if we can compute all the classical p-bion con-
tributions.

Multi-bion solutions : Nonperturbative contribu-
tions to the ground state energy come from the saddle
points of the path integral Z =

∫
DϕDϕ̃ e−SE ∼ e−βE

(for large β), where we have complexified the degrees of
freedom by regarding ϕ ≡ ϕC

R + iϕC
I and ϕ̃ ≡ ϕC

R − iϕC
I

as independent holomorphic variables, and imposed the
periodic boundary condition ϕ(τ + β) = ϕ(τ) and for

ϕ̃. The Euclidean action SE =
∫ β
0 dτ [∂τϕ∂τ ϕ̃/(g2(1 +

ϕϕ̃)2) + V (ϕϕ̃)] has two conserved Noether charges as-
sociated with the complexification of the Euclidean time
translation τ → τ + a and the phase rotation (ϕ, ϕ̃) →
(eibϕ, e−ibϕ̃) (a, b ∈ C). Using the corresponding con-
servation laws, we can obtain the following solution of
the equation of motion with nontrivial contribution in a
β → ∞ limit,

ϕ = eiφc
f(τ − τc)

sin2 α
, ϕ̃ = e−iφc

f(τ − τc)

sin2 α
, (9)

where (τc, φc) are complex moduli parameters associated
with the symmetry and f(τ) is the elliptic function

f(τ) = cs(Ωτ, k) ≡ cn(Ωτ, k)/sn(Ωτ, k), (10)

E(2)
p = 2m

Z 1

0
dte�t

"
(p+ 1)2

t� 2m
g2±i0

+
(p� 1)2

t+ 2m
g2

#
+ 4mp2

✓
� + log

2m

g2
± i⇡

2

◆

Imaginary ambiguity of perturbation is cancelled by that of 1-bion 
semiclassical contribution

⌥2mi⇡

p=1 bion

・Perturbative part

E(2) = g2 �m
coth m

g2

sinh2 m
g2

2

4
Ei

⇣
2m
g2

⌘
+ Ei

⇣
� 2m

g2

⌘

2
� � � log

2m

g2

3

5 =
1X

p=0

e
� 2pm

g2 E(2)
p

Trans-series

・Non-perturbative p-bion part

Fujimori, Kamata, TM, Nitta, Sakai(17)

Ground-state Energy in CP1 QM



2

Lagrangian

g2L = G
[
|∂tϕ|2 − |mϕ|2 + iψ̄Dtψ

]
− ε

∂2µ

∂ϕ∂ϕ̄
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This is an example of the exact resurgent structure, 
in which exact cancellation of imaginary ambiguities  

to all orders of trans-series is observed.



・SUSY-deformed Lagrangian
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・Bion solutions
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2D CPN-1 sigma model on R × S1
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31

which contains the ordinary one-instanton BPS solution (Q = 1) in the limit of small separation

of two fractional instantons is given by

HII
0 (z) =

(
λ1e

iφ1e−
πz
L + λ2e

iφ2e
πz
L , 1

)
. (104)

This is a composite of (a) and (d) in Fig.10. The inhomogeneous coordinate of CP 1 now reads

HII
1

HII
2

=
HII

0,1

HII
0,2

= λ1e
−πx1

L ei(φ1−πx2
L ) + λ2e

πx1
L ei(φ2+

πx2
L ), (105)

which cannot satisfy the assumption (96) of the Scherk-Schwarz reduction. This is because in

the reduced sine-Gordon model a configuration starting from N and ending at S [(a) in Fig. 10]

cannot be connected to another configuration starting from N and ending at S [(d) in Fig. 10]. The

former can be connected only to a configuration starting from S and ending at N. Therefore the

BPS two fractional instanton solution cannot be described by the sine-Gordon quantum mechanics

even in the limit of small L. More generally, all the BPS multi-fractional-instanton solutions are

inconsistent with the Scherk-Schwarz reduction and hence the sine-Gordon quantum mechanics

fails to capture them. This is consistent with the fact that configurations containing n-instantons

(n ≥ 2) are always non-BPS in the sine-Gordon quantum mechanics.

s(x1, x2)

x

y

0

2

4

42
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)
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FIG. 11: The euclidean action density s(x1, x2) of neutral bion configurations for λ1 = 1/1000,λ2 = 1/1000

and φ = π/4 in the CP 1 model on R1 × S1. The same action density is depicted in two ways, as a function

of x1, x2 (left) and x1 (right). There is no x2 dependence in the action density, with x2 being a coordinate

of the compactied dimension.

Next let us consider the non-BPS configuration of neutral bion, which is a composite of a

fractional instanton and a fractional anti-instanton as depicted in Fig. 11. We can write down an

composed of two 1/N fractional instantons

homogeneous in 
compactified direction

2D CPN-1 sigma model on R × S1

x y

s(x,y)
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e�SBion contribution

2D CPN-1 sigma model on R × S1

quantum  
fluctuation

・Quasi-moduli integral (N=2)

(small g2)
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sum over KK modes of quantum fluctuation 
via zeta function regularization

KK summed  
1-loop det.

Bare effective action S(xr,�r) =
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Now let us calculate the one-loop determinants. Since the background bion

ansatz (3.17) is independent of the compactified coordinate y (except the twisting fac-

tor dictated by the twisted boundary condition), it is convenient to decompose the bosonic

and fermionic fluctuations into infinite towers of KK modes. The total contribution from

the non-zero bosonic KK modes takes the form

log
det′∆B

det∆0
B

∣∣∣∣
KK

= 2
∞∑

n=1

[
Xn + Yn cosφr e

−mxr +O(g2)

]
, (3.22)

where Xn and Yn are respectively calculated in appendices B.1 and B.2 as

Xn = log
n
R −m
n
R +m

, Yn =
4mR

n
+O(n−2). (3.23)

By using the zeta function regularization shown in (B.16) and (B.19), we find that

∞∑

n=1

Xn = −2mR logRΛ0 + log
Γ(1 +mR)

Γ(1−mR)
,

∞∑

n=1

Yn = 4mR logRΛ0 + · · · , (3.24)

where Λ0 is a parameter corresponding to the cutoff scale and · · · denotes terms without

Λ0-dependence, which give only subleading contributions in the weak coupling limit. The

Λ0-dependent terms in the one-loop determinant can be absorbed into the bare coupling

constant, i.e. they are canceled by appropriate counter terms. The renormalized effective

action can be written in terms of the dynamical scale Λ defined by

Λ = Λ0 exp

(
− π

g20
− i

2
θ0

)
,

(
τ0 =

1

2πi
log

Λ2
0

Λ2

)
, (3.25)

where the symbols with subscript 0 denote the bare parameters. In the following, we

explicitly denote the coupling constant g which has been used above as the renormalized

coupling constant gR at the scale 1/R

1

g2R
= − 1

π
log |RΛ|

(
=

1

g20
− 1

π
log |RΛ0|

)
, (3.26)

and interpret that the UV divergent terms in the one-loop determinant are canceled by the

corresponding counter terms in the renormalized perturbation theory.

The contributions of the fermionic KK modes with positive and negative KK momenta

cancel out (see appendix B.3 for details)

log
det∆F

det∆0
F

∣∣∣∣
KK

= 0. (3.27)

The contributions of the bosonic and fermionic KK zero modes (and the volume factor J )

are essentially the same as in the 1D case [25]

J det′∆B

det∆0
B

∣∣∣∣
n=0

≈
(
4m2R

g2R

)2

+ · · · , det∆F

det∆0
F

≈ e−2mxr + · · · , (3.28)

where · · · denotes terms which are irrelevant in the weak coupling limit g2R → 0.
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constant, i.e. they are canceled by appropriate counter terms. The renormalized effective

action can be written in terms of the dynamical scale Λ defined by
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τ0 =
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2πi
log

Λ2
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, (3.25)

where the symbols with subscript 0 denote the bare parameters. In the following, we

explicitly denote the coupling constant g which has been used above as the renormalized

coupling constant gR at the scale 1/R

1

g2R
= − 1

π
log |RΛ|

(
=

1

g20
− 1

π
log |RΛ0|

)
, (3.26)

and interpret that the UV divergent terms in the one-loop determinant are canceled by the

corresponding counter terms in the renormalized perturbation theory.

The contributions of the fermionic KK modes with positive and negative KK momenta

cancel out (see appendix B.3 for details)

log
det∆F

det∆0
F
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KK

= 0. (3.27)

The contributions of the bosonic and fermionic KK zero modes (and the volume factor J )

are essentially the same as in the 1D case [25]
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where · · · denotes terms which are irrelevant in the weak coupling limit g2R → 0.
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Now let us calculate the one-loop determinants. Since the background bion

ansatz (3.17) is independent of the compactified coordinate y (except the twisting fac-

tor dictated by the twisted boundary condition), it is convenient to decompose the bosonic

and fermionic fluctuations into infinite towers of KK modes. The total contribution from

the non-zero bosonic KK modes takes the form
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・Quasi-moduli integral (N=2)

(small g2)



2D CPN-1 sigma model on R × S1

Fujimori, Kamata, TM, Nitta, Sakai(18)

Renormalized 
effective action

・Quasi-moduli integral (N=2)

Bare effective action S(xr,�r) =
4⇡mR

g2
� 8⇡mR

g2
cos�re

�mxr + 2mxr

Zbion = 2⇡�

Z

M
dxrd�r J

det�F

det0�B
e�SBion contribution

sum over KK modes of quantum fluctuation 
via zeta function regularization

SR(xr,�r) = S(xr,�r)� log
det�F

det�0
F

+ log
det0�B

det�0
B

(small g2)



2D CPN-1 sigma model on R × S1

Fujimori, Kamata, TM, Nitta, Sakai(18)

Renormalized 
effective action

・Quasi-moduli integral (N=2)

Bare effective action S(xr,�r) =
4⇡mR

g2
� 8⇡mR

g2
cos�re

�mxr + 2mxr

Zbion = 2⇡�

Z

M
dxrd�r J

det�F

det0�B
e�SBion contribution

sum over KK modes of quantum fluctuation 
via zeta function regularization

dynamical scale

SR(xr, �r) =
4⇡mR

g2R
� 8⇡mR

g2R
cos�re

�mxr + 2mxr

1

g2R
=

1

g2
� 1

⇡
log |R⇤0| ⇤CP 1 = ⇤0e

� ⇡
g2

(small g2)



Fujimori, Kamata, TM, Nitta, Sakai(18)

sum over KK modes of quantum fluctuation 
via zeta function regularization

Bare effective action S(xr,�r) =
4⇡mR

g2
� 8⇡mR

g2
cos�re

�mxr + 2mxr

Zbion = 2⇡�

Z

M
dxrd�r J

det�F

det0�B
e�SBion contribution

Vacuum energy Renormalon-like 
Imaginary ambiguity

It has to be cancelled by perturbative Borel resummation

2D CPN-1 sigma model on R × S1

・Quasi-moduli integral (N=2)

Ebion ⇡ |R⇤|2(Re± iIm)

= e�2⇡/g2
R(Re± iIm)

(small g2)



Fujimori, Kamata, TM, Nitta, Sakai(18)

sum over KK modes of quantum fluctuation 
via zeta function regularization

Bare effective action S(xr,�r) =
4⇡mR

g2
� 8⇡mR

g2
cos�re

�mxr + 2mxr

Zbion = 2⇡�

Z

M
dxrd�r J

det�F

det0�B
e�SBion contribution

Vacuum energy Renormalon-like 
Imaginary ambiguity

Resurgence with renormalized coupling

2D CPN-1 sigma model on R × S1

Ebion ⇡ |R⇤|2(Re± iIm)

= e�2⇡/g2
R(Re± iIm)

・Quasi-moduli integral (N=2)

(small g2)



Question: is it related to the IR-renormalon on R2 ?

1. There have been intensive studies on this subject.

2. In any case, the key is whether the compactified theory is 
smoothly connected to the theory on R2.

3. This is the reason why we next discuss adiabatic continuity 
of ZN-QFT by use of ’t Hooft anomaly and lattice simulation

So, let us start a journey to the continuity !

Ishikawa, Morikawa, Nakayama, Shibata, Suzuki, Takaura (19)    Yamazaki, Yonekura (19) 
Ishikawa, Morikawa, Shibata, Suzuki (20)   Morikawa, Takaura (20)
Fujimori, TM, Nishimura, Nitta, Sakai, in progress
See Marino, Reis (19)(20) for renormalons and resurgence in other models, 



2. Review of anomaly and lattice 
(for ZN-twisted 4D gauge theories)

Tanizaki, TM, Sakai (17)
Tanizaki, Kikuchi, TM, Sakai (17)

See also Shimizu, Yonekura(17)

Iritani, Itou, TM (15)



Use of ’t Hooft anomaly matching

’t Hooft anomaly of G at UV

’t Hooft anomaly of G at IR
=

Trivially gapped phase is prohibited

SSB of symmetry G 
in gapped phase

CFT Intrinsic topological
phase 



Use of 2D ’t Hooft anomaly matching

’t Hooft anomaly of G at UV

’t Hooft anomaly of G at IR
=

Trivially gapped phase is prohibited

SSB of discrete sym.
(gapped)

CFT
(gapless)



SU(N) Yang-Mills theory has ZN 1-form center symmetry at low-T

Gaiotto, Kapustin, Seiberg, Willett (14)

• 0-form symmetry = usual global symmetry,    
whose charged object is 0-dim point-like operator

ZN  0-form symmetry � ! ei
2⇡
N �

ZN 1-form symmetry

W (C) ! exp

✓
i

N

Z

C
✏(1)

◆
W (C)

= e
2⇡iZ
N W (C)

a ! a+ ✏(1)/N

• 1-form symmetry = invariance under transf. by closed 1-form ε(1),     
whose charged object is 1-dim line operator

W (C) = tr


iP exp

Z

C
a

�

ZN 1-form symmetry in 4D

�
Q

Q

Wilson loop in SU(N) YM



Kapustin, Seiberg (14) Aharony, Seiberg, Tachikawa (13)

NB = dC

How to gauge such ZN 1-form symmetry

Background gauge field for ZN 1-form symmetry  
  = Pair of U(1) 2-form and 1-form gauge fields (B, C)

How to gauge ZN 1-form symmetry

 generalization of NA = dφ (A:U(1) gauge, φ:Higgs) in U(1)→ZN Higgsed vacuum



Kapustin, Seiberg (14) Aharony, Seiberg, Tachikawa (13)

NB = dC

How to gauge such ZN 1-form symmetry

Background gauge field for ZN 1-form symmetry  
  = Pair of U(1) 2-form and 1-form gauge fields (B, C)

How to gauge ZN 1-form symmetry

S =
1

2g2

Z
tr[(G̃�B) ^ ⇤(G̃�B)] +

i✓

8⇡2

Z
tr[(G̃�B) ^ (G̃�B)] + STFT

・ZN-gauged action with these U(1) fields

We note ZN 1-form symmetry itself has no ’t Hooft anomaly, but 
CP symmetry may be broken → Mixed ’t Hooft anomaly

ã = a+
1

N
C G̃ = dã+ iã ^ ã

 generalization of NA = dφ (A:U(1) gauge, φ:Higgs) in U(1)→ZN Higgsed vacuum

includes discrete 
theta parameter p



S =
1

2g2

Z
tr[(G̃�B) ^ ⇤(G̃�B)] +

i✓

8⇡2

Z
tr[(G̃�B) ^ (G̃�B)] + STFT

Z[A,B] ! Z[A,B] exp


� i

4⇡

Z
tr{G̃ ^ G̃}� iN(2p� 1)

4⇡

Z
B ^B

�

= Z[A,B] exp


�2⇡iZ2p� 1

N

�

✓ = ⇡✓ ! �✓ p ! �p

・CP transformation

with

SU(N) Yang-Mills theory with θ=π
Gaiotto, Kapustin, Komargodski, Seiberg (17)

・If N is even, it obviously has mixed ’t Hooft anomaly 

・If N is odd, " 2p-1=0 mod N " is possible, but it’s inconsistent  

    with the anomaly-absent condition "2p=0 mod N" for θ=0



Mixed ’t Hooft anomaly and Global inconsistency indicate 
SSB of either of CP or ZN 1-form symmetry as long as the 
system is in a gapped phase.

S =
1

2g2

Z
tr[(G̃�B) ^ ⇤(G̃�B)] +

i✓

8⇡2

Z
tr[(G̃�B) ^ (G̃�B)] + STFT

Z[A,B] ! Z[A,B] exp


� i

4⇡

Z
tr{G̃ ^ G̃}� iN(2p� 1)

4⇡

Z
B ^B

�

= Z[A,B] exp


�2⇡iZ2p� 1

N

�

✓ = ⇡✓ ! �✓ p ! �p

・CP transformation

with

SU(N) Yang-Mills theory with θ=π
Gaiotto, Kapustin, Komargodski, Seiberg (17)



Z[A,B(1), B(2)] ! Z[A,B(1), B(2)] exp


� iN(2p� 1)

2⇡

Z
B(2) ^B(1) ^ L�1dx4

�

Mixed ’t Hooft anomaly and Global inconsistency indicate 
spontaneous breaking of either of CP or ZN 1-form symmetry 
even at finite-temperature (trivially gapped phase is forbidden)!

θ

T

θ=π

ZN

ZN

CP broken line
θ

T

θ=π

ZN

ZN

CP broken line

Tc Tc

and let S1 be small enough. We want to check the fate of above anomaly in the two-
dimensional effective theory, whose symmetry is U(1) and T. To gauge the U(1) symmetry
of this two-dimensional theory, we set A = A1dx1 +A2dx2 with x3-independent Ai, which
is a U(1) connection on M2. The anomaly vanishes with this U(1) gauge field A, since
AdA = 0. As we can see in this example, the anomaly is characterized by a topological
invariant of the background gauge field A, and if we make A be independent of one com-
pactified direction the topological invariant vanishes identically. Physical interpretation is
that thermal fluctuation appears after circle compactification and information of topology
is lost because of it. This observation seems to be generic and shows the fundamental
difficulty in making a connection between vacuum structures of the original theory and the
circle-compactified theory from the viewpoint of ’t Hooft anomaly matching.

What is recently found is that if the ’t Hooft anomaly involves a one-form symmetry
then it does survive even at finite temperatures [15]. The known example is the SU(N)

Yang–Mills theory at ✓ = ⇡. SU(N) Yang–Mills theory has the ZN one-form symmetry
that acts on Wilon lines. At ✓ = ⇡ the theory also has the time-reversal symmetry T. If
we consider the partition function Z✓=⇡[B] with the background ZN two-form gauge field
B for the center symmetry, the time-reversal symmetry is broken:

Z✓=⇡[T ·B] = Z✓=⇡[B] exp

✓
iN

4⇡

Z
B ^B

◆
. (1.3)

Therefore, there is a mixed ’t Hooft anomaly between the ZN one-form symmetry and time-
reversal symmetry. At ✓ = ⇡, either of them must be broken spontaneously if we assume
the mass gap at ✓ = ⇡.

Now, we compactify one direction and set the four-dimensional manifold as M4 = M3⇥
S1, where the size L of S1 is sufficiently small, i.e., the temperature L�1 is sufficiently high.
In this case, in addition to ZN one-form symmetry, there exists ZN zero-form symmetry
that acts on Polyakov loop � = tr[P exp i

H
S1 a]. In order to gauge these ZN symmetries,

we introduce the ZN two-form gauge field B(2) and also the ZN one-form gauge field B(1).
In the four-dimensional language, these gauge fields for three-dimensional effective theory
can be regarded as

B = B(2) +B(1) ^ L�1dx4. (1.4)

Substituting this form into the anomaly relation, we obtain

Z✓=⇡[T ·B] = Z✓=⇡[B] exp

✓
iN

2⇡

Z
B(2) ^B(1)

◆
. (1.5)

This suggests that there is a mixed ’t Hooft anomaly among ZN zero-form, ZN one-form,
and time-reversal symmetries. Even at finite temperatures, one of these three symmetries
must be spontaneously broken. The intuitive difference between anomalies involving only
ordinary symmetry and containing one-form symmetries is the following: If the anomaly
involves one-form symmetry, the line operator wrapping around S1 is affected by the com-
pactified direction even if that direction is small, and information of topology survives in
the circle-compactified theory. This provides positive support to the idea of adiabatic conti-
nuity for Yang-Mills theory with adjoint matters [26–31] because we can claim that vacuum

– 3 –

SU(N) Yang-Mills theory with θ=π on R3 × S1

Gaiotto, Kapustin, Komargodski, Seiberg (17)
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Anomaly matching for NC =NF =N QCD Tanizaki, TM, Sakai (17)
Tanizaki, Kikuchi(17)

SU(N)L ⇥ SU(N)R ⇥ U(1)V ⇥ (Z2N )A
(ZN )color ⇥ (ZN )L ⇥ (ZN )R ⇥ Z2

4 Massless ZN -QCD

As another demonstration, we consider a four-dimensional example: SU(N) Yang-Mills
theory with N massless Dirac fermions in the fundamental representation, i.e. massless
QCD with Nf = Nc = N . The action of this theory is given by

S =
1

2g2

Z
tr(Gc ^ ⇤Gc) +

Z
d4x tr

�
 �µDµ(a) 

 
, (4.1)

where a is the SU(N) color gauge field, D(a) = d + i a is the covariant derivative, Gc =

da + i a ^ a is the SU(N)-gauge field strength, and  are N ⇥ N matrix-valued Dirac
fermions. The SU(N) color group acts on  from left, and the SU(N) flavor group acts
on  from right, i.e.,  7! Uc U

†
f for (Uc, Uf) 2 SU(N)color ⇥ SU(N)flavor; the quark field

 is in the bifundamental representation of the color and flavor groups.
This theory possesses various symmetries, but we pay attention only to the vector-like

flavor symmetry, SU(N)flavor/(ZN )color�flavor, and the anomaly-free discrete subgroup of the
axial symmetry, (Z2N )axial, in our demonstration. The complete analysis involving other
symmetries will be discussed at future opportunity. We first compute the ’t Hooft anomaly
of the above symmetries in four dimensions. Using the four-dimensional computation,
we derive the anomaly of the circle-compactified theory with the ZN -twisted boundary
condition, ZN -QCD.

Our discussion can be generalized to the case when color and flavor have different
numbers Nc 6= Nf so long as they have a nontrivial common divisor, gcd(Nc, Nf ) > 1. For
notational simplicity, we only consider the case Nc = Nf = N in this paper.

4.1 Four-dimensional ’t Hooft anomaly of massless N-flavor QCD

Here, we start with explanation on the vector-like flavor symmetry SU(N)flavor/(ZN )color�flavor

and (Z2N )axial. In the notation used in Sec. 2, we have the following correspondence: G =

SU(N)flavor/(ZN )color�flavor, eG = SU(N)flavor, � = (ZN )color�flavor, and H = (Z2N )axial.
Quark field  is in the bifundamental representation,  7! Uc U

†
f for (Uc, Uf) 2

SU(N)color⇥SU(N)flavor, and thus the subgroup (ZN )color�flavor generated by (!1N ,!1N ) 2
SU(N)color ⇥ SU(N)flavor does not act on  faithfully (! = e2⇡i/N ). Therefore, the group
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procedure4 changes the action (4.1) as

Sgauged =
1

2g2

Z
tr(Gc ^ ⇤Gc) +

Z
d4x tr

�
 �µDµ(a,A) 

 
, (4.2)

where the covariant derivative is replaced by

Dµ(a,A) = @µ + iaµ � i Aµ. (4.3)

The theory (4.2) has ZN one-form symmetry that does not exist in the original mass-
less QCD. It acts on the color and flavor Wilson lines, W (C)color = tr

⇥
P exp i

H
C a

⇤
and

W (C)flavor = tr
⇥
P exp i

H
C A

⇤
, as the simultaneous rotation of ZN phase,

W (C)color 7! !W (C)color, W (C)flavor 7! !W (C)flavor. (4.4)

This symmetry does not arise in the SU(N)flavor/(ZN )color�flavor gauge theories, and we
have to introduce ZN two-form gauge field B [61, 62], which is a U(1) two-form gauge field
satisfying

NB + dC = 0, (4.5)

with a certain U(1) one-form gauge field C. This constraint respects the U(1) one-form
gauge invariance under B 7! B+d� and C 7! C�N�, and respecting this gauge invariance
prevents us from adding extra degrees of freedom to the theory. We introduce the U(N)

gauge fields made of SU(N) gauge fields a, A, and a U(1) gauge field C, as

ea = a+
1

N
C, eA = A+

1

N
C, (4.6)

and define their gauge field strengths as

Gc = dea+ iea ^ ea, Gf = d eA+ i eA ^ eA. (4.7)

These field strengths transform under the U(1) one-form gauge transformation as Gc 7!
Gc � d� and Gf 7! Gf � d�, and we obtain the gauge invariant combinations, Gc + B and
Gf +B. This tells us that the introduction of ZN two-form gauge field B changes the action
(4.2) as

Sgauged =
1

2g2

Z
tr
n
(Gc +B) ^ ⇤(Gc +B)

o
+

Z
d4x tr

n
 �µDµ(ea, eA) 

o
. (4.8)

We can shortly summarize the set of above procedures as follows: Introducing the flavor
SU(N) gauge field A, the theory becomes SU(N) ⇥ SU(N) bifundamental QCD, which
has ZN one-form symmetry, so we again introduce the ZN two-form gauge field B [17, 21].

Let us perform the Z2N axial rotation, then the Lagrangian is invariant again, but the
action acquires the additional topological term due to the fermion measure:

�S =
i

4⇡

Z
tr
n
(Gc+B)^(Gc+B)

o
+

i

4⇡

Z
tr
n
(Gf+B)^(Gf+B)

o
= � i2N

4⇡

Z
B^B. (4.9)

4
We can add arbitrary gauge-invariant terms made of A to it, but it does not change the result in our

case. We therefore neglect them for simplicity, but they can be important in other cases [25].
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= �4⇡i

N
Z

thus we have a mixed ’t Hooft anomaly

The last equality holds modulo 2⇡i5. This means that the (Z2N )axial symmetry under the
background gauge field (A,B) is broken as

Z[(A,B)] 7! Z[(A,B)] exp

✓
�2iN

4⇡

Z
B ^B

◆
. (4.10)

For N � 3, this additional phase is nontrivial, and the ’t Hooft anomaly exists between the
flavor symmetry SU(N)flavor/(ZN )color�flavor and the discrete axial symmetry (Z2N )axial.
Four-dimensional QCD is believed to break the chiral symmetry spontaneously, which also
breaks Z2N axial symmetry to Z2 = {1, (�1)F } spontaneously (F is the fermion number
operator), and the ’t Hooft anomaly is matched.

4.2 Massless ZN -QCD and its anomaly

We compactify one-direction, and derive the associated three-dimensional effective theory.
We fix the SU(N)flavor holonomy as6

⌦ = ei�diag[1,!,!2, . . . ,!N�1]. (4.11)

Equivalently, we introduce the boundary condition on the quark field  as

 (x, x4 + L) =  (x, x4)⌦. (4.12)

The extended gauge transformation eliminates the holonomy, but the quark field obeys
the ZN -twisted boundary condition. This is called ZN -QCD, and we denote its partition
function as Z⌦.

Circle compactification induces ZN zero-form transformation, ⌦ 7! !⌦, from the ZN

one-form symmetry (4.4), but it changes the boundary condition and maps a theory Z⌦

to another theory Z!⌦. We should intertwine it with the flavor rotation  7!  S, where
S is defined in (2.5), in order to maintain the boundary condition. This generates the ZN

zero-form symmetry of Z⌦, and we call this as the shift symmetry, (ZN )S , which acts on
local operators on R3 as

 7!  S, tr


P exp i

Z

S1
a

�
7! ! tr


P exp i

Z

S1
a

�
. (4.13)

To obtain the three-dimensional anomaly, we gauge the shift symmetry and denote the
corresponding gauge field as B(1). Because of the holonomy ⌦, the explicit breaking of
the flavor symmetry occurs SU(N)flavor ! U(1)N�1, and the faithful flavor symmetry is
U(1)N�1/(ZN )color�flavor. We introduce the U(1)N�1 background gauge field AK and three-
dimensional ZN two-form gauge field B(2). The ZN -twisted partition function under these
backgrounds are given by

Z⌦[(AK , B(1), B(2))] = Z[(AK +B(1) +Acl, B
(2) +B(1) ^ L�1dx4)]. (4.14)

5
For details of this computation, the related calculations are available in Ref. [17] in the almost same

convention.
6
Only if � takes a special value, ⌦ 2 SU(N). We can, however, perform the twist using the vector-like

U(1) symmetry, which does not affect the argument below. The following discussion is valid for any �.
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4 Massless ZN -QCD
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where a is the SU(N) color gauge field, D(a) = d + i a is the covariant derivative, Gc =
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†
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of the above symmetries in four dimensions. Using the four-dimensional computation,
we derive the anomaly of the circle-compactified theory with the ZN -twisted boundary
condition, ZN -QCD.
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numbers Nc 6= Nf so long as they have a nontrivial common divisor, gcd(Nc, Nf ) > 1. For
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SU(N)flavor/(ZN )color�flavor, eG = SU(N)flavor, � = (ZN )color�flavor, and H = (Z2N )axial.
Quark field  is in the bifundamental representation,  7! Uc U

†
f for (Uc, Uf) 2

SU(N)color⇥SU(N)flavor, and thus the subgroup (ZN )color�flavor generated by (!1N ,!1N ) 2
SU(N)color ⇥ SU(N)flavor does not act on  faithfully (! = e2⇡i/N ). Therefore, the group
acting faithfully on  is (SU(N)color ⇥ SU(N)flavor) /(ZN )color�flavor. Since the color group
symmetry SU(N)color is gauged, the flavor symmetry with the faithful representation on
the physical Hilbert space is given by SU(N)flavor/(ZN )color�flavor.

Since the quark field  is massless, there is a symmetry U(1)axial,  7! ei↵�5 , at the
Lagrangian level, but the fermion integration measure D D generates the additional term
i2N↵
8⇡2

R
tr(Gc ^ Gc) due to the index theorem. Therefore, it is a symmetry only when ↵ is

quantized to 2⇡/2N , and U(1)axial is explicitly broken to (Z2N )axial by quantum anomaly.
We shall derive the mixed ’t Hooft anomaly between SU(N)flavor/(ZN )color�flavor and

(Z2N )axial, and we introduce the background gauge field of SU(N)flavor/(ZN )color�flavor for
that purpose. We first introduce the flavor SU(N) gauge field A, then the minimal-coupling
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Gf +B. This tells us that the introduction of ZN two-form gauge field B changes the action
(4.2) as
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We can shortly summarize the set of above procedures as follows: Introducing the flavor
SU(N) gauge field A, the theory becomes SU(N) ⇥ SU(N) bifundamental QCD, which
has ZN one-form symmetry, so we again introduce the ZN two-form gauge field B [17, 21].

Let us perform the Z2N axial rotation, then the Lagrangian is invariant again, but the
action acquires the additional topological term due to the fermion measure:

�S =
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n
(Gc+B)^(Gc+B)
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+
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B^B. (4.9)

4
We can add arbitrary gauge-invariant terms made of A to it, but it does not change the result in our

case. We therefore neglect them for simplicity, but they can be important in other cases [25].
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= �4⇡i

N
Z

thus we have a mixed ’t Hooft anomaly

The last equality holds modulo 2⇡i5. This means that the (Z2N )axial symmetry under the
background gauge field (A,B) is broken as

Z[(A,B)] 7! Z[(A,B)] exp

✓
�2iN

4⇡

Z
B ^B

◆
. (4.10)

For N � 3, this additional phase is nontrivial, and the ’t Hooft anomaly exists between the
flavor symmetry SU(N)flavor/(ZN )color�flavor and the discrete axial symmetry (Z2N )axial.
Four-dimensional QCD is believed to break the chiral symmetry spontaneously, which also
breaks Z2N axial symmetry to Z2 = {1, (�1)F } spontaneously (F is the fermion number
operator), and the ’t Hooft anomaly is matched.

4.2 Massless ZN -QCD and its anomaly

We compactify one-direction, and derive the associated three-dimensional effective theory.
We fix the SU(N)flavor holonomy as6

⌦ = ei�diag[1,!,!2, . . . ,!N�1]. (4.11)

Equivalently, we introduce the boundary condition on the quark field  as

 (x, x4 + L) =  (x, x4)⌦. (4.12)

The extended gauge transformation eliminates the holonomy, but the quark field obeys
the ZN -twisted boundary condition. This is called ZN -QCD, and we denote its partition
function as Z⌦.

Circle compactification induces ZN zero-form transformation, ⌦ 7! !⌦, from the ZN

one-form symmetry (4.4), but it changes the boundary condition and maps a theory Z⌦

to another theory Z!⌦. We should intertwine it with the flavor rotation  7!  S, where
S is defined in (2.5), in order to maintain the boundary condition. This generates the ZN

zero-form symmetry of Z⌦, and we call this as the shift symmetry, (ZN )S , which acts on
local operators on R3 as

 7!  S, tr


P exp i

Z

S1
a

�
7! ! tr


P exp i

Z

S1
a

�
. (4.13)

To obtain the three-dimensional anomaly, we gauge the shift symmetry and denote the
corresponding gauge field as B(1). Because of the holonomy ⌦, the explicit breaking of
the flavor symmetry occurs SU(N)flavor ! U(1)N�1, and the faithful flavor symmetry is
U(1)N�1/(ZN )color�flavor. We introduce the U(1)N�1 background gauge field AK and three-
dimensional ZN two-form gauge field B(2). The ZN -twisted partition function under these
backgrounds are given by

Z⌦[(AK , B(1), B(2))] = Z[(AK +B(1) +Acl, B
(2) +B(1) ^ L�1dx4)]. (4.14)

5
For details of this computation, the related calculations are available in Ref. [17] in the almost same

convention.
6
Only if � takes a special value, ⌦ 2 SU(N). We can, however, perform the twist using the vector-like

U(1) symmetry, which does not affect the argument below. The following discussion is valid for any �.
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However, this ’t Hooft anomaly disappears in compactified theory…

Tanizaki, TM, Sakai (17)
Tanizaki, Kikuchi(17)

(Z2N)axial transformation

vector-like

Let us study mixed ’t Hooft anomaly between
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Equivalent to flavor-dependent ZN twisted boundary condition 

! ⌘ e
2⇡i
N

For each ⌦ 2 eG that is uniform on MD, we obtain a D-dimensional QFT on MD, and
denote its partition function as Z⌦. This is equivalent to imposing a twisted boundary
condition on fields of QFT along S1 by performing a boundary-condition-changing eG-gauge
transformation, but we keep the periodic boundary condition with nontrivial holonomy
⌦ during our explanation of the general strategy. Before introducing the two-form gauge
field B, we originally have (D + 1)-dimensional one-form symmetry �, and it induces D-
dimensional zero-form and one-form symmetries � after circle compactification when A

is dynamical. The zero-form symmetry �(= ZN ) acts as tr(⌦n) 7! !ntr(⌦n) with some
! 2 � \ {1}, and we thus identify2 its action on ⌦ itself as ⌦ 7! !⌦. However, since we
define the theory Z⌦ by fixing the eG holonomy ⌦, the above transformation ⌦ 7! !⌦ maps
one theory Z⌦ to another theory Z!⌦: It is not the symmetry of Z⌦.

In order to have a nontrivial anomaly on MD, we need to have a symmetry involving
the above zero-form transformation, ⌦ 7! !⌦. We specify the eG holonomy ⌦ such that
there exists S 2 eG satisfying

S⌦S�1 = !⌦ . (2.4)

Since S is not an element of the center Z( eG) of eG by definition, S 62 �. Recall that
G = eG/� acts faithfully on the physical Hilbert space, and it means that S generates a
faithful symmetry of QFT, which we call a “shift symmetry”. When the shift symmetry
S acts on fields, the holonomy matrix ⌦ is changed to S⌦S�1. The requirement (2.4)
states that the symmetry generated by S is intertwined with the zero-form symmetry �,
⌦ 7! !�1⌦, in order to maintain the holonomy ⌦, and the symmetry of Z⌦ is obtained: We
denote this zero-form symmetry � generated by S as �S in order to distinguish it from the
original one, � ⇢ Z( eG). Because of (2.4), ⌦ cannot be proportional to the identity matrix:
Typical example of ⌦ and S satisfying (2.4) is (! = e2⇡i/N )

⌦ = !�(N�1)/2

0

BBBBBB@

1 0 0 · · · 0

0 ! 0 · · · 0

0 0 !2 · · · 0
...

...
...

...
0 0 0 · · · !N�1

1

CCCCCCA
, S =

0

BBBBBB@

0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

...
0 0 0 · · · 1

1 0 0 · · · 0

1

CCCCCCA
. (2.5)

Since the flavor symmetry of D-dimensional theory must commute with ⌦, flavor symmetry
eG might be explicitly broken to a maximal Abelian subgroup eK as eG ! eK. Symmetry
with the faithful representation is again given by the quotient K = eK/�. Let us assume
that H is not explicitly broken by fixing ⌦, then the D-dimensional effective theory Z⌦ has
three symmetries; shift symmetry �S , flavor symmetry K, and H.

Let us try to introduce the background gauge fields for �S and K. We denote the
�S-gauge field as B(1) that is locally a one-form on MD. The K-gauge field consists of two
ingredients:

• eK-gauge field AK that is locally a one-form on MD.
2
This identification is not gauge-invariant since ⌦ itself is not. To justify it, we regard that the Polyakov

gauge is taken for eG-gauge field A.
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flavor rotation

named as color-flavor center symmetry 

The last equality holds modulo 2⇡i5. This means that the (Z2N )axial symmetry under the
background gauge field (A,B) is broken as

Z[(A,B)] 7! Z[(A,B)] exp

✓
�2iN

4⇡

Z
B ^B

◆
. (4.10)

For N � 3, this additional phase is nontrivial, and the ’t Hooft anomaly exists between the
flavor symmetry SU(N)flavor/(ZN )color�flavor and the discrete axial symmetry (Z2N )axial.
Four-dimensional QCD is believed to break the chiral symmetry spontaneously, which also
breaks Z2N axial symmetry to Z2 = {1, (�1)F } spontaneously (F is the fermion number
operator), and the ’t Hooft anomaly is matched.

4.2 Massless ZN -QCD and its anomaly

We compactify one-direction, and derive the associated three-dimensional effective theory.
We fix the SU(N)flavor holonomy as6

⌦ = ei�diag[1,!,!2, . . . ,!N�1]. (4.11)

Equivalently, we introduce the boundary condition on the quark field  as

 (x, x4 + L) =  (x, x4)⌦. (4.12)

The extended gauge transformation eliminates the holonomy, but the quark field obeys
the ZN -twisted boundary condition. This is called ZN -QCD, and we denote its partition
function as Z⌦.

Circle compactification induces ZN zero-form transformation, ⌦ 7! !⌦, from the ZN

one-form symmetry (4.4), but it changes the boundary condition and maps a theory Z⌦

to another theory Z!⌦. We should intertwine it with the flavor rotation  7!  S, where
S is defined in (2.5), in order to maintain the boundary condition. This generates the ZN

zero-form symmetry of Z⌦, and we call this as the shift symmetry, (ZN )S , which acts on
local operators on R3 as

 7!  S, tr


P exp i

Z

S1
a

�
7! ! tr


P exp i

Z

S1
a

�
. (4.13)

To obtain the three-dimensional anomaly, we gauge the shift symmetry and denote the
corresponding gauge field as B(1). Because of the holonomy ⌦, the explicit breaking of
the flavor symmetry occurs SU(N)flavor ! U(1)N�1, and the faithful flavor symmetry is
U(1)N�1/(ZN )color�flavor. We introduce the U(1)N�1 background gauge field AK and three-
dimensional ZN two-form gauge field B(2). The ZN -twisted partition function under these
backgrounds are given by

Z⌦[(AK , B(1), B(2))] = Z[(AK +B(1) +Acl, B
(2) +B(1) ^ L�1dx4)]. (4.14)

5
For details of this computation, the related calculations are available in Ref. [17] in the almost same

convention.
6
Only if � takes a special value, ⌦ 2 SU(N). We can, however, perform the twist using the vector-like

U(1) symmetry, which does not affect the argument below. The following discussion is valid for any �.
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Anomaly matching for ZN-QCD theory on R3 × S1
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Let us gauge flavor and (ZN)S , then perform (Z2N)axial transformation

We thus obtain under the (Z2N )axial transformation as

Z⌦[(AK , B(1), B(2))] 7! Z⌦[(AK , B(1), B(2))] exp

✓
�2iN

2⇡

Z
B(2) ^B(1)

◆
. (4.15)

Therefore, there is a mixed ’t Hooft anomaly among the shift symmetry (ZN )S , the flavor
symmetry U(1)N�1/(ZN )color�flavor, and the discrete axial symmetry (Z2N )axial, for N � 3.

4.3 Comparison with previous studies and Discussion

Since ZN -QCD has the ZN global symmetry acting on the Polyakov loop � = tr
⇥
P exp i

R
S1 a

⇤
,

it has been used as a tool to study the confinement-deconfinement transition of QCD by
effective models [55–58], by reliable semiclassical analysis of softly-broken N = 1 super-
symmetric QCD on R3 ⇥ S1 [59], and also by lattice simulation [60]. The same boundary
condition is also used for different and various purposes, such as the reduction of finite-
volume effect in lattice simulations, definition of new order parameters, etc. [48, 68–71]7.
We especially compare the ’t Hooft anomaly (4.15) with the lattice simulation about ther-
modynamic properties of ZN -QCD [60].

Simulation setup in Ref. [60] is massive Z3-QCD with relatively heavy quarks, mPS/mV =

0.70, where we denote  = (u, d, s). The flavor twist matrix ⌦ in (4.11) is taken as � = ⇡.
The first-order chiral and center phase transition is identified by observing hysteresis be-
havior of expectation values of chiral condensate and Polyakov loop depending on thermal-
ization process, even though the chiral phase transition is obscured by the fermion mass.
At low temperature, the axial symmetry (Z2N )axial is spontaneously broken, and the shift
symmetry (ZN )S , which is called as the intertwined color-flavor symmetry, is unbroken since
h�i = 0, where three chiral condensates for u, d, s give the same value, huui = hddi = hssi.
At high temperature, the intertwined color-flavor center symmetry (ZN )S is spontaneously
broken, i.e., h�i 6= 0. In both cases, the ’t Hooft anomaly given in (4.15) is matched.

What is claimed by anomaly matching is that trivial phase is denied even in the in-
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phase transition are almost equal for the Polyakov loop and for the chiral condensate. This
is also consistent with the implication of anomaly.

Finite density Z3-QCD is also studied recently in the context of effective models [77–
79], and the new order parameter of QCD can be defined with the Z3 twisted boundary
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Mixed anomaly survives !



ZN-twisted boundary condition works to make  
’t Hooft anomaly survives in compactified theory.



Anomaly matching ZN-QCD theory on R3 × S1

We can make constraints on finite-(T, µ) phase diagram of ZN-QCD

Tanizaki, Kikuchi, TM, Sakai (17)
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FIG. 1. Two examples of schematic (T, µ) phase diagrams of massless ZN -QCD (N = 3) that are consistent with anomaly.
Dashed lines show the phase transition lines, and corresponding symmetry breaking pattern in each phase is specified. Tchiral

and Tdeconf denote the chiral restoration and deconfinement temperatures, respectively.

condensate � via an appropriate rotation of (Z2N )axial.
At su�ciently large µ and small temperatures, we ex-

pect to have �cf = �CFL�cf , which is called color-
flavor locking (CFL) [37]. In this phase, the Higgs phe-
nomenon with fundamental scalars occurs and all glu-
ons become massive, which is why weak-coupling anal-
ysis is applicable. Let us combine it with the analy-
sis of anomaly matching in order to speculate physics
in the strongly-coupled regime. For that purpose, it
is important to identify the pattern of SSB by gauge-
invariant order parameters [54]: �†� ⇠ (qq)qq and
"c1c2c3�c1f1�c2f2�c3f2 ⇠ (qq)3. The latter clearly
breaks U(1)B ⌘ U(1)q/(ZN )c-q ! Z2, which is the su-
perfluid phase. As we have already discussed, the di-
quark condensate also breaks (Z2N )axial. Indeed, this is
required by anomaly matching because we can obtain the
anomaly (9) without gauging U(1)q symmetry by setting
Bc = Bf when N � 3 [33]. In CFL phase, (ZN )shift,c-q is
unbroken. We remark that the anomaly is also consistent
with another possibility of CFL-like phase, where three
diquark condensates have distinct values and (ZN )shift,c-q
is broken [51].

It is also expected from the analysis of e↵ective mod-
els [51] that the two-flavor pairing phase (2SC) or the u-
flavor pairing phase (uSC) exist at large-µ regions. These
phases are characterized by �cf = �2SC�c,3�f,3 and by
�cf = �uSC(�c,2�f,2 + �c,3�f,3), respectively. In uSC
phase, all gluons become massive, while there are SU(2)
massless gluons in 2SC phase and perturbative compu-
tations are useless in 2SC phase. In these phases, the
(ZN )shift,c-q is spontaneously broken due to the asym-
metric diquark condensates in addition to the breaking
of (Z2N )axial, while U(1)B is unbroken1 due to (qq)3 = 0.

1 In the gauge non-invariant argument, it corresponds to the si-
multaneous baryon and color rotation U(1)B+c in 2SC phase,
but such description is ill-defined beyond weak-coupling regimes.

This is again consistent with anomaly matching.
c. Phase structure of massless Z3-QCD In the

known phases discussed above, U(1)N�1
f is always un-

broken. From the viewpoint of anomaly matching, there
is no reason to rule out SSB of U(1)N�1

f . Assuming
that U(1)N�1

f is unbroken everywhere, we can derive
an inequality between the “deconfinement” temperature
Tdeconf , above which (ZN )shift,c-q is broken, and the chiral
restoration temperature Tchiral, above which (Z2N )axial is
unbroken [23, 26, 28]: When N � 3, for any µ

Tchiral(µ) � Tdeconf(µ). (22)

Under this assumption, the anomaly matching requires
that the discrete axial symmetry (Z2N )axial must be
spontaneously broken at low temperatures, which au-
tomatically requires SSB of continuous axial symmetry
since (Z2N )axial ⇢ SU(N)left ⇥ SU(N)right ⇥ U(1)q.
We schematically show finite-(T, µ) phase diagrams of

massless Z3-QCD in Fig. 1. In the strongly-coupled re-
gion, not much is known about massless ZN -QCD, and
we present just two possible scenarios that are consistent
with anomaly. It is an interesting and testable question
whether the inequality (22) at µ = 0 is saturated or not
for lattice QCD simulation. It is notable that the sym-
metric and gapped phase cannot appear, although such
phases were observed in the study based on the e↵ec-
tive model [51]. The appearance of forbidden phases is
generic when Ginzburg-Landau-type e↵ective approach
is used for QFT with an ’t Hooft anomaly.

IV. CONCLUSION AND DISCUSSION

In this paper, we for the first time put the anomaly-
matching constraint related to center and (Z2N )axial sym-
metries on the finite-(T, µ) phase diagram of the N -
flavor SU(N) gauge theory under the ZN flavor-twisted

conjecture 1 conjecture 2
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・Polyakov-loop distribution plot ・Hadron spectrum

At zero temperature,
meson spectrum agrees with

that of usual QCD

Finite-temperature phase transition of Nf = 3 QCD with exact center symmetry Tatsuhiro Misumi

Figure 1: Polyakov loop distribution plot in Z3-QCD (left) and the standard three-flavor QCD (right). Both
are based on 163 ×4 lattice for β = 1.70,2.00,2.20 with the same values of κ .

Figure 2: β dependence of the magnitude of Polyakov loop (〈|L|〉) for the Z3-QCD and standard three-
flavor QCD on 163 × 4 (left) and 203 × 4 (right) lattices. For the Z3-QCD model, the data of 〈|L|〉 started
with the cold start (triangle blue symbols) have a clear jump from zero to non-zero values around the region
1.55 ≤ β ≤ 1.60 in both panels, while the jump occurs in 1.80 ≤ β ≤ 1.90 (left) and 1.90 ≤ β ≤ 1.95
(right) for the data generated by the hot start (circle red symbols). A clear hysteresis stands between these
two jumps in Z3-QCD model. On the other hand, the data of the standard three-flavor QCD (square black
symbols) do not show such a jump nor a hysteresis.

the data started with cold start. The corresponding initial configuration lives in the ordered phase,
and we set all initial link variables to unity. On the other hand, the circle (red) symbol denotes
the ones started with hot start. The corresponding configuration is in the disordered phase, and the
initial link variable is a random number. The square (black) symbol shows the result of the standard
finite-temperature three-flavor QCD with the same parameter set as Z3-QCD simulations.

Our results are summarized as follows: In the low-temperature regime, the magnitude of
Polyakov loop is exactly zero for the Z3-QCD, and it gets nonzero in the high-temperature regime.
This behavior of Polyakov loop is clearly different from that of the usual three-flavor QCD. More-
over, for the Z3-QCD model, we find the hysteresis of Polyakov loop in the range of 1.55 < β <
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Polyakov loop: order parameter of (ZN)S Chiral condensate: order para. of (Z2N)axial

Chiral transition never occurs below the center transition temperature. 
It is consistent with the absence of trivially-gapped phase, or the result 

of the ’t Hooft anomaly matching!

β dependence of EV of Polyakov-loop & chiral condensate

Comparison with lattice Z3-QCD on R3 × S1

Iritani, Itou, TM (15)

low T high T low T high T



Polyakov loop: order parameter of (ZN)S Chiral condensate: order para. of (Z2N)axial

For feasible way to realize adiabatic continuity in ZN-QCD,
see Cherman, Schafer, Unsal (16): heavy adjoint quark is a key

β dependence of EV of Polyakov-loop & chiral condensate

Comparison with lattice Z3-QCD on R3 × S1

Iritani, Itou, TM (15)
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3.  Adiabatic continuity in CPN-1 model on R × S1

Tanizaki, TM, Sakai (17)
Fujimori, Itou, TM, Nitta, Sakai (19)(20)



Anomaly matching for CPN-1 models with θ=π

We first study mixed ’t Hooft anomaly on R2 between

flavor time reversal

Since B(2) is a gauge-field on MD while Ah is a (D + 1)-dimensional topological theory,
we obtain Ah[B(2)] = 0. This means that the trivial boundary condition eliminates the
anomaly of (D + 1) dimensions. Two-form gauge fields B(2) on MD are not enough for
anomaly.

In our construction, the zero-form transformation � on Polyakov-loop ⌦ is translated
into the faithful symmetry generated by S on fields of QFT via (2.4). The appearance of
the faithful zero-form symmetry �S allows us to introduce the �S-gauge field B(1). Since
�S and � is intertwined in (D + 1) dimensions, it is built into the (D + 1)-dimensional
two-form gauge field B as a form B(1) ^ L�1dxD+1. Therefore, the ’t Hooft anomaly can
survive even if the original theory has no one-form symmetry.

3 ZN -twisted CPN�1 sigma model

As a demonstration of the systematic procedure in Sec. 2, we calculate the anomaly of
ZN -twisted CPN�1 model starting from the two-dimensional ’t Hooft anomaly. Two-
dimensional CPN�1 sigma model can be realized as a gauged linear sigma model,
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where ~z = (z1, . . . , zN ) is an N -component complex vector-valued fields, and a is the U(1)-
gauge field3. We study theta-dependence of this theory from the viewpoint of anomaly. We
start with the two-dimensional discussion [18] first, and move to the circle compactification
with ZN -twisted boundary condition. In order to understand the formalism better, we
follow each of the steps explained in Sec. 2.1 in detail.

3.1 ’t Hooft anomaly and global inconsistency in two dimensions

The symmetry of this theory (3.1) consists of the following [18]:

• Flavor symmetry, SU(N)/ZN , which is given by ~z 7! U~z with U 2 SU(N).

• Time-reversal symmetry T at ✓ = 0,⇡.

Since the U(1) symmetry is gauged, the center elements of SU(N) cannot act faithfully
on gauge-invariant operators. The flavor symmetry with the faithful representation is thus
given by SU(N)/ZN . In the notation used in Sec. 2, we have the following correspondence:
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3
In this paper, we use the lower-case for dynamical gauge fields and the upper-case for background, or

classical, gauge fields.

– 8 –

Since B(2) is a gauge-field on MD while Ah is a (D + 1)-dimensional topological theory,
we obtain Ah[B(2)] = 0. This means that the trivial boundary condition eliminates the
anomaly of (D + 1) dimensions. Two-form gauge fields B(2) on MD are not enough for
anomaly.

In our construction, the zero-form transformation � on Polyakov-loop ⌦ is translated
into the faithful symmetry generated by S on fields of QFT via (2.4). The appearance of
the faithful zero-form symmetry �S allows us to introduce the �S-gauge field B(1). Since
�S and � is intertwined in (D + 1) dimensions, it is built into the (D + 1)-dimensional
two-form gauge field B as a form B(1) ^ L�1dxD+1. Therefore, the ’t Hooft anomaly can
survive even if the original theory has no one-form symmetry.

3 ZN -twisted CPN�1 sigma model

As a demonstration of the systematic procedure in Sec. 2, we calculate the anomaly of
ZN -twisted CPN�1 model starting from the two-dimensional ’t Hooft anomaly. Two-
dimensional CPN�1 sigma model can be realized as a gauged linear sigma model,

S =

Z
d2x


1

2
|(@µ + iaµ)~z|2 +

�

4
(|~z|2 � µ2)2

�
� i✓

2⇡

Z
da, (3.1)

where ~z = (z1, . . . , zN ) is an N -component complex vector-valued fields, and a is the U(1)-
gauge field3. We study theta-dependence of this theory from the viewpoint of anomaly. We
start with the two-dimensional discussion [18] first, and move to the circle compactification
with ZN -twisted boundary condition. In order to understand the formalism better, we
follow each of the steps explained in Sec. 2.1 in detail.

3.1 ’t Hooft anomaly and global inconsistency in two dimensions

The symmetry of this theory (3.1) consists of the following [18]:

• Flavor symmetry, SU(N)/ZN , which is given by ~z 7! U~z with U 2 SU(N).

• Time-reversal symmetry T at ✓ = 0,⇡.

Since the U(1) symmetry is gauged, the center elements of SU(N) cannot act faithfully
on gauge-invariant operators. The flavor symmetry with the faithful representation is thus
given by SU(N)/ZN . In the notation used in Sec. 2, we have the following correspondence:
G = SU(N)/ZN , eG = SU(N), � = ZN , and H = T.

We introduce the background gauge field for flavor SU(N)/ZN symmetry. Such a
background gauge field consists of two ingredients: SU(N) gauge field A and ZN two-form
gauge field B. To explain it, let us first gauge the SU(N) symmetry, then the action
obtained by the minimal coupling becomes

Sgauged =

Z
d2x


1

2
|(@µ + iaµ � iAµ)~z|2 + V (|~z|2)

�
� i✓

2⇡

Z
da, (3.2)

3
In this paper, we use the lower-case for dynamical gauge fields and the upper-case for background, or

classical, gauge fields.

– 8 –

To show it, we gauge flavor sym. and perform T transformation

For even N, it has a mixed ’t Hooft anomaly for θ=π
For odd N, it has global inconsistency between θ=0,π

It indicates spontaneous T breaking at θ=π on R2

where V (|~z|2) = �
4 (|~z|

2 � µ2)2. Flavor symmetry SU(N) is gauged and no longer a global
symmetry, but the theory acquires the one-form symmetry: Considering the U(1) and
SU(N) Wilson lines,

WU(1)(C) = exp

✓
i

Z

C
a

◆
, WSU(N)(C) = tr


P exp

✓
i

Z

C
A

◆�
, (3.3)

then the theory has a symmetry under the simultaneous ZN rotation,

WU(1)(C) 7! e2⇡i/NWU(1)(C), WSU(N)(C) 7! e2⇡i/NWSU(N)(C). (3.4)

The Wilson lines charged under this ZN one-form symmetry must be dropped from the
spectrum of genuine line operators if we appropriately gauge the flavor SU(N)/ZN sym-
metry [61, 62]. For this purpose, we introduce the ZN two-form gauge field B, and then we
obtain

Z✓[(A,B)] =

Z
DaD~z exp


�
Z

d2x

✓
1

2
|(@µ + iaµ � iAµ)~z|2 + V (|~z|2)

◆
+

i✓

2⇡

Z
(da+B)

�
.

(3.5)
At ✓ = ⇡, we consider the time-reversal transformation under the background flavor

gauge field (A,B), and we obtain [18]

Z⇡[T · (A,B)] = Z⇡[(A,B)]e�i
R
B. (3.6)

We should check whether this anomaly is genuine or fake, so we consider whether it can be
canceled by local counter terms of B. The topological ZN two-form gauge theory is given
by ik

R
B with some integer k modulo N , and it is a candidate for the counterterm. The T

transformation after adding this counterterm behaves as

Z⇡[T · (A,B)] exp

✓
�ik

Z
T ·B

◆
= Z⇡[(A,B)] exp

✓
�ik

Z
B

◆
ei(2k�1)

R
B. (3.7)

Thus, anomaly is fake if and only if 2k = 1 modulo N . For even N , this is impossible and
we find the ’t Hooft anomaly between the flavor and time-reversal symmetries.

For odd N , we can eliminate the anomaly by choosing k = (N + 1)/2 modulo N , and
no ’t Hooft anomaly exists. If we do the same computation at ✓ = 0, the time-reversal
symmetry is respected by choosing k = 0, and thus there is no common counterterm k that
respects T both at ✓ = 0,⇡. This is the global inconsistency condition, and we can derive a
nontrivial consequence although it is slightly weaker than ’t Hooft anomaly matching (see
Ref. [24] for global inconsistency condition).

In two dimensions, Coleman–Mermin–Wagner theorem [64, 65] tells us that flavor
symmetry with a continuous parameter cannot be broken. This naturally gives us the
nonperturbative data that time-reversal symmetry at ✓ = ⇡ is spontaneously broken for
two-dimensional CPN�1 model.
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2⇡Z
N

On R × S1 this mixed ’t Hooft anomaly disappears…..

Komargodski, Sharon, Thorngren, Zhou (17)



ZN-twisted CPN-1 model at θ=π on R×S1

we have intertwined ZN 0-form shift symmetry

ZN twisted boundary condition in S1 direction

3.2 ZN -twisted CPN�1
model and its anomaly

We consider the circle compactification from R2 to R⇥ S1 3 (x1, x2), where the circumfer-
ence L of the circle S1, i.e. x2 ⇠ x2+L, is regarded to be small. We impose the ZN -twisted
boundary condition,

~z(x1, x2 + L) = ⌦~z(x1, x2), (3.8)

where (! = e2⇡i/N )
⌦ = diag(1,!, . . . ,!N�1). (3.9)

We call this as ZN -twisted CPN�1 sigma model, and we denote its partition function at ✓

as Z✓,⌦.
For our purpose, it is better to regard this twisting matrix ⌦ as a holonomy of SU(N)

gauge field A along compactified direction. Indeed, the boundary-condition-changing SU(N)

gauge transformation makes the boundary condition of ~z periodic (up to U(1) gauge sym-
metry) and the price to be paid is the background SU(N) holonomy / ⌦. When SU(N)

is gauged, there is a ZN one-form symmetry and it induces the ZN zero-form symmetry,
⌦ 7! !⌦. What is special for this choice of the nontrivial holonomy ⌦ is that the above ZN

transformation induces the symmetry given by

~z =

0

BBBBBB@

z1
z2
...

zN�1

zN

1

CCCCCCA
7! S~z =

0

BBBBBB@

z2
z3
...
zN
z1

1

CCCCCCA
, S =

0

BBBBBB@

0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

...
0 0 0 · · · 1

1 0 0 · · · 0

1

CCCCCCA
. (3.10)

We call this a shift symmetry, and it is a faithful transformation on the physical spectrum.
As an example, a gauge-invariant operator |z1|2 is mapped to another gauge-invariant op-
erator |z2|2. When the transformation S is performed as ~z 7! ~z0 = S~z, the boundary
condition for the transformed field becomes

~z0(x1, x2 + L) = S⌦S�1~z0(x1, x2) = !⌦~z0(x1, x2). (3.11)

That is, the ZN zero-form symmetry on the Polyakov loop ⌦ is intertwined with the shift
symmetry ZN generated by S in order to maintain the boundary condition (3.8), and we
call it (ZN )S . The symmetry (ZN )S acts on local operators on R as

~z 7! S~z, exp

✓
i

Z

S1
a

◆
7! !�1 exp

✓
i

Z

S1
a

◆
. (3.12)

We give a short summary of the situation: The compactified theory obtained here has
a (ZN )S zero-form symmetry, and it is induced by the ZN one-form symmetry in two
dimensions when SU(N) is gauged. Continuous part of the flavor symmetry is explicitly
broken to U(1)N�1/ZN , but it is not relevant for the following discussion and we do not
introduce gauge fields for it.

As a result, the ’t Hooft anomaly (or global inconsistency) in two dimensions has
the same meaning in the ZN -twisted CPN�1 model on R ⇥ S1. The ZN -twisted CPN�1
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& ⌦ ! !⌦
flavor rotation ZN 0-form transf.

Mixed anomaly (global inconsistency) btwn ZN and T survives on R×S1.
 It is a necessary condition of adiabatic continuity, but not conclusive…

model has the shift symmetry (ZN )S and the time-reversal symmetry T at ✓ = 0,⇡. We
introduce the ZN one-form gauge field B(1) for gauging (ZN )S , which is independent of x2.
Since (ZN )S is intertwined with the ZN zero-form symmetry acting on the SU(N) and U(1)

Polyakov loops, we can embed it into the ZN two-form gauge field B in the two-dimensional
language by setting B = B(1) ^ L�1dx2. The two-dimensional anomaly (3.6) tells us that

Z⇡,⌦[T ·B(1)] = Z⇡,⌦[B
(1)] exp

✓
�i

Z
B(1)

Z L

0
L�1dx2

◆

= Z⇡,⌦[B
(1)] exp

✓
�i

Z
B(1)

◆
. (3.13)

We find that (ZN )S and T at ✓ = ⇡ has an ’t Hooft anomaly (or global inconsistency
depending on even or odd N), and either of them must be spontaneously broken.

For usual periodic boundary condition, it means that we put A = 0 and thus there
is no room to introduce B. Therefore, we cannot obtain ’t Hooft anomaly in such cases.
The emergence of ZN symmetry by the twisted boundary condition is essential for a deep
connection with two-dimensional anomaly.

3.3 Comparison with previous studies and Discussion

The ✓-angle dependence of CPN�1 model in two dimensions is studied in large-N limit [66,
67], and the ground state energy should behave as

E(✓) / min
k2Z

1

N
(✓ + 2⇡k)2. (3.14)

This behavior matches the ’t Hooft anomaly (3.6), because the time-reversal symmetry
is spontaneously broken at ✓ = ⇡. Our derivation of the anomaly (3.13) for ZN -twisted
CPN�1 model claims that the same multi-branch structure would naturally appear under
adiabatic circle compactification.

Indeed, ✓-dependence of ZN -twisted CPN�1 model is studied in Refs. [36, 37]. Under
the twisted boundary condition, there are N types of fractional instantons which has the
topological charge 1/N . As a result, the quasi-ground states are composed of N states and
the k-th ground-state energy behaves as

Ek(✓) / �N cos

✓
✓ + 2⇡k

N

◆
. (3.15)

The ground state energy is thus given by minimum of these,

E(✓) = min
k=1,...,N

Ek(✓). (3.16)

We can see that the time-reversal symmetry is spontaneously broken at ✓ = ⇡, which sat-
isfies matching of ’t Hooft anomaly or global inconsistency (3.13). What we have shown in
this paper is that these two behaviors (3.14) and (3.15) are both consistent with anomalies,
and those anomalies have essentially the same origin.

We argue that this observation gives a positive support for the adiabatic continuity.
For ZN -twisted CPN�1 model, it is rigorously shown that expectation values of any SU(N)

invariant operators does not depend on L in the large-N limit [50], and our consideration
on anomaly gives a complementary and consistent analysis.

– 11 –

model has the shift symmetry (ZN )S and the time-reversal symmetry T at ✓ = 0,⇡. We
introduce the ZN one-form gauge field B(1) for gauging (ZN )S , which is independent of x2.
Since (ZN )S is intertwined with the ZN zero-form symmetry acting on the SU(N) and U(1)

Polyakov loops, we can embed it into the ZN two-form gauge field B in the two-dimensional
language by setting B = B(1) ^ L�1dx2. The two-dimensional anomaly (3.6) tells us that

Z⇡,⌦[T ·B(1)] = Z⇡,⌦[B
(1)] exp

✓
�i

Z
B(1)

Z L

0
L�1dx2

◆

= Z⇡,⌦[B
(1)] exp

✓
�i

Z
B(1)

◆
. (3.13)

We find that (ZN )S and T at ✓ = ⇡ has an ’t Hooft anomaly (or global inconsistency
depending on even or odd N), and either of them must be spontaneously broken.

For usual periodic boundary condition, it means that we put A = 0 and thus there
is no room to introduce B. Therefore, we cannot obtain ’t Hooft anomaly in such cases.
The emergence of ZN symmetry by the twisted boundary condition is essential for a deep
connection with two-dimensional anomaly.

3.3 Comparison with previous studies and Discussion

The ✓-angle dependence of CPN�1 model in two dimensions is studied in large-N limit [66,
67], and the ground state energy should behave as

E(✓) / min
k2Z

1

N
(✓ + 2⇡k)2. (3.14)

This behavior matches the ’t Hooft anomaly (3.6), because the time-reversal symmetry
is spontaneously broken at ✓ = ⇡. Our derivation of the anomaly (3.13) for ZN -twisted
CPN�1 model claims that the same multi-branch structure would naturally appear under
adiabatic circle compactification.

Indeed, ✓-dependence of ZN -twisted CPN�1 model is studied in Refs. [36, 37]. Under
the twisted boundary condition, there are N types of fractional instantons which has the
topological charge 1/N . As a result, the quasi-ground states are composed of N states and
the k-th ground-state energy behaves as

Ek(✓) / �N cos

✓
✓ + 2⇡k

N

◆
. (3.15)

The ground state energy is thus given by minimum of these,

E(✓) = min
k=1,...,N

Ek(✓). (3.16)

We can see that the time-reversal symmetry is spontaneously broken at ✓ = ⇡, which sat-
isfies matching of ’t Hooft anomaly or global inconsistency (3.13). What we have shown in
this paper is that these two behaviors (3.14) and (3.15) are both consistent with anomalies,
and those anomalies have essentially the same origin.

We argue that this observation gives a positive support for the adiabatic continuity.
For ZN -twisted CPN�1 model, it is rigorously shown that expectation values of any SU(N)

invariant operators does not depend on L in the large-N limit [50], and our consideration
on anomaly gives a complementary and consistent analysis.

– 11 –

~z ! S~z

Tanizaki, TM, Sakai (17)

we gauge          by U(1) 1-form field         then perform T transf.

3.2 ZN -twisted CPN�1
model and its anomaly
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a (ZN )S zero-form symmetry, and it is induced by the ZN one-form symmetry in two
dimensions when SU(N) is gauged. Continuous part of the flavor symmetry is explicitly
broken to U(1)N�1/ZN , but it is not relevant for the following discussion and we do not
introduce gauge fields for it.

As a result, the ’t Hooft anomaly (or global inconsistency) in two dimensions has
the same meaning in the ZN -twisted CPN�1 model on R ⇥ S1. The ZN -twisted CPN�1

– 10 –

Mixed anomaly 
survives !



Lattice simulation for ZN-twisted CPN-1 model

We will show very suggestive results on fractional 
instantons and adiabatic continuity

|<P>| = 0 for large 1/L                        still |<P>| ~ 0 for large 1/L

|<P>|

1/L

PBC ZN-TBC

What we want to check is the following conjecture:

1/L

Fujimori, Itou, TM, Nitta, Sakai (19)(20)

|<P>|

Fujimori, Itou, TM, Nitta, Sakai (19)

Fujimori, Itou, TM, Nitta, Sakai (20)



Setup of lattice simulation

・Lattice formulation

Over heat-bath algorithm is adopted to update this θ
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+ E0

)

= Ns
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f(Λ̂CPNτ )

Nτ
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π

3Nτ

)
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d2xLCP = −(N − 1)Ns
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S = −Nβ
∑

n,µ

(
z̄n+µ · znλn,µ + z̄n · zn+µλ̄n,µ − 2

)
(17)
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と書く。ここで、zはN 成分の複素スカラー場で
zn · z̄n = 1 (2)

を満たす。(·は zをN 成分のベクトルとしてみたときの内積を表す。) λを
導入することで、モンテカルロ計算において、localに場の updateをできる
という利点がある。
サイト nにある場 zn,λn,µに対する forceは、

∂S

∂z̄n
≡ Fz,n =

∑

µ

(zn−µλn−µ,µ + zn+µλ̄n,µ) (3)

∂S

∂λ̄n,µ
≡ Fλ,n,µ = z̄nzn+µ (4)

となる。
すると、場 zn, z̄nに関する局所作用を

sn,z = −Nβ[#[z̄n · Fz,n] + #[zn · F̄z,n] (5)

ゲージ場 λn,µ, λ̄n,µに関する局所作用を
sn,λ = −Nβ[#[λ̄n,µFλ,n,µ] + #[λn,µF̄λ,n,µ]] (6)

とかける [3]。
ここで、real vector φを以下のように導入することで、これらの複素スカ

ラー場、U(1)ゲージ場は、以下のように一つの変数 θの更新でかけるように
なる。

φ2j = #[zn,j], φ2j+1 = $[zn,j], j = 0, · · · , N − 1 (7)

φR
µ = #[λµ], φI

µ = $[λn,µ], (8)

と置き、対応する Forceを Fφとすると、局所作用は
sφ = −Nβφ · Fφ = −Nβ|Fφ| cos θ, (9)

とかけ、各 φベクトルは、θを新しくすることで

φnew = cos θnew
Fφ

|Fφ|
−
(
φold − cos θold

Fφ

|Fφ|

)
sin θnew
sin θold

(10)

= φnew
‖ cos θnew + φnew

⊥ sin θnew (11)

で updateできる。
注意点としては、あるサイト nでの zを更新したら、次に同じ siteの λµ

を更新する [5]。
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2

cf.) Berg,Luscher(81), Campostrini,et.al.(92), Alles,et.al.(00), Flynn,et.al.(15), Abe,et.al.(18)

Nx = 200   Nτ = 8,   β= 0.1-4.0,  N = 3-20,  Nsweep =  800,000

・Distribution and expectation values of Polyakov loop

・"Pseudo" entropy density                                  

・Parameters and quantities

s = Lτ(<Txx>-<Tττ>)
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FIG. 2. Distribution plots of the Polyakov loop for N = 3, 5, 10, 20 with (Ns, N⌧ ) = (200, 8) with ZN -TBC.

Regular N -sided polygon shapes appear at high �.

the bin size Nbin to be larger than the auto-correlation time. We also show the distribution plots

of the Polyakov loop for these cases with several di↵erent � in Fig. 2.

In Fig. 1, h|P |i (blue points) gradually increases in �c < � for each N , e.g. �c ⇡ 1.0 for N = 3

and �c ⇡ 0.5 for N = 20, since the distribution of the Polyakov loop gradually spreads as shown

in Fig. 2. We here define �c as the value of � at which h|P |i starts to increase and 1/L⌧ becomes

the IR scale of the system. In � < �c regime, the values of h|P |i is independent of � and take the

same values as those for PBC as we will show in Fig. 8. It indicates that the IR scale of the system

changes from ⇤CPN�1 to 1/L⌧ at �c.

On the other hand, the genuine ZN order parameter |hP i| (red points) is almost consistent to

zero within statistical errors even at a high � region (� > �c). This behavior originates in the
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FIG. 1. Expectation values of the Polyakov loop for N = 3, 5, 10, 20 with (Ns, N⌧ ) = (200, 8) with ZN -TBC.

Red points indicate |hP i| while blue points h|P |i. For low �, |hP i| (red points) is consistent with zero. For

high �, they are still consistent to zero although h|P |i gets large.

We now write down the procedure for generating configurations in order to investigate the �

dependence of the distribution and the expectation values of the Polyakov loop: (1) We start to

generate configurations at low � such as � = 0.1. (2) We then pick up one of the configurations and

adopt it as an initial configuration to generate them at 0.1 higher �. (3) We repeat this procedure

and generate configurations from low to high �.

In our simulations the maximal numbers of Monte Carlo steps are 802, 000 for N = 3, 5 and

602, 000 for N = 10, 20, where we throw away the first 2, 000 steps to thermalize the systems.

Therefore, the numbers of samples are Nsweep = 800, 000 for N = 3, 5 and Nsweep = 600, 000

for N = 10, 20. Hereafter we denote the number of samples or sweeps as Nsweep. In Fig. 1,

we depict |hP i| as red points and h|P |i by blue points for the ZN -TBC, N = 3, 5, 10, 20 with

(Ns, N⌧ ) = (200, 8). We carry out the jackknife error estimation with the binning method and take
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<P> is still small even above characteristic β defined by <|P|> 
This peculiar behavior indicates ZN stability

• Low β  → |<P>| = 0 :  distribution around origin

• High β  → |<P>| ~ 0  : distribution forms regular polygons　
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Fractional instantons

1/3 fractional antiintanton + 
1/3 fractional instanton 
                =  bion

x

arg[P]

Fractional instantons cause transition among N classical minima, 
which leads to stability of ZN symmetry and adiabatic continuity

Pick up two of configurations and look into the x-dependence of arg[P]
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FIG. 6. Distribution plots of the Polyakov loop for N = 3, 5 (� = 1.6), N = 10 (� = 1.5) and N = 20

(� = 1.4) with (Ns, N⌧ ) = (200, 8) and di↵erent numbers of samples in the ZN -TBC. Regular N -sided

polygon shapes appear as the statistics increases.

C. Dependence on the statistics Nsweep

We now study how the distribution and expectation values of the Polyakov loop depend on the

number of Monte Carlo samples Nsweep.

Large statistics gives small |<P>|

Even though polygon shape is broken and |<P>| is nonzero for large beta,
adopting larger statistics restores polygon shape and leads to small |<P>|.
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FIG. 11. (Left): Pseudo-entropy density (s/(NT ) = N2
⌧ hTxx � T⌧⌧ i/N) for N = 3, 5, 10, 20. (Right): The

averaged values of pseudo entropy density for N = 3, 5, 10, 20 (� = 3.0� 3.9) after they are well saturated.

The broken curve stands for the analytically speculated value �
2⇡
3N2 (N � 1) up to O(1/N2) corrections.

where the vacuum expectation value of the trace part is subtracted [91, 92]. We will adopt the

bare coupling constant to calculate these quantities since it well approximates the renormalized

coupling in the weak coupling regime.

Let us discuss the simulation results of the pseudo-entropy density s/(NT ). The � dependences

of the pseudo-entropy density for N = 3, 5, 10, 20 are depicted in Fig. 11(left). The pseudo-entropy

density becomes non-zero around a certain � and monotonically decreases. In the high-� regime, the

� dependence gets gentler, then the value reaches a plateau for each N . We average the saturated

values between 3.0  �  3.9 and obtain sN=3/(3T ) = �0.482(4), sN=5/(5T ) = �0.342(3),

sN=10/(10T ) = �0.183(9), sN=20/(20T ) = �0.096(6). We depict them in Fig. 11(right) and find

that the values are consistent with the pseudo-entropy density for N � 1 free massive scalar fields

(see App.B)

s = �
2⇡

3L⌧N
(N � 1) + O(m) . (27)

which is depicted as the broken curve. For small N such as N = 3, 5 in the figure, small deviations

from the analytical result are found. We speculate that it indicates 1/N2 corrections to the leading-

order results.

It is worth noting that, in the large-N limit, the pseudo-entropy in the high � regime seems to go

to zero. Thus, the di↵erence between Txx and T⌧⌧ disappears even though the anisotropy between

x and ⌧ directions is large. It suggests the volume independence of the EMT and the action density.

This speculated property in the large-N limit is consistent with the analytical result proposed in

Quantity corresponding to thermal entropy density for PBC
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FIG. 9. (Left): Distribution plot of the Polyakov loop for N = 3, � = 4.0 with (Ns, N⌧ ) = (400, 12) for

ZN -TBC. (Right): The corresponding hysterysis of arg[P ] for N = 3, � = 4.0 with (Ns, N⌧ ) = (400, 12).

FIG. 10. (Left): Distribution plot of the Polyakov loop for N = 3, � = 4.0 with (Ns, N⌧ ) = (400, 12) for

ZN -TBC with the two configurations (A)(B) pointed. (Center)(Right): Position dependences of arg[P (nx)]

on 1  nx  Ns for the two selected configurations (A)(B) in the distribution plot. We show the three vacua

by gray lines and the speculated vacuum transitions by red lines. (A) corresponds to a bion while (B) to

three fractional instantons.

entropy density” for ZN -TBC, since it still carries similar properties to the thermal entropy. In

terms of the energy-momentum tensor (EMT) Txx, T⌧⌧ , the pseudo-entropy density s in the large

volume limit is given by

s = hTxx � T⌧⌧ i/T, with T ⌘ 1/L⌧ , (24)

where the ZN -TBC along the ⌧ direction is imposed. On the lattice, EMT is defined [90] as

Txx = 2N�(2� �̄n+x · �n�n,x � �̄n · �n+x�̄n,x)� (trace part), (25)

T⌧⌧ = 2N�(2� �̄n+⌧ · �n�n,⌧ � �̄n · �n+⌧ �̄n,⌧ )� (trace part), (26)

• It takes a negative value, unlike thermal entropy for PBC
• There is no transition, which is consistent with adiabatic continuity 
• In large N, it is likely to become zero for the whole beta region, 

consistent with the volume independence 　 cf.) Sulejmanpasic (16)

Tττ ¼ 2Nβð2− ϕ̄nþτ ·ϕnλn;τ − ϕ̄n ·ϕnþτλ̄n;τÞ− ðtrace partÞ:
ð9Þ

Txx can be defined as well. The vacuum expectation value
of the trace part is subtracted, in a manner parallel to the
lattice EMT for the OðNÞ sigma model [61,62].
Although the renormalized coupling is required for

calculation of the renormalized EMT in principle, we
can use the bare coupling constant since it is a good
approximation in the weak coupling regime (see e.g.,
Eq. (6.12) in Ref. [61]). The thermal entropy density is
given by Txx − Tττ ¼ sT with T ≡ 1=Lτ in the thermody-
namic limit, where the divergent part of the EMT is
cancelled between the two terms.
The results of the thermal entropy density for single

scalar field forN ¼ 3, 5, 10, 20 as a function of β are shown
in Fig. 5. The thermal entropy density becomes nonzero
around a certain β corresponding to Lc and monotonically
grows in the deconfinement phase. For high-β regions, the
β dependence gets gentler for each N, where we fit them
by a function gðβÞ ¼ aþ b=β between 3.0 ≤ β ≤ 3.9.
The best fit values of a are aN¼3 ¼ 1.418ð27Þ, aN¼5 ¼
1.681ð26Þ, aN¼10 ¼ 1.889ð29Þ, aN¼20 ¼ 2.024ð30Þ. We
then find that the values in the β → ∞ limit are 1.2σ
consistent with 2πðN − 1Þ=ð3NÞ.
On the other hand, the free energy density for a free

massive complex scalar field at finite temperature
(T ¼ 1=Lτ) is given by

f ¼ 1

LτLs

X∞

n¼−∞
log 4sinh2

Lτωn

2
− f0 ð10Þ

from the analytical calculation (see Appendix). Here,
ω2
n ¼ ð2πnLs

Þ2 þm2 and f0 denotes the counterterm which
cancels the UV divergence. Then, the thermal entropy
density in the massless and thermodynamic limit (Ls → ∞)
is given by s=T ¼ − 1

T
∂f
∂T ¼ 2π

3 for a one-component com-
plex scalar field. Our numerical results indicate that the
actual d.o.f. of the CPN−1 model is (N − 1) massless free

complex scalar fields in the deconfinement phase.
Furthermore, the large-N limit of our results is consistent
with the prediction calculated from the free energy for the
large-N limit in the small Lτ regime, f ¼ − Nπ

3L2
τ
[38,63–65]

using similar calculations.

VI. SUMMARY AND DISCUSSION

In this paper, we have reported the results on nonper-
turbative aspects of the CPN−1 model on S1ðlargeÞ×
S1ðsmallÞ: We have found a confinement-deconfinement
crossover by calculating the Lτ dependence of the expect-
ation value of the Polyakov-loop, where the peaks of its
susceptibility get shaper as N increases. We have clearly
shown that the global PSUðNÞ ¼ SUðNÞ=ZN symmetry
remains unbroken in different manners for small and large
Lτ, although the CMW theorem is satisfied in both regions.
We have obtained the thermal entropy in the small Lτ
regime, which was shown to agree with the prediction from
the large-N study.
Our results give a new insight into the phase diagram of

the CPN−1 model. Furthermore, since some of the con-
jectures we have discussed originate in four-dimensional
gauge theories, our results also would give possible
implications to four-dimensional gauge theories.
As a future avenue, this work can be extended to the

model with different geometries and/or boundary condi-
tions, such as the model on R × S1 with ZN twisted
boundary conditions, where the ZN symmetry is exact
[57–59], and the model on a finite interval for which the
Casimir effect is extensively argued [43,48–55]. For the
former, whether it undergoes a first-order phase transition
or has adiabatic continuity of the vacuum structure [66],
and whether fractional instantons have physical conse-
quences [10,34,67–76] in the model, are questions attract-
ing a great deal of attention in terms of the resurgence
theory of the models [57,58,75–82].
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All of these results imply ZN stability 
even at small compactification circumference
and supports adiabatic continuity conjecture !



4. Other theories with ZN-twisted b.c.
Hongo, TM, Tanizaki (18)
TM, Tanizaki, Unsal (19)

Yuya will discuss them in detail in the next talk.



SU(3)/U(1)2  flag sigma model on R × S1

Hongo, TM, Tanizaki(18)

configurations in this work, the imaginary ambiguity with taking them into account is ex-
pected to be cancelled by the perturbative Borel resummation if there is the nontrivial
resurgent structure.

The paper is constructed as follows: In Sec. 2 we discuss the 2-dimensional SU(3)/U(1)2

sigma model and its circle-compactified version with the Z3-twisted boundary condition,
with emphasis on the symmetries of the original uncompactified and compactified theories.
We there argue the conjectured phase diagram and the adiabatic continuity in terms of
’t Hooft anomaly matching. In Sec. 3, by classifying the classical vacua and deriving the
fractional instanton solutions, we obtain the partition function and the eigenenergies within
the dilute instanton gas approximation, which leads to the phase diagram in the (✓1, ✓2)

parameter space. In Sec. 4, we calculate contributions from the instanton-antiinstanton
configuration and show the existence of the imaginary ambiguity. Sec. 5 is devoted to the
summary and discussion.

2 2d SU(3)/U(1)2 sigma model with twisted boundary condition

In this section, we review the 2-dimensional SU(3)/U(1)2 sigma model and its circle com-
pactification with a twisted boundary condition [3]. We put emphasis on the symmetry
structure of the original uncompactified and compactified theory, and propose the adiabatic
continuity between them based on the ’t Hooft anomaly [3, 18, 19, 91]. After explaining the
original uncompactified theory in Sec. 2.1, we introduce the compactified theory, adiabatic
continuity conjecture, and its symmetry structure in Sec. 2.2.

2.1 2d SU(3)/U(1)2 nonlinear sigma model

Let us consider the 2-dimensional SU(3)/U(1)2 nonlinear sigma model, whose action is
given by

S[�`, a`] =
3X

`=1

Z

M2


� 1

2g
|(d + ia`)�`|2 +

i✓`
2⇡

da` +
�

2⇡
(�`+1 · d�`) ^ (�`+1 · d�`)

�
, (2.1)

where �` = (�1,`,�2,`,�3,`)t 2 C3 (` = 1, 2, 3) denote three-component complex scalar fields
interacting with U(1) gauge fields a` (` = 1, 2, 3). Here �` satisfy the following constraint:

�` · �k = �`k, "abc�a,1�b,2�c,3 = 1. (2.2)

Introducing the 3⇥ 3 matrix made of �`,

� = [�1,�2,�3] =

0

B@
�1,1 �1,2 �1,3

�2,1 �2,2 �2,3

�3,1 �3,2 �3,3

1

CA , (2.3)

the constraint (2.2) means � 2 SU(3), i.e.

�†� = 13, det� = 1. (2.4)

– 3 –
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�
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Bykov (11), Lajko, et.al. (17) Ohmori,Seiberg,Shao(18)

• Another extension of spin chain systems
• Another generalization of O(3) or CP1 nonlinear sigma model
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FIG. 2: (color online) Possible scenarios consistent with global inconsistency. The red blobs are Z3 symmetric points with
PSU(3)⇥ Z3 ’t Hooft anomaly, and the origin (blue blob) is the Z3 symmetric point without anomaly. Blank regions painted
with di↵erent colors (light blue, orange, green) all correspond to trivially gapped phases, but they are di↵erent as SPT phases
protected by PSU(3) symmetry. (Left) The global inconsistency is matched by the spontaneous breaking of C on thick gray
lines. (Right) The global inconsistency is matched by the phase transitions lines (gray curves) separating distinct C-symmetric
trivial vacua.

diagram of the SU(3)/[U(1) ⇥ U(1)] sigma model. Fig-
ure 1 shows one of the possible phase diagrams consistent
with the matching condition when the nonvanishing mass
gap is assumed everywhere. The red and blue blobs indi-
cate the Z3-invariant points, red being the points with
a ’t Hooft anomaly. The thin lines (blue, green, red
and solid, dashed dotted) indicate that the system has
a charge-conjugation symmetry (i.e. either C1,C2,C3-
symmetry. The thick gray lines show the first-order phase
transitions, on which the charge conjugation is sponta-
neously broken. While this is a minimal way to saturate
the global inconsistency, it is not the only way. Indeed
we will soon discuss a more exotic scenario of the phase
diagram (see Fig. 2). Let us first discuss the standard
scenario depicted in Fig. 1.

The red Z3-invariant points have a mixed ’t Hooft
anomaly between SU(3)/Z3 and Z3 permutation, re-
quiring matching with a nontrivial vacuum. The
PSU(3) symmetry cannot be spontaneously broken due
to the Coleman-Mermin-Wagner theorem63,64, the possi-
ble choice of the low-energy theory is SSB of Z3 or the
conformal field theory (CFT). The SU(3) spin chain dis-
cussed in Ref.22 has the trimerized phase and the Z3 sym-
metry is spontaneously broken. Also, the strong-coupling
analysis of (23), given in Ref.24, shows that the anomaly
is matched by SSB of Z3 permutation (This should be
compared with a free photon theory of the linear ver-
sion of the sigma model, discussed in Sec. VIB). Ref.24

also performed Monte Carlo simulation at the imaginary
✓ angles, and extrapolate the mass gap with the ansatz
(c1 + c2✓2)/(1+ c3✓2) indicated by Ref.25. It claims that
the gappless excitation appears for g < gc ' 2.5524, and
then the ’t Hooft anomaly is matched by some CFT if this

were really the case. To get more conclusive remark, it
would be quite appealing if the result with the real theta
angles is directly obtained via the lattice dualization65–68.
The nature of the conformal field theory is one of the

open questions and still under debate. Numerical results
of exact diagonalization69 suggest that it is SU(3)2 Wess-
Zumino-Witten (WZW) model for p = 2, but the authors
also mention that the crossover towards the gapped or
SU(3)1 WZW phase may occur as the system size be-
comes larger. Ref.24 also argues that it is SU(3)1 WZW
model for all p 6= 0 mod 3. To constrain the possible
CFT from anomaly matching, we have to compute the
’t Hooft anomaly of the SU(3) WZW model. We will
give a detailed analysis on the anomaly of SU(N) WZW
models in Sec. V, and we claim that the anomaly match-
ing condition also admits the crossover from the SU(3)2
WZW model toward the SU(3)1 WZW model.
Now consider deviations from the Z3 symmetric points.

In Ref.24 it was argued that the deformation along one
of the the C-invariant lines, depicted in Fig. 1, will re-
sult in a flow away from a CFT, because, in the absence
of the Z3 symmetry, SU(3)1 WZW theory has relevant
perturbations driving it away from conformality. Us-
ing the strong-coupling analysis, they have argued that
the lines connecting the red Z3 invariant points along C-
invariant lines are phase separating lines which break the
corresponding C-symmetry spontaneously. These phase-
separating lines are depicted as thick gray lines on Fig. 1.

We now argue that the global inconsistency between
C-invariant lines makes this picture robust. To argue
this, we will assume that the system at ✓1 = ✓3 = 0
has a trivial mass gap, which is consistent with some
previous studies22,24,70–72 although some others show no

consistent !

Phase diagram on R×S1 and R2

ZN-twisted theory correctly keeps 2d vacuum structure !

R×S1 R2

Figure 5. The ground-state energy of the 2-dimensional twisted SU(3)/U(1)2 sigma model (� = 0)
in the (✓1, ✓2)-plane. The quantum phase-transition lines are located in the places consistent with
the anomaly/global inconsistency matching. Furthermore, we also see the triple degeneracies of the
ground-state energy appear at special points e.g. (2⇡/3,�2⇡/3).

3.3 Speculation on effects of �-term and higher KK fractional instantons

In this paper, we mainly focus on the DIGA of the twisted SU(3)/U(1)2 sigma model, where
we turn off the �-term. In view of properties of the ground states, we have seen that our
result reproduces the expectation from anomaly and global inconsistency conditions given
in Ref. [3], and it is quite successful. We here provide detailed properties of the energy
spectra based on the symmetry accidentally enlarged with vanishing �-term.

As an example, let us set ✓1 = ✓2 = 0 in (3.21), then the energy eigenvalues are

E0± = ±3Ke�SI , E1± = E2± = 0. (3.24)

This shows the unique ground state E0�, but the first excited states are four-fold degenerate.
Two-fold degeneracies of E1+ = E2+ and of E1� = E2� are expected from the existence of
charge-conjugation symmetry C, but the DIGA realizes additional degeneracy, say, E1+ =

E1� (or E2+ = E2�). A related fact is that the expression of eigenstates (3.22) is singular
when ✓1 = ✓2 = 0, since the coefficient f1,2(0, 0) = 0.

Let us more clearly show that this additional degeneracy is accidental. At ✓1 = ✓2 = 0,
the full symmetry group of twisted SU(3)/U(1)2 sigma model is

⇣
(Z3)shift ⇥ (Z3)permutation

⌘
o (Z2)C . (3.25)

Irreducible representations of this group are 1 or 2 dimensional representations, and thus
four-fold degeneracy must be accidental in this viewpoint. The above four-fold degeneracy,
however, is a consequence of our setting � = 0, because (Z3)permutation is enlarged to the
symmetric group S3 when ✓1 = ✓2 = 0 and � = 0 [4]: The full symmetry is

⇣
(Z3)shift ⇥ S3

⌘
o (Z2)C . (3.26)

This symmetry group has a four-dimensional irreducible representation, which explains the
above degeneracy of the first excited state.
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• ’t Hooft anomaly survives in Z3-twisted flag sigma model on R × S1 
• DIGA with fractional instantons on R × S1 gives phase structure 

consistent with the conjectured one on R2

Tanizaki, Sulejmanpasic (18)

Hongo, TM, Tanizaki(18)



Charge-q N-flavor Schwinger model on R × S1

TM, Tanizaki, Unsal (19)

Anber, Poppitz (18)

Sugimoto, Takahashi (04)  Armoni, Sugimoto (18)
-

• q=2 on domain-wall of N =1 SU(2) SYM

• O1 - D1 system : q=2, N=8

This multi-branch ground state energies can be observed, since En(✓)�E0(✓) is nothing

but the string tension of charge-n test particle. Especially, string tension for n = ±1

vanishes for ✓ = ⇡, while others do not vanish, and this is consistent with anomaly or

global inconsistency.

In Sec. 7, we discuss the large-N volume independence of multi-flavor Schwinger model.

We argue that the large-N volume independence fails for the thermal boundary condition,

while it is intact with the flavor-twisted boundary condition.

This paper is organized as follows. In Sec. 2, we discuss symmetry and anomaly of

charge-q N -flavor massless Schwinger model. In Sec. 3, we compute the holonomy e↵ective

potential on R ⇥ S1 with thermal and flavor-twisted boundary conditions. In Sec. 4, we

perform the quantum-mechanical treatment of this setup, and discuss properties of the

ground states, especially about chiral condensate and Polyakov loop. In Sec. 5, we provide

their semiclassical interpretation as quantum instanton. In Sec. 6, we discuss the e↵ect

of soft fermion mass. In Sec. 7, we discuss the large-N volume independence of charge-q

N -flavor Schwinger model. In Sec. 8, we study the SU(N) Wess-Zumino-Witten model in

twisted boundary condition, and see the connection between conformal behavior in 2d and

ground-state degeneracy on R ⇥ S1. We conclude in Sec. 9. We fix the convention of 2d

Dirac spinor in Appendix A. In Appendix B, we derive the holonomy e↵ective potential in

the language of Abelian bosonization.

2 Anomaly of charge-q multi-flavor Schwinger model

The Schwinger model is a (1 + 1) dimensional quantum electrodynamics (QED) of one

massless Dirac fermion with minimal electric charge [2]. This model has acquired a lot of

attention because it can be exactly solved, while the theory contains many nonperturbative

phenomena similar to those of QCD: mass gap of photons, nonvanishing chiral condensate,

and so on. Furthermore, various correlation functions can be computed not only on R2,

but also on other two-dimensional manifolds, like cylinder R⇥ S1 [7, 8] and torus T 2 [10].

Despite its interesting features, the low-energy properties of the usual Schwinger model are

rather trivial. This is mainly because the Schwinger model does not have global symmetries

except for Poincare symmetry, and thus interesting phenomena like spontaneous symmetry

breaking do not occur at all.

We therefore consider generalization of Schwinger model to have an interesting low-

energy physics while keeping its solvability. In this section, we discuss general properties

of charge-q N -flavor massless Schwinger model, especially by paying attention to symme-

try and its ’t Hooft anomaly. This generalization of Schwinger model has been recently

discussed in Refs. [24–26].

2.1 Symmetry of charge-q N-flavor Schwinger model

The Euclidean action S of charge-q N -flavor massless Schwinger model is given by

S =
1

2e2

Z

M2

|da|2 +
i✓

2⇡

Z

M2

da+
NX

f=1

Z

M2

d2x 
f
�µ(@µ + qiaµ) 

f . (2.1)
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Chiral condensate in R × S1
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(b) (q,N) = (1, 3) with ⌦F -twist

Figure 7. Behaviors of chiral condensate |h L Ri|/m� as a function of m�L for (q,N) = (1, 1)
in the left figure (a) and for (q,N) = (1, 3) with the flavor-twisted boundary condition in the right
figure (b). Blue solid curves are the exact results. The orange solid curves are the semiclassical
result with m�L < 2 and the yellow dashed curves are its extrapolation to m�L > 2.

see that when m�L ⌧ 1, those results behave in the exactly same way. Moreover, it is

notable that, under the flavor-twisted boundary condition, the approximate expression of

the chiral condensate e
� ⇡

NLm� /(NL) which is in principle valid for small eL behaves in a

manner similar to the exact result even for large eL as seen in Fig. 7(b).

4.4 Polyakov loop

In this section, we discuss the behavior of Polyakov loops on R⇥ S1. Since we neglect the

higher KK modes for the gauge fields a2(⌧, x) = a(⌧), the Polyakov loop can be expressed

as

P (⌧) = exp

✓
i

Z
L

0
a2(⌧, x)dx

◆
= exp(iLa(⌧)). (4.64)

This is an order parameter of Z[0]
q or Z[0]

Nq
(shift-)center symmetry depending on whether

we take thermal or twisted boundary condition.

4.4.1 q = 1, N � 1 with thermal b.c.

We first consider the case q = 1 and N � 1 with periodic boundary condition. In this

case, there is no nontrivial symmetry that acts on Polyakov loop, and thus its non-zero

expectation value is naturally expected. This is still a good exercise to look at how we

can compute the Polyakov loop, and its computation can be extended for other nontrivial

cases.

The n-th ground-state wave function is given in (4.13) for N = 1 and in (4.21) for
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• ’t Hooft anomaly survives in ZN-twisted Schwinger model on R × S1 
• Chiral condensate of ZN-twisted model exhibits WZW scaling dim.
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Figure 7. Behaviors of chiral condensate |h L Ri|/m� as a function of m�L for (q,N) = (1, 1)
in the left figure (a) and for (q,N) = (1, 3) with the flavor-twisted boundary condition in the right
figure (b). Blue solid curves are the exact results. The orange solid curves are the semiclassical
result with m�L < 2 and the yellow dashed curves are its extrapolation to m�L > 2.

see that when m�L ⌧ 1, those results behave in the exactly same way. Moreover, it is

notable that, under the flavor-twisted boundary condition, the approximate expression of

the chiral condensate e
� ⇡

NLm� /(NL) which is in principle valid for small eL behaves in a

manner similar to the exact result even for large eL as seen in Fig. 7(b).

4.4 Polyakov loop

In this section, we discuss the behavior of Polyakov loops on R⇥ S1. Since we neglect the

higher KK modes for the gauge fields a2(⌧, x) = a(⌧), the Polyakov loop can be expressed

as

P (⌧) = exp

✓
i

Z
L

0
a2(⌧, x)dx

◆
= exp(iLa(⌧)). (4.64)

This is an order parameter of Z[0]
q or Z[0]

Nq
(shift-)center symmetry depending on whether

we take thermal or twisted boundary condition.

4.4.1 q = 1, N � 1 with thermal b.c.

We first consider the case q = 1 and N � 1 with periodic boundary condition. In this

case, there is no nontrivial symmetry that acts on Polyakov loop, and thus its non-zero

expectation value is naturally expected. This is still a good exercise to look at how we

can compute the Polyakov loop, and its computation can be extended for other nontrivial

cases.

The n-th ground-state wave function is given in (4.13) for N = 1 and in (4.21) for
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Figure 7. Behaviors of chiral condensate |〈ψLψR〉|/mγ as a function of mγL for (q,N) = (1, 1) in
the left figure (a) and for (q,N) = (1, 3) with the flavor-twisted boundary condition in the right
figure (b). Blue solid curves are the exact results. The orange solid curves are the semiclassical
result with mγL < 2 and the yellow dashed curves are its extrapolation to mγL > 2.

with

I(x) =

∫ ∞

0

dt√
t2 + x2

(
coth

√
t2 + x2

2
− 1

)
=





γ +

π

x
+ log

x

4π
(x ∼ 0)

0 (x → ∞)
, (4.61)

with m2
γ = q2e2/π.5 This smoothly connects the chiral condensate e

− π
Lmγ /L for small L in

the previous subsections to mγeγ/(4π) in L → ∞ on R2.

For q ≥ 1, N > 1 with thermal boundary condition, we find that the chiral condensate

vanishes even for eL )* 1,

|〈ψLψR〉| = 0 , (4.62)

which is consistent with the vanishing chiral condensate for small L in the previous

subsections.

For q ≥ 1, N > 1 with the flavor-twisted boundary condition, we find the chiral

condensate for generic L,

|〈ψLψR〉| =
1

NL
exp

(
− π

NLmγ

)
exp

[
1

N

(
γ +

π

Lmγ
+ log

Lmγ

4π
− I(Lmγ)

)]

=
1

NL

(
Lmγeγ

4π

)1/N

exp

[
−I(Lmγ)

N

]
, (4.63)

with m2
γ = Nq2e2/π. This smoothly connects the chiral condensate e

− π
NLmγ /(NL) for

small eL in the previous subsections to the scaling behavior 〈ψLψR〉 ∼ L−(N−1)/N → 0

in L → ∞. This is because the flavor-twisted boundary condition becomes irrelevant in

a L → ∞ limit, where the chiral condensate vanishes for N > 1 in Schwinger models.

We note that the scaling exponent (N − 1)/N is nothing but the scaling dimension of the

primary operator of SU(N)1 WZW model.

5In [10], the same function I(x) is expressed as a distinct form I(x) =
∫∞
0

2
ex cosh t−1

dt.
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• ’t Hooft anomaly survives in ZN-twisted Schwinger model on R × S1 
• Chiral condensate of ZN-twisted model exhibits WZW scaling dim.
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• Bion contributions at field theoretical levels with ZN-twisted 
boundary condition yield renormalon-like imaginary ambiguity.

• The ’t Hooft anomalies survive in the compactified theory          
with ZN-twisted boundary condition.

• Lattice simulation exhibits ZN stability even at small radius, which 
could imply adiabatic continuity in 2D.

• Other results also indicate that ZN twisted b. c. leads to the 
adiabatic continuity of the vacuum and phase structures in 2D.

Summary



• Exact results of 3D N=2 Chern-Simons with matters via localization exhibit very 
clear resurgent structure.

• Quantum phase transition in 3D N=4 QED can be elucidated by use of thimble 
analysis and trans-series expansion.

• Relation between Stokes phenomena in exact-WKB and standard resurgent 
analysis is clarified, where equivalence of several quantization conditions are 
shown explicitly. 

• Schwinger effect under time-dependent strong electric field is analyzed by exact-
WKB method, whose results are consistent with those of steepest descent 
method. 

• Resurgent structure of non-relativistic quantum system is being studied in a 
similar manner to the relativistic one. 

Other resurgence projects

Fujimori, Honda, Kamata, TM, Sakai (18)  inspired by Aniceto, Russo, Schiappa(14)  
                                                              Gukov, Marino, Putrov(16) Honda(16)

Fujimori, Honda, Kamata, TM, Sakai, Yoda, in progress
inspired by Russo, Tierz (16) 

Sueishi, Kamata, TM, Unsal, to appear in arXiv shortly

Taya, Fujimori, TM, Nitta, Sakai in progress

Fujimori, Kamata, TM, Nitta, Sakai in progress
inspired by Marino, Reis (19)


